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On Harmonic Potential Fields

and the Structure of Monogenic Functions

F. Brackx and R. Delanghe

Abstract. In specific open domains of Euclidean space, a correspondence is established be-
tween a monogenic function and a sequence of harmonic potential fields, leading to the con-
struction of a unique vector-valued conjugate harmonic homogeneous polynomial to a given
real-valued solid harmonic.
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1. Introduction

Consider a holomorphic function F(z) = u(z,y) + iv(z,y) in an open region §2 of the
complex plane. As is well known, its real and imaginary parts are real-valued harmonic
functions in 2, satisfying the so-called Cauchy-Riemann system

Ou = Oyv
Oy = —0v '

The vector field F*(z) = (u(x,y), —v(z,y)) associated with this holomorphic function
F(2) then satisfies the system
divF* =0
. (1.1)

curl F* =0

If © is simply connected, then this vector field F'* can be realized as the gradient of a
real-valued harmonic potential h(x,y) in :

F* = grad h,
which in terms of the original holomorphic function F' reads
F = 0h,

0 = 0, — 10y being the conjugate of the Cauchy-Riemann operator 0=0, + 10y.
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Now consider in an open region €2 of (m + 1)-dimensional Euclidean space a vector-
valued function F* = (ug,uq,. .., U, ) for which

6331.’[% =0
; (1.2)

Op;u; — Oguj =0 (0<i<j<m)

i

or, equivalently, in a more compact form:

divF*=0
) (1.3)
curl F* =0

This (m + 1)-tuple F* is said to be a system of conjugate harmonic functions in Q (see
[8]) and system (1.3) is called the Riesz system, after M. Riesz who obtained it in the
following way (see [7]).

The (m + 1)-dimensional real quadratic vector space R%™*! of signature (0,m + 1)
with orthonormal basis (eg, e1, ..., en) generates the universal Clifford algebra Rg 41
which contains the scalars R and the vectors R>™*! (see, e.g., [4]). Multiplication is
non-commutative and governed by the rules

2 _
e; = —1

o (0<1i,57 <m).
eej+ejep =0 (i # J)

Making use of the Dirac operator 0, = Z?lo e;0,, and the Cauchy-Riemann operator
D, = —eg0; = 04, +Z;-n:1 €0z, where e; = —epe; (j =1,...,m), M. Riesz observed
that the function

F:uo —Zajuj (14)
j=1
satisfies D, F' = 0 in () if and only if the associated vector-valued function F* =

(U, U, - - ., U, ) satisfies system (1.3) in Q. If © is simply connected, then this F* may
be realized as the gradient of a real-valued harmonic potential H in €, i.e. F* = grad H.

In this paper we generalize the above results in the framework of Clifford analysis.
Clifford analysis offers a function theory which is a higher dimensional analogue of the
theory of holomorphic functions of one complex variable (see, e.g., [2, 4]). Central
notion is that of a monogenic function, i.e. a null solution of the above mentioned Dirac
operator. Our main result (Theorem 3.1) states that if the open region Q c R™*!
satisfies a specific geometric condition, and the function F', taking values in the Clifford
algebra Rg ,,,+1, is monogenic in €2, then there exists a harmonic potential H in {2 such
that F = D,H, D, being the conjugate of the Cauchy-Riemann operator D,. In the
particular case where H is real-valued, the function F' turns out to be of form (1.4),
thus reobtaining the notion of a system of conjugate harmonic functions in the sense
of Stein-Weifl. This structure theorem is moreover applied to the so-called spherical
monogenics, i.e. homogeneous monogenic polynomials which offer a refinement of the
notion of solid spherical harmonics.



On Harmonic Potential Fields 263
2. Conjugate harmonic functions in R™*!

Let R%™*! he the real vector space R™*! (m > 1) endowed with a non-degenerate
symmetric bilinear form B of signature (0, m+1), and let (eq, €1, . . ., ;) be an associated
orthonormal basis:

-1 ifi=j o
B(ei7ej): {O ifi#; (1<4,5<m).

Furthermore, let Rg ,,11 be the universal real Clifford algebra constructed over RO:m+1
The multiplication in R ,,+1 is governed by the rules

2 _

o (0<idj<m).
eie; +eje; =0 (i #j)

A basis for the Clifford algebra Rg 11 is given by {ea}acqo,1,....,m} Where, for A =
{i1,...,ip} with 0 < iy < ip < ... < ip < m, esa = €€, --¢€;, and e, = 1 is the
identity element.

