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A Class
of Linear Integral Equations and Systems
with Sum and Difference Kernel

L. von Wolfersdorf

Abstract. By means of Fourier transform and Cauchy integral techniques a com-
plete investigation of a class of linear integral equations and corresponding systems
of equations of cross-correlation type in the Lebesgue spaces L' and L? is per-
formed. Integral equations of first and second kind are reduced to explicitly solvable
Riemann-Hilbert problems for a holomorphic function in the upper half-plane and
the system of equations to conjugacy problems for a sectionally holomorphic func-
tion, where in the case of a finite interval also the analytic continuation of the
solutions to the lower half-plane can be carried out in explicit way. Further, a resol-
vent representation of the solution to the integral equation and its adjoint equation
is derived.
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1. Introduction

Cross-correlation technique is an important method for investigating real- and
complex-valued signals in general signal theory [11]. In this paper we study
related linear integral equations of the second kind with a given input signal
as kernel and the sum of both-cross-correlations of it with the wanted signal
as solution in the cases of the half-axis and of a finite interval, respectively.
Equation (2.1) on the finite interval (0,7") can be considered as a special
case of equation (2.2) on the half-axis for a right-hand side with support on
[0, 7] (measurement of the output signal on [0,77]) but with the additional
requirement that also only solutions (wanted signals) with support on [0, 7]
are taken into account. Therefore, a separate treatment of equation (2.1) for
finite T is given.
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Equations (2.1) - (2.2) also occur in the theory of Markov processes. The
homogeneous equation (2.2) with a probability density as kernel is Feller’s
equation [3] who obtains its solution by eyes and verification. In a systematic
way Berkovi¢ [2] found this solution by reducing Feller’s equation (as well as
the general inhomogeneous equation) via Fourier transformation to a bound-
ary value problem of Carleman type for a holomorphic function in the upper
half-plane.

Our approach generalizes the Fourier transform method in the manner like
in [13, 14]. Using a modified (mixed) form of the Fourier transformation we
reduce the integral equations (2.1) - (2.2) directly to the well-known Rieman-
Hilbert problem for a holomorphic function in the upper half-plane and the
corresponding system of two integral equations (6.1) - (6.2) to a conjugacy
problem of Riemann (or Hilbert) type for a sectionally holomorphic function.
Due to the analyticity of the data in these problems their solutions can be
given in a form simpler in comparison to the general theory. In the case
of equation (2.1) and the system of equations (6.1) - (6.2) with finite T the
holomorphic functions in the upper half-plane have analytic continuations to
the lower half-plane which also can be constructed in an explicit way. This
yields the explicit solutions to the equations of the second kind.

The integral equation (2.1) in the real case can be considered as lineariza-
tion via the Fréchet derivative of the finite autocorrelation equation of second
kind (Percus-Yevick equation). In this context Nussbaum [18] determined the
spectrum of the integral operator in equation (2.1). We further remark that
the system of equations (6.1) - (6.2) for T" = oo with a special class of real
kernels is studied by Arabadzhyan [1] by the method of successive approxi-
mations.

In the case of integral equations of the first kind (5.1) - (5.2) some ad-
ditional assumptions are required for the existence of the solution. Further,
we represent the solution of equation (2.1) for finite 7' (formally) in resolvent
form which leads to the explicit solution of the adjoint equation, too. For
convenience, we deal with equations in L?-spaces but make a remark to the
case of L'-spaces in the Appendix at the end of the paper.

The plan of the paper is as follows. In Section 2 we state the integral
equations and the mixed Fourier transformations. The solutions of equations
(2.1) - (2.2) are derived in Section 3 in the regular case and in Section 4 in
the singular case. In Section 5 we briefly deal with corresponding equations of
the first kind (5.1) - (5.2). The more complex case of system of two equations
(6.1) - (6.2) is treated for the regular and singular case in Sections 6 and 7,
respectively. Finally, in Section 8 some examples are worked out in detail.
The resolvent form of the solution is derived in the Appendix.
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2. Statement of equations

For T' > 0, we deal with the linear integral equations

p(t) — / R(pls 4+ t)ds — / kst p®ds=g(t)  (21)

on (0,T) for a complex-valued solution p € L?(0,T), given complex-valued
kernel k € L'(0,T) and right-hand side g € L?(0,T) and with equation

p(t) — /OOO @p(s +t)ds — /Ooo k(s + t)@ ds = g(t) (2.2)

on R, = (0,00) for complex-valued functions p € L?(R, ), kernel k € L'(R, )
and right-hand side g € L?(Ry). These equations contain the correspond-
ing real equations with real-valued p, k and g as important particular cases.
Further, we remark that equation (2.1) can be considered as special case of
equation (2.2) for k = g = 0 in (T, 00) where only solutions p with p = 0 in
(T, 00) are looked on.

