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Operator-Theoretic Positivstellensatze

C.-G. Ambrozie and F.-H. Vasilescu

Abstract. We study the structure of positive polynomials with coefficients in an operator
algebra as a non-commutative infinite-dimensional analogue of Hilbert’s 17-th problem.
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0. Introduction

Hilbert has shown, as early as 1888, the existence of non-negative homogeneous poly-
nomials in three variables, which are not sums of squares of homogeneous polynomials.
This important remark led him to state, in 1900, the following problem:

Show that every polynomial in n variables, which is non-negative on the Euclidean
space R"™, can be represented as a sum of squares of rational functions.

An affirmative answer to this question, known as the 17-th problem of Hilbert, was
given in 1927 by E. Artin. For subsequent contributions see [4, 19] (as well as their
references).

Since the solution of Artin to the problem of Hilbert was given, preoccupations to
represent positive polynomials as sums of squares of rational functions with universal
denominators have been recorded. Generalizing results due to Pélya, Habicht, Delzel
and others, Reznick proves, using algebraic methods (see [20] and its references), the
following result:

If p is a homogeneous polynomial in n variables with p(z) > 0 for all x € R™\ {0},
then there exist an integer v > 0 and homogeneous polynomials (q;);cs, J finite, such

that
|z]*p(z) =) g;(x)*  (z€R")
JjeJ
where ||z||* = 23 + ... + 2 is the Euclidean norm of v = (z1,...,1,) € R™.
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This result of Reznick has been generalized in [17] (see also [16]), where the struc-
ture of positive polynomials on semi-algebraic sets defined by polynomial inequalities is
studied, using functional-analytic methods.

The aim of the present paper is to investigate the structure of positive polynomi-
als with coefficients in an arbitrary unital C*-algebra as a non-commutative infinite-
dimensional analogue of Hilbert’s 17-th problem. Specifically, we consider polynomials
p of several variables with values in an arbitrary unital C*-algebra A. We describe a
large class of polynomials p that are pointwise positive (in the operator-theoretic sense)
on subsets of R™ defined by inequalities of the form py(¢) > 0, with pg a matrix-valued
polynomial. In particular, if p and py are homogeneous of even degree, we show that
there exist an integer » > 0 and homogeneous polynomials ¢; and ¢;o (j € J), J finite,
such that

I2l12p(x) = 3 (43(2)"65(2) + ayo(@) po(@)ao (@) (w € RY)

jedJ

which is an operator extension of [16: Theorem 1].

Other results, similar to those concerning ordinary positive polynomials (i.e., for
A = C), will be obtained. Our main tool is a positive measure on a suitable spectrum,
which takes values in the dual of the algebra of coefficients. Its existence is derived
from the positivity assumption by operator-theoretic techniques. This idea appeared in
[17], where it was used for the scalar case A = C. We generalize and unify here some
of the results stated in the papers [16, 17]. In Section 2 we present a new, more direct
approach to this type of problems. In Section 3 we combine our techniques with some
ideas from [17] to obtain supplementary results. Similar problems have been studied in
various contexts, either algebraic [4, 6, 12 - 14, 19, 20], analytic [2] or operator-theoretic
[5-7, 15, 18].

1. Main tool

Throughout this text we denote by A a unital C*-algebra whose unit will be designated
by 1 (if not otherwise specified). The real subspace of the self-adjoint elements of A
will be denoted by Ay,.

Let © = (z1,...,x,) be the current variable in R™, n > 1 fixed. We denote by
Clz] and R[z] the spaces of polynomials in x = (x1,...,z,) with coefficients in C
and R, respectively. We often identify a polynomial p with its associated function
p(x) on R™ We shall also use the standard multi-index notation. In particular, for
r = (x1,...,2,) € R" we write 2 = 21" --- 20", where a = (a1,...,p) € Z is an
arbitrary multi-index.

Remark 1. Let A* be the (Banach space) dual of A. Let also K C R™ be a fixed
compact set. We shall integrate A-valued bounded Borel-measurable functions against
A*-valued non-negative Borel measures on K. In this context, an A*-valued measure m
is a set map B — m(B), defined on the Borel measurable subsets of K with values in
A*, which is strongly countably additive, that is, the set map B — m(B)a is countably
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additive (i.e., it is a scalar-measure) for each a € A. The measure m is said to be non-
negative if m(B)a > 0 for all B C K measurable and all a > 0 in A. Various properties
of the integral with respect to m hold in this context, too (see, for instance, [3]).

We shall briefly present some properties of such an integral, which will be later used.

