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On Closed Form Expressions
for Trigonometric Series and

Series Involving Bessel or Struve Functions

S. B. Tričković, M. S. Stankovic and V. N. Aleksis

Abstract. We first consider a summation procedure for some trigonometric series
in terms of the Riemann zeta and related functions. In some cases these series can
be brought in closed form, which means that the infinite series are represented by
finite sums. Afterwards, we show some applications of our results to the summation
of series involving Bessel or Struve functions. Further, relying on results from the
previous sections, we obtain sums of series involving a Bessel or Struve integral.
These series are also represented as series in terms of the Riemann zeta and related
functions of reciprocal powers and can be brought in closed form in certain cases
as well. By replacing the function appearing in a Bessel and Struve integral with
particular functions, we find sums of new series.
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1. Closed form expressions for trigonometric series

At first we consider the sums of the trigonometric series

S1 = S1

(
s, a, b, p,m, ω, f(x)

)
=

∞∑
n=1

(s)n−1f((an− b)x)
(an− b)2m+p−1((an− b)2 − ω2)

(1)

S2 = S2

(
s, a, b, p,m, ω, f(y), g(x)

)
=

∞∑
n=1

(s)n−1f((an− b)y) g((an− b)x)
(an− b)2m+p−1((an− b)2 − ω2)

(2)

where s, a, b are in Table I, m ∈ N0, ω ∈ R with ω 6= an − b, p = 0 or p = 1,
and f and g are sin or cos. We evaluate S1 and S2 as sums in terms of the

S. B. Tričković: Univ. of Nǐs, Fac. of Civil Eng., Dept. Math., Beogradska 14,
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Riemann zeta function ζ and related functions η, λ, β (see [1] or [8]). The
representation of trigonometric series can be stated in the general form (see
[2, 5, 10])

∞∑
n=1

(s)n−1f((an− b)x)
(an− b)p−1((an− b)2 − ω2)

=
sp(1− b)

2ω2
− sπ sinb−1 πω

2

4ωp cos πω
2

f
(
ωx− π(s + 1)(b + ω)

2a

) (3)

where ω ∈ R with ω 6= an − b, and where the parameters a, b, s, f, p and the
convergence regions we read from Table IV. We will use the decomposition

1
r2m(r2 − ω2)

=
1

ω2m(r2 − ω2)
−

m∑

i=1

1
r2iω2m−2i+2

. (4)

Series (1) can be then rewritten as

S1 =
1

ω2m

∞∑
n=1

(s)n−1f((an− b)x)
(an− b)p−1((an− b)2 − ω2)

−
m∑

i=1

1
ω2m−2i+2

∞∑
n=1

(s)n−1f((an− b)x)
(an− b)2i+p−1

.

The first sum in S1 we evaluate by means of (3) and for the second one we
use the closed form formula

∞∑
n=1

(s)n−1f((an− b)x)
(an− b)2i+p−1

= (−1)
2i+p−1−δ

2
cπ

2 (2i + p− 2)!
x2i+p−2 +

M∑

i=0

(−1)i F (p− 1− δ)
(2i + δ)!

x2i+δ

(5)

where M = i− 1 for p = 0 and M = i− δ for p = 1, which is a special case of
a closed form formula obtained from

∞∑
n=1

(s)n−1f((an− b)x)
(an− b)α

=
cπ

2Γ(α)f(πα
2 )

xα−1 +
∞∑

i=0

(−1)i F (α− 2i− δ)
(2i + δ)!

x2i+δ

where α ∈ R+ and all relevant parameters are given in Table I (see [7]). The
closed form cases are given in Table II, and they ensue because functions F
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take the value zero at certain points (see [7]).

So we have

S1 =
sp(1− b)
2ω2m+2

− sπ sinb−1 πω
2

4ω2m+p cos πω
2

f
(
ωx− π(s + 1)(b + ω)

2a

)

+
cπ

2

m∑

i=1

(−1)i+p x2i+p−2

ω2m−2i+2(2i + p− 2)!

−
m∑

i=1

L∑

k=0

(−1)k F (2i− 2k + p− 1− δ)
ω2m−2i+2(2k + δ)!

x2k+δ

(6)

where ω ∈ R with ω 6= an− b, f = { sin
cos}δ = { 1

0}, L = i− 1 + p(1− δ) and the
rest of the parameters are given in Table IV.