Equation (2.1) can be written in the form p— Ap = g with integral operator
A defined by

(Ap)(#) = /t F(s — Dp(s) ds + /0 k(s + O)p(s) ds

on (0,7"). By means of Young’s inequality, || Ap|2 < 2||k||1]|p||2 follows where
|-|l2 and ||-]|1 are the norms in L?(0,T) and L'(0,T), respectively. Therefore,
for k € L*(0,T) the operator A is bounded in L?(0,T). Further, the operator
A can be represented as sum of two convolution operators, and by a well-
known theorem on the compactness of convolution operators with summable
kernels in LP, 1 < p < oo (cf. [17: Chapter 2/Section 2.5]) A is compact in
L?(0,T), too. Moreover, if in addition & € L?(0,T), then the operator A has
finite double-norm, i.e. it is of Hilbert-Schmidt type. Therefore, Fredholm
theorems hold for equation (2.1) with k € L(0,T).

The homogeneous adjoint equation to (2.1) is given by (cp. [8: Section
11])

t T—t
q(t) = /0 k(t — s)q(s)ds + /0 k(s +1t)q(s)ds (2.3)

on (0,7). Necessary and sufficient solvability conditions for equation (2.1)
have the form

Re/ g(t)g;(t)dt =0 (j=1,...n) (2.4)
0
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where {g; 7—1 Is a complete system of linearly independent (with respect to
linear combinations with real coefficients) solutions of equation (2.3). In the
following the validity of the Fredholm theorems are shown by our constructive
solution method in a direct manner without relying on the theory.

To equation (2.1) we apply the mized Fourier transformation F; defined
by

T
(Fih)(z) = Re/ e@th(t) dt (r € R) (2.5)
0
mapping complex functions h € L?(0,T) into real quadratic summable func-

tions F1h on R. From Fih = v for real v € L?(0,T) of form (2.5) with
complex h € L?(0,T) we obtain the inversion formula

L[>~ .
ht) = + / eiTy(z)de  (0<t<T). (2.6)
™ — 0o
Namely, we have
T 1 T o
Re / eth(t) dt = 3 / (€' h(t) + e "' h(t)]dt
0 0
1o
=— e h(t) dt
2 )T
_1 @ (t) dt
= 2 _Ooe

I
=
2

for x € R if we put h(t) = h(—t) for t € (—T,0) and h(t) = 0 outside [T, T].
Hence (2.6) follows. An analogous inversion formula of the same form is valid
for the transformation

(Fah)(z) =ilm /OT eth(t) dt (x € R) (2.7)

to be used later in Section 6, too.
For h = Ap with p € L?(0,T) the relation

Fi1(Ap)(xz) = Re [WF(w)} (r € R) (2.8)

with finite Fourier transforms

(z € R) (2.9)
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holds. The proof follows by a simple calculation: we have

/OTeiﬂ[/OT_t@p(S—f—t)ds—{—/T_tk(s—|—t) (s )ds]dt
T :/OT s etp(s +t)d / (s 4+ 1) dt - p(s )]d

/

Tr pT P
/ / ezmap( )dO‘ e zxsk, / mak da-emsp(s)]ds
0 LJs
/

Tr ps ) T o —
/ e k(o) do - e Sp( +/ k(o do-e_”sp(s)] ds
LJo

and

Re /0 it (Ap) (1) dt

%{ATé”@@ﬂﬂdﬁ+LTé“@@Xﬂd4
i e~ k(o) do - : e'™p(s) ds
21 Jo 0

T . T . —
+/ k(o) do / e "p(s) ds]
0 0

_ %[WF@:) + K (2)F(z)]

— Re[K@F ()]

Relation (2.8) holds true for 7' = oo with the Fourier transforms
Flz) = / p(B)ei™t dt
0

o (x € R). (2.10)
K(z) = /0 k(t)e™tdt

Remark. The equation

m@—A Hﬁﬂﬁﬁ%+A_Mﬁﬂm@®=m@

on (0,7) can be reduced to equation (2.1) putting p; = ip and g1 = ig. In
the real case it may be more straightforward to treat this equation directly by
applying the Fourier sine transformation to it. (Remind that transformation
(2.5) reduces to the Fourier cosine transformation in the real case.)
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3. Method of solution — the regular case

Applying the transformation F; to equation (2.1), in view of (2.8) we obtain
the condition
Re[(1- K(z))F(z)] =G(z) (z€R) (3.1)

where G = Fig € L3(R), i.e.
T .
G(z) = Re / () dt (z € R). (3.2)
0

By the assumption g € L?(0,T), the real-valued function G is continuous on

R and vanishes for 2 — +o0o0. The complex Fourier transforms of p € L?(0,7T))
and k € L1(0,T)

o= /O ped (z =z +1iy) (3.3)

K(z) = /O " ket

are entire functions of exponential type which are bounded and vanish at
infinity on Im 2z > 0 and have continuous values on R.