Fix an A*-valued non-negative measure m on K. If f =" ; XB,aj is an A-valued
simple function, with (B;); a finite partition of K, we set

/K (dm, f) = ;mwj)aj- 1)

If f= Zj X B,a; has self-adjoint values, i.e., a; € Ay, for all j, we have the estimate

\ [ . f)‘ < sup /(1) m(FO)1. @)

This follows from the estimates —||a;||1 < a; < ||a;||1 for all j, implying
—llajllm(B;)1 < m(Bj)a; < |la;|m(B;)1

due to the positivity of m. Summing up these inequalities, we infer easily (2). If a; are
not necessarily self-adjoint, then the right side of (2) should be multiplied by 2.

These estimates allow us to extend the integral | (dm, f) to functions f which
are uniform limits of simple functions, in particular to A-valued continuous functions.
Moreover, estimate (2) (or its more general version mentioned above) still holds for such
functions.

Lemma 2. Let m be an A*-valued non-negative measure on K.

(a) If f: K — A is continuous and f(t) > 0 for allt € K, then [, (dm, f) > 0.

(b) If h: K — C is continuous and a € A is fived, then [,.(dm,h®a) = [} hdmg,
where my, is the scalar measure m(x*)a.

Proof.

(a) Fix e > 0. Since f is continuous and K is compact, we can find a finite number
of points (¢;); in K, and a partition (B;); of K, such that if g = Zj XB,a; with

a; = f(t;) > 0, then sup,c || f(t) — g(t)|| < e. Hence fK(dm, g) = Zj m(Bj)a; > 0,
since m is non-negative. Using (2) and letting ¢ — 0 in

[ amn)= [ amg)+ [ @mif—g)= [ @m.s—g) = —cmiion

we infer easily the assertion.

(b) If h=>] ; AjxB;, is a complex-valued simple function, with (Bj); a finite parti-

tion of K, then
/(dm,h@a) = E )\jm(Bj)a:/hdma.
K -
j

The general assertion follows by approximating h with simple functions il
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The following result is proved by a well-known method, combining an old idea of fac-
torization, due to Gelfand and Naimark [11], with some operator-theoretic techniques,
as in [9, 10] etc. It was also stated and used in various versions, for A = C, in [17] (for
a similar result see Proposition 14 below).

The algebra C[z] ® A, that is, the algebra of polynomials in z = (z1,...,2,),
with coefficients in A (regarded as functions on R™) will be endowed with its natural
involution, i.e., p*(z) = p(x)* for all z € R™.

Theorem 3. Let L : Clz] ® A — C be linear such that 0 < L(z5p*p) < L(p*p) for
allj=1,...,n and p € Clz]® A. Then there ezists an A*-valued non-negative measure
m on C = [-1,1]" such that L(p) = [, (dm,p) for any p.

Proof. By the Cauchy-Schwarz inequality, the set I = {p : L(p*p) = 0} is a left
ideal. Let H be the completion of (C[z] ® A)/I with respect to the inner product
(p,4) = L(g*p). (We denote by p the class of p modulo I.) The multiplications by
x; induce commuting selfadjoint operators T; € B(H). Let E be the spectral measure
of T'= (Th,...,T,). Since ||Tj|| < 1, the support of E is a subset of C. For B C C
measurable and a € A C C[z] ® A, set m(B)a = (E(B)a,1). Obviously, m(B) is linear
and continuous on A and the map B — m(B)a is countably additive for each fixed a.

For a fixed a € A}, we denote by C, the (commutative) unital C*-algebra generated
by a in A. Let also H, be the closure of (C[z]® C,+1I)/I in ‘H. Apply L to the equality

* * 1
(el —a*)p*p=gq"q  where ¢ = (||a*|1 - a®)%p and p € Clz] © C,.

Then L(a?p*p) < ||a®||L(p*p). Hence the multiplication by a induces an operator T, =
T} € B(H,). Since TjH, C Hq and T;T, = T, T on 'H,, for all j, then T, commutes with
the joint spectral measure F, of T|H,. Now, E,(B) = E(B)|H, for each measurable
B c C. Hence T,E(B) = E(B)T, on H,. If a >0 and b = a2, then

m(B)a = (E.(B)a, 1) = (TyE.(B)*Ty1,1) = (E,(B)T1, E,(B)Ty1) > 0

showing that m is positive.

Let p(z) =2*®a (a € A). Using Lemma 2(b) for h(t) = t*, we obtain

)= [ eaEwa) = [ .o = [ @np).