Conjugation in Rg ,,+1 is defined as the anti-involution for which
€ = —¢ (0 <i<m).

The space of real numbers is identified with the subspace Rey, = R1 of Ry 1, while
the space of vectors R™*! is identified with the subspace R%™*! by the correspondence

m
(0, T1y .oy ) — T = E T;€;.
i=0
Note that in RO,m—}—l
m
r? = — E 2 = —|z|%
i=0

Now let €2 be open in R™ 1. We consider functions F' defined in Q and taking values
in RO,m—&—l:

F(z) =) Fa(z)ea (z€Q).
A
Such a function F is called C; in 2, notation F' € C1(€2;Rg 4,41), if all of its components

Fy4 are in C1(2; R).

A central notion in so-called Clifford analysis (see, e.g., [2, 4]) is that of monogenicity,
which is introduced by means of the Dirac operator

&T = i ei&m
=0

in R™+1,
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Definition 2.1. A function F' € C;(;Ro pm+1) is (left) monogenic in Q if 0, F = 0
in Q.

As the Dirac operator splits the Laplace operator in R™™1: A, = —92 it follows
that a monogenic function in €2 is harmonic in §2, and so are all of its components.

Now consider the m-dimensional real quadratic space R%™ of signature (0, m), with
orthonormal basis (e1,...,em). It generates, within Rq ,,+1, the universal real Clifford
algebra Ry ,,. We shall identify R™ with R%™ by the correspondence

m
(X1, Tp) = ijej.
=1

Naturally we still have
2t ==} o=l
j=1

but also z = zpeg + z and 22 = —22 + 22. We will also use the Dirac operator
m
Op =Y ¢;0s,
i=1

in R™, for which A, = —8; . Introducing for Q open in R™

kerd, = {f € Coo (4 Rom) : 0y f =0 in Q}
ker A, = {g € Coo (4 Ro.m) Agg=0in ﬁ},

the surjectivity of the Dirac operator

a'r : Coo(Q;RO,m) - COO(Q;RO,TTZ)

(see [2]) leads to
Lemma 2.1. The relation 0, (ker A,) = ker 0, is true.

We already studied (see [3]) conjugate harmonic functions in R™*! in the framework
of Clifford analysis. A basic idea therein is the splitting of the Clifford algebra R 41
as

Ro,m+1 = Ro,m © €oRo,m

and the corresponding splitting of the functions considered
F=U+%eV

where U and V' are R ,,-valued. It is clear that if F' is monogenic in {2, then U and V/
are harmonic in §2. And, as 0, = g0, + 0, we also have
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Theorem 2.1. A function F = U + egV is monogenic in Q if and only if the
Ro,m-valued functions U and V satisfy the system

Oy, U + 8,V = 0
z . (2.1)

0,U + 0,V =0

Clearly, system (2.1) generalizes the Cauchy-Riemann system for holomorphic func-
tions in the complex plane. This leads to the following

Definition 2.1. A pair (U, V) of Rg ,,-valued harmonic functions in {2 such that
F =U + ¢,V is monogenic in € is called a pair of conjugate harmonic functions in €.

Notice the special case where the monogenic function F' in 2 is either Ry ,,-valued
or ¢9Rg ,,-valued. In fact, such a function F' reduces to either U or to gV respectively,
where then U and V' are R ,,-valued, are independent of xy and monogenic in (NZ, Q
denoting the projection of 2 on R™ along the eg-direction.

Given an Ry ,,-valued harmonic function U in €, the construction of a conjugate
harmonic to U in €2 was carried out in [3] for open regions € of a specific geometric
shape.

Definition 2.2. An open set Q C R™*! is called normal with respect to the eg-
direction if there exists an xf € R such that for all z € Q, QN {teg +z : t € R} is
non-empty, connected and contains the point xjeg + z.

From now on we always assume () to be normal with respect to the eg-direction.
The following theorem was proved in [3].