We construct the Fourier transform F' of the solution p to equation (2.1)
in two steps. At first we derive F' on the upper half-plane Im z > 0 as solution
of the Riemann-Hilbert problem with boundary condition (3.1) on R, and then
we perform an analytic continuation of F' across the real axis into the lower
half-plane Im z < 0. The Riemann-Hilbert problem (3.1) is equivalent to the
conjugacy problem [4, 7]

O (x) = A(x)® (z) + H(z) (x € R) (3.4)

for the sectionally holomorphic function

_[F(z) inImz>0
(2) = { “F(E) inlmz<0 (3:5)

satisfying the symmetry relation ®(zZ) = —®(z) and the limiting relation
®(00) = 0 where
1-K 2G
Aw) = L2 E@ gy 2 26@) (3.6)
1—K(x) 1 - K(x)

satisfy the limiting relations A(+o0) = 1 and H(+o0) = 0.
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In the regular case we have

1-K(z)#0 (x € R). (3.7)
We introduce the index
K= % larg(1 — K(m))]R (3.8)

which is finite and equal to the number of zeros of the function Ki(z) =
1 — K(z) in the upper half-plane. Hence x > 0. We remark that in [4] the
index is defined by expression (3.8) with 1 — K (z) replaced by A(z), i.e. by
2k. We prefer to work with x equal to the number of zeros of K7 in Imz > 0
which is in analogy to the real case.

In the case Kk = 0 the homogeneous problem (3.4) has only the trivial
solution ® = 0 satisfying ®(co) = 0. The solution of the non-homogeneous
problem (3.4) is given by

°0={3-() nime 2o @9
where
O (2) = Zj’(z) = Ki(2)¥(z) (3.10)
O (2) = Ko(2)¥(2)
with K1(z) =1— K(z), K2(z) = K1(z) =1 — K(2z) and
_ L [T el d z) = Ki(z T
Vo - = [ Gaeer BW-K@KE. @)

In view of (3.7) the real function B(x) = |1 — K(z)|? is positive on R with
B(400) = 1. From (3.10) - (3.11) and the Plemelj-Sochozky formula we obtain
F onR as

F(z)=®"(2) = [?2((9;)) +K1(:c)% /_Oo % i—gx (3.12)

which by G € L?(R) is in L?(R), too.

In the case k > 0 the function K has the zeros z; (j =1,...,x)inImz >0
counted according to their multiplicities. The solutions of the homogeneous
problem (3.4) can be easily constructed by analytic continuation writing the
conjugacy condition in the form

R(z)®*(x)  R(z)® (x)
K1 (.I‘) KQ((B)

(x € R) (3.13)
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with polynomial of degree 2k
R(z)=[](z = 2)(z - %) (3.14)
j=1

satisfying R(Z) = R(z). From (3.13) the general solution of the homogeneous
problem (3.4) has the form

20 = {35 intms <0 (19

where
@H@EPM@:%;Z%B%JQ) (Im 2 > 0) (3.16)
£K@—%;Z%Ri4@) (Im z < 0) (3.17)

with a polynomial P9, of degree 2 — 1 which in view of the relation ®(z) =

—®q(z) has (arbitrary) real coefficients.

Further, as a particular solution ®; of the non-homogeneous problem (3.4)
in the case Kk > 0 we can take the same solution (3.9) as in the case k = 0.
This yields the general solution F' of the non-homogeneous problem (3.1) in
the upper half-plane in the form

_ Kl(z)

iPa_1(2) + K1 (2)¥(2)  (Imz > 0) (3.18)

where K3 (2) = 1—K(z), R and ¥ are given by (3.14) and (3.11), respectively,
and Py, is a polynomial of degree 2x — 1 with real coefficients. Because of
additional conditions resulting from the analytic continuation of F' into the
lower half-plane below we have to choose the polynomials P9, and Ps,_1 of
the homogeneous and non-homogeneous problem (3.1) as different, in general.
The values of F' on R are given by the Plemelj-Sochozky formula in the form

(cp. (3.12))
Kl (I)
R(x)

G(x) 1 /°° G(§) d§
K () T ) oo B(§) €=

In the second step we continue F' analytically across R into the lower
half-plane. From (3.16) we have for the homogeneous problem (3.1)

_ Kl(Z)

Foz) =Ry

iP) (z) (Imz<0) (3.20)
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and from (3.18), observing the Plemelj-Sochozky formulae, for the non-homo-
geneous problem (3.1) we have

_ K1 (Z)
R(z)

iPo—1(2) + %EZZ; + Ki1(2)¥(2) (Im z < 0) (3.21)

with real polynomials Py, | and P, _; of degree 2x — 1, funtion ¥ defined by
(3.11), and function

G(z) = = /O [g(t)e™™ + g(t)e™ "] dt (3.22)

satisfying G(Z) = G(z).

