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Fixed Point Theorems
for a Class of Mixed Monotone Operators

Liang Zhandong, Zhang Lingling and Li Shengjia

Abstract. In this paper we study a class of mixed monotone operators with convex-
ity and concavity. In particular, we give conditions, both necessary and sufficient,
for the existence and uniqueness of fixed points. Moreover, we sketch a simple
application of our main theorem and generalize some previous results.
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1. Introduction

It is well known that mixed monotone operators are important for studying
positive solutions of nonlinear differential and integral equations. In applica-
tions, in order to prove existence or uniqueness for solution of such equations,
one usually considers the fixed points of some related operators. More infor-
mation about mixed monotone operators may be found in [6]. There are many
useful results about mixed monotone operators with convexity and concavity
properties (see [1 - 5, 7 - 12]). In this paper, we study this class of operators
and give sufficient and necessary conditions for the existence and uniqueness
of fixed points without assuming the operators to be continuous or compact.
In this way, we generalize and extend similar results from [2, 4, 6, 10 - 12].

Suppose that F is a real Banach space which is partially ordered by a cone
P CE,)ie x<yifandonlyif y —2z € P. By 6 we denote the zero element
of E. Recall that a non-empty closed convex set P C E is a cone if it satisfies

rePA>0 = \eP
r,—x€P = x=20.

(1)

Liang Zhandong: ShanXi Univ., Math. Dept., TaiYuan 030006 and ZhengZhou
Univ., Math. Dept., ZhengZhou 450052, P.R. China; zllww@eyou.com

Zhang Lingling: ZhengZhou Univ., Math. Dept., ZhengZhou 450052, P.R. China
Li Shengjia: ShanXi Univ., Math. Dept., TaiYuan 030006. P.R. China. This work
was partly supported by NSFC under project 60174007

ISSN 0232-2064 / $ 2.50 (© Heldermann Verlag Berlin



530 Liang Zhandong et al.

Putting
P° = {:L' € P : x is an interior point of P},

a cone P is said to be solid if its interior P° is non-empty. Moreover, P is
called normal if there exists a constant N > 0 such that, for all z,y € F,
0 <z < yimplies ||z|| < N|y||; in this case N is called the normality constant
of P. In the case y — x € P° we write z < y.

For instance, the usual cones of non-negative elements in RY, [P, (>, C, LP,
L>* and C are normal, the cone of non-negative functions in C! is not. On
the other hand, the cone of non-negative functions in C' and C* is solid, but
in LY it is not.

For all x,y € E, the notation x ~ y means that there exist A > 0 and

@ > 0 such that Az < y < px. Clearly, ~ is an equivalence relation. Given
h >0 (i.e. h >0 and h # ), we denote by P, the set

{ ' there exist A(z), u(x) >0 Such}
P,=<xec .
that AM(z)h <z < p(z)h

It is easy to see that P, C P.

Recall that A : P, x P, — P, is a mized monotone operator, if A(x,y) is
non-decreasing in x and non-increasing in vy, i.e. for all 1, x2,y1,y2 € Pp,

r1 < z2,y2 <y1 = Alx1,y1) < A(z2,y2).

A point (z*,y*) € Pj, X Py, is called a coupled fized point of A if A(x*,y*) = =*
and A(y*,z*) = y*. Finally, an element x* € P, is called a fized point of A if
A(z*,x*) = x*.

All the concepts discussed above can be found in [3]. Our paper is orga-
nized as follows. In the Section 2 we discuss mixed monotone operators with
convexity and concavity properties in a simple special case. Afterwards, in
Section 3, we pass to mixed monotone operators with convexity and concavity

in the general case. A certain application of our results will be given in Section
4.

2. A special case

In this section, we give necessary and sufficient conditions for the existence
and uniqueness of fixed points on mixed monotone operators with convexity
and concavity in a special case. Let us begin with the following lemma.



