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On Closed Form Expressions
for Trigonometric Series and
Series Involving Bessel or Struve Functions

S. B. Trickovié¢, M. S. Stankovic and V. N. Aleksis

Abstract. We first consider a summation procedure for some trigonometric series
in terms of the Riemann zeta and related functions. In some cases these series can
be brought in closed form, which means that the infinite series are represented by
finite sums. Afterwards, we show some applications of our results to the summation
of series involving Bessel or Struve functions. Further, relying on results from the
previous sections, we obtain sums of series involving a Bessel or Struve integral.
These series are also represented as series in terms of the Riemann zeta and related
functions of reciprocal powers and can be brought in closed form in certain cases
as well. By replacing the function appearing in a Bessel and Struve integral with
particular functions, we find sums of new series.
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1. Closed form expressions for trigonometric series

At first we consider the sums of the trigonometric series
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o ()" f((an — b)y) g((an — b)z)

/
Sy = Sg(sabp,mwf Z p— T 1((an—b)2—w2)\2)
where s,a,b are in Table I, m € Ng, w € R with w #Zan —b, p=0or p =1,
and f and g are sin or cos. We evaluate S and S5 as sums in terms of the
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Riemann zeta function ¢ and related functions n, A, 5 (see [1] or [8]). The
representation of trigonometric series can be stated in the general form (see

(2, 5, 10])
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where w € R with w # an — b, and where the parameters a,b, s, f,p and the
convergence regions we read from Table IV. We will use the decomposition

m

1 1 1
r2m(r2 — 2) - w2m (2 — 2) - Z P2 2m—2it2 " (4)
i=1

Series (1) can be then rewritten as
"1ﬂmn—®)
51 = w2mz n—b (an — b)? —w?

)
)" Lf((an — b)x)
o Z w2m 2142 Z CLTL _ 2z+p 1 :

The first sum in S; we evaluate by means of (3) and for the second one we
use the closed form formula

= (8)" " f((an — b)x)
Zl an — b 2i+p—1
5 (5)
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where M =i —1 for p=0and M =i — ¢ for p =1, which is a special case of
a closed form formula obtained from

= (s)"Lf(( ((an —b)w) cm Lo Fla—2i—96) 5.5
2; (an—b)a  20(a)f (=) 1+§: it ©

where @ € RT and all relevant parameters are given in Table I (see [7]). The
closed form cases are given in Table II, and they ensue because functions F
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take the value zero at certain points (see [7]).

So we have
sp(l—b)  smsin’”' %2 (s +1)(b+w)
! QuZm+2 4w?2m+tPp cos = Flwe 2a
I . p2itp—2
TN (1) .
5 (—1) w2m=2i42(24 4 p — 2)! (6)

=1

_ii(_l)kF(%—Zk-l-p—l—(S) 2kt

e W2m—2it2(2) 1 5)!

where w € R with w # an—b, f = {(S:g;}é = {(1)}, L=i—1+p(1—94) and the
rest of the parameters are given in Table IV.

Note that when we let w — 0 in formulas (3) and (6), we obtain the known
formula (5). For instance, setting s = 1,a =1,b=0,p = 1, f = cos in formula
(3), we come to the formula (see [3: p. 243/Formula (17.3.9)])

[ee]
Z cosnr 1 7 cos(wr — wm) 7)
—n? —w? w2 2wsinwr

Taking limiting value when w — 0, we get

2 2

icosnx__ﬂ_i_ﬂ__i_x_
nz2 2 6 4
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When we choose a = 1,b=0,s =1,a =2, f = cos in formula (5), the rest of
the parameters are 6 = 0,c =1, M =1, F = (, so we obtain

This is just what we have got letting w — 0 in formula (7), since it is known

that ((2) = %2 and the value ¢(0) = —3 we find on the basis of an analytical
extension of the function ¢ to the whole complex plane (except for z = 1,

where it has a pole, see [4]).

Now we present a formula comprising sixteen formulas:

()"~ " f((an — b)y) g((an — b)z)
(an —b)P~1((an — b)? — w?)
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where w € R with w # an — b, and where the parameters a,b,s and the
convergence regions are in Table III. The functions f and g take values sin or
cos and the parameter p we choose so that

o iff#g B _J1 iff#g _
p—{l it f=g for F =(,n,A and p—{o it f =g for FF = (.