The functions Fy and F' must be finite in the points zZ; (j = 1,...,k)
which are the zeros of the functions R and K5 in the lower half-plane. Let us
assume here that z; are simple zeros of K; in the upper half-plane, shifting
the general case of multiple zeros to the Appendix. Then solution (3.20) of
the homogeneous problem (3.1) should fulfil the conditions

Ki(Zj)Py,1(Z) =0 (j=1,...,K) (3.23)

for the 2x real coefficients of P9._,. If Z; is a zero of K7, the corresponding
condition (3.23) is fulfilled. Otherwise, for K;(Z;) # 0, it is equivalent to the
condition P53, _;(z;) = 0 or, what is the same, to P9, _(z;) = 0. So, if

_ 0 for j =1,...,ko
K ) = < < .
1Z)) {740 for j=kro+1,....K (0 < ko < x), (3.24)

conditions (3.23) are equivalent to the k — kg complex of conditions
Py, _1(2) =0 (J=ro+1,...,kK) (3.25)

leaving free n = 2k( real parameters in the polynomial Py ;. Le., for the
homogeneous problem (3.1) there remain n = 2k linearly independent solu-
tions (over the real field). The polynomial PJ.__; in the general solution Fy(z)
of the homogeneous problem (3.1) has the form

K

Py 1(2)= ] (z=2)(z—2)@,_1(2) (3.26)

Jj=ko+1

where Qgﬂo_l is an arbitrary real polynomial of degree 2xy — 1.
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For solution (3.21) of the non-homogeneous problem (3.1), the conditions
Kl(zj)PQ,i_l(?j) == 27:Ej G(Ej) (j = 1, ceey Ii) (327)

have to be satisfied with constants ¢; = lim, .z, [%} # 0. These conditions

split up into the kg complex of solvability conditions for the non-homogeneous
problem (3.1)
G(Zj) =0 (_] = 1, ceey Ii()) (328)

and the k — kg complex of conditions for Py, 1
Z'Pg,i_l(Zj) = de G(Zj) (] =Ko+ 1,..., FL) (329)

with (non-vanishing) constants d; = ch(jzl) = KQ%Z,) lim, ., II; ((ZZ)) If P},

is a particular real polynomial satisfying conditions (3.29), then the polyno-
mial P5,_1 in formula (3.21) for the general solution of the non-homogeneous
problem (3.1) is given by Py, 1 = PS. 1+ P4, with PY.__, defined by (3.26).
By (3.22), the solvability conditions (3.28) for the non-homogeneous prob-
lem (3.1) are of form (2.4) with the n = 2k linearly independent functions

(_1) — —ith + e—iz]‘t

qj( ) _ [e—izjt _ e—izjt}
It is easy to verify that these functions are solutions of the homogeneous
adjoint integral equation (2.3) if fOT k(t)et=itdt = fOT k(t)eZitdt = 1.

It remains to prove that the function F' defined by (3.18) and (3.21) with
values (3.19) on R can be represented as a finite Fourier integral of form (3.3)
with p € L2(0,T). In view of G € L*(R), from (3.19) we have F € L*(R).
Further, F' is an entire function of exponential type since G and K; are such
ones and 2 is bounded at infinity on Imz < 0. Finally, for applying the
Paley—Wlener theorem [6: Chapter 6/Section E] we show that the parameters

a = limsup % In |F(—iy)|
y—00
b = lim sup % In |F(iy)|
y—00
satisfy the inequalities b < 0 and a < T Indeed, from (3.18) and (3.21), for
y > 0 we have

1P| < )] [t S0 )]
P < i il [P S0 o] 4+ 22D
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For sufficiently large y (> 1) the estimations

. ) . 1
K1 (iy)| < Co, |Ki(—iy)| < Coe?T,  |Ka(—iy)| > o
Py, (iy) Py, 1 (—iy)
22 VI < 22tV <
‘ R(iy) ’ <G, ‘ R(—iy) |~ %

T
2G(—iy)| < / ()] dt - (VT +1) < Do T
0

with Cp =1+ fOT |k(t)|dt and some positive constants Cy, Ca, Dy hold, and

N B el I Gl G
vl s [ g [ avasa [ mge<e

since G € L?(R) and B(z) > d > 0 on R. Therefore, for sufficiently large y
we obtain the inequalities |F(iy)| < A and |F(—iy)| < C + De¥T with some
positive constants A, C, D from which b < 0 and a < T follow. Hence, in view
of (2.9); and the unique invertibility of the transformation i,

1 > :
== / Fla)e™dz  (0<t<T) (3.30)

with F' given by (3.19) is the general solution of equation (2.1).