Fixed Point Theorems 531

Lemma 2.1. Suppose that E s a real Banach space, P is a cone in
E,h>0and A: P, x P, — P,. Then the following two statements are
equivalent:

(a) For all0 <t <1 there exists 0 < a = a(t) < 1 such that
A(tu, %U) >t A(u, v) (u,v € Pp,u <w).
(b) For all 0 <t <1 there exists n = n(t) > 0 such that
A(tu, %) > 11+ nO]A(w,v) (w0 € Pryu < v)

where t[1 + n(t)] < 1.

Proof. If assertion (a) holds, we take n(t) = t*®)~1 —1 and get assertion
(b). Conversely, if assertion (b) holds, we take a(t) = w; since
0 < t[1+4+n(t)] <1, we easily get assertion (a) ll

Theorem 2.1. Suppose that E is a real Banach space, P is a normal cone
m E, h >0, and A: P, x P, — Py, is a mized monotone operator. Assume
property (a) of Lemma 2.1 is fulfilled. Then A has exactly one fixed point x*
in Py if and only if, for some ug,vg € Py with ug < vg, ug < A(ug,ve) and
A(vg,ug) < wvg. Moreover, constructing successively the sequences

Ln = A(xn—la yn—l)

Yn = A(yn—hxn—l) (n = 1>, (2)

for any initial value (xo,yo) € [ug, vo] we have limy, o0 x,, = limy, 00 yp, = z*.

Proof. Firstly we prove that, if A has a fixed point in P}, then this fixed
point is unique. In fact, if 2*, y* € P, are such that A(z*, z*) = z* and
A(y*,y*) = y*, then denote

* * 1 *
aozsup{a>0)ay <z"< -y }
a
Then 0 < ag < 1; we claim that ag = 1. In fact, 0 < ap < 1 would imply that

1 ala * * ala *
rt = A(z",x") > A(aoy*,_y*> 2 CLo( O)A(y YT) = ao( O)y :
ao

But 0 < afag) < 1 and ag(a()) > ag, contradicting the definition of ag. We
conclude that «* = y*.

Proof of necessity: Assume that z* is a fixed point of A in Pj. Let
ug = vg = x*. Then uy < A(ug,vo) and A(vg, up) < vg.
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Proof of sufficiency: Let u,q1,vp4+1 (n > 0) be as in (2). It is clear
that
Uug < U < Ly <o, << L9

and {u, }, {v,} C Pj. In what follows we prove that {u,, } and {v, } are Cauchy
sequences. For any n € N, there exists pu > 0 such that pv, < u, < v,.
Putting

t, =sup{p >0: u, > pv,}

we see that 0 < t,, <1 and t,, is non-decreasing. So lim,,_,., t, =t for some
0 <t <1. We show that t = 1. In fact, otherwise it follows from 0 < t < 1,
Uy > tpUp, Uy < tiun and t,, <t that

Un+1 = A(“nv Un)

1
Z A (tnvny t_un>

n

~+ | =

:A[%"(tvn),ti(
tn

[1 + n(%)} A(tvn, - n)
1

= 7A(tvn’ i )
> tn[1+n(t)]A(vn, un)
]

= tn[l +n(0)]vnta

| \/

where 17 = (%) > 0 is that from Lemma 2.1/(b). By the definition of ;41
we get tn41 > tp[l +n(t)]. Letting n — oo we obtain ¢ > t[1 + n(t)]. But
n(t) > 0, by Lemma 2.1, which is a contradiction. So we conclude that ¢ = 1
as claimed.

For any natural number p we have
Ogun—i—p_un Svn_un Svn_tnvn S (1_tn)UO

From the normality of P it follows that ||up4p — un|| < N(1—1t,)||ve|| — 0 as
n — 0. So {uy,} is a Cauchy sequence; the same reasoning shows that {v,}
is also a Cauchy sequence.

Now we prove that A has a fixed point * € Pj,. Because E is complete,
there exist u*,v* € F such that u,, — v* and v, — v*. From the fact that
{un} T, {vn} |, un < v, and from the normality of P it follows that w, <
u* <v* <w,. Consequently, u*,v* € P, and v* — u* < v, —u, < (1 —t,)vo,
and so |[v* —u*|| — 0, i.e. u* =v* =: 2*. We know that

Unt1 = AUy, v,) < A(u*,0") = A(z™,2%) < A(Vn, Un) = Upy1.
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So letting n — oo yields A(x*,z*) = z*.