Note that when we let ω → 0 in formulas (3) and (6), we obtain the known
formula (5). For instance, setting s = 1, a = 1, b = 0, p = 1, f = cos in formula
(3), we come to the formula (see [3: p. 243/Formula (17.3.9)])

∞∑
n=1

cos nx

n2 − ω2
=

1
2ω2

− π cos(ωx− ωπ)
2ω sin ωπ

. (7)

Taking limiting value when ω → 0, we get

∞∑
n=1

cos nx

n2
= −πx

2
+

π2

6
+

x2

4
.
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When we choose a = 1, b = 0, s = 1, α = 2, f = cos in formula (5), the rest of
the parameters are δ = 0, c = 1,M = 1, F = ζ, so we obtain

∞∑
n=1

cosnx

n2
= −πx

2
+ ζ(2)− ζ(0)

2
x2.

This is just what we have got letting ω → 0 in formula (7), since it is known
that ζ(2) = π2

6 and the value ζ(0) = − 1
2 we find on the basis of an analytical

extension of the function ζ to the whole complex plane (except for z = 1,
where it has a pole, see [4]).

Now we present a formula comprising sixteen formulas:

∞∑
n=1

(s)n−1f((an− b)y) g((an− b)x)
(an− b)p−1((an− b)2 − ω2)

= g(0)
sp(1− b)

2ω2
− sπ sinb−1 πω

2

4ωp cos πω
2

f
(
ωy − π(s + 1)(b + ω)

2a

)
g(ωx)

(8)

where ω ∈ R with ω 6= an − b, and where the parameters a, b, s and the
convergence regions are in Table III. The functions f and g take values sin or
cos and the parameter p we choose so that

p =
{

0 if f 6= g
1 if f = g

for F = ζ, η, λ and p =
{

1 if f 6= g
0 if f = g

for F = β.

Each of these sixteen formulas is obtained by using the trigonometric identities

sin(an− b)y cos(an− b)x =
1
2

(
sin(an− b)(y − x) + sin(an− b)(y + x)

)

and then applying (3) to both obtained series. Substituting (4) into series (2)
we get

S2 =
1

ω2m

∞∑
n=1

(s)n−1f((an− b)y) g((an− b)x)
(an− b)p−1((an− b)2 − ω2)

−
m∑

i=1

∞∑
n=1

(s)n−1f((an− b)y) g((an− b)x)
ω2m−2i+2(an− b)2i+p−1

.

We use (8) for the first sum, and for the second one we need the closed form
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formula (see [8])

∞∑
n=1

(s)n−1f((an− b)y) g((an− b)x)
(an− b)2m+p−1

=
cπ

2

m−1−dδ∑

i=0

(−1)m−1+d−dδ x2i+δy2m−2i−δ+p−2

(2i + δ)! (2m− 2i− δ + p− 2)!

+
m−1−dδ∑

i=0

M∑

j=0

(−1)i+j F (2m− 2i− 2j − δ + p− 1− t)x2i+δy2j+t

(2i + δ)! (2j + t)!

+
(b− 1)sd(−1)m−δx2m−δ

2 (2m− δ)!

(9)

where m ∈ N, g = { sin
cos} δ = {1

0} and, independently of that, f = { sin
cos} t =

{ 1
0}. The parameter p we choose as in (8), as far as d is concerned it depends

on f and we treat it as parameter p in Table IV. The rest of the parameters
are given in Table III. So we finally come to the formula

S2 =
g(0)sp(1− b)

2ω2m+2

− sπ sinb−1 πω
2

4ω2m+p cos πω
2

f
(
ωy − π(s + 1)(b + ω)

2a

)
g(ωx)

+
sd(1− b)

2

m∑

i=1

(−1)i−δ x2i−δ

ω2m+2−2i(2i− δ)!
(10)

+
cπ

2

m∑

i=1

i−1−dδ∑

k=0

(−1)i−d−dδ x2k+δy2i−2k−δ+p−2

ω2m−2i+2(2k + δ)! (2i− 2k − δ + p− 2)!

−
m∑

i=1

i−1−dδ∑

k=0

M∑

j=0

(−1)k+j F (2i− 2k − 2j − δ − t + p− 1)x2k+δy2j+t

ω2m−2i+2(2k + δ)! (2j + t)!

where ω ∈ R with ω 6= an− b, g = { sin
cos} δ = {1

0} and, independently of that,
f = { sin

cos} t = {1
0}. Here M = i− k − 1 + (−1)δ(1− p)d and the parameter p

we choose in the same way as for (8). All other relevant parameters are listed
in Table III, except for d which is chosen in the same manner as for (9).