Theorem 1. Let be k € LY(0,T) and g € L*(0,T), let the function
Ki(z)=1- fo Yelt?dt  (z = x + iy) satisfy the condition Ki(x) # 0 on
R cmd let it possess k simple zeros z; (j = 1,...,k) in Imz > 0 where for
j=1,..,60 (0<ko<K) alsoZ; is a zero of Ky. Then:

(1) The homogeneous equation (2.1) has n = 2k linearly independent
solutions over the real field given by (3.30) with

Ki(z) r | _
R(:C) P2,% 1(z), R(z)= H($ —zj)(x —Zj) (3.31)

j=1

Fo(fli)

where the real polynomial Py, of form (3.26) has zeros in the points z; (j =
ko + 1,...,k) for which K(Z;) # 0.

(ii) The non-homogeneous equation (2.1) is solvable if and only if z; (j =

1,...,k0) are zeros of the function fOT [9(t)e*t + g(t)e~**t]dt. The general
solution of equation (2.1) is given by (3.30), where F' is defined by (3.19) and
the real polynomial Pa,_1 of degree 2k — 1 obeys the 2(k — kq) real conditions
(3.29) in the points z; (j =Ko+ 1,...,K).
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Corollary 1. In the general case of zeros (,, (k = 1,...,7) of K1 with
multiplicities vy, in Im z > 0 the function R in (3.14) is defined by (A.1), and
conditions (3.25), (3.28) and (3.29) must be replaced by conditions (A.5), (A.7)
and (A.3), respectively, in the Appendiz.

Corollary 2. For real-valued kernel k and right-hand side g in (2.1) we
have the relations K(—z) = K(Z) leading to Ko(—2) = Ko(Z) (a0 = 1,2),
and G(z) = fOTg(t) cos zt dt leading to G(—z) = G(Z) = G(z) and real values
G(x) on R. Looking for real-valued solutions p of (2.1), the function F' must

satisfy the relation F(—z) = F(Z). The solution p is then given by

1 [ ‘

p(t) = Re(—/ F(a:)e_mtdx) (3.32)
T Jo

on (0,T). The k simple zeros z; of K1 in Imz > 0 are divided into Ny

zeros of the form z; =iy; (y; > 0; j = 1,...,No) and 2N zeros of the form

zj = xx; +iy; (xj,y; > 0,5 = No+1,....,No+ N) so that kK = Ny + 2N.

The function R in (3.14) is given by

No No+N
R =[]+ [ - D) (3:33)
Jj=1 j=No+1

satisfying the relation R(—z) = R(Z) = R(z) with real values R(z) on R.

The solutions Fy of the homogeneous problem (3.1) defined by (3.16), (3.20)
fulfil the relation Fo(—z) = Fy(2) if the real polynomial P9, has only odd
powers so that we have now k free real parameters in it. Further, the ko zeros
Zj (1=1,...,K0) of K1 inImz < 0 are divided into vy (0 < vy < Ny) zeros
of the formz; = —iy; (y; >0; j=1,...,10) and 2v (0 < v < N) zeros of the
formz; = tx; —iy; (x;,y; >0;j=No+1,...,No+v) so that kg = vy + 2v.
Therefore, conditions (3.25) split up into the Ny — v real conditions

Py 1(iy;)=0  (j=w+1,..,No) (3.34)

and the N — v complex conditions
PY _i(xj+iy;))=0 (j=No+v+1,..,Ny+N), (3.35)

i.e. together there are Ny — vy + 2(N — v) = Kk — ko real conditions. That
means, the homogeneous problem (3.1) has n = kg linearly independent real
solutions in the real case.

The solvability conditions (3.28) for the non-homogeneous problem (3.1)
take the form

G(Zyj) = (] - ]-7 "'7V0)

0
. . (3.36)
G(z; +1iy;) =0 (j=No+1,....Ng+v)
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which are equivalent to the n = kg = vg + 2v real conditions

T
/ sty dt =0  (G=1,...m)
0 (3.37)

T
| ot @t =0 G =No+ Lo+ )
0

cosz;t - coshy;t

sin z;t - sinh y;t ° In the real case the

where q;(t) = coshy;t and qj’_(t) = {

function ¥ in (3.11) satisfies the relation ¥(—z) = W(Z), and the polynomial
Psy—1 in solution (3.18), (3.21) of the non-homogeneous problem (3.1) contains
only odd powers (like PY._1) and conditions (3.29) reduce to k — ko real ones.