This equality holds for an arbitrary p, via a linearity argument H
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2. Positivstellensatze

Set S = S"1 = {x € R": ||z|| = 1}, i.e., S is the unit sphere in R”. Fix K C S —
a non-empty compact set. We denote by A the real space of functions of the form p|g
with p € R[z] ® Aj. The space A will be endowed with the finest (separated) locally
convex topology. A basis of the topology of A consists of all convex, absorbing and
symmetric subsets. Let A, C A be the set of all sums of elements of the form p*p|x
with p € C[z] ® A, which is a convex cone.

Lemma 4. The constant function 1 € A belongs to the interior of A, .

Proof. Let A" C A consist of all p € A for which there is an ¢ = ¢, > 0 with
1+ Mp e Ay for any A € (—¢,¢). The set A’ is a linear space. Indeed, 1 + \(p + q) =
$(1+2Xp+1+42)g) € Ay if [A| < min{Z, ¢} and p,q € A’. Similarly, 1+ Acp € A4
for all ¢ € R if |\| is sufficiently small.

Let &; be the function R” > z — z; € R restricted to K for all j. Then Zj sz- =1
on K. For any a € Z7} there are polynomial functions g such that 1 = (3 f?)'a‘ equals
&2 4+ 5", g7, where, as usual, |a| = a1 + ... + a;,. Thus

1@ Xa® =N @d+ ) Nged
k
whence

1+ A ®a=2"" 1+ X"®a)’+ > (Agr®a)’ + [1® (1 - Na®)'/?]?
k

for a € Aj, and || sufficiently small. Hence any generator (¢ ® a € A’. Consequently,
A = A.

Set U = (A4 —1)N(1—.A, ), which is a convex set containing zero. Let f € A. Then
1+ \f e Ay for |\ < e. Therefore, \f € Ay —1and —A\f €1 —A,, andso \f €U
for all |A\| < e. In other words, U is absorbing. Since U is clearly symmetric, it follows
that U is a neighbourhood of the origin. Hence V.=U +1 C A, is a neighbourhood of
1in Al

For two integers v1,v5 > 1 and an arbitrary linear space £, M,, x,,(L) stands for
the space of all 11 X vo matrices with entries in £. If v = v; = vy, we denote M, «,, (L)
simply by M, (L).

Fix an integer v > 1. Let m € Clz] ® M,,(C) and ¢ € Clz]|® M, «1(A). If we identify
M, (C) with M, (C)®1 C M,(A), then ¢*7q € Clz]® A. Note also that C[z]® M, «1(A)
and C[x| ® A" are isomorphic, and we shall identify sometimes these two spaces.

Lemma 5. Let L, m and C be as in Theorem 3. Let also m € Clx] ® M, (C). If
L(g*mq) > 0 for all q € Clz] ® A, then suppm C {t € C: «w(t) > 0}, where suppm is
the support of m.

Proof. If 7 = [m); r with m;, ordinary polynomials, we set (1) = [mk(T)]i k.
where T' € B(H)" is defined in the proof of Theorem 3. Note that there exists a natural
map Clz] ® A — H" whose image is dense in H”. Therefore,

(m(T)4,q) = (7q,4) = L(¢"mq) >0 (g € Clz] ® A”).
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Hence 7(T) > 0 in B(HY). The normal commuting v?-tuple of all entries of m(7T')
generates, with the identity on H, a commutative unital C*-algebra B in B(H). Let T’
be the spectrum of B and let f: B — C(I') be the Gelfand isomorphism. Since B is
generated by {mx(T") }1<i k<v, we may identify the spectrum I' with a compact subset
of C** and the functions fmie(T) with the coordinate functions z;; of C¥” restricted to
[. Let also I, ® f : M,(B) — M,(C(I')) be the natural map induced by f, which is
also an isomorphism, where I, is the identity on M, (C). As M,(B) is a C*-algebra,
then 7(7") > 0 implies ¢ := (I, ® f)=(T") > 0.

Factor ( = ¢*¢ in M, (C(T')) with ¢ = [¢ig]ix. Then zj, = Y, ¥i;(2)vir(z) for

z € I'. Hence
szkgkgj = Z Zwij(z)fj
gk J

i

2
>0 (& €0

Therefore I' C {z € C" : [2jk];,k > 0}. Now, regarding m as a map from C" into c’
and 7(T) as a v-tuple in B, since suppm C supp E = o(T), we derive n(c(T)) =
o(m(T)) =T by the spectral mapping theorem, where o denotes the joint spectrum in
the corresponding algebra, which completes the proof of the lemma il

Remark 6. Suppose n > 1 and let p, ¢ € R[z] ® Aj be such that p(x) = ||z| ¢(x),
with = in an open set G C R". Then p = ¢ = 0. Indeed, using a functional from
the dual of A;, we may reduce the problem to the case p,q € R[z]. The equality
p(7)? = ||z]|? ¢(x)? in the open set G extends to the whole space. Since the polynomial
|z||? is irreducible in R[z], this equality shows that ||z||? is a divisor of p, and so
p(x)? = ||z||*p1(z)?. A succesive application of this argument leads to the desired
conclusion.