As we have obtained formula (5) by letting ω → 0 in (3) and (6), we can
similarly come to formula (9) by taking limiting values of formulas (8) and
(10) when ω → 0.
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2. Series involving Bessel or Struve functions

We illustrate here the application of the obtained results to the summation of
series involving Bessel or Struve functions and of series containing the product
of Bessel and trigonometric function. Both series have coefficients of the same
type as in (1) and (2).

2.1 The obtained formulas given by (6) can be applied to the summation
of some series involving Bessel or Struve functions [9]. For example, let us
consider the series

S3 = S3

(
m, ν, µ, ϕν(x)

)
=

∞∑
n=1

ϕν(nx)
n2m−µ(n2 − ω2)

where ϕν denote Jν or Hν , namely the Bessel or Struve function of the first
kind and of order ν ∈ R, n 6= ω ∈ R and µ ∈ R with µ + ν = {0

1}. Using the
well-known integral representation of Bessel/Struve functions

ϕν(z) =
2( z

2 )ν

Γ( 1
2 )Γ(ν + 1

2 )

∫ π
2

0

sin2ν θg(z cos θ) dθ (11)

where Re ν > − 1
2 , ϕ = { J

H } g = { cos
sin } and, interchanging the order of sum-

mation and integration, the series S3 takes the form

S3 =
2(x

2 )ν

Γ( 1
2 ) Γ(ν + 1

2 )

∫ π
2

0

sin2ν θ

∞∑
n=1

g(nx cos θ)
n2m−µ−ν(n2 − ω2)

dθ.

The obtained sum is of type (6), with x cos θ instead of x (0 < x < 2π) and
for µ + ν = { 0

1} g = { cos
sin }. The further procedure leads to the integrals

∫ π
2

0

sinµ−1 x cosν−1 x dx =
1
2
B(µ

2 , ν
2 ) (Re µ > 0,Re ν > 0).

Finally, the demanded sum is

S3 =
(x
2 )ν

ω2m+2

(
1− µ− ν

2Γ(ν + 1)

+
√

π

2

m∑

i=1

(−1)i+1−µ−ν Γ(i− µ+ν
2 )ω2i

(2i− µ− ν − 1)! Γ(i + ν−µ+1
2 )

x2i−µ−ν−1

− 1√
π

m∑

i=1

L∑

k=0

(−1)k ω2iζ(2i− 2k − µ− ν − δ) Γ(k + δ+1
2 )

(2k + δ)! Γ(ν + k + 1 + δ
2 )

x2k+δ

)

− π

2ω2m+1−µ sinπω

(
(−1)δg(πω)Jν(ωx) + ḡ(πω)Hν(ωx)

)
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where Re ν > − 1
2 , ϕ = { J

H } g = { cos
sin } δ = {0

1}µ + ν = { 0
1} and L = i − 1 +

(1− µ− ν)(1− δ).

2.2 We make use of the result given by (8) and apply it to the summation of
series containing the product of Bessel or Struve and trigonometric functions:

S4 = Sf

(
a, b, s, µ, ν, ϕν(x), f(x)

)

=
∞∑

n=1

(s)n−1(an− b)µ

(an− b)2 − ω2
ϕν((an− b)x) f((an− b)y)

where ϕν denote Jν or Hν , namely the Bessel or Struve function of the first
kind and of order ν ∈ R, f is sin or cos, µ, ω ∈ R with ω 6= an− b and a, b, s
are like those in Table I. By applying representation (11) and interchanging
the order of summation and integration, the preceding series can be rewritten
as

S4 =
2(x

2 )ν

Γ( 1
2 ) Γ(ν + 1

2 )

∫ π
2

0

sin2ν θ

∞∑
n=1

(s)n−1(an− b)µ+ν

(an− b)2 − ω2
gnfn dθ

where gn = g((an − b)x cos θ) and fn = f((an − b)y). This sum is given by
(8), with x cos θ instead of x, and for µ + ν = 1 − p, with p in Table V. We
shall state now the final result as

S4 =
g(0)s(1− µ− ν)(1− b)

2ω2Γ(ν + 1)

