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Controllability Results for
Evolution Inclusions with Non-Local Conditions

M. Benchohra, E. P. Gatsori, L. Gorniewicz and S. K. Ntouyas

Abstract. In this paper we prove controllability results for mild solutions defined on a compact
real interval for first order differential evolution inclusions in Banach spaces with non-local
conditions. By using suitable fixed point theorems we study the case when the multi-valued
map has convex as well as non-convex values.
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1. Introduction

In this paper we shall establish sufficient conditions for the controllability of semilinear
evolution inclusions in a Banach space with non-local conditions.

More precisely, in Section 3 we consider non-local evolution inclusion

y' — A(t,y)y € F(t,y) + (Bu)(t) (t€[0,0]) (1)
y(0) + Y ery(te) = wo (2)
k=1

where F' : [0,b] x E — P(E) is a multi-valued map, yo € E, A(t,y) is a continuous
operator on F for each (t,y) € [0,b]x E,0 <t <ty <...<t,<bpeN, ¢, #0,P(E)
is the family of all subsets of E and F is a real separable Banach space with norm | - |.
The control function u(-) is given in L2(]0,b],U), a Banach space of admissible control
functions with U as a Banach space, and © is a bounded linear operator from U to F.

The non-local condition (2) was used recently by Byszewski in [6, 8] when he proved
the existence and uniqueness of mild and classical solutions of non-local Cauchy prob-
lems. The constants ¢ in the non-local condition (2) can satisfy the inequalities |¢x| > 1.
As remarked by Byszewski [8], if all ¢, # 0, the results can be applied to kinematics to
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determine the evolution ¢t — y(t) of the location of a physical object for which we do not
know the positions y(0) and y(t) for all k, but we know that the non-local condition
(2) holds. Consequently, to describe some physical phenomena, the non-local condition
can be more useful than the standard initial condition y(0) = yo. From (2) it is clear
that, when ¢; = 0 for all k, we have the classical initial condition.

Existence and controllability results were proved by Benchohra and Ntouyas in
[3] for equation (1) with non-local conditions of the form y(0) + f(y) = yo, where
f€C(C([0,b], E), E) under the assumption that f was bounded and the multi-valued
map F has convex values. Here, we consider the non-local condition (2) and we prove
controllability results in the cases when the multi-valued map F' has convex or non-
convex values. In the first case a fixed point theorem for condensing maps due to
Martelli [20] is used. In the later we shall present two results. In the first one we
rely on a fixed point theorem for contraction multi-valued maps, due to Covitz and
Nadler [11], and for the second one on Schaefer’s fixed point theorem combined with a
selection theorem due to Bressan and Colombo [7] for lower semicontinuous multi-valued
operators with non-empty closed and decomposable values. For recent controllability
results in the convex case we refer to the papers by Benchohra and Ntouyas [3 - 5] and
the references cited therein. Other results for the particular case B = 0 can be found
in the paper [2].

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts from multi-
valued analysis which are used throughout this paper. We denote by

P(E) the set of all subsets of a Banach space (E,| - |)

C([0,b], E) the Banach space of continuous functions y : [0,0] — E normed by
[Ylloe = sup;efap ly(t)]

B(FE) the Banach space of bounded linear operators N : E — FE with norm
HN”B(E) = SupPjy|=1 ’N(y)’

L1([0,b], E) the linear space of equivalence classes of all measurable functions ¥ :
[0,b] — E which are normed by ||yl = fob ly(t)| dt

where a measurable function y : [0,b] — E is Bochner integrable if and only if |y| is
Lebesgue integrable (for properties of the Bochner integral see Yosida [21]).

Let (X,|-|) be a Banach space. A multi-valued map G : X — P(X) is called

- convez-valued if G(x) is convex for all x € X

- closed-valued if G(x) is closed for all x € X

- bounded on bounded sets if G(B) = UzepG(x) is bounded in X for any bounded
set B of X, that is sup,¢p { SUPy () ly|} < o0

- upper semicontinuous on X if, for each x1 € X, G(x1) is a non-empty, closed subset
of X and if, for each open set B of X containing G(z1), there exists an open
neighbourhood A of 7 such that G(A) C B
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- completely continuous if G(B) is relatively compact for every bounded subset B C
X.