Finally, if the sufficient condition holds, then for arbitrary zg, yo € [uo, vo]
and x,,y, as in (2) we get u, < x, < v, and u, < y, < v,. Taking into
account that P is normal we conclude that lim, .. z, = lim, ..oy, = *
which completes the proof il

Theorem 2.2. Suppose that E is a real Banach space, P is a normal
cone in E, h > 60 and A : P, x P, — P, is a mized monotone operator.
Assume property (a) of Lemma 2.1 holds for w =v =: x. Then A has exactly
one fized point x* in Py if and only if there exist xg € P and tg € (0,1) such

that tox() S A(to(Eo, f—g) and A(f—g,tofﬂo) S xTO.

Proof. Set up = tozo and vo = 2. Then A(ug,vo) = A(too, f—g) > ug
and A(vg,up) = A(f—g,toxo) < vg. Choosing uy41,v,41 as in (2) we can

complete the proof by the same reasoning as in the proof of Theorem 2.1 }

Remark 1. A comparison with the corresponding results in the literature
([2: Theorem 3.1], [4] and [11: Theorem 1]) shows that our hypotheses are
simpler and weaker, while our assertions are stronger in the following sense:

- Only sufficient conditions were given in those papers, but we get conditions
which are both sufficient and necessary.

- Tools used in those papers were the Hilbert metric, the Thompson met-
ric, and the fixed point index; these methods cannot be used under the
hypotheses of our theorems.

- We widen the range of o from a = const or a = a(a,b) to a = a(t) for
t e (0,1).

- The corresponding theorems of [2, 4, 5] are corollaries of our Theorems
2.1 and 2.2.

Remark 2. The conclusion of Theorem 2.1 also holds when (1) is satisfied
in [ug, vo] only.

Corollary 2.1 (see [2]). Suppose that E is a real Banach space, P is a
normal cone in E, and A : P° x P° — P° is a mixed monotone operator such
that for all0 < t < 1 there exists 0 < 3 < 1 with A(tz, 1y) > t° A(z,y) (z,y €
P°). Then A has exactly one fixed point x* in P° and, for all zg,yo € P°,
limy, oo y = limy, oo Y, = = where x,,,y, (n>1) are as in (2).

Proof. Choose a sufficiently small number ¢y such that tgzg < ¢ < %xo,

1— 1-3
torg < yo < %:1:0 and ¢, 3:1:0 < A(zg, o) < (%)
and v = %xo we get ug < A(ug,vo) and A(vo,uo) < vo. So the hypotheses

of Theorem 2.1 are satisfied and the conclusion follows i

xo. Putting ug = toxg

Remember that an operator A : x — Ax is called
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- concave if A(txy + (1 —t)ze) > tA(z1) + (1 — t)A(z2)
- (—a)-convex if A(tx) <t~ *A(z)

forall 0 <t <1 and all z.

Corollary 2.2 (see [4]). Suppose that E is a real Banach space, P is a
normal cone in E, and A : P° x P° — P° is a mired monotone operator
which satisfies the following assumptions:

(a) For fixed y, the operator A(-,y): P° — P° is concave while for fixed
x the operator A(z,-) : P° — P° is (—a)-convex.

(b) There exist ug,vg € P and ¢ > a > 0 such that § < uy < v,
ug < A(ug,vg), A(vg, ug) < v and A(0,vy) > eA(ug, vo).

Then A has ezxactly one fized point = in [ug, vo|. Moreover, for all xq,yo €
[ug, vo] one has ||z, —z*|| — 0 and ||y, —z*|| = 0 (n — o0), where ., y, (n >
0) are as in (2).