(x

2

)ν

− sπ sinb−1 πω
2

4ω1−µ cos πω
2

f
(
ωy − π(s + 1)(b + ω)

2a

)
ϕν(ωx)

(12)

where Re ν > − 1
2 , ϕ = { J

H } g = { cos
sin }µ + ν = 1 − p, with p and the rest of

the parameters in Table V.
Note that the summation of series of type (1) and (2) has not been consid-

ered in the literature, except for some particular cases. More precisely, series
(1) for m = 0, and these sums one can look up in [2, 5, 10]. Our general
formula (3) includes each of them. As far as we know, in the literature there
are no corresponding particular cases relating to the new formulas (6), (8) and
(10).

The obtained general formula (12) includes four particular cases cited in
[6: p. 683]:

∞∑

k=1

1
k2 − a2

{k sin kb

cos kb

}
J0(kx)

= ±πcosec aπ

2a

{a sin a(π − b)
cos a(π − b)

}
J0(ax) +

1
2a2

{0
1

}
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where 0 < b± x < 2π and

∞∑

k=1

(±1)k k−ν

k2 − a2
cos kx Jν(kx)

=
2−ν−1xν

a2Γ(ν + 1)
− πcosec aπ

2aν+1

{cos a(x− π)
cos ax

}
Jν(ax)

where Re ν > −(4∓1)
2 and 0 < x < (3± 1)π

4 .

3. Some series over Bessel or Struve integrals

Relying on previous results we can further expand our considerations. Follow-
ing procedures similar to those in Section 2 we first find summation formulas
for the series

F =
∞∑

n=1

(s)n−1Fν((an− b)x)
(an− b)α

(13)

Fω =
∞∑

n=1

(s)n−1(an− b)µFν((an− b)x)
(an− b)2m((an− b)2 − ω2)

(14)

where a = { 1
2} b = {0

1}, s = ±1, α, µ, ν, ω ∈ R with ω 6= an − b, m ∈ N and
Fν = { Jν

Hν
} (Jν and Hν are Bessel and Struve functions of the first kind and

order ν). So we find

F =
cπ(x

2 )α−1

2Γ(α−ν+1
2 )Γ(α+ν+1

2 )f(π(α−ν)
2 )

+
∞∑

i=0

(−1)i F (α− ν − 2i− δ) (x
2 )ν+2i+δ

Γ(i + 1 + δ
2 ) Γ(ν + i + 1 + δ

2 )

where α, ν ∈ R with α > 0 and α > ν > − 1
2 , Fν = { Jν

Hν
} f = { cos

sin } δ = { 0
1},

but a, b, s, c, F and the corresponding convergence regions are given in Table
V. When f = { cos

sin }α − ν = { 2k+1
2k } with k ∈ N0, one should work with

limiting values or with principal values of gamma functions. We note that
even in the case α − ν = 1 formula (15) is correct. Truncation of the second
series in (15), due to the vanishing of F functions, gives rise to all closed form
cases (see Table VI).
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Further, we find

Fω =
(x
2 )ν

ω2m+2

[
s(1− µ− ν)
2Γ(ν + 1)

(1− b) +
c
√

π

2

m∑

i=1

Ai − 1√
π

m∑

i=1

M∑

k=0

Bik

]

− sπωµ−2m−1 sinb−1 πω
2

4 cos πω
2

×
[
(−1)δf

(π(ω + b)(s + 1)
2a

)
Jν(ωx) + f̄

(π(ω + b)(s + 1)
2a

)
Hν(ωx)

]

(16)
where, for the sake of brevity, we have introduced denotations

Ai = (−1)i+1−µ−ν Γ(i + µ+ν
2 ) Γ(i− µ+ν

2 )ω2i

(2i− µ− ν − 1)! Γ(i + ν−µ+1
2 )

x2i−µ−ν−1

Bik = (−1)k F (2i− 2k − µ− ν − δ) Γ(k + δ+1
2 )ω2ix2k+δ

(2k + δ)! Γ(ν + k + 1 + δ
2 )

where Re ν > − 1
2 , Fν = { Jν

Hν
} f = { cos

sin } f̄ = { sin
cos} δ = {0

1}, M = i− 1 + (1−
µ− ν)(1− δ) and the rest of the parameters is in Table V.