Throughout this section, if not otherwise specified, we shall assume that n > 1.

Remark 7. If ¢ € Clz]®M,x1(A), then ¢*q¢ = > ; €qa With ¢, € Clz]®A and J
finite. Indeed, ¢(z) is of the form ) . ; 2*®aq with aq = [ara]r € Myx1(A). If dis the
cardinal of J, set a = [akalk,a € Myxd(A). Then a*a € M4(A), which is a C*-algebra.
Therefore, b = (a*a)? € My(A). Write b = [basla,s and define g, = >5 2P ®beag. Since
b?> = a*a, we must have > by sbay = >k Qiplhy, IMPlying ¢ g = 3 ; @5 da-

If (zg, ) is the variable in R"*1 = R x R", for each polynomial p € Clz] ® £ (with
L an arbitrary linear space) we denote by p € Cxg, ] ® L its homogenization, i.e., the
polynomial p(zg, ) = :chegpp(f—o), where degp is the degree of p.

Let R[x] denote the space of all polynomials in z, |||, ||z|| =}, regarded as functions
on R™\ {0}. For every function f € R[z]| ® A set

f(@) + f(=x)

fe(.ill) — 5 and fo(l'): f(CU)—f(—IL’)

2

We state and prove now the main result of this paper (see also [16: Theorems 1 and 3]).

Theorem 8. Let p € Rlx| ® Ay be homogeneous, and let

e ERE] @M, (C)n (v €Zsk=1,...,m)
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be given. Assume
Ky = {tGSn_l : pr(t) >0 (k:zl,...,m)} £ 0

and p(t) > 0 for allt € Ky. Then there are homogeneous polynomials q; € Clzo,z] ® A
and ;i € Clzo, 2] @ My, «1(A) (j € J, J finite, k =1,...,m) and an integer § € Z
such that

lzl’p(z) =) (q;*(\lw!\,w)qj(lblbw)

Jjed

m (3)
+ >l g (llzll 2) pr ([, x) qg‘k(llxllax))
k=1
for all x € R™, where ki equals O or 1 if the degree of px is even or odd, respectively.
If pi are also homogeneous and all p,pr, (k = 1,...,m) have even degrees, then
there are homogeneous polynomials q; € Clx| @ A, ¢;r € Clz] ® My, «1(A) (j € J,J
finite) and an integer 0 € Z such that

e p(z) = 3 <q; (@as() + 3 at() i (@) qjk<w>) ()
k=1

jeJ
for all x € R™.

Proof. We first discuss the general case, i.e., d = degp and d, = degpy arbitrary
and pr not necessarily homogeneous. Since the function p(x) has self-adjoint values,
and if S := S™ !, we can find a neighbourhood U C S of Ky with p > 0 on U. It is
easily seen that there exists an £ > 0 such that

KyC K, := {teS: pr(t) +¢e1,, >0 (k::l,...,m)}cU

with 1,, the identity on M,, (C). Set pi1x = pr +¢€1,, and K = K.. Since pj has
self-adjoint values, each point ¢y € K has a neighbourhood V; in K. In particular, the
interior K° of K in S is not empty. Fix a v > 0 with p > 71 on K. Using the notation
from Lemma 4, let C be the positive cone in A consisting of the restrictions to K of the
functions as in the right side of (4), with py replaced by p1x. By virtue of Remark 7,
this change does not affect the general form of the functions from the right side of (4).
Obviously, C D A;..

Suppose p|x ¢ C. By Lemma 4 and Mazur’s theorem (see, for example, [1: Theorem
1.12]) we get a non-null functional f on A with infe f > f(p|k). If there is a ¢ € C with
f(c) <0, then infe f <inf;>q f(jc) = —oo that is false. Hence f(1) > infe f > 0. Now
infe f <infj>1 f(j7'1) = 0. Hence infc f = 0.