Each of these sixteen formulas is obtained by using the trigonometric identities
. 1/ .
sin(an — b)y cos(an — b)x = B <sm(an —b)(y — x) +sin(an — b)(y + x))

and then applying (3) to both obtained series. Substituting (4) into series (2)
we get

(an — b)P~1((an — b)? — w?)

& )" Lf((an — an — b)x
Zg w27fn 2z+2(mi) §§z+p1 ) )
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We use (8) for the first sum, and for the second one we need the closed form
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formula (see [8])
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where m € N, g = {5216 = { } and, independently of that, f = {¥%}¢ =

COS CcOos
{}}. The parameter p we choose as in (8), as far as d is concerned it depends
on f and we treat it as parameter p in Table IV. The rest of the parameters
are given in Table III. So we finally come to the formula

9(0)sp(1 —b)
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1) 2kt 8y 25+t
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where w € R with w # an — b, g = {Z(‘;} 60={ (1)} and, independently of that,
f= {22}1& = { }. Here M =i —k — 1+ (—1)%(1 — p)d and the parameter p
we choose in the same way as for (8). All other relevant parameters are listed

in Table III, except for d which is chosen in the same manner as for (9).

As we have obtained formula (5) by letting w — 0 in (3) and (6), we can
similarly come to formula (9) by taking limiting values of formulas (8) and
(10) when w — 0.
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2. Series involving Bessel or Struve functions

We illustrate here the application of the obtained results to the summation of
series involving Bessel or Struve functions and of series containing the product
of Bessel and trigonometric function. Both series have coefficients of the same
type as in (1) and (2).

2.1 The obtained formulas given by (6) can be applied to the summation
of some series involving Bessel or Struve functions [9]. For example, let us
consider the series

o0

Sg = Sg (m, v, W, 501/(37)) — Z Qou(n.if)

an—,u (7l2 _ w2)

n=1

where ¢, denote J, or H,, namely the Bessel or Struve function of the first
kind and of order v € R, n #w € R and p € R with p+v = {(1)} Using the
well-known integral representation of Bessel /Struve functions

2(3)" 5

ou(2) = W /5 sin®” fg(z cos #) db (11)

where Rev > —1, ¢ = { I‘j][} g = {5~} and, interchanging the order of sum-
mation and integration, the series S5 takes the form

2
S3 = (5)" / sin? 0 Z (n c0s0) de.

rHr(v+3) an r=v(n2 — w?)

The obtained sum is of type (6), with x cos# instead of x (0 < z < 27) and
for p4+v = { }g={57}. The further procedure leads to the integrals

sin

s

2 1
/o sin“ "t cos” P dr = EB(%’%) (Rep > 0,Rev > 0).

Finally, the demanded sum is
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where Rev > -3, o = {{}g={}o={Dtpu+v={{and L=7i -1+
(1 —p—v)(1-9).

2.2 We make use of the result given by (8) and apply it to the summation of
series containing the product of Bessel or Struve and trigonometric functions:

S4 :Sf<a b S, U,V v(pl/(x) f(ZU))

“an —b)H

— 2 eul(an = b)z) f((an ~ b)y)

l.m

cm—b

where ¢, denote J, or H,, namely the Bessel or Struve function of the first
kind and of order v € R, f is sin or cos, p,w € R with w # an — b and a, b, s
are like those in Table 1. By applying representation (11) and interchanging
the order of summation and integration, the preceding series can be rewritten

as
)V 2v n_b)M—HJ
7T / sin 92 — 5 gnfudd

where g, = g((an — b)xcosf) and f,, = f((an — b)y). This sum is given by
(8), with x cos @ instead of z, and for p + v = 1 — p, with p in Table V. We
shall state now the final result as

g, = 9Osl—p—v){A—-b) <£>
2

20T (v + 1)
smsin®~! & 7T(s +1)(b+w) (12)
ot e
4wl=H cos T2 f( 2a >goy(wx)

where Rev > —1, ¢ = {1{1}9 = {5 tu+v=1-p, with p and the rest of
the parameters in Table V.

Note that the summation of series of type (1) and (2) has not been consid-
ered in the literature, except for some particular cases. More precisely, series
(1) for m = 0, and these sums one can look up in [2, 5, 10]. Our general
formula (3) includes each of them. As far as we know, in the literature there
are no corresponding particular cases relating to the new formulas (6), (8) and
(10).