Theorem 2.2. Let Q C R™t! be open and normal with respect to the eq-direction,
let U(zo, z) be an Ry, -valued harmonic function in Q@ and let h satisfy in () the Poisson
equation Azh = 8,,U (x5, ). Define H(xo,z) in Q by

*

0

leo,2) = [ Ulta)dt—Te)

Then:
(i) H(zo,x) is Ro,m-valued and harmonic in €.
(i) V(zo,z) = —8£ff(:1:0,§) is Ro.m-valued and conjugate harmonic to U in €.
(iii) F(zo,z) = Uz, z) + €V (vo,z) = OyeoH (x,z) = DyH(xg,z) is monogenic
in €.

Now we make the following observation. Any conjugate harmonic V' to U in § is
of the form V (zg,z) = V(z0,z) + W(z) where W (z) is Rg,m-valued and monogenic in
Q, ic. 0, W(z) = 0. By Lemma 1.1 there exists a harmonic function h in Q such that
W(z) = 0;h(x) and hence V (g, z) = V(zo,z) + 0y . h(z). So we obtain

Theorem 2.3. Let Q C R™t! be open and normal with respect to the eq-direction,
let U(xo,z) be an Ry m—valued harmonic function in €, let h be an Ro, m-valued Coo
function in Q satisfying Ay h = Oz Uz, z), and let h be an Rg ,,-valued harmonic
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function in Q. Then the most general conjugate harmonic V(xg,z) to U in Q) thas the
form

V(Iﬂa &) = _8£H<x07 Q)

where the R .,,-valued harmonic function H in § is given by

H(xg,z) = /xo U(t, z)dt — h(z) — h(z)

*
0

Remark 2.1. Given the Ry ,,-valued harmonic function U in €2, let V' be its con-
jugate harmonic in € as defined in the above Theorem 2.3. Then the pair (U, V) of
conjugate harmonics in €2 takes the form (U,V) = (0,,H,—0,H) and the associated
monogenic function F' in Q reads F' = U +eyV = 0,(egH) = D, H.

Remark 2.2. The notion of a conjugate harmonic pair (U, V') of R ,,,-valued func-
tions was first introduced by Xu in [9]. Theorem 2.3 extends and completes the results
in [10, 11] on the general form of a conjugate harmonic V to U. In [10, 11] conju-
gate harmonics to the Poisson kernel in the open unit ball and the upper half space
respectively were explicitly constructed in this setting.

Remark 2.3. If the given harmonic function u in €2 is real-valued, then the poten-
tial function H, as given in Theorem 2.3, can be chosen to be real-valued; the conjugate
harmonic v to u in € is then R%™-valued. This special case of conjugate harmonicity
was first introduced by Moisil in [6] and taken up again by Stein and Weif} in [8] (see
also [5: Proposition 1.7]).

Let us comment on this classical case. If the real-valued function u and the R9™-
valued function v = » 7", vje; are conjugate harmonic in €, then the (m + 1)-tuple
F* = (u,—v1,...,—vp)

of real-valued harmonic functions in () satisfies the Riesz system

div F* = 0 }
(2.2)

curl F* =0

and F* can be realized in () as the gradient of a real-valued harmonic potential h,
i.e. F* = gradh, this potential h coinciding with the function H of Theorem 2.3.
Conversely, if F* = (u,—v1,...,—0y) is an (m + 1)-tuple of real-valued functions in 2
satisfying the Riesz system (2.2), then those functions u, vy, ..., v,, are harmonic in €
and, moreover, the function F = u + EO(Z;”Zl vjej) is monogenic in 2.

Such an (m + 1)-tuple F* was called by Stein and Weifl a system of conjugate
harmonic functions in 2. They played a fundamental role in the characterization of
HP-spaces in the upper half space RTH = {(z0,2) € R™™ : 29 > 0}.

From now on we call F™* a real-valued Stein-Weifs field.
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Remark 2.4. When applying the results of the special case mentioned in the pre-
ceeding Remark 2.3 to the two-dimentional case (m = 1), we obtain that for a given
real-valued harmonic function u(xg, ;) in an open set Q C R?, which is normal with
respect to the eg-direction, there exists a conjugate harmonic v(zg,z1) to u in Q of
the form v(zg,x1) = e1v1(xo,x1), the function v; being real-valued. This conjugate
harmonic is determined up to a function of the form ejwi(x1), the function w; being a
real-valued null solution to the operator e;0,,, in other words a real constant.

