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Expansions of Certain del bar Closed Forms
via Fourier-Laplace Transform

T. Hatziafratis

Abstract. We derive Laurent-type expansions of O-closed (0,n — 1)-forms in certain domains
in C™. These expansions involve the Bochner-Martinelli kernel and its derivatives and are
based on the Fourier-Laplace transform.
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1. Introduction

If D is an open set in C™ and f is a C*°-function in D, one sets f to be the (0, 1)-form

ar=%" of
6f = a—zj dZ]
where

of _1(of  .of . |
Ejzﬁ(%j_’_la_yj) (zj =z + 55 25y, €R, j=1,...,n)

and, in general, if
u = Z fjlqudijl VANPIRAY dqu

is a (0, ¢)-form with C'*°-coeflicients in D, then

Qu=> 0fj. j, Nz, A... NdZ,.

A (0,q)-form u is called O-closed if it satisfies the differential equation du = 0. The
set of O-closed (0, q)-forms with C'*-coefficients in D will be denoted by Z%O’Q)(D). In

particular, Zg)’o)(D) is the set O(D) of holomorphic functions in D.
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A (0,q)-form u is called d-ezact in D, if there exists a (0,q — 1)-form v with C>°-
coefficients in D such that Ov = u. The set of d-exact (0, ¢)-forms in D will be denoted

by Béo’q)(D). Recall also the definition of the 0-cohomology groups
o(D) = 289 (D) /BY (D).

In certain cases the sets Zg)’nfl)(D) and Hg)’nfl)(D) play, in a sense, the role of the
set of holomorphic functions in D. These phenomena in several complex variables have
attracted the attention of many mathematicians including Andreotti, Grauert, Griffiths,
Henkin and Norguet. More relevant for what we do here is [2], where we showed that the

(0

space H 1) (C™—{0}) is infinite-dimensional by constructing explicitly an infinite set

of O-closed forms whose classes in Hg)’n_l)((C” — {0}) are linearly independent. These
forms were constructed by differentiating appropriately the Bochner-Martinelli kernel.

In this paper we will show that the set {nx} of these forms is maximal in the sense
that any class [0] in Hg)’n_l)(C” —{0}) has an expansion of the form

0] = cklne]  (ck €C).

To describe this expansion more precisely, let us consider the Bochner-Martinelli kernel

M(z,w) = p_ﬁﬁ S (1) NE —w)dz AL (G) N (2 # w)
j=1
where (3, = (—1)% ((3;52;
For each k = (ki,...,k,), where k; are non-negative integers, let us define the
(0,n — 1)-forms
ak1+...+an(Z,w)
nk‘(z) = kq k

Since 9, M (z,w) = 0, it follows that dny = 0, i.e. ng € Zg)’n_l)((C” —{0}). With this
notation we will prove the following theorem.

Theorem 1. FEvery 0 € Zéo’n_l)((C” —{0}) has an expansion of the form
60— Z CrNMk + v
k
where ¢, € C and v is a (0,n — 2)-form with C*-coefficients in C™ — {0}.

In the above theorem we assume that n > 2. The analogous statement in the case
n = 1 is the Laurent expansion stated as follows: Every holomorphic function in C— {0}
has an expansion of the form

[o.¢]
c

E —IZ + a function holomorphic in C.
z

k=1
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Moreover, these expansions are unique as far as the coefficients c; are concerned. Of
course, part of what we have to do in the proof of this theorem is to deal with the
appropriate convergence of the series which appear in the expansions. This is based on
an estimate, which follows from an inequality satisfied by the Fourier-Laplace transform
of a O-closed (0,n — 1)-form in C"* — {0} and the Cauchy inequality, and it is a gener-
alization to several variables of a part of Polya’s classical proof of the representation of
analytic functionals by their Borel transform. (See [1, 4].)