Proof. It is easy to see that, if A has a fixed point in P° x P°, then
this fixed point is unique. So we only have to prove existence. In fact, for
all h € P° we have P, = P°. For A: P, x P, — P}, condition (b) ensures
that there exist ug,vg € Pj such that ug < A(ug,vg) and A(vg,ug) < vp.
We can prove that, for all ¢ € (0,1), one can find 0 < a(t) < 1 such that
A(tu, 2v) > t¥® A(u, v) for all u,v € [ug, vo]. Indeed,

A(tu, %U) > t*A(tu,v)

> t*[tA(u,v) + (1 — t)A(0,v)]
>t A(u,v) +t%(1 — t)eA(u,v)
= [ 4 12— )e] Afu,)
> [t +1*(1 — t)a] A(u,v)
= t*® A(u,v),

where a(t) = ln(twlﬁj(l_t)a), implies 0 < «(t) < 1. So all conditions of

Theorem 2.1 are satisfied, and the assertion follows B

Corollary 2.3 (see [5]). Suppose that E is a real Banach space, P is
a normal cone in F, and A : P° x P° — P° is a mixed monotone operator
such that for all [a,b] C (0,1) one can find o = «(a,b) € (0,1) such that
A(tz, 1x) > t*A(z,z) (z € P°). Then A has exactly one fixed point z*
in P° and A™(xg,x0) — " = A(z*,2*) for all 2y € P° where A™(zg,x¢) =
A(xp_1,2n—1) (n>1).

Proof. Firstly, for all xy € P° there exists 0 < b < 1 satisfying bzrg <
A(zo, o) < $x0. Secondly, by assumption we know that, for all to € [a,b] C
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(0,1), there is a 0 < 8 = B(a,b) < 1 such that A(tozo, =0) > tgA(zo, o).
Moreover,
A(tol‘o,toxo) Z tgA(I(),x())
1 1 _
A(—IL'(), —1’0) S tO BA(IEO, IL’Q).

to to
For all sequences {a;};>1 satisfying 0 < a; < 1 and a; > a2 > ... > a,, >
... >0 we denote for ¢ > 1

B; = inf {B €(0,1): A(tz,tx) > tPA(z,2) V t € [a;,b),x € PO}.

Then 1 < By < ...[0, < ... < 1. It is clear that there exists 0 < < 1 such
that lim,, . 6, = B.

Finally, if b > a1, we choose tg € (al,bﬁ) C [a,b] and write
ug = toxg and vy = %mo. By assumption, we have then ug < A(ug,vq)
and A(vg,ug) < vo, which shows that all conditions of Theorem 2.2 hold.
On the other hand, in the case bﬁ < ay; we can choose a, in the form
an = a1b/(*=Br=1) (> 2). This implies that a,, > 0 and the sequence {a, }
is decreasing. It is easy to prove that there exists Ny such that, for N > N,

1 1
any = a1b'PN-1 < bT-BN < ).

So choosing ty € (an,, b/ =P¥)) C (an,,b) and denoting uy = toxe and
vy = %xo, we see that all conditions of Theorem 2.2 are satisfied as well. This
completes the proof B

3. The general case

In order to study mixed monotone operators with convexity and concavity in
the general case, we introduce the concept of an ”adjoint sequence” and give
necessary and sufficient conditions for the existence and uniqueness of fixed
points.

Lemma 3.1. Suppose that E is a real Banach space, P is a normal cone
in B, h >0, and A: P, X P, — Py. Then the following two statements are
equivalent:

(a) Forall0 <t <1 andu,v € Py there exists 0 < t = a(t,u,v) < 1 such
that A(tu, 2v) > t2tuv) Ay, v).

(b) For all 0 <t <1 and u,v € Py, there ezists n = n(t,u,v) > 0 such
that A(tu, tv) > t[1 4+ n(t, u, v)]A(u, v) where t[1 + n(t,u,v)] < 1.

The method of proof is similar to that of Lemma 2.1 and therefore omitted.

For further reference we recall the concept of “adjoint sequence” in the
following
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Definition 3.1. Suppose that E is a real Banach space, P is a normal
cone in ¥, h > 60, A: P, x P, — P is an operator, and ug, vg € P,. If there
exists 0 < A\g < 1 such that Agvg < ug < vg, we define uy,41,v,41 (n > 0) as
in (2). Then, if {n,} is a sequence which satisfies 0 < A, = Ag(1 +7,,)" < 1
for \pv, < up < v, (n > 0), we call {n,} an adjoint sequence of A with
respect to Ag, ug, vo.