If the multi-valued map G is completely continuous with non-empty compact values,
then G is upper semicontinuous if and only if G has a closed graph (i.e. z,, — x, and
Yn — Yx with y, € G(x,) imply y. € G(x.). G has a fixed point if there is x € X such
that © € G(x). Further, we set

PX)={Y eP(X): Y #0}
Py(X)={Y € P(X):Y closed}
Py(X)={Y e P(X): Y bounded}
P.(X)={Y e P(X):Y convex}
P,(X)={Y € P(X):Y compact}.

A multi-valued map G : [0,b] — P (X) is said to be measurable if for each z € X the
function

t— d(z,G(t)) =inf {d(z,2) : z € G(t)}

is measurable on [0,b]. An upper semi-continuous map G : X — P(X) is said to be
condensing if for any subset B C X with a(B) # 0 we have o(G(B)) < «(B), where «
denotes the Kuratowski measure of non-compacteness. For properties of the Kuratowski
measure, we refer to Bana$ and Goebel [1] (comp. also [14]).

We remark that a completely continuous multi-valued map is the easiest example
of a condensing map. For more details on multi-valued maps we refer to the books of
Deimling [12], Gérniewicz [14], and Hu and Papageorgiou [16].

3. The convex case

In this section we assume that F' is a bounded, closed, convex multi-valued map. Let
us list the basic hypotheses:

(H1) A: [0,b] x E — B(E) is a continuous function so that for all 7 > 0 there exists
r1 = r1(r) > 0 such that |v| <y implies ||A(t,v)||pr) < r for all ¢ € [0,b] and
all v e E.

Remark 3.1. From hypothesis (H1), for any fixed v € C([0,b], E) we are able to
claim the existence of a unique continuous function U, : [0,b] x [0,b] — B(E) such that

t
Uy(t,s) = I+/ Ay (w)Uy (w, s) dw (3)
(evolution operator of A), where I stands for the identity operator on F and A, (t) =
A(t,u(t)) (see, e.g., [19]).
From (3) one has

Uu(t,t) =1

Uu(t:)Uu(s,7) = Un(t,7) } (t.5,7 € [0.0]).
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Moreover,

oU,(t, s)

T A, () U,(t, s) for a.a. t € [0,0] and all s € [0, b].

Now, we continue with the presentation of the other hypotheses:

(H2) F: [0,b] Xx E — Py o(E),(t,y) — F(t,y) is measurable with respect to ¢ for
each y € F, upper semicontinuous with respect to y for each ¢ € [0,b], and for
each fixed y € C([0,b], E) the set

Sp., = {g e LY([0,b], E) : g(t) € F(t,y(t)) for ae. t € [0, b]}

is non-empty.

(H3) There exists the operator © on E defined by
p —1
0= (I—I—ZCkUy(tk,O)) .
k=1

(H4) [|[F(t,y)||p :=sup{|v|: ve F(t,y)} < pt)Y(ly|) for a.a. t € [0,b] and all y € E,
where p € L([0,0], Ry ) and ¢ : R, — (0, 00) is continuous and increasing with

M/ s)ds < d_u

e Y(u)
where
M= sup Uy, 5)llBee
(t,s)€[0,b] x[0,b]
and
o = M@l + M1lscer D eul [ pOw(ll) -+ b0, TT
k=1
with

p
3 = M, [|o:1| 5 Jeal lu(te)] + M1 5ce w0l
k=1

+ZM 195 /tkp( ¥ (lyl) ds+M/ W(|y]) ds}.

k=1

(H5) The linear operator W : L?(]0,b],U) — E defined by

b
Wu:/o U(b, s)Buy(s)ds
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has an inverse W1 which takes values in L?([0,b],U) \ ker W and there exist
constants M; > 0 and M, > 0 such that ||B|| < M; and ||W~1|| < Ms.

(H6) For each bounded D C C([0,b], E) and t € [0, b] the set

( U(tv O)Gy() )
p tr

- chU(t,O)G/ Ulty, s)g(s) ds
k=1 0

g€ Srp

+ [ vesgas+ [ U B s

\

is relatively compact in F, where Spp = UyepSry

Remark 3.2.
(i) If dim E' < oo then, for each y € C([0,b], E), Spy # 0 (see Lasota and Opial
[18]).
(ii) For construction of W~1 see [9].
(iii) The operator B in hypothesis (H3) exists if Y- _; |ex| < 77
(iv) If Uy(t,s) for (t,s) € [0,b] x [0,b] is completely continuous, then hypothesis
(H6) is satisfied. Also, if dim F < oo, then hypothesis (H6) is satisfied.