2. The Fourier-Laplace transform
of d-closed (0,n — 1)-forms in C" — {0}

Let 0 € Z(0 "=D(C — {0}). For ¢ € C", define

Fyp(¢) = /es eS?0(2) A w(z)

where (¢, z) = > (2, w(z) = dz1 A...Adz, and S is a simple closed surface surrounding
the point 0 € C™. (By a simple closed surface S, surrounding 0, we mean that S = 952
where (2 C C" is a bounded open set with smooth boundary and with 0 € €. For our
purposes in this section, however, € could be just a ball centered at 0.) Since 90 = 0,
we have d,[e{$*)0(2) A w(z)] = 0. Therefore, by Stokes’s theorem, the above integral is
independent of the choice of the surface S and defines an entire function Fy : C* — C
which depends only on 6. This function is the Fourier-Laplace transform of 6.

It is also easy to see that the function Fjy satisfies the following estimate:

For every 6 > 0 there is a constant C5 > 0 so that
[Fp(¢)] < Coe®l - (CeC™). (1)

Indeed, it suffices to notice that for every ¢ > 0
Fo(¢) = / CD0(2) A w(z).
|z|=¢

Next we will use the expansion of the entire function Fjy in order to prove Theorem 1.

3. Proof of Theorem 1

A straightforward computation shows that

Ot Ahn M (2, w)
owk ... dwpr

=pfnn+1)---(n+ki+...+k, — 1)

(z1 —wy)kr - (2, — W, )
|2 — w|2(n kit thn)

XZ ez —w)dz A (4) .. AdZ,
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and therefore

M. kn (2) = Bpn(n + )-«~(n+k1—|— A kp — 1)
_kjl

X |Z|2(n—|—k1+ +k ) Z “zidz AL (G) . AN dE.

Now we consider the power series expansion of the entire function Fjy:

F@(C) = Z Ckrl,...,kngfl C?l’fn ((Cla'-wC’rL) € Cn)

Then, by (1) and the Cauchy inequalities, for § > 0

SR+ +Ry)
Chy,... ko C’5— Ry,...,R, >0).
st < O )
Applying this inequality with Ry = Tl LR, = %" we obtain that for every § > 0

(5€)k1+...+kn

‘Ckl ..... knl >~ 6W for all kl,...,kn. (2)
We claim that
> onm+1) - (nt ko by — Dok, g, S5 sk < oo (3)
K1 yeeskin >0
for every s1,...,s, > 0. Since (2) holds for every § > 0, to prove (3) it suffices to show
that
1)--- ki+...4+k,—1
Z nin+1) (Ti;l_ 1j; + )U]fl...crﬁ”<oo (4)
AR 4,20
ki,...,kn>0 1 n
for some o4,...,0, > 0. Let us first consider the series
1)--- ki+...4+k,—1
[ M.
n<ki<...<k, 1 n
Writing
nn+1)---(n+ki+...+k,—1) 4, K,
k k 0'1 .-.O’n
gk
n---(n+k —1)
(le)kl

[(n + 1)k )P

D) (2(71)k1 e [n+1)oy,

[
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and observing that n < k; < ... < k,, implies

(2]€1)k1
S
m+ki+...4+kn1)-n+k1+...+k,—1)
[(12 + 1)k, ] /
we see that the general term of (5) is dominated by
(20)% - [(n+ 1o,k
Therefore, series (5) converges if 201 < 1,...,(n+1)o, < 1,ie. ifoq < %, e, o < n+r1
Since the general term of the series in (4) is symmetric with respect to ki, ..., ky,, we

conclude that (4) holds provided o; < n+_1 for j =1,2,...,n, and this implies (3).

Next, writing the factor

k1 —kn
Zl PR Zn

|22tk )

1 /73 \™ kn
n
(o) (5

we see that (3) implies that the series
77(2') = Z Chky,.cskn k1, kn (Z)

of N, ...k, (#) in the form

N

converges and defines a (0,n — 1)-form with C'*°-coefficients in C™ — {0}. Moreover, (3)
gives

577=5< Z Chy o ko M., kn): Z Chey oo en, ONkey ey, = 0,

ki,....kn

0%
o

ie. neZX" D - {0}).
We claim that

/ IO —n@) ne) =0 (Ceen) (6)

To prove this, we will compute the integrals

[ () nwte)
zeS
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By the Bochner-Martinelli formula (see [6]), for f € O(C™),

/es f()M(z,w) ANw(z) = f(w) (for w close to 0 € C").