Suppose A is a mixed monotone operator, and for all 0 < ¢t < 1 and u,v €
Py, we can find 0 < ¢t = a(t,u,v) < 1 such that A(tu, 1v) > t*Ewv) A(u, v).
In this case we may choose ug, vg € P, with ug < vg and 0 < Ag < 1 such that
ug > Agvg. Then A must have an adjoint sequence with respect to Ao, ug, vo.
In fact, by Lemma 3.2 there exists 7] = 7} (Ao, uo, vo) satisfying

1
A(ug, vo) > A<)\0’Uo, )\—OU0> > Xo[1 + 771 (Ao, uo, vo) | A(vo, uo)

and A\g(1 4 n1) € (0,1). Choosing 1y < 7} yields
A(ug,v0) > Ao |1+ 1 (Ao, uo, v0)] A(vo, uo),

hence
A <up < g

O<)\1=)\0(1+771)<1.

By (3) there exists 15 = 15 (Ao, o, vo) such that

1
A(ug,v1) > A<>\101, /\—1U1> > M (1+m5)A(v1,uq)

and 0 < A\1(1+ %) < 1. Choosing now 72 = min(n;,n5) we get

Aoy < up < vy
0< Ay = )\0(1 +7]2)2 < 1.

By induction we get for all natural numbers n

0< A\, = )\0(1+7]n)n < 1.

We conclude that {n,} is an adjoint sequence of A with respect to Ay, ug, vo
as claimed.
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Theorem 3.1. Suppose that E is a real Banach space, P is a normal cone
m E, h >0, and A: P, x P, — P, is a mized monotone operator. Assume
that property (a) of Lemma 3.1 is fulfilled for some a(t,u,v). Then A has
exactly one fized point x* in Py if and only if there exist ug, v satisfying:

(a) up < A(ug,vg) and A(vg,ug) < vg.

(b) If there exists Ay > 0 such that ug > Agvg, then one can find an adjoint
sequence {n,} of A with respect to Ao, ug, vy such that lim,_ . nn, = In )\lo

Moreover, if A has a fixed point x* in Py, then for all xg,yo € Py one has
lim,, o0 , = 2 and lim,, o Y, = x* where z,,y, (n > 1) are as in (2).

Proof. Sufficiency: Let u,11,v,41 (n > 0) as in Definition 3.1. Be-
cause A is a mixed monotone operator and assertion (a) holds, we have

U <u < ... <y, <. <, <. < L.

Furthermore, by assertion (b), the existence of A\g > 0 satisfying ug > Agvp
implies the existence of an adjoint sequence {7, } of A with respect to Ao, ug, vo
such that nn,, — In /\LO as n — oo and u, > A\o(1 + 1,)"v,. Therefore

Uy — Un < U — Ao(1 4 10)" 0y < [1 = Ao(1 + 7)™ ] wo.

Consequently,
[vn = unll < N1 = Xo(1+n,)"][[vo

where N is the normality constant of P. Taking into account that 7, — 0 as
n — oo and

Aol +7)" = Xo[(L+7)77 "™ = o= =1 (n— o),

it follows that ||v,, — uy| — 0 as n — oo. This shows that {u,} and {v,} are
Cauchy sequences.

Since FE is complete, Py is closed, u,, T, v, |, and u,, < v,, we find u*,v* €
Py, such that u,, — u*,v, — v* (n — o0) and u, < u* <v* <w, (n>0).
This implies u* = v* =: x*. We have

Un41 = A(uruvn) < A<U*7v*) < A(Unyun) = Un41-

Moreover, x* < A(z*,z*) < z*, and so z* is a fixed point of A. The proof of
uniqueness is similar to that given in Theorem 2.1.