In the general real case with multiple zeros of Ky the function R is defined
by (A.8), and conditions (3.34) — (3.37) must be replaced by conditions (A.5)
with (A.9) and (A.10) — (A.11), respectively, of the Appendiz.

For equation (2.2) the solution can be derived in an analogous manner. But
F'is now a holomorphic function in Im z > 0 only and it has to be constructed
only there. Therefore, we obtain the Fourier transforms Fjy and F' by formulas
(3.16) and (3.18) with boundary values (3.19) where Ps,_1 is an arbitrary
real polynomial of degree 2k — 1. Functions (3.16) and (3.18) are bounded
on Imz > 0 and the boundary values (3.19) are lying in L?*(R). Hence, a
corresponding Paley-Wiener theorem [9: Theorem 8] proves the representation
of Fy and F in the form of Fourier integral (2.11). Then

p(t) ! / h F(z)e ™'z (t>0) (3.38)

o)
represents a solution of equation (2.2).

Theorem 2. Let be k € L'(R}) and g € L*(R.), let the function
Ki(z) = 1— [T k(t)e™'dt (z = z + iy) satisfy the condition Ki(z) # 0
on R and let it possess k zeros z; (j = 1,...,k) (counted according to their
multiplicities) in Im z > 0. Then:

(i) The homogeneous equation (2.2) has n = 2k linearly independent
solutions over the real field given by (3.38) with (3.31) where PY._, is an
arbitrary real polynomial of degree 2k — 1.

(ii) The non-homogeneous equation (2.2) is always solvable and has the
general solution (3.38) where F is defined by (3.19) with an arbitrary real
polynomial Ps,_1 of degree 2r — 1.

Corollary 3. In the case of real-valued kernel k and right-hand side g we
have n = k linearly independent real solutions p of (2.2). The general solution

p is giwen by formula (3.32) in t > 0 where F' is defined by (3.19) with real
polynomial Ps,,_1 of degree 2k — 1 having odd powers only.
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4. Method of solution — the singular case

In the singular case of equation (2.1) the entire function K;(z) = 1 — K(2)
with limits Kj(+o00) = 1 on R has finitely many zeros z,, (m = 1,...,p) of
integer order n,, on R:

Ki(2) =T(2)Ko(2), T(z) = [] (z = 2m)™" (4.1)

where Ko(z) #0 (z € R) and Ko(x) ~ 2™ with N =>" _ . n,, (>1) for
x — too. Then the coefficients in the conjugacy problem (3.4) take the form

Aw) = 200) - gy - 250@) (42)
Ko(z) Ko(z)
with real-valued function G = %

Observing the asymptotic behaviour of Ky at infinity, the general solution
of the homogeneous problem (3.4) with (4.2) is given by

_ Ko(Z)
R(z)

Fo(z) iPye14n(2) (4.3)

where k is again the number of zeros z; of the function K; in Imz > 0, R is
defined by (3.14) and Pj,_,_ \ is a polynomial of degree 2x — 1+ M with real
coefficients. If the zeros z; (j = 1,...,k) of K; are simple, the polynomial
PY._ .y must satisfy the k — ko complex conditions

P) _iin(z)=0  (j=ko+1,.,K) (4.4)

in z; with K;(%Z;) # 0, leaving free n = 2k + N — 2(k — ko) = N + 2k real
parameters in Py, . That means, the homogeneous problem (3.1) has
n = N+2ko (> N) linearly independent (over the real field) solutions, where
ko (0 < ko < k) is the number of (simple) zeros z; (j = 1,..., k) of K in
Im z > 0 which are also zeros of K;(Z).

For the non-homogeneous problem, at first from Gy = % we have the N
real solvability conditions

G® (z,,) =0 (k=0,..,nm—1,m=1,..p). (4.5)

Further, the function G has to fulfill the ko complex conditions (3.28).
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The Fourier transform F' of the solution p of the non-homogeneous prob-
lem (3.1) can be given in the form

[;‘)((5) iPak_14n(2) + Ko(2)¥o(2) if Imz >0
F(z) =
(2) Ko) ypy 1 n(2) + 290G) | Ko (2)Wo(z) if Tmz < 0
R(z) Ko(z)

) =5 [ [(F5) +(55) e s

and Py, 14N is a real polynomial of degree 2k —1+ N satisfying the conditions
(cp. (3.29))

ip2ﬁ_1+N(Zj) == Zd] Go(Zj) (] = Ko + 17 ceey Ii) (46)

with constants d; = = L lim, .., Rz We remark that for even N = 2M

the function ¥ can be given in the simpler form

9 1 [ G d
Wo(z) = (2° + 1)ME/OO (€2 + 1)01\5[§|)Ko§)|2 5—52

The function F' has the values

F) = f;()(f)) iPa1n(2)
. (4.7)
Go(#) 401 ooy Gol8)  dg
TR W JACE S

on R where Q(z,§) = %[(gﬂ)N + (2:2)1\7}’ respectively Q(z,§) = [QE;IHM
for N =2M.