This is nothing else but the classical pair of conjugate harmonic functions in the
plane, yielding the holomorphic function

F(xg,21) = u(xg, 1) + €101 (20, 1)
where €1 = ege; satisfies €2 = —1, the Cauchy-Riemann operator being identified with
Oz + €10z, = €0(€00z, + €10y, ).
The ordered pair F*(xg,21) = (u1, —v1) satisfies the Riesz system

divF* =0
curl F* =0

which coincides with the Cauchy-Riemann system. There exists a real-valued harmonic
potential H(xg,z1) in Q such that

F*(xo,21) = grad H(xo, z1),
whence the holomorphic function F(zg, 1) takes the form

F(xg,21) = 0y, H +€ge1(—0,, H)
= (€00z, + €104, )(eoH)
= (Ogy — €10z, ) H (20, 71)

with now the conjugate Cauchy-Riemann operator appearing.

3. A structure theorem for monogenic functions

Let © € R™*! be open and normal with respect to the eg-direction, let F' be monogenic
in €2, and consider its decomposition F' = U 4 €eyV, where U and V are Ry ,,-valued.
Then U and V are harmonic in 2. For the harmonic function U in €2, construct the
Ro,m-valued harmonic function H in Q as in Theorem 2. 2, and put V= —0s H in Q.

Then we know that F' = U + eOV is monogenic in €2, whence

F—F=gy(V-V)
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is €9Ro,m,-valued and monogenic in Q. It follows (see Section 2) that V — Vis independent
of £ and monogenic in Q: 9, . (V — V) = 0. Hence, by Lemma 1.1, there exists an Rg_,-
valued harmonic function h(z) in Q such that V —V = Ogh or V= —0, (H h) in Q
while still U = 8,,(H — h) since h is independent of .

Decompose the R ,,-valued harmonic function H = H—hin Q into its components:

H = Z HBGB,

and put for each B C {1,...,m}
Fp=(Fpo, F51,---,F5,,) = grad Hp.
It is clear that for each B the (m + 1)-tuple F}; satisfies the Riesz system
divFp =0
curl Fp =0 }

in other words, for each B, Fj is a real-valued Stein-Weif} field. For the initial monogenic
function F' in 2 we find

F=U+¢eV

= Oy H +€0(—0,H)

= Z (amOHB +eo Zegaxj HB)eB

j=1
=% (B eodeifi, Jen
B j=1
Conversely, given a sequence (F3)pc{1,....m}, With Fy = (Fg o,..., F5 ), of real-valued

Stein-Weif} fields in €2, the function
F = Z (FE,O + €ep Zeng,j>eB
B j=1

is monogenic in . Putting F; = ) 5 fpep (1=0,1,...,m), the (m + 1)-tuple F™* of
Ro,m-valued harmonic functions in €2 given by

F*:(FO7F13"'7Fm)

divF* =0
curl F* =0 |
We call F* an R ,,-valued Stein- Weif field.

Combining these results with Theorem 2.3, we obtain the following structure theo-
rem for monogenic functions.

satisfies the system
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Theorem 3.1. Let Q C R™*! be open and normal with respect to the eq-direction
and let F' € C1(Q;Ro m+1). Then the following assertions are equivalent :

(i) F is monogenic in ).
(ii) There exists an Ro y,-valued harmonic potential H in Q@ such that F = D,H.
(iii) There exists an Rg p,-valued Stein-Weif field F* = (Fy, Fi, ..., Fy,) such that
F = FO + e Z;nzl GJFJ

Remark 3.1. Let Q C R™*! be open and normal with respect to the eg-direction
and let F' = U +¢€gV be monogenic in 2. Recall the construction made at the beginning
of this section to end up with FF = U + &,V +€,(V — V) or

F =8,(0H) +eW (3.1)
where W =V — V is an Ro,m-valued function, independent of x(, which is monogenic
in €.

If ) satisfies some supplementary geometric conditions, expression (3.1) leads to a
further decomposition of the monogenic function F'.