Now we present a procedure providing summation formulas for the series

I1 =
∞∑

n=1

(s)n−1Dν((an− b)x)
(an− b)α

(17)

I2 =
∞∑

n=1

(s)n−1(an− b)µDν((an− b)x)
(an− b)2 − ω2

(18)

I3 =
∞∑

n=1

(s)n−1(an− b)µDν((an− b)x)
(an− b)2m((an− b)2 − ω2)

(19)

where a = { 1
2} b = {0

1}, s = ±1, α, µ, ν, ω ∈ R with ω 6= an − b, m ∈ N,
and Dν(x) =

{
Bν(x)
Sν(x)

}
. Here Bν and Sν are Bessel and Struve integrals,
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respectively, defined by

Bν(x) =
∫ 1

0

Jν(xy)ϕ(y) dy and Sν(x) =
∫ 1

0

Hν(xy)ϕ(y) dy. (20)

We will obtain results similar to those for series (13) and (14) simply by setting
there integrals (20) instead of Bessel or Struve functions. The representation
of series (17) - (19) is again based on the representation of corresponding series
involving Bessel or Struve functions in terms of the Riemann zeta function ζ
and related functions of reciprocal powers η, λ, β.

3.1 In order to find the sum of series (17) we first replace the integral of the
form Dν(x), then interchanging the order of summation and integration, we
obtain

I1 =
∫ 1

0

( ∞∑
n=1

(s)n−1Fν((an− b)xy)
(an− b)α

)
ϕ(y) dy (α ∈ R+).

We further use formula (15), taking xy instead of x. Note that the boundaries
for xy are the same as those for x because 0 ≤ y ≤ 1. Hence the final formula
for the summation of series (17) is

I1 =
cπxα−1

2αΓ(α−ν+1
2 )Γ(α+ν+1

2 )f(π(α−ν)
2 )

∫ 1

0

yα−1ϕ(y) dy

+
∞∑

i=0

(−1)i F (α− ν − 2i− δ)xν+2i+δ

2ν+2i+δΓ(i + 1 + δ
2 ) Γ(ν + i + 1 + δ

2 )

∫ 1

0

ϕ(y)yν+2i+δdy

(21)
where Dν = {Bν

Sν
} f = { cos

sin } δ = {0
1} and the rest of parameters can be found

in Table V.

3.2 Concerning the sum of series (18), we will apply a similar procedure. We
first substitute the integral of the form Dν(x), then interchange the order of
summation and integration. Afterwards we use formula (16), where we set
m = 0. That yields for series (18) the summation formula

I2 =
(x
2 )ν

ω2
K(1− b)− sπωµ−1 sinb−1 πω

2

4 cos πω
2

P (22)

where ω ∈ R with ω 6= an− b. For the sake of simplicity, we have put

K =
s(1− µ− ν)
2Γ(ν + 1)

∫ 1

0

ϕ(y)yνdy

P = (−1)δf
(π(ω + b)(s + 1)

2a

)
Bν(ωx) + f̄

(π(ω + b)(s + 1)
2a

)
Sν(ωx).

(23)
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Here Dν(x) = {Bν(x)
Sν(x)

} f = { cos
sin } f̄ = { sin

cos} δ = { 0
1}. The other parameters we

read from Table V. Particular cases 1 - 8 of (22) are listed in the Appendix.

3.3 Following a similar procedure as that for obtaining (22), by using (16) for
m ≥ 1, we find the sum of series (19) as

I3 =
(x
2 )ν

ω2m+2

(
K(1− b) +

c
√

π

2

m∑

i=1

Wi − 1√
π

m∑

i=1

M∑

k=0

Zik

)

− sπωµ−2m−1 sinb−1 πω
2

4 cos πω
2

P

where

Wi = Ai

∫ 1

0

ϕ(y)y2i−µ−ν−1dy and Zik = Bik

∫ 1

0

ϕ(y)y2k+δdy

with Ai and Bik introduced previously in (16), P defined in (23), Dν(x) =
{Bν(x)

Sν(x)
} f = { cos

sin } f̄ = { sin
cos} δ = {0

1} and M = i− 1 + (1− µ− ν)(1− δ). The
other parameters are read from Table V.

Some series of type (17) - (19) containing special functions instead of
Bessel or Struve integrals can have similar representations in terms of Riemann
zeta and related functions by a suitable choice of the function ϕ in (20). We
are giving two examples.