Set Lo = fr, where r : R[z] ® A, — A is the restriction map, and let L be an
extension of Ly to the complex space C[z] @ A. Since . z% =1 on K, then

(1-— x?)p*p = inp*p eC for every p € C[x] ® A.
o
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By Theorem 3, there exists an A*-valued positive measure m on C such that L(p) =
[(dm,p). Since L # 0, the Cauchy-Schwarz inequality |L(q)|> < L(q*q)L(1) gives
L(1) > 0. For 7 = py;, and 7 = £(||z[|> — 1) ® 1, Lemma 5 implies that suppm C K.
By Lemma 2 we get

0= o) = ) = [ (mp) = [ (amiy1) =52 >0

which is impossible. Therefore p|x € C. Hence p has a representation of the form

) = X (a3 )+ it )

on K for some polynomials ¢; and g;y.

We set
Q@) = o2 g () = e~ (|||, 2)
Qir(@) = o2 gy = o245 gy, )
Pu(@) = pe(r2) = 2~ p(lle]), ).
Set also

Q=> (Q;Q; + Y _ QixPrQr).
j k:

Note that Q € R[z]® A is positive-homogeneous of degree ¢, and that p— @ vanishes on
K. Therefore p—( vanishes in the open set G = {t € R" : 0 # t € ||t||K°}. Multiplying
p—Q by ||z||Y for a sufficiently large N, the resulting expression has a representation
of the form u + ||z|jv with v and v polynomials. Moreover, u + ||z||v = 0 on G. Hence
u = v = 0 by Remark 6, showing that p = () everywhere.

Now, choosing an integer 7 such that
2T > max{d, 2degq;,2degqjr + 6 (j€ Jk=1,.. .,m)}

we obtain easily a representation of form (3) of p, with § = 27 —4¢, and other polynomials
q;j and g (for instance, the new ¢;(||z||, z) will be ||z|7~4°8 % g;(||z|, z) etc.). For even
0 and d; and homogeneous py, we note that

p= Z(Q”Qe QO*Q°+Z LPQS, + ;%,:Pkcz;k)

by identifying the function Q¢, which equals @ in this case. The terms of @) do not
contain odd powers of ||z||*!. Multiply by some ||z||2? for a sufficiently large 6 to get
(4) 8
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Remark 9.

1) In the statement of Theorem 8, with no loss of generality we may assume vy =

. = Uy = 1 (since the positivity of a matrix whose entries are polynomials can be

expressed in terms of polynomial inequalities). We prefer the actual statement which
might be used in some applications.

2) If the polynomials p,...,p,, are homogeneous of even degrees, with no loss of
generality we may assume that all degrees are equal by multiplying some polynomials,
when necessary, with appropriate powers of ||z||?>. Then the polynomial &7, pj is non-
negative if and only if all p;, are non-negative. Therefore, in the second part of Theorem
8 we may always assume m = 1.

3) The proof of Theorem 8 does not apply to the case n = 1 (see Remark 6).
Nevertheless, we can get directly some representations similar to those given by (3)
and (4) but only in terms of polynomials. When n = 1, an arbitrary homogeneous
polynomial p € R[z] ® A, has necessarily the form p(z) = 2° ® a, that is, p is a
monomial.

If § is even and p(xg) > 0 for one point xg € S® = {—1,1}, then a > 0 and we can
write 20 ® a = (2% ® a2)*z3 ® a?, which is a representation as in (4).

Assume that § is odd and let py(z) = 2%* ® by, (k = 1,...,m). For the sake of
simplicity we assume m = 2, by,by € A and 07 = degp; odd and d; = degpy even.
Since the degree of both p and p; is odd, we have either Ky = {1} or Ky = {—1} but
Ky # {—1,1}. Assume Ky = {1}. Then b1,bo > 0 and @ > 0. Fix a number ¢ > 0.
Note that

1—1 51—1

s
2 ®a=c (% @b1)e) +ex(z T Qc)(z T @¢p)

where ¢; = (by +e1)"2a2. Similarly,
2% ® a = c5(x°2 ® by)cy + 603(:1:672 ® b%)*(x% ® b%)CQ
where ¢y = (by + 1) 2a2. Let 7 = max{4, 81,8, }. From the identity
(@ ®a) = %IT_él (2% ® a) + %mT_‘sQ (2% ® a)

we infer that p admits a representation of the form

pl) = 3 () 0,0 + 07,0

J
+ X (@) Pilodapela) + arin o) (o))
k
with {¢;,7;,q;x, 71} a finite number of monomials and 6 > 0 an integer. This formula

still holds true for an arbitrary finite number of monomials pq, ..., p, and for by,...,b,,
matrices.
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If Ko ={—1} and ¢ is odd, we obtain as above a representation of the form
(00) = 3 (0 5(0) — ar5(0)°rs )
J

+ 3" (@) pr(@)gsule) - w@)*m(@”k(“”)))
k

with {¢;,7;,q;k, 71} a finite number of monomials and # > 0 an integer.