The obtained general formula (12) includes four particular cases cited in
[6: p. 683]:

1 ksin kb
_ k
— k:Q—aQ{ cos kb }JO( z)

mcosecarn (asina(m —b) 1 (0
hbditdeil —
2a { cosa(m — b) } Jolaz) + 2a? { 1 }
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where 0 < b+ 2 < 27 and

> kv
Z T2 3 o8 kx J,(kx)
k=1
_ 2 1ypv _ mcosec CLT('{COS a(x — ) } 7, (az)
a’T (v +1) 2av+1 oS ax

where Rev > @ and 0 <z < (3+1)7.

3. Some series over Bessel or Struve integrals

Relying on previous results we can further expand our considerations. Follow-
ing procedures similar to those in Section 2 we first find summation formulas
for the series

= ()" 'F,((an — b)x)
z:: (an — b)>

) Z y"~L(an — b)F,((an — b)z) (14)

B (an — b)?™((an — b)? — w?)

where a = {;}b = {?}, s = =1, a,p,v,w € R with w # an — b, m € N and
F, = {é” } (J, and H, are Bessel and Struve functions of the first kind and
order v). So we find

%)afl

) 2r<a*”“>r<a+;“>f<”<“;”>>

em(

+Z Fla—v—2i—0§)(%)vT2ito
TE+1+ )T +i+142)

where a,v € R with a > 0and a > v > —1, F, = {é”y}f ={}é= {(1)},
but a, b, s,c, F' and the corresponding convergence regions are given in Table
V. When f = {{Pla—v = {2k+1} with £ € Ny, one should work with
limiting values or with principal values of gamma functions. We note that
even in the case « — v = 1 formula (15) is correct. Truncation of the second

series in (15), due to the vanishing of F' functions, gives rise to all closed form
cases (see Table VI).
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Further, we find

(5) [sl—p—v /T — 1 X
fw:wzmw{ér(fu))“_b)* 2 ZA“_WZZB““}

smwh—2m=lgipt~! 7

4 cos %

e e O [

where, for the sake of brevity, we have introduced denotations

A; = (_1)“_1_#_” F(l —+ /H'V) I‘( ) z pimp—r—1
(2t —p—v—1)! (2—1—” ’H'l)
GF2i—2k—p—-v—-46)T (k;+5+1) 20 .2k+6

Biy = (-1)* (2k+5)!F(V+/€+1+2)

where Rev > —1, ,,_{H L= {Z;’;}f:{zg;}5:{(l)}7M:Z'_1+(1_
w—v)(1—46) and the rest of the parameters is in Table V.

Now we present a procedure providing summation formulas for the series

L=y (s)"” (f;(_(abf)la— b)x) (17)
o3 ‘iZ; f)bifi(ffé" ~ b)) -
I — Z (s)""L(an — b)*D,((an — b)z) (19)

(an — b)?™((an — b)2 — w?)

I
-

n

},os = £1, a,p,v,w € R with w # an — b, m € N,

0
1
} Here B, and S, are Bessel and Struve integrals,

where a = {J}b = {
and D, (x) { ))
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respectively, defined by

B, (z) = /0 J(zy)e(y)dy  and S, (x) = /0 H, (zy)e(y) dy.  (20)

We will obtain results similar to those for series (13) and (14) simply by setting
there integrals (20) instead of Bessel or Struve functions. The representation
of series (17) - (19) is again based on the representation of corresponding series
involving Bessel or Struve functions in terms of the Riemann zeta function ¢
and related functions of reciprocal powers n, A, .

3.1 In order to find the sum of series (17) we first replace the integral of the
form D, (x), then interchanging the order of summation and integration, we
obtain

oo

/ (Z = Tn((fz); bﬂy)) p(y)dy  (a €RT).

We further use formula (15), taking zy instead of . Note that the boundaries
for xy are the same as those for x because 0 < y < 1. Hence the final formula
for the summation of series (17) is

crx®1

Il = T x—v
2ar<a-v+l>r<a+v+l>f< (a-v)y

1
/ y*o(y) dy
0

N Z Fla —v —2i—§)zgvt2ito
2v+2z+6r(z F14+9)Tw+it+1+3

1
) / p(y)y" T2 dy
0

(21)
where D, = {g: FF={15={7} and the rest of parameters can be found
in Table V.