Applying to the above equation the operator

owt - .. dwpr

and evaluating at w = 0, we obtain

_ akl—i—...—i—kzn f(w)

- k kn ’
awll cte awn w=0

[ 1@ s nw)
z€S
Setting f(z) = e{¢# (with ¢ fixed), we find that

/ o (2) Awlz) = CF1 o (o
z€S

But by (3), the series

Since Fy(¢) = [, 4€'“*0(2) Aw(z), (6) follows.

According to [3: Lemma 5], a O-closed (0,n — 1)-form x(z) in C" — {0} is J-exact
(in C™ — {0}) if and only if

/es eSP x(2) Aw(z) =0 (¢cecn).

Therefore (6) implies that § — 7 is d-exact in C™ — {0}, i.e. there exists a (0, n — 2)-form
vin C" — {0} so that # —n = Jv. This gives the expansion of Theorem 1 and completes
its proof.
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4. A calculus of residues

Suppose that 6 € Zg)’n_l)(B(O,e) —{0}) where B(0,e) ={2z € C": |z] <e} (¢ >0).
Then the proof of Theorem 1 can be carried out in this case too and the conclusion is
that 6 can be written in the form

G:chnk + v
k

where v is a (0,n — 2)-form in B(0,¢) — {0} and
1 8k1++kn
il kplock ... ackn

GﬂQLFf“”M@AWQQ
1

k k
= 27tz 0(2) ANw(z)
kl'kn' /|z:7"

for 0 < r < e. Notice that although the expansion 6 = Y, cknx + dv holds in B(0,e) —
{0}, the series ", cpny converges in C" — {0} and defines there a 0-closed (0, n—1)-form,

e Yo cumi € 20V (C - {0}).
More generally, let us associate to each point o € C” the differential forms

C =

ak1+"'+k"M(Z,w)
k kn
8w11 R 8wn W=

=pfunn+1)---(n+k+...+k, — 1)
kn

(2 a) =

(Z1—a)k ... (Z, — @)

T C apk k)

X Z(—nﬂ'—l(zj — @)z A (G) . AN dE.

Then every 6 € Zg)’n_l)(B(a, ¢) —{a}) has an expansion of the form

0= ch(a)fr)k(- ;) + 0v
k
where
%W*:Er;alﬂﬂmfm—an“~w%—am%maAw@>m<r<a

and v is a (0,n — 2)-form in B(a,e). Thus the coefficient cy(a) = f|z_a|:r 0(z) N w(z)
may be thought of as the residue of § at «, and then the coefficient ¢x(«) is the residue,

at the point «, of the differential form
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Notice also that if f € O(B(«,¢)), then

f(2)0( ch 2)Nk(z;0) A w(z) —}—d[f(z)v(z) /\w(z)}

and therefore, by Stokes’s formula and the uniform convergence of the series on the
sphere |z — a| =1,

/_ _ f(2)0(2) Nw(z) = ch(a)/ F)me(z; ) Aw(z)

& |z—a|=r

_ ch(a 8k1+”'+k”f(z)

D2t gk

Z=x

Now we can prove the following theorem.

Theorem 2. Let us consider an open set 2 C C™ of the form Q = D—(G1U...UGy)
where D is a pseudoconvex set and G1,...,Gn are compact convex sets in C" so that
G, C D and GiNG,, =0 for 1 # m. Let us also consider simple closed surfaces Sj,
each one around the set Gy and close to it. Then the following statements hold:

(I) A differential form x € Z%O’n_l)(Q) is 0-ezact (in Q) if and only if

/ e x(2) Aw(z) =0 (7)
zZES]

for everyl=1,...,N and ( € C™.
(IT) Every 6 € Zg)’nfl)(D—{al, .o, o)), where oty ... aY € D, has an expansion
of the form

=Y > ela)m(-5a!) + v
k

=1
where v is a (0,n — 2)-form with C*-coefficients in D — {at,...,a™}.