(v) From hypothesis (H1), if u € C([0,b], E), then A, € C([0,b], B(E)) and

|ty —u|lo =0 = |[[Au, — Au=

oo — Au t —Au* t 0
tren[gfg]H . (1) Ol sE —

as n — OQ.

Definition 3.1. A function y € C([0,b], E) is called a mild solution of problem (1)
- (2) if there exists a function v € L1([0,b], E) such that v(t) € F(t,y(t)) a.e. on [0,

and
y(t) =Uy (ta O)@yo

- X ali(t.0)0 / Uy (e, s)ols) ds (4)

. /O U, (t, s)o(s) ds + /0 U, (t, s)(Bu)(s) ds.

Definition 3.2. Non-local problem (1) - (2) is said to be non-locally controllable
on the interval [0, b], if for every z1 € E there exists a control u € L?([0, b], U) such that
the mild solution ¢ — y(¢) of problem (1) - (2) satisfies y(b) + > p_; cxy(tr) = 21.

The following lemmas are crucial in the proof of our main theorem:

Lemma 3.1 [19]. Let I be a compact real interval and X be a Banach space.
Moreover, let F' be a multi-valued map satisfying hypothesis (H2) and let T' be a linear
continuous mapping from L*(I,X) to C(I,X). Then the operator

FoSp: CU,X)— PyaCI,X)), yr— ToSr)(y)=T(Sry)
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is a closed graph operator in C'(I,X) x C(I,X).

Lemma 3.2 [20]. Let X be a Banach space and N : X — Py o .(X) be an upper
semicontinuous condensing map. If the set

Q={yeX: A \yeN(y) forsomel>1}

18 bounded, then N has a fixed point.

Lemma 3.3 [15: p. 36]. Suppose that 01,92 € C([0,b],R) and ¢3 € L'([0,b],R)
with p3(t) >0 a.e. on [0,b] and ¢1(t) < pa(t) + fg w3(s)p1(s)ds. Then

p1(t) < wa(t) + /Ot p3(s)p2(s) exp (/: ©3(7) dr) ds.

Theorem 3.1. Assume that hypotheses (H1) - (H6) are satisfied. Then problem
(1) — (2) is non-locally controllable on [0, b).

Proof. Using hypothesis (H5) for an arbitrary function y(-) define the control

P
u,(t) =Ww1 lxl — Z cry(tr) — Uy(t,0)Oyp
k=1
ty
0

P t
+ Z cUy(t, 0)@/ Uy(tk,s)g(s)ds — / Uy(t,s)g(s) ds} (t)
k=1 0
where
ge&w:{gEUﬂQ%E%g®eﬁﬁw@»ﬂﬂaetEMM}
We shall now show that, when using this control, the operator

N : C([0,0], E) — P(C(]0,b], E))

defined by

N(y) = {h € C(]0,0], E)

h(t) = =Sy cxUy(£,0)0 [ Uy(te, $)g(s) ds (g € )

U?J(t? 0)@yO }
+ Jo Uy(t,5) [9(s) + (Bu)(s)] ds

has a fixed point. This fixed point is then a solution of system (1) - (2).

It is obvious that @1 — > 7 _; cky(tx) € (Ny)(b). We shall show that N is completely
continuous with bounded, closed, convex values and it is upper semicontinuous. The
proof will be given in several steps.
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Step 1: N(y) is convez for each y € C([0,b], E'). This is trivial, since Sp,, is convex.
However, for completness we present the proof: Let hy, hy belong to N(y). Then there
exist g1, 92 € Sp,y such that, for each ¢ € [0, b],

p

hi(t) = Uy(t,0)Oyo — Z ckUy(t,O)G)/ ) Uy(ti, s)gi(s) ds
k=1 0 (i=1,2).

t
+ / U, (t, 5)[(Buy)(s) + gi(s)]ds
0
Let 0 < k < 1. Then, for each t € [0, b],

(ahy + (1 — a)hs) (1)
= Uy(t:O)Byo

p

_ Z crUy(t, O)B/ ) Uy (tr, s) [agi(s) + (1 — a)ga(s)]ds
k=1 0

+ [ 0,900 + (1 - ()]s + [ Ut Bu)o)ds

Since Sp,, is convex (because F' has convex values), then ah; + (1 — a)ha € N(y).