Example 1. Let us choose, for instance, ϕ(y) = y1−ν√
1−y2

. Since (see [2:

p. 702]) ∫ 1

0

Jν(xy)y1−ν

√
1− y2

dy =
√

π

2x
Hν− 1

2
(x)

we have Bν(x) =
√

π
2x Hν− 1

2
(x). Replacing this in (17) we get

I1 =
∞∑

n=1

(s)n−1Bν(nx)
nα

=
√

π

2x

∞∑
n=1

(s)n−1Hν− 1
2
(nx)

nα+ 1
2

.

Considering that I1 is given by (21), where a = 1, b = 0, f = cos, δ = 0 (now
Dν = Bν), we can evaluate

∞∑
n=1

(s)n−1Hν− 1
2
(nx)

nα+ 1
2

=
cπxα− 1

2

2α+ 1
2 Γ(α−ν+2

2 ) Γ(α+ν+1
2 ) cos(π(α−ν)

2 )

+
∞∑

i=0

(−1)i F (α− ν − 2i)xν+2i+ 1
2

2ν+ 1
2+2iΓ(i + 3

2 ) Γ(ν + i + 1)
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where the other parameters we read from Table V.

Example 2. Here we take ϕ(y) = yν(1− y2)ν− 1
2 . In this case (see [2: p.

702])

Bν(x) = 2ν−1x−ν
√

π Γ
(
ν +

1
2

)
J2

ν

(x

2

)
.

Replacing this in (18), setting a = 1, b = 0, s = −1, we get

I2 =
2ν−1

√
π Γ(ν + 1

2 )
xν

∞∑
n=1

(−1)n−1 nµ−ν

n2 − ω2
J2

ν

(nx

2

)
.

Using (22), actually formula 3 (using µ = −ν) from the Appendix, we evaluate
the series
∞∑

n=1

(−1)n−1 J2
ν (nx

2 )
n2ν(n2 − ω2)

=
21−νxν

√
π Γ(ν + 1

2 )

( −(x
2 )ν

2ω2Γ(ν + 1)

∫ 1

0

y2ν(1− y2)ν− 1
2 dy +

πω−ν−1

2 sinπω
Bν(ωx)

)

=
J2

ν (ωx
2 )

2ω2ν+1 sin πω
− x2ν

24ν+1ω2Γ2(ν + 1)
.

4. Appendix

Here we list the following particular cases of (22):

∞X
n=1

nµBν(nx)

n2 − ω2
=

(x
2
)ν

2ω2Γ(ν + 1)

Z 1

0

ϕ(y)yνdy

− πωµ−1

2

�
cot πωBν(ωx) + Sν(ωx)

�
(µ + ν = 0) (A1)

∞X
n=1

nµSν(nx)

n2 − ω2
=

πωµ−1

2

�
Bν(ωx)− cot πωSν(ωx)

�
(µ + ν = 1) (A2)

for 0 < x < 2π,

∞X
n=1

(−1)n−1 nµBν(nx)

n2 − ω2
= − (x

2
)ν

2ω2Γ(ν + 1)

Z 1

0

ϕ(y)yνdy

+
πωµ−1

2 sin πω
Bν(ωx) (µ + ν = 0) (A3)

∞X
n=1

(−1)n−1 nµSν(nx)

n2 − ω2
=

πωµ−1

2 sin ωπ
Sν(ωx) (µ + ν = 1) (A4)
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for −π < x < π,

∞X
n=1

(2n− 1)µBν((2n− 1)x)

(2n− 1)2 − ω2
=

πωµ−1

4

�
tan

πω

2
Bν(ωx)− Sν(ωx)

�
(µ + ν = 0)(A5)

∞X
n=1

(2n− 1)µSν((2n− 1)x)

(2n− 1)2 − ω2
=

πωµ−1

4

�
Bν(ωx) + tan

πω

2
Sν(ωx)

�
(µ + ν = 1)(A6)

for 0 < x < π, and

∞X
n=1

(−1)n−1 (2n− 1)µBν((2n− 1)x)

(2n− 1)2 − ω2
=

πωµ−1

4 cos πω
2

Bν(ωx) (µ + ν = 1) (A7)

∞X
n=1

(−1)n−1 (2n− 1)µSν((2n− 1)x)

(2n− 1)2 − ω2
=

πωµ−1

4 cos πω
2

Sν(ωx) (µ + ν = 0) (A8)

for −π
2

< x < π
2
.
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