Remark 10. Let p € Rlz] ® Ay, and p, € Rlz] ® M, (C), (v, e NJk=1,...,m)
be as in Theorem 8. Let also w € R[z] be a positive definite quadratic form. Then there
are homogeneous polynomials g; € Clzg, ] ® A and ¢, € Clzo,x]@M,, x1(A) (j € J,J
finite, k = 1,...,m) and an integer 6 € Z such that

) =Y (q;fw(x)%,x)qj(w(x)%,x)
(5)

NI
=

+ > w(@) ¥ giw(@)?,7) prlw(®)?, 2) gir(w(x) 793))

for all x € R™, where ki, equals 0 or 1 if the degree of pj is even or odd, respectively. If
p and py have even degrees, then there are homogeneous polynomials ¢; € Clz] ® A and
gk € Clz] @ My, x1(A) (j € J,J finite, k =1,...,m) and an integer § € Z such that

m
Wp=>" (qjqj +> Gpr %‘k) - (6)
JjeJ k=1

1

The assertion is obtained by applying Theorem 8 to pog~! and piog~?!, where g € M,,(C)

is such that w(x) = ||g(x)||? for all z € R™.
Corollary 11. Let p € R[z] ® A and p, € Rlz| ® M,, (C) (vy e Nk =1,...,m).
Suppose
1= {(to, 1) € R™IN{0}: pilto, 1) 20 (k=1,...,m)} #0

and p(to,t) > 0 for any (to,t) € X. Then there are q; € Clzg,z] ® A and g, €
Clxo,z] @ A¥F (j € J,J finite, k=1,...,m) and 0 € Z such that

S (p() =3 (q;f«o(x),mqj(w(a:), 2)

+ Y dlple). ) ulo(o).) gn(o(0).)
k=1

for all z € R™, where o(z)* =1+ ||z||*.
If p and py, have even degrees, then there are q; € Clz]®A and g, € Clz]|@ A (j €
J, J finite, k =1,...,m) and 0 € Zy such that

m
EDY (CJJ" G+ D dkPr ij)- (7)
jed k=1

Proof. Apply Theorem 8 to p(zg,x) and py(zo, ) and then take zo =01
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The next result is an extension of the essential part of the main result from [20].

Corollary 12. Ifp € Rjx]® A has even degree and p > 0 on R"T1\ {0}, then there
are ¢; ER[Z]®@ A (j € J, J finite) and v € Z such that p*'p = Zj q; ;-

3. Related results

The integration procedure described in the first section can be also performed on not
necessarily compact subsets of R", provided one integrates bounded measurable func-
tions. Such a situation will be encountered in Proposition 14 below.

Remark 13. Let v: R**! — RN (N = (n + 1)?) be the map

v(z) =y z = (20,21, .., Tn)
Yy = (yjk)ogj,kgm Yjk = TjTk-

As noticed in [17], the range of this map (which is related to the Veronese imbedding)
is given by

yj; =0
Yik = Ykj (0<j,k,r,s<m) .

YikYrs = YjrYks

v(R™) = {y = (Yjk)o<j.k<n

We shall denote
V= {y = (yjr)o<jk<n € VR ¢ fly =1 and yoo = 0}-

Set
TjTk

= I (k=0 = () € B2y = 1),

Yik()
It is also noticed in [17] that if ¥ : R™ — R is given by U(¢) = (¢jx(t))o<;j k<n, then
¥ is injective and

Yoo > 0
TR =y = (yin)ocinen € RY | { Yik = Ykj c ({1} x R™).
(R"™) = ¢ v = (Yjr)o<jk<n Yook = YooUsk v({1} )
Yoo + -+ Ygn = Yoo

The next result is an operator version of [17: Theorem 3.2].
Proposition 14. Let Q be the complex algebra of bounded rational functions on
R"™ generated by expressions of the form (Hlfw with o € Z', m € Zy and |a| < 2m.

Let A : Q® A — C be linear such that A(q*q) > 0 for all q. Then there exist two
A*-valued non-negative measures . on R™ and v on V' such that

A(mxp):/n(du,mwwfv(dy,n) (1 € Cly] ® A) (8)
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where y = (Yk)o<j.k<n 18 the current variable in RYN .

Proof. The proof is similar to that of [17: Theorem 3.2], combined with some ideas
from the proof of Theorem 3 above. For the convenience of the reader, we shall sketch
this proof.