The Paley-Wiener condition can be proved as in the regular case above.

Theorem 3. Let be k € L'(0,T),g € L?(0,T), let the function K;(z) =
1 — K(z) with K defined in (3.3)2 has form (4.1) with Ko(z) # 0 on R and
let Ko possess the k simple zeros z; (j = 1,...,k) in Imz > 0 where for
j=1,..,k0 (0<ko<k) alsoZ; is a zero of Ky. Then:

(i) The homogeneous equation (2.1) has n = N + 2k, with N given in
(4.1), linearly independent solutions over the real field given by (3.30) with

Fo="0iRg iy, R@) =] - %) -2) (4.8)

Jj=1
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where the real polynomial PZO/@—l—&—N of degree 2k — 1+ N has zeros in the points
zj (j =ko+1,...,k) for which Ky(Z;) # 0.

(ii) The non-homogeneous equation (2.1) is solvable if and only if the N
real conditions (4.5) and the ko complex conditions (3.28) are fulfilled. The
general solution of equation (2.1) is given by (3.30), where F is defined by (4.7)
and the real polynomial Pax_14n of degree 26— 1+ N obeys the 2(k — Kkg) real
conditions (4.6) in the points z; (j = ko +1,...,K).

Corollary 4. In the general case of zeros (i, (k=1,...,r) of K1 with mul-
tiplicities v in Im z > 0 the function R in (3.14) is again defined by (A.1) and
conditions (4.4),(3.28) and (4.6) must be replaced by conditions (A.5),(A.7
and (A.3), respectively, in the Appendiz, with PQOK_HN and Psi_14 N instead
of PY. 1 and Pa._1 in (A.5) and (A.3), respectively.

Corollary 5. For real-valued kernel k in (2.1) it follows K1(—x) = K1(x)
so that with xy, (> 0) also —xy, is a zero of K1 onR. Therefore, the polynomial
IT in (4.1) takes the form

II(z) = 2™ H (2 — 1) (2 +2p)] ™" (x> 0)
k=1

and Ky with Ko(x) # 0 (z € R) satisfies Ko(—z) = (—=1)"Ky(Z) and
Ko(x) ~ 27N with N =ng +2> ¢ ny for x — Foo. Arranging the zeros z;
of K1 in Imz > 0 as in Corollary 2, again R is defined by (3.33) satisfying
R(—2) = R(Z). The solution Fy of the homogeneous problem (3.1) defined by
(4.3) fulfils the condition Fy(—z) = Fo(Z) for real solutions p of (2.1) if the real
polynomial P20,£_1+M has only odd powers for even ng and only even powers
for odd ng. Hence, we have k + [%] free parameters in P3,_, ;. Further,
P). 1. s has to satisfy the k— kg real conditions (3.34) — (3.35). That means,
the homogeneous problem (3.1) has in the singular real case n = kg + [%}
linearly independent real solutions.

Solvability conditions for the non-homogeneous problem (3.1) with (4.1)
in the real case are given by conditions (4.5) in the points xo = 0, +z, (k=
1,..., p1), respectively, and the kg real conditions (3.36). But for real right-hand
side g in (2.1) the function G defined by (3.2) is even such that conditions (4.5)
in the points —xy, (k=1,...,p1) are left out and there remain n = Ko+ [%}
linearly independent real conditions. The general real solution of the non-
homogeneous equation (2.1) is given by formula (3.32) where F' is defined by
(4.7) with real polynomial Pax_14n of degree 2k — 1 + N possessing for even
N only odd powers and for odd N only even powers (like Py, ).

For equation (2.2), where T' = oo, the function K; on R can have infinitely
many zeros and zeros of non-integer order. Avoiding further lengthy discus-
sions we restrict ourselves to the most important case of finitely many zeros
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of integer order such that again (4.1) holds. Then, proceeding as above, we
obtain

Theorem 4. Let be k € L'(Ry),g € L*(R,), let the function Ki(z) =
1— [ k(t)e' dt have form (4.1) where Ko possesses k zeros zj (j =1,...,K)
(counted according to their multiplicities) in Im z > 0 and let the function G
given by (3.2) be sufficiently smooth near the points x,, (m =1,...,p). Then:

(1) The homogeneous equation (2.2) has n = N + 2k linearly independent
solutions over the real field given by (3.38) with (4.8) where P, _,,  is an
arbitrary real polynomial of degree 2k — 1+ N.