For each j € {1,...,m} fixed, consider the real quadratic space RO +1=U~1 with
orthonormal basis (e;_1,...,ey) which, within Rg ,,11, generates the Clifford algebra
({)jrgil_g}_l) It gives rise to the splitting
{i-1,..m}  _ pid...m} {jscym}
Ry mtl—(j—1) — Roimy12; Dej—1Ry 075
We assume Q0 = Q, open in R™t!, to be such that for j = 1,...,m its projection
Q(j_l) on

RMH-G=D = {x(j_l) =(Tj—1,...,Tm) T, €ER (1=7— 1,...,m)}

is normal with respect to the e;_j-direction. In each of R™+H1=0G=1) we introduce the
corresponding Dirac operator

m
81,(3‘—1) = E ekaggk.

k=j—1

Successive application of (3.1) then yields a sequence HO = f, UG- (j=2,...,m)

of ]Réjr’n 11 }J valued harmonic potentials in QU1 such that
F(IO, ) eoH(O) Z 'éj,Q 8x<j_1) éjflﬁ](jil)(x(jil)). (32)
=2

Note that the function az(j—l)éj_lﬁ (G=1) determines an Ro,m—(j—1) -valued Stein-Weif3
field in QU—Y for each j =1, ..., m. Moreover, as straightforward computations show,
at the final stage an Rég_l’m}—valued monogenic function F™ =Y (x,, 1, z,,,) in Q7=
is found, which can be decomposed in terms of a classical pair of conjugate harmonic
functions in the plane (see also Remark 2.4). Decomposition (3.2) is valid, at least

locally, for any monogenic function.
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4. Homogeneous harmonic polynomials

The results on conjugate harmonics and on the structure of monogenic functions, as
established in the previous sections, is now applied to the special case of homogeneous
harmonic polynomials in R™*1. As R™T! is trivially normal with respect to each e;-
direction (j = 0, 1,...,m), no supplementary geometric conditions are necessary. In the
sequel 2 < k € N will be fixed.

4.1 The general case. Let Ug(xo,z) be an Ry ,,,-valued homogeneous harmonic poly-
nomial of degree k in R™*1. We aim at establishing the general form of an Ry ,,-valued
homogeneous polynomial Vi (g, z) of degree k in R™*! which is conjugate harmonic to
Uk(zo,z). In view of the results obtained in Section 2 and choosing z§ = 0, we have to
solve in R™ the equation

Agh(z) = hi-1(z) (4.1)

where hj_1(z) = 03, Ur(0,z) is an Rg,,-valued homogencous harmonic polynomial of
degree (k — 1) in the variable x € R™. According to the Fisher decomposition of
homogeneous polynomials (see, e.g., [1]), the function

1
2(2 —m — 2k)

iy (z) = 2?1 (z) (4.2)

is the unique Ry ,,,-valued homogeneous polynomial of degree (k + 1) of this particular
form, which satisfies equation (4.1). It follows that the function

Vi(zo, ) = =, Hyy1 (20, ) (4.3)
where
_ o 1 -
Hyt1(z0,2) = i Uk(t,z) dt — 5@ —m k) hi—1(z), (4.4)

is the unique R ,,,-valued homogeneous harmonic polynomial of degree k of this partic-
ular form which is conjugate harmonic to Uy in R™+1.

Obviously, any Rg ,,-valued homogeneous conjugate harmonic of degree k to Uy, is
given by
Vi(zo,2) = =0z H11(o0, 2) (4.5)

where
Hiy1(xo,2) = Hig1(z0,2) — hig1(z), (4.6)

hi+1(z) being an arbitrary Rg ,,-valued homogeneous harmonic polynomial of degree
(k+1)in R™.

Finally, denoting by M (k; Rg 1) the space of Rg ,,+1-valued homogeneous mono-
genic polynomials of degree k in R™T! (see [4]), in view of Theorem 3.1 the following
structure theorem is obtained.
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Theorem 4.1. Let P, € M (k;Ro m+1). Then there exists an Rg ,-valued homo-
geneous harmonic polynomial Hy 1 of degree (k+1) in R™1 such that Py = Dy Hyy1.

4.2 The scalar case. Now assume that ug(xg,z) is a real-valued homogeneous har-
monic polynomial of degree k in R™+1 ie. uy is a solid harmonic of degree k. Then,
according to (4.2) and (4.4), hyi1(z) and Hyq(z0,z) are also real-valued, whence, in
view of (4.3), Dx(xg,x) is R®™-valued. So we have at once

Theorem 4.2. Given a real-valued solid harmonic uy(xg,x) of degree k in R™L,
there exists a unique R®™-valued homogeneous harmonic polynomial Ty (xo,z) of degree
k conjugate to ui(xo,x) of the particular form

Uk(x0,2) = —%ﬁkﬂ(%&) (4.7)
where 0 )
H - — 220, 4.

is a real-valued homogeneous harmonic polynomial of degree (k + 1) in R™*L,

Remark 4.1. Taking in (4.6) hgy1(x) real-valued, then (4.5) - (4.6) express the
general form of an R%™-valued homogeneous polynomial v, (g, z) of degree k conjugate
to the real-valued wuy(xo, x).