Let H be the completion of the space (Q® A)/I, I = {q: A(q*q) = 0}, with respect
to the scalar product (41, G2) = A(¢5q1), where ¢ = ¢ + I. The multiplications by the
functions 13, induce commuting self-adjoint operators T}, for all indices j, k. Indeed,
the equality >, v%, = 1 implies ||Tjx¢|| < [|g]| for all § € (Q® A)/I, showing that the
operators T}, are bounded (and symmetric), and hence self-adjoint. Moreover,

Too >0, Tj=Tkjs TojTox = TooTjr, Too+ -+ T, = Too 9)

for all indices 7, k.

Let E be the the joint spectral measure of the N-tuple T' = (Tjr)o<jk<n, N =
(n 4 1)2. We define an A*-valued measure m via the relation m(*)a = (E(%)a,1). As
in the proof of Theorem 3, we can show that m is non-negative.

Using Gelfand’s theory, we deduce from (9) that the joint spectrum of T, and
therefore the support of F, lies in the set U(R")UV. As U(R™)NV = (), we may define
the A*-valued measures p(x) = m(¥(x)) and v(*x) = m(x N V), which leads us to (8).
Indeed, if g € Cly] (y € RY) and a € A, then

A(g®a)o¥) = (9(T)a, 1)

:/(dm,g@a)
:/n(d,u,(g@)a)o‘l’)—k/v(dy,g@)a).

and the proof is complete l

We need a version of Lemma 4 in the context of the space Q® A. For this we denote
by B the real space of the functions from Q ® A having self-adjoint values. The space
B will be endowed with the finest locally convex topology. Let B, C B be the set of all
sums of elements of the form p*p with p € Q ® A, which is a convex cone.

Lemma 15. The constant function 1 € B belongs to the interior of B..

Proof. Let B’ C B consist of all p € B for which there is an € > 0 with 1+ Ap € B
for any A € (—e,¢). The set B’ is a linear space, as in the proof of Lemma 4.

e}

Let £4.m be the function MEW for any o € Z"} and m > 0 an integer. Using
the identity
_ (@ =f?)m
(L Jaff2)2m

we infer the existence of some functions g in Q such that 1 =¢2,, + >, g7. Thus

1@\ 2:A2§§7m®a2+ZA2gi®a2
k
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whence

1
1 Mam ®a= 3 | (1+ Mam ®a)® + ) (Age®a) + [1® (1 - Na*)?]"
k

for a € A, and |A| sufficiently small. Hence any generator &, ., ® a € B’. Consequently,
B’ = B. The last part of the proof is similar to that of Lemma 4 and will be omitted il

The next result is an extension of [17: Corollary 4.4].

Theorem 16. Let gg,g91 € R[x] ® Ay, be such that deg gy < deggy. Let also py €
R[z] @ M, (C)y, be of even degree. Assume that gi(z') > 0 for all 2’ € R™*1\ {0} and
that p(t) > 0 whenever po(t) > 0, where p = go + g1. Then there are q; € Clz] ® A,
gjo € Clz] ® A™ and 0 € Z such that

©*’p = (a5 + djopogjo)-
jeJ
Proof. The hypothesis on p clearly implies that ¢ := degp = degg; is even. Set

Y(z) = W and r(z) = w(x)%p(x). Set also ro(x) = w(w)%opo(:lz), where 69 = deg po.
We denote by C the convex cone in B (see the previous lemma) consisting of all finite
sums of the form

> (W3hy + horohjo)  (hy € Q® A hjo € Q@ AT).
JedJ

Obviously, C D By.

Assume that r ¢ C. As in the proof of Theorem 8, using Lemma 15 and Mazur’s
theorem we deduce the existence of a non-null linear functional Ag on B such that
Ap(1) > infe Ag = 0 > Ag(r). Let A be an extension of Ag to the complex space Q® A.

With the notation from Proposition 14, since p is homogeneous of even degree §, we
can find a homogeneous polynomial P € R[y|® A, of degree g (not uniquely determined)
such that

' = (xo,...,2p)

~7 :P N
p(x ) (y) {y = (yjk)j,kzoa Yjk = TjTk-

Similarly, we can find a polynomial Py € R[y| ® M,.(C); such that po(z’) = Po(y).
Therefore, with xy = 1, we have

N>
N[

r(z) = (x)3p(z) = () 2 5(1, ) = ¢(x)

for all x € R™. Similarly, ro(z) = Py o ¥(z).
According to Proposition 14, there are two A*-valued non-negative measures p on
R"™ and v on V such that

P((zjzk) k) = Po¥(z)

A(r) = / () + /V (dv, P) < 0. (10)

Note that P(y) > 0 if y € V. Indeed, if y € V, then ygo = 23 = 0 implies zg = 0. We
also have p(z') = §1(z') + 28go(z') with d # 0, and so p(z’) = g1(2’) > 0 whenever
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2’ = (0,z) with = # 0 by the hypothesis. Consequently, P(y) = p(z’) > 0if y € V,
implying fv (dv, P) > 0 provided v # 0.