Step 2: N is bounded on bounded sets of C([0,b],E). Set B, = {y € C([0,b], E) :
|Ylloc < 7}. Then if h € N(y), there exists g € S, such that

h(t) = U,(t,0)Oyo

tr

exUy(1,0)O | Uyltis)gls)ds o 4y

-2 ol
n / U, (t,3)[Buy(s) + g(s)] ds

We observe that

P
luy ()] < M, [mr 3 lel ly(te)| + MOl sz lvol
k=1

+ 3 ct0lse [ pows M [ pulote)) ds

k=1

—~

=M.
Then, by hypothesis (H4) and by the above inequality,

(8] < MO 5.5l
p te
#3200l 3l [ OV oy

+M/ ds+bMM1M
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Therefore, for each h € N(B,),
12l < M|O]|5(2)[Y0]

p tk
HWWMEZMM;WWWﬁ
k=1

—~

b
+M/ p(s)Y(r)ds + bM M, M
0
=: /.

Step 3: N sends bounded sets into equicontinuous sets of C(]0,b], E). Indeed, let
71,72 € [0,b] with 77 < 72 and let B, be a bounded set in C([0,b], F'). Then

|h(12) — h(Ty)]
< |[Uy(72,0) = Uy(71,0)|| B[O B() 90|

p
+ ) cl®ll s Uy (72,0) = Uy(71,0) | 5y
k=1

XKW%@@m@mww
n /Oﬁ 1Ty (2, 8) = Uy (71, 8) || 3y | Buy () + g(5)| ds
N / P U, (72, 8) | Buy (s) + 9(s)| ds
-
< Uy (72,0) — Uy(11,0)|| 5y IO B(E) l¥0|

P
+ MY crl®llsm) | (Uy(72,0) = Uy(11,0)) | sy
k=1

tk
d
xép@wwms
+Mﬂén%m@—%m@m@w
+An%mm—%m@mmmwm@ws
M [0 (72 8)

T2
+/ 1Uy (72, 8) | By (s) ¥ (|y(s)]) ds.
T1

Therefore, N (B, ) is relatively compact.

Step 4: U,(t,s) is continuous with respect to u, i.e. |u, — u*|lcc — 0 implies
Uy, — Uu=||looc — 0 as n — oo. Indeed, let ||u, — u*||cc — 0. Then there exists r > 0
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such that ||ty ||co, [|[tx]|co < 7. Moreover, if s <t (analogously, if ¢ < s), we have

t
1V = U lloo < / VU (w8 58 | Au, (1) — Aue ()] 3y deo

t
n / | Au-

t
<M / | Au, (@) = Aue ()] 50y des

t
i

Applying Lemma 3.3, we obtain

t
oo < M/ | A, (0) = Ay (W) || B(pydw

oo |[Un,, (w, 8) = U (w, 8) || By dw

o [Uu,, (W, 8) — Uy (w, 8)||B(E)dw-

||Uun - Uu*

t t
0 [ 1A @l | [ 140, 0) = A (Ol s

t
oo ([ 1 (laieds v
< DM || Ay, — Ay |oo + b*M|| A=

ooHAun - Au*

%)

[e'e] eXp(bHAu*

< ||Au,, — Aur OoMb(l + bry exp(brl)).

Step 5: N has a closed graph. Indeed, let y,, — y* and h,, € N(y,) with h,, — h*.
We shall prove that h* € N(y*). The inclusion h,, € N(y,) means that there exists
gn € SF,y, such that

ha(t) = Uy, (,0)0yo

tr

p
=) arlU,, (£,000 [ Uy, (t, $)gn(s) ds
k=1 0

—I—/O Uy, (t,s) [gn(s) + (Buyn)(s)}ds

(t €0,0])

where
p
uy, (t) = W1 {xl — Z ckYn(ti) — Uy, (b,0)Oyo
k=1
p tr b
+ Z ck Uy, (b, O)@/ Uy, (ti, s)gn(s)ds — / Uy, (b,5)gn(s)ds|(t).
—1 0 0

We must prove that there exists g* € Sgy+ such that
h*(t) = Uy (t,0)Oyo

_ ; cxUy- (t, 0)@/0 Uy (tr, s)g"(s) ds (t €0,0])

+/ Uy-(t,s) [g*(s) + (Buy*)(s)}ds
0
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where
Uy (t) |: chy (b 0)@y0
k=1
k b
+kz_:lc;cUy*(b, 0)6/0 Uy-(t, s)g"(s) ds—/o Uy~ (b,5)g*(s) ds] (t).
Set