Necessity: Firstly, let 2* be a fixed point of A. For all 0 < ¢ty < 1 denote

ug = tox™ and vg = %x* Then there exists 0 < a(tg, x*) < 1 such that

1 * *

A(ug,vo) = A(tox*, t—x*) > tg‘(to’m )A(x*,x*) = tg‘(to’m ) > toxr™ = ug
0

1 1\ alto,x™) 1

A(vo,uo) = A<—$*,to$*> < (—) ’ ¥, r*) = —1* = vg.

to to to
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This shows that assertion (a) holds.
Secondly, letting wuy,41,v,4+1 (7 > 0) as in Definition 3.1 we have

U <u < ... <y, <... <, <., < v Loy

It is not hard to prove that there exists z* € P, such that u,, — z* and
v, — ¥ (n — 00). In fact, let us denote

1
&, = sup {t >0: tx" <upy,v, < Zw*}

Then 0 < &, <1 and &, T, and therefore we find £ such that lim,, ., &, = &.
Obviously, 0 < £ < 1; we claim that £ = 1. Indeed, assuming 0 < £ < 1 we
get

Therefore, &,11 > &u[1 + n(€, 2*)]. This leads to & > £[1 + n(&, 2*)], a contra-
diction.

Our result implies that
1
Jon = unll < N (£ ~&0)a”

So we get lim, .o u, = lim, . v, = x*. Moreover, from uy < x* < vy
we have u, < v, (n > 1). We may also easily prove that there exists ¢,
with 0 < ¢, <1 and ¢, — 1 as n — oo such that u,, > c,v,. In fact, from
U, > Epx™ and v, < Eina:* we deduce that u,, > 5‘%%. So letting ¢, = SZ
proves the statement.

—0 (n — 0).

Let ¢, = Ao(1 + 7)™ where 7, = (§2)™ — 1. Then u, > Xo(1 + 7n)"vn

which shows that {7, } is an adjoint sequence of A with respect to Ao, ug, vo.
Furthermore, n1,, — In )\—10 as n — oo. In fact,

Cn = Ao(1+471n)" = Ao [(1 + )7 |
and
N L L . - 1
Inc, =InAy + nn,In [(1+nn)ﬁn] = lim nn, :ln)\—.
n—oo 0

Finally, for all zg,y9 € P, we choose a sufficiently small number ¢, and set
ug = toxr* and vg = %x*, where xg, yo € [ug, vo]. Then we get lim,, o x,, = *
and lim,, .. ¥y, = x*. This completes the proof }
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Remark 3. Theorem 2.1 is a special case of Theorem 3.1.

Theorem 3.2. Suppose that E is a Banach space, P is a normal cone
in E, h>0, and A: P, X P, — Py is a mized monotone operator. Assume
that property (a) of Lemma 2.1 with a(t) = 1 is fulfilled for all u,v € Py (in
this case A is called sublinear). Then A has exactly one fized point x* in P
if and only if there exist sequences {ug,0}3, {vk,0}5° C P such that

(a) uk,o0 < A(ug,0,vk,0) and vgo > A(vk0, Uk,0)
(b) uk,0 < ugs+1,0 and vigr1,0 < Vo
(¢) Mevg,o <ugo < vk and A\ — 1 as k — oc.
Proof. Sufficiency: Note that

Ugi+1 = A(ugr, vk )

(k,1>0).
V141 = A(vg,1, Uk 1)

By assertion (a), for k£ we have

Uk,0, Vk,0) = Uk,1

—_— o~

Vg0, Uk,0) = Vk,1

and so on, i.e. up; < Ugy1,Vk1 > Vki+1 while assertion (b) for I implies
Uk41,0 = Ukl Vk+1,1 < Vg1 We have the inequalities

IN

up,0 < up,1 < U2 CSugk < LU0k S ... Up2 S U1 < V00

N

uro < upp S U2 Ul S L S S L0122 S 011 S V10

Uk, S Uk S Ugo <

AN

ﬁ
>
EY

A\

S S Uk S U2 S VR S Uk
and so on which in turn imply

upo S U1 <o S Uk <o S Uk < L0101 < U0,0-
Moreover, by assertion (c), ug,o0 > Agvg,0 and

up,1 = A(ug,0, vk,0) > A(AeVk,0, Vk,0) = A(Akvk,0, A—lkAkvk,o)
> M A(Vk,0, AkUE,0) = AA(Vk0, Uk, 0) = ARk 1
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and so on, i.e. ug p > AUk K, We get

ik — Uk k < Uk k — AUk k = (1 — Ap)vge < (1 — Agp)vo,o-

Since \;y — 1 and P is normal, using a similar reasoning as in Theorem 2.1
we see that there exists * € P such that A(x*,z*) = z*.