We shall prove that that suppu C {t € R™ : po(t) > 0}. Note that A(h*roh) > 0
for all h € Q ® A™. We also have rg = Fy o ¥ for some polynomial Py. We proceed
now as in the proof of Lemma 5. If Py = [Pji];r with Pj; ordinary polynomials, we
set Po(T) = [Pjr(T)];.k, where T € B(H)" is defined in the proof of Proposition 14.
There exists a natural map Q ® A™ — H” whose image is dense in H”. Moreover, if
ro = [rjkljk = [Pjk © ¥];k, the multiplication by r,; induces in H the operator Pj;(T)
for all j,k. Therefore, (Py(T)h,h) = <r/0%, h) = A(h*rgh) > 0 for any h € Q ® A”.
Hence Py(T) > 0 in B(H™). The discussion from the proof of Lemma 5 can be applied
to the normal commuting 72-tuple of all entries of Py(7T). We obtain suppE C {z €
R™ : Py(z) > 0}, whence

supppu C U (supp E) C {# € R" : ro(x) > 0} = {x € R™: po(x) > 0}.

In particular, this shows that [g,(du,r) > 0 since r(z) = W(z)2p(z) > 0 whenever
po(z) > 0, provided p # 0, by the hypothesis. But m # 0, and so either pu or v is
non-null, implying A(r) > 0, which contradicts (10). Consequently, r = > . ;(h7h; +
h;orohjo) with h; € Q® A and hjo € Q ® A7 for all j € J, which clearly implies the
assertion il

Example. We justify in what follows the operator-valued generalization. With the
notation from Theorem 8, let A = M5(C),n =2,m =1 and v; = 2. Also, for ¢ > 0,

take ) ( )
B T1x2 — T 1—¢)rixo
pi(x) = ((1 —&)T122 19 )

and let p(z) = pe(x) = [ay;(x)]7 -, with

a11(z) = 2] + 225 + 5xyxh — 4aixs
aa(x) =2(2 — e)xyas — (1 — )aa?
a9 (7) = 2(2 — e)masy — (1 — e)a3zs
9o () = 4xixs 4+ x125 + 223wy — 27 + 2(1 — £)%x3.

Then Ky = K U (—K), where
K=K, = {teRQ‘tfﬂg =1 and 0<t# < (25—52)t2}.

Note that lim._.o ek, pe(t) = 2[5 > 0. Then for ¢ sufficiently small we can apply
Theorem 8 and p can be written in form (4). For instance, one can easily check that

p(z) = q1 (7)q1(x) + q11 (@)p1(2)qr1(T)

where

a(z) = V2 (x% _(fl_xj)xZ) and  qu1 = (Z) € Moy (Clz] ® A)

2
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a(x):(222 "61) and b(x):(_g2 mlﬂxz).

with

More precisely,

a7, (2)p1(x)qui (2) = (a* () b*()) ((mle -t (1= 5)951952) (Z((;’i)

1-— 8)1‘1:1}2 19

= (z129 — 23)a* (x)a(x) + (1 — &)z 29D (x)a(x)
+ (1 — e)zyxoa™ (2)b(z) + z1220™ (2)b().

We omit the details, that are routine. Note that p(1,0) Z 0, and so the term 3. ; ¢51p151f]

must be # 0 in any representation of form (4). Since p1(t) > 0 if and only if t1¢; —¢7 > 0
and detp;(t) > 0, one can also find § € Z and g;, q;x € M2(C[z]) for j € J, J finite,
and k = 1,2 such that

2l p(z) = 3 (q;fmqj(as) T (2123 — ) (@) (@)

JjeJ
+ 2225[(2e — €2) g — 331]61;2(55)613'2(33))

(m =2,11 =vy =1). We have p(t) > 0 if and only if a11(t), det p(t) > 0, but it does not
seem to exist an obvious way of deriving (4) for p(x) from corresponding representations
of a;1(x) and det p(x). This shows that the techniques from [16, 17] provide non-trivial
results when applied to the case of A-valued polynomials.
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