Uy (t) = [ml — Z cry(ty) — Uy(b O)G)yo]
Since W1 is continuous, then w,, (t) — 1, (¢) for t € [0,b]. Clearly, we have

H ( « (10000 = / Uy 1,55, ) (o) ds>

_>0

— (h* — Uy~ (t,0)0y0 — /Ot Uy~ (t, s)(Bﬂy*)(s)ds>

‘ oo

as n — oo. Consider the operator
L= L'([0,0], B) — C([0,0], E)

defined by

g —T(g)(t) = / U, (t, 5)g(s) ds

_chU (£,0)0 tkU(tk, $)g(s) ds
k=1

+ /Ot U, (t,s)BW ™1 (/Ob U, (b, w)g(w) dw) ds.

We can see that the operator I' is linear and continuous. Indeed, one has

1(Tg)lloc < Mlgllz:

where M is given by

p
M =M+ M?(|®|pE) > _ || + bM> M,y M.
k=1

From Lemma 3.1 it follows that I' o Sg is a closed graph operator. Moreover,

() — Uy, (1,0)Oyp — / U, (t.5)(Buy, )(s) ds € T(Sry,).
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Since y,, — y*, it follows from Lemma 3.1 that
t
W(0) = Uy (1,0)000 = [ Uy (5)9°(5)ds
0

—chU (¢,0)© /U (tk,s)g™(s)ds

/U (t,s)(Buy-)(s)ds

for some g* € Sg~. Therefore, N is a completely continuous multi-valued map, upper
semicontinuous with convex closed values.

Step 6: The set Q = {y € C([0,b],E) : Ay € N(y) for some X > 1} is bounded.
Indeed, let y € Q. Then Ay € N(y) for some XA > 1. Thus there exists g € Sp, such

that )
y(t) = A7 Uy(1, 0)Oyo

p tr
— AT aly(t,0)0 / Uy (tr,s)g(s)ds
k=1 0
t t
+)\_1/ Uy(t,s)g(s)ds + )\_1/ U,(t,s)BW ™1
0 0

p
[wl chy 4 (b,0)Oyy +chU (b,0)©

k=1 k=1
th b
X / Uy(ty, w)g(w)dw —/ Uy (b, w)g(w)dw] (s)ds
0 0
for t € [0,b]. This implies by hypothesis (H4) that, for each t € [0, d],
ly()] < M||O () |yol

£l Y e | ooty a

+M/ ) ds + bM M; My {lel +Z x| [y (L]
k=1

+ M0 5(r) Iyo|+ZM2H@HB(E)/kp(S)w(!y(S)D

k=1

3t [ ot

< M||O|| &) |yol
p tr
+M2|r@|\B<E>Z\ck\ / p(s)b(ly(s)]) dt

+M/ ds+bMM1M
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Let us take the right-hand side of the above inequality as v(t). Then
v(0) = M||@HB(E)|?J0|
T+ ||@||B<E>Z|ck| / (5)]) dt + bM M 3T

()] <wv(t) (te [07b])
v'(t) = Mp(t)d(ly()]) (¢ € [0,b]).

Using the non-decreasing character of ¢ we get

V(t) < Mp()e(v(t)) (¢ €[0,0]).

This implies

[ oo [y e

The above inequality implies that there exists a constant d such that v(t) < d (¢t € [0,b])
and hence [|y||oo < d, where d depends only on the functions p and . This shows that
2 is bounded.

Set X = C([0,b], E). As a consequence of Lemma 3.2, we deduce that N has a fixed
point, and therefore system (1) - (2) is non-locally controllable on [0, 5] I

3.1 The non-convex case. In this subsection we consider problem (1) -(2) with a
nonconvex-valued right-hand side.

Let (X,d) be a metric space indused by the normed space (X, |- |). Consider the
operator Hy : P(X) x P(X) — R4 U{oo} given by

H,(A, B) = max {sup d(a, B),sup d(A, b)}
acA beB

where d(A,b) = inf,eca d(a,b) and d(a, B) = infyepd(a,b). Then (P (X), Hy) is a
metric space and (P.(X), Hy) is a generalized (complete) metric space [17].
Definition 3.3. A multi-valued operator N : X — P, (X) is called
a) v-Lipschitz if, for some v > 0, Hy(N(x), N(y)) < vd(z,y) for each z,y € X
b) contraction if it is v-Lipschitz with v < 1
¢) having a fized point if there is x € X so that x € N(x).
The fixed point set of the multi-valued operator N will be denoted by Fix N.