(ii) The non-homogeneous equation (2.2) is solvable for any right-hand
side g satisfying the N real conditions (4.5) and has the general solution (3.38)
where F' is defined by (4.7) with arbitrary real polynomial Pay—14n = P31, n
of degree 2k — 1 + N.

Corollary 6. In the real singular case we have for homogeneous equation
(2.2) n = s+ [MH] linearly independent solutions of form (3.32) with T = oo
and (4.8) where the real polynomial Py, y of degree 26 —1+N has only odd
powers if N is even and only even powers if N is odd. The general solution
of the non-homogeneous equation (2.2) is given by (3.32) with T = oo and
expression (4.7) for F where Py 14N = P20ﬁ_1_|_N and the [%} solvability
conditions (4.5) in the points xg = 0 and x, > 0 (k = 1,...,p1) must be

satisfied.

5. Equations of the first kind

We briefly deal with the equations of the first kind
T—t T—t -
/ k(s)p(s+1t)ds+ / k(s +t)p(s)ds = g(t) (5.1)
0 0
/ k(s)p(s +t) ds + / k(s +t)p(s)ds = g(t) (5.2)
0 0

on (0,7) and R, respectively, where we assume that k,g € L?(0,7) and
ke LY(Ry)NLARy), g € L2(R,), respectively. We are looking for quadratic
summable solutions p again. Applying the transformation F; to equations
(5.1) and (5.2), the condition

Re[K (z)F(z)] = G(z) (r € R) (5.3)

is obtained where again G = F1g € L?(R). The complex Fourier transforms F
of p and K of k are holomorphic functions in Im z > 0, bounded on Im z > 0
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and vanishing at infinity in Im z > 0, and for 7" < 0 they are entire functions
of exponential type.

As in Section 3, at first we construct the holomorphic function F' in Im z >
0 as a solution of the Riemann-Hilbert problem (5.3) reducing this one to the
conjugacy problem

Ot (z) = Ag(z)® ™ (z) + Ho(x) (z € R)

for the sectionally holomorphic function ® defined by (3.5) and satisfying the

relation ®(z) = —®(z) with ®(c0) = 0, where Ag = % and Hy = % with

Ko(z) = K(z) (in this section we partly use other notations as in the sections
above).

For the homogeneous equations (5.1) and (5.2) we have the condition
Ko(z)®t(z) = K(z)® (x) (x € R). (5.4)

Problem (5.4) has the solution

(I)(Z):{CiK(z) inImz >0 (5.5)

CiKp(z) inlmz<0

with arbitrary C € R and Ky(z) = K(Z). This gives the obvious solution
p = Cik to the homogeneous equations (5.1) and (5.2). There are further

solutions

B(2) = {z’PN(z)K(z) inImz>0

iPn(2)Ko(z) inImz<0

of (5.4) where Py is a real polynomial of degree N > 1 if the kernel k is
N times differentiable, with k(™ (0) = k(T) =0 (n =0,...,N — 1) and
k) € L2(0,T) for equation (5.1) and k(™ (0) = lim; .o k™ (t) =0 (n =
0,..,N —1) and k™ ¢ L?(R,) (n = 0,...,N) for equation (5.2). The
corresponding solutions p of the homogeneous equations (5.1) and (5.2) are

p(t) =i ani"k™(t)  (an €R) (5.6)
n=0
if Py(2) = Zi\f:o a,z.

Finally, let K have the zeros z; (j =1,2,...) of order v; > 1inImz >0
where Z; is a zero of order p1; > 0 of K in Imz < 0. Then

. Pan(2) :
12 K (z imImz >0
O(2) = { R(z) (2)

i%z()z)ffo(z) in Imz < 0,
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where R(z) = H;Zl(z—zj)”j (2—%;)" and N = 22:1 vj, with arbitrary r > 1
zeros z; yields a solution of (5.4). The corresponding holomorphic function
F(z) = i 22E K(2) (2 € C) is regular in Imz < 0 if the real polynomial

R(z)
P, N satisfies the complex conditions
PR =0 {12 omests 657

which leave free

p=2N+1)-2) max(y; —p;,0) =142 min(;,p;) >1 (5.8
j=1 j=1

(real) coefficients in Psn. Therefore, for any combination of r zeros z; with
multiplicities v; of K in Im z > 0 we obtain the solutions

B 27r/ R(x)

p(t) e g

— 00

for T'= oo with an arbitrary real polynomial P,y of degree 2N = 2 Z;:1 vj.

For T < oo the polynomial Py has to fulfil conditions (