Proof. Statement (I): The one direction follows from Stokes’s formula. The other
direction is a generalization of [3: Lemma 5] and its proof is similar in this case too, but
we will nevertheless outline it. First we exhaust the set {2 with a sequence of compact
sets of the form

K={\<0}-({p1 <0}U...U{pn <0})

so that {\ < 0} is a bounded strictly pseudoconvex set with smooth boundary and
the sets {p1 < 0},...,{pn < 0} are strictly convex neighborhoods of the convex sets
G1,...,Gp. In other words, the sets {A < 0} should exhaust the pseudoconvex set D,
while the sets {p; < 0} shrink down to the set Gy, for [ =1,..., N.

Fixing such a set K, we consider the map 7 : (0K) x int(K) — C" as follows: For
(¢, 2) € (OK) x int(K), {7;(¢,2)}}_; is defined to be a Henkin-Ramirez map of the
strictly pseudoconvex set {\ < 0}, if ¢ € {A =0}, and

apz

(6:2) = 52

SPL(2) it ¢ € {pr = O}.
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(For exhaustions of pseudoconvex sets by strictly pseudoconvex domains and construc-
tions of Henkin-Ramirez maps, see [5, 7].) Then

n

> (G —2)i(C2) #0 for (¢,2) € (OK) x int(K)

j=1
and therefore we may write down the Cauchy-Leray formula
u=0.(Ty—1u) + Ty (du) + L] (u) (8)

for (0, ¢)-forms w in a neighborhood of K (notation is as in [3: p. 912]).

Now if y € Zg)’nfl)(Q) satisfies (7), it follows as in the proof of [3: Lemma 5| that

L} _(x) = 0, and therefore (8) gives x = 0,(T},_2X) in int(K). Now the conclusion

n—1
that x is d-exact in € follows from [3: Lemma 4], and this completes the proof of part

(D)

Statement (II): Let 6 € Zg)’nfl)(D —{at,...,a}). For each [ and k, define

1
cr(al) = / (21— @)™ - (20 — ;)" 0(2) A w(2)
kalseknl Jo—at)=r
where r > 0 is sufficiently small. Then, by what we said in Section 4, the series

> enlal)mi(-;at)

k
converges and defines a 0-closed (0,n — 1)-form in C"* — {a!}. Therefore
— _ l L. l (O,TL—]_) . 1 N
x =0 ;;ck(a)nk(,a)ezg (D —{a',...,a"})

and it is easy to check that
/ e x(2) Aw(z) =0
|z—al|=r

for every [ = 1,..., N and ¢ € C". Therefore it follows from part (I) that y = dv for
some (0,1 —2)-form v with C*°-coefficients in D—{a?!,...,a™}. This gives the required
expansion of § and completes the proof of part (II) i
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5. A residue formula

Recall that if S : S?"~1 — C" — {a} is a closed surface which does not pass through
the point «, then the integral

Is(a) = / M(z,a) Nw(z) = / S*[M(z,a) Aw(z)]
S S2n71
is an integer which is the index of the surface S around the point a. It is easy to see

that
/ (25 0) Aw(z) = {5s<a> if k= (0,...,0)
S

0 otherwise.

Thus, with the notation of Theorem 2,
/ 0(z) Aw(z) = cola')ds(al)
S =1

provided that S is a surface in D which does not pass through any of the points .
More generally, if f € O(D), then
z:al> .

Finally, it is easy to see that the above formulas hold if S is any surface of the more
general form S = 9Q — C" (smooth), provided that o! & S(9€) for every .

N kitothn £ 5
/Sf(z)H(z)/\w(z):Z(53(al)ch(al)a T ()

k1 K
= B O0zy' -+ 0zn
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