Our considerations here are based on the following fixed point theorem for contrac-
tion multi-valued operators given by Covitz and Nadler in 1970 [11] (see also Deimling
[12: Theorem 11.1]).
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Lemma 3.4. Let (X,d) be a complete metric space. If N : X — P,(X) is a
contraction, then Fix N # ().

We will need the following assumptions:

(A1) F : [0,b] x E — P.,(F) has the property that F(-,y) : [0,0] — Py(E) is
measurable for each y € F.

(A2) Hd(F(t,y),F(t,y)) < I(t)|ly — y| for a.e. t € [0,b] and y,y € E, where | €
L1([0,b],R,) and d(0, F(¢,0)) < I(t) for a.e. t € [0,b].

Remark 3.3. From assumption (A2),

1E(ty@)llp < [[F(ty(t) — F(E,0)[lp + |1t 0)[»
< L(O)]y)] + £(2)
< (14 supyepoply())E()-

for each t € [0, b].
Now, we are able to state and prove our main result for this section.

Theorem 3.2. Assume that hypotheses (H1), (H3), (H5) and (A1) - (A2) are sat-
isfied. Then problem (1) — (2) is non-locally controllable on [0,b], provided

Cod||®l B lyol
p p
+ > lerl M2|IOl|p(e) + Y lex| M2l p(s) L(tr)

k=1 k=1
+CodMybQ + MMbK + M + ML(b) < 1

where L(t) = f(f {(s) ds.

Proof. Using hypothesis (H5), for an arbirtary function y(-) define the control

p
uy(t) = W1 [331 — chy(tk) — Uy (b,0)Oyo
k=1
22
0

3 b
-I-QCICUy(b,O)@/ Uy(ty,s)g(s) ds—/0 Uy(b,s)g(s) ds] (t)
where
g€ Spy = {g e L'([0,b], E) : g(t) € F(t,y(t)) for a.e. t € [o,b]}.

We shall then show that, when using this control, the operator

N : ¢(0,b), E) — P(C([0,b], E))
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defined by
U, (t,0)Oyo
N(y) = {h € C(0.8], B) | h(t) = X%klfg(ﬁgz (9 € Sr)
+ Jo Uy(t: 9)lg(s) + (Buy)(s)]ds

has a fixed point. This fixed point is then a solution of problem(1) - (2).

Clearly, y1 — > 7 cky(tr) € N(y)(b). We shall show that N satisfies the assump-
tions of Lemma 3.4. The proof will be given in two steps:

Step 1: N(y) € P.u(CI0,b], E) for eachy € C([0,b], E). Indeed, let (yn)n>0 € N(y)
be such that y,, — ¢ in C([0,0], E). Then g € C([0,b], E) and there exist g, € Sp,
such that

Yn (t) = Uy (t7 0)690

_kZ::lckUy(t,O)@/o Uyl Sgul)ds (o

+/0 Uy(t; 5)[gn(s) + (Buy)(s)] ds

From the fact that F' has compact values and from assumption (A2) we may pass to a
subsequence if necessary to get g, — g in L'([0,b], E) and hence g € Sg,,. Then

yn(t) — 9(t) = Uy(t,0)Oyp

_I;C’“Uy(t’o)@/o Uy(tk, s)g(s)ds (t € [0,b)).

o [ 09 o) + (B

So g € N(y).

Step 2: Hq(N(y1), N(y2)) < vlly1 —y2|loo for each y1,y2 € C([0,0], E) where vy < 1.
Indeed, let y1,y2 € C([0,b], E) and hy € N(y1). Then there exists g1(t) € F(t,y1(t))
such that

hai(t) = Uy, (t,0)Oyo

p

_;ckUyl(t,O)@/o Ultes)n(s)ds o

¢
[ 0,90 + (B )]s
0
From assumption (A2), it follows that

Hy(F(t,y1(1), F(t y2(8)) < 1Oy (t) — (1)),
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Hence, there is w € F'(t,y2(t)) such that

191(8) = w < UB)]y2(t) — w2 ()] (¢ €0,0]).

Consider the operator U : [0,b] — P(F) given by

U(t) = {we B lgu(t) - w] <UD () - p2(0)]}.