Remark 4.2. Writing vy, defined by (4.7), as vy = Z;nzl e;Uk,j, then, according to
the general theory outlined in the previous sections, P, = uy, 4+ €90y is an R @ ggRY™-
valued homogeneous monogenic polynomial of degree k& in R™*!. Equivalently, the
(m 4+ 1)-tuple F}} = (ug, —Vk1,..., —Vkm) is a real-valued Stein-Weif} field, which can
be realized as the gradient of a real-valued solid harmonic of degree (k + 1), which is
precisely the function H k+1 given by (4.8).

Remark 4.3. The conjugate harmonic v to wug given by (4.7) - (4.8) may be
rewritten as
Or(zo, 2) = 0 (20, 2) + z ', (2) + 22w?, (2) (4.9)
where
(i) '17,(:) (z0,z) = — [ ° Op ui(t, z)dt is an R%™-valued homogeneous harmonic poly-
nomial of degree k in R™+!
(ii) wlg )1(:10) = m Oxour (0, ) is a real-valued homogeneous harmonic polyno-
mial of degree (k — 1) in R™
(iii) w,g )2(:1:) 5 O w/,(C )1( ) is an R%™-valued homogeneous harmonic polynomial

of degree k — 2 in Rm

Remark 4.4. When applied to the specific case where the dimension m = 1, The-
orem 4.2 yields the existence of a unique homogeneous conjugate harmonic polynomial
Uk(70, 1) to the real-valued homogeneous harmonic polynomial ug(zg,z1) in R?. This
conjugate harmonic is R%!-valued and of the particular form

quk(flio, 5131) = —613x1ﬁk+1($07 $1)
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where

~ Lo
Hi 1 (xo, 1) :/ ug(t,x1) dt + o Ok (0, 271).
0

1
1 —2k)
The corresponding homogeneous monogenic polynomial in R? takes the form

Pk(woyﬂ?l) = (5950 - Elaxl)ﬁk+1($o,961)

which is nothing else but a homogeneous holomorphic polynomial in the plane, where,
as already mentioned in Remark 2.4, £y = €pe; takes over the role of the imaginary
unit ¢ in C.

4.3 The polynomials V,. A basis for the right Rg,,+1-module M (k;Rqm1) is
given by
{Valz): a=(oa,...,am) €N, |a| = k}

where V, is the so-called Cauchy-Kowalewskaia extension of the real-valued polynomial

@ = 2% in R™ (see [4]):

req

Va(zo,2) =) (—1) ?—% (20 05 ) <. (4.10)

=0

Then each Py, € M (k;Rg,m+1) may be expressed as

loe|=k

where a, = é 0% P,. Expression (4.10) shows that V, is R @ ey R%™-valued. Its real
part is given by

ua (2o, ) = x—O. (—A,) 22 (4.11)

Its unique R%™-valued conjugate harmonic U, (o, z) determined by (4.7) - (4.8) then
reads

Vo (T0,2) = —0z Ha (20, 2)

[|a|/2} 2141

Hy(xg,2) = /O:co g (t,z) dt = Z @+ Ay

since Og, Ua(T0,Z)|zo—0 = 0. Consequently,

V;(anz) = ug(x07§) +EO;&/Q($O7£) = 8$ éoﬁ—g(x()?g) = Exﬁg(ﬂjO?g)

belongs to M (k; Rg.m+1). Now taking the restriction to R™, identified with {x¢ = 0},
yields V; (0, z) = 2% = V4 (0, ). The uniqueness of the Cauchy-Kowalewskaia extension
then implies that V; (z) = Vu(z).

We thus have proved
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Theorem 4.3. Let o = (a1,...,0,) € N™ with |af = k and let Vi (xo,z) be the
associated basis polynomial in M (k;Ro m+1) given by

|| j
Vg(x07£) = Z(_l)j 0 (éoag)jlg~

=0 J!

Then this basis polynomial can be expressed as

where

HQ(‘/L‘O?@) =

is a real-valued homogeneous harmonic polynomial of degree k + 1 in R™+1,

Acknowledgement. The authors wish to thank the referee for his valuable com-
ments and suggestions.
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