Necessity: Assume that z* is a fixed point of A, i.e. A(x*,z*) = z*.

Denoting ug o = Z—Ex* and vg o = Z—ﬁx* we get

k+1 , k+2 *>Zk:+1

A(ug,0, Vk,0) = A( ——A(x",x") = ugo

kvr2 k1t k+2
k+2 k+2A(* S k+2A<k+1 k42 )
v = —r = —- xr , T = v T U
S A E+1v E+1 \k+2 P01 ™0
k+2 k+1
A =A
e el (V.05 Uk.0) (Vk,0, Uk,0)

ktl ., _k+2
Uk = ——=T
PO 2 Tkt

*
T = Uk4+1,0

k+2 ., k+3
v = —X r =
k,0 k+ 1 il k+ 2 k41,0
k+1 , k+1 k+1 k+1 k
Uk, 0 = =

B = X > X .
k+2r T ka2 k20T ki S kgt

Thus, if we choose A\, = ](C]i’f;)lg), then ugo > Apvgo and Ay — 1 as k — oo.

This completes the proof B

Remark 4. According to the best of our knowledge, for sublinear oper-
ators A, sufficient and necessary conditions for the existence and uniqueness
of fixed points have not been given in the literature so far.

4. Example

Let E = Cg(RY) denote the set of all bounded continuous functions on R¥.
Equipped with the natural norm ||z|| = sup{|z(t)| : t € RN}, E is a real
Banach space. The set P = C};(RY) of non-negative functions in Cp(RY) is
a normal and solid cone in Cg(RY). We choose h = 1 € E and consider the
integral equation

£(t) = (Az)(t) = /

k(t, ) [2 + a(s)eUlel) - gp(s)=allz] gg (4)
RN

where a: (0,400) — (0, 1) is non-decreasing.
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Proposition 4.1. Assume that k : RN x RY — R is continuous with

k(t,s) > 0 and 37 < [pnk(t,s)ds < 135 (¢ € RN). Then equation (4)

has exactly one positive solution x* satisfying 0.1 < x*(t) < 0.9 (t € RY).
Moreover, starting from (zo(t),yo(t)) € [0.1,0.9] x [0.1,0.9] and constructing
successively the sequence (2), the corresponding results hold.

Proof. Equation (4) can be written in the form = = A(x,z), where
A(z,y) = A1z + Agy with

(Aia)(t) = [ k() [2+ 2() 0D ]ds

(t € RM).
(A2y)(t) = /RN k(t, s)y(s) "D gs

Let ug = 0.1 and vg = 0.9. Since A : P, x P, — P} is non-decreasing in x
and non-increasing in y, for all 0 <t < 1 and u,v € P}, we get

A<w7 E) :/ ]{;(t73)[2+ta(t||u||)u06(t||u||)_|_toé(%HvH)U—Oé(%HUH)}dS
t RN
2/ k(t, ) [2t@<%> 1 e allul) Ha(%)v—a(nvm]ds
RN

> ta<%>/ k(t, 5) [2+ua<nun> H—a(nvn)]ds
]RN

= t“(%)A(u,v)
= t°® A(u,v),

and

A("U,(), UO) = k(t, S) [2 —+ 0_10‘(0-1) + O,Q_Q(O'l)} ds

N

W,
—

k(t,s)[2+ 0.1+ 1]ds

N

V4
o
=

:uo

A(vo,up) k(t,s) [2 +0.92009) 4 0-1_a(0‘1)}ds

N

I
N

IA

k(t,s)[2 +10 4 1]ds
RN

9= Vo-

IN
o

So all conditions of Theorem 2.1 are satisfied. Consequently, A has exactly one
fixed point z* in [0.1,0.9], and this fixed point is the unique positive solution
of equation (4) in [0.1, 0.9].
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