Since the multi-valued operator V (t) = U(t) N F(t,y2(t)) is measurable (see [10: Propo-
sition I11.4]), there exists go(t) — a measurable selection for V. So, g2(t) € F(t,y2(t))
and

91(8) — g2(8)| < UB)[ya (1) —y2(t)| (£ €]0,0]).
Let us define
ha(t) = Uy, (t, 0)Oyo

p th

_;CkUyQ (1006 | Upltess)ga(s)ds g gy

t
+ [ Ut 9)oals) + (B (9] ds
From Step 4 of the proof of Theorem 3.1,

”Uyl - Uyz”OO S COHAyl - Ay2HOO (y1,y2 € C([Ovb]7E))

where Cy = Mb(l 4+ bry exp(brl)) and 7 is real constant. We set

C’1:Cod(1—|— sup \yl(w)])L(b) where L(t /5

we|0,b]
We observe that

[y, (5) = uy, (5)]

p
< Ma [Z el Ty1 (tk) = y2(te)] + [[Uy, (£, 0) = Uy, (¢, 0) || () 1O 3(22) |90
k=1

tg
4 Z e MOl (s / U (t1s 8)92(5) — Uy (t1, 5)g1 ()| ds

/ Uy, (t,8)g2(s) — Uy, (t,8)g1(s ‘ds}
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p

< M| 3 fenl s = el + CodlOl e o
k=1

p tk
+ ) lex MO 5y [ClHyl — Y20 + M/ ly1(s) — ya2(s)|€(s) ds
k=1 0

T Cullys — yalloo + M / y1(s) — ya(5)€(s) ds}

p

P
< M, [Z x| + Cod]©] e w0l + 3 xCr MO 5z
k=1 k=1

p
3 ler L () MO e + Co +ML<b>} T

k=1
= KHyl - y2||oo
where
p p
K = M| Y- lau] + Codl®laclonl + Y- cxCaM e
k=1 k=1
p
+ ) ler| L(t) M?|O] p(my + Cr + ML(b)]
k=1
since .
| 1005)91(5) = Uyt 9)92(5)] s
0
t
< [ N (05) = U t:5) a5 s
t
n / 1yt )Ly l91.(5) — 2(5)] ds
t
< Cilli = pall + M [ €5)n(s) (o) s
0
and
p
| < Mo [|a:1| 3 exlu(te)] + MBllseluo
k=1
P
£ ad? (1 sup ()} 20) + 21 (1 s f(w)])2(0)]
1 we|0,b] we[0,b]
=: Q.
Then

|h1(t) — ho(t)]
< |Uy, (,0) = Uy, (£,0)[| (&) 1Ol B(2) Y0l

p tk
MY el 1] / Uy (1 8)92(5) — Uy (t )91 (5)]ds
k=1 0
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t
b [ U (9B (5) = Uy 1,9y, (9)] s
0
t
b [ U0 0:9)92(5) = Uy (151915 s
0
P
< Codlys — oo @l 0] + 3 el MOl ()
k=1

x{Mmrwﬂm+M[fAﬂm@—m@mﬂ

+ [CodMle + MMle] ||y1 - y2||oo

t
+Mmrwﬁm+M/awm@—w@ws
0
P
skwmmmw+2mwwmw
k=1

p
+ ) lex M| p(e) L(tx) + CodM1bQ + MMy bK
k=1

+M+Muﬂwrﬁﬂw

Consequently,

p
[h1 = halloo < [CodH@HB(E)!yd + ) lexM?(6] 5y
k=1

p
+ ) |er MO p(e) L(tr) + CodM1bQ + MM DK
k=1

+M+Muﬂmrwmm

By an analogous relation, obtained by interchanging the roles of y; and ys, it follows
that
Ha(N(y1), N(y2))

p
< {codn@nB(E)w 5 el M2 (0] s
k=1

p
+ ) lex M| p(e) L(tr) + CodM1bQ + MM bK
k=1

+M+Muﬂmrwm”

Then N is a contraction and thus, by Lemma 3.3, it has a fixed point y, and thus system
(1) - (2) is non-locally controllable on [0, b] B
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By the help of Schaefer’s fixed point theorem combined with the selection theorem
of Bressan and Colombo for lower semicontinuous maps with decomposable values, we
shall present next an existence result for problem (1) - (2).