3.2 Concerning the sum of series (18), we will apply a similar procedure. We
first substitute the integral of the form D, (x), then interchange the order of
summation and integration. Afterwards we use formula (16), where we set
m = 0. That yields for series (18) the summation formula

x\v pu—1 3 b—1 7w
Iy — <2l K(—p) - S 5 p (22)
w

where w € R with w # an — b. For the sake of simplicity, we have put

Z—Sglrzyi_l)y ) /0 P (y)y"dy

m(w+b)(s+1
2a

m(w+b)(s+1)
2a

P = (—1)5f< )>By(wx)+f< )Sy(wx).
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Here D, (z) = {370} f = {2} f = {n} 6 = {1} The other parameters we
read from Table V. Particular cases 1 - 8 of (22) are listed in the Appendix.

3.3 Following a similar procedure as that for obtaining (22), by using (16) for
m > 1, we find the sum of series (19) as

B K(1-1b) Cﬁiw-— ! iiz
w2m+2 + 9 < L. ik
ST 2m— 1 b—1 mw

_ 2 p
4(:087

Iy =

where

1 1
W; = Ai/ %(y)y2i_“_y_1dy and Zik = Bik/ gp(y)y2k+6dy
0 0

with A; and B introduced previously in (16), P defined in (23), D,(x) =
B, (x cos\ r sin .

(oo f =43 F={Ryo={]}and M =i—1+ (1 —p—v)(1—3). The

other parameters are read from Table V.

Some series of type (17) - (19) containing special functions instead of
Bessel or Struve integrals can have similar representations in terms of Riemann
zeta and related functions by a suitable choice of the function ¢ in (20). We
are giving two examples.

Example 1. Let us choose, for instance, ¢(y) = . Since (see [2:

p. 702)) 3
[ ﬂ_ﬁ v= /2 Hooy @

we have B, (z) = /5. H,_1(z). Replacing this in (17) we get

2

= (s)" 1B (nx) )" H,,_ (nx)
gy

Considering that I; is given by (21), where a = 1,b =0, f = cos,d = 0 (now
D, = B,), we can evaluate

>

n=1

) 1H (”1’) ezt

- 2a+%r(aﬂ+2)P(a+g+1)cos(—”<“2‘”>)

"’Z Fla —v — 2i)a¥t2i+s
2”+ 2PAT(+ ) T(v+i+1)
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where the other parameters we read from Table V.

Example 2. Here we take ¢(y) = y”(1 — y2)*~ 2. In this case (see [2: p.

702))
B, () = 2~} _”\/_F<V+ >J2<2>

Replacing this in (18), setting a = 1,b = 0,s = —1, we get

I, =

REAR ) i ().

v 2

Using (22), actually formula 3 (using ;4 = —v) from the Appendix, we evaluate

the series
i J2(n2m)
o n2u (n? — w?)
2 (
VaT(v +3)
T2 o2

T 2w lsinmw 2122 (v + 1)

—v—1

4. Appendix

Here we list the following particular cases of (22):

Z
x n* B, (nx) (3)" 1

n? —w? 2w (v+1) |

o(y)y”dy

n=1

—1
Twh

cot rwBy (wx) + Sy (wx) (p+v=0)

X ptS,(nz)  wwh !
T2 9 B, (wx) — cot mwS, (wx) (p+v=1)

n=1

for 0 < x < 2,

Z
B (nz) (5)” !
1 n—1M — 2 v
n_( ) vy P o(y)y dy
Twh 1
QSinﬂ'wBy(wx) (ptv=0)
no1mn S (nx)  mwh !

Su(wz)  (p+v=1)

(1)

n=1

—w?2  2sinwm

1
2 1— v— 2 e BI/
20T (v +1) /0 v y) Ty +3 2sin Tw (wx))

(43)

(A4)
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for —m < x <,

X (2n — 1)~ n—1)x mwh 1 )
(2n = 1)"B,((2n — Dz) _ tan — B, (wzx) — Sy (wz)  (u+v = A5)

n=1 (2n —1)? —w? 4 2
> @2n -1 n— 1)z Twh Tw

for 0 < x < m, and

X(_l)n_l (2n — 1)*B,((2n — Dz)  wwt!
(2n —1)? — w? ~ 4dcos %

By(wz) (p+v=1) (A7)

(_Dn,l 2n—1)"S,((2n — 1)z) Ww“;w So(wz) (u+v=0) (AS)

(2n —1)? — w? ~ 4dcos ¥

n=

for -3 <x < 3.
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