Let F: [0,b] x E — P(E) be a multi-valued map with non-empty compact values.
Assign to F' the multi-valued operator

F: C([0,b],E) — P(L'([0,b], E))

by setting
Fly) = {w e LY([0,b], B) : w(t) € F(t,y(t)) for ae. t € [0, b]}.

The operator F is called the Niemytzki operator associated with F'.

Definition 3.4. Let F': [0,b] x E — P(E) be a multi-valued function with non-
empty compact values. We say F' is of lower semi-continuous type if its associated
Niemytzki operator F is lower semi-continous and has non-empty closed and decom-
posable values.

Lemma 3.5 [7]. Let Y be a separable metric space and N : Y — P(L1([0,b], E))
a multi-valued operator which is lower semicontinuous and has non-empty closed and
decomposable values. Then N has a continuous selection, i.e. there exists a continuous
function (single-valued) g : Y — L'([0,b], E) such that g(y) € N(y) for everyy €Y.

For our third result let us introduce the following conditions:

(B1) F: [0,b] x E — P(E) is a non-empty compact-valued multi-valued map such
that:

a) (t,y) — F(t,y) is L ® B-measurable

b) y — F(t,y) is lower semi-continuous for a.e. ¢t € [0, b|
(B2) For each 7 > 0, there exists a function h, € L([0,b],RT) such that

IF(t,y)|lp := sup |v] < h(2)
veF(t,y)

for a.e. t € [0,b] and y € F with |y| <.
In the proof of our following theorem we will need the next auxiliary result:

Lemma 3.6 [13]. Let F': [0,b]x E — P(E) be a multi-valued map with non-empty,
compact values. Assume conditions (B1) - (B2) hold. Then F' is of lower semicontinuous

type.

Theorem 3.3 (Non-convex lower semicontinuous case). Suppose that hapotheses
(H1), (H3) - (H5) and conditions (B1) - (B2) hold. Assume also the following:

(B3) For each t € [0,b], the multi-valued map F(t,-): E — P(E) maps bounded sets
into relatively compact sets.

Then initial value problem (1) — (2) is non-locally controllable on [0, b].
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Proof. Conditions (B1) - (B2) imply, by Lemma 3.6, that F is of lower semi-
continuous type. Then, from Lemma 3.5, there exists a continuous function h : C([0,b], E) —|j
L([0,b], E) such that h(y) € F(y) for all y € C([0,b], E). We consider the problem

y' — A(t,y)y — (Bu)(t) = h(y)(t) (¢t €[0,0]) (5)
0) + Y cxy(tr) = yo- (6)
k=1

We remark that if y € C([0,b], E) is a solution of problem (5) - (6), then y is also a
solution to problem (1) - (2).

Transform problem (5) - (6) into a fixed point problem by considering the operator
Ny : C(]0,b], E) — C([0,b], E)
defined by:
Ni(y)(t) = U,y(t,0)Oyo
p t
— cUt,O@/Ut,shysds
;k y( ) 0 y(kz ) ()() (tE[O,b])
t
—I—/ Uy(t, s) [h(y)(s) + (Bu)(s)]ds
0

We shall show that N7 is a completely continuous operator. For this, we will show that
N

is continuous
maps bounded sets into bounded sets in C([0, b], E)
maps bounded sets into equicontinuous sets of C(]0, b], E)

and, finally, that the set
E(N,) = {y € C([0,b],FE) : y=AN;i(y) for some 0 < A\ < 1}

is bounded.

Let {y,} be a sequence such that y,, — y in C([0,b], E). Then
| N1(ya) () = Ni(y)(t)]
< |Uy(t,0) = Uy, (&, 0)l| 5 Ol () [90]

p tr
+Z|Ck|MH@HB(E){/O 10y, (t,8) = Uy (L, 8) | ()| h(yn) (s)ds

k=1
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# [ 10 ) 6) - ) s
N / 10, )y | (B, )(5) — (Buy)(5)] ds
v 103 6,5) — Uy 129y (B, ()] s
[ 100 l) () - o)) s

+/ HUy(t’S)_Uyn(t7s)||B(E)|h(yn)(s)|ds .
0

Since the function h is continuous and U, is continuous, by Step 4 of the proof of
Theorem 2.3,

The

[N1(yn) = Ni(¥)llc =0 (n — o0).

other steps are similar to the corresponding steps of the proof of Theorem 3.1. We

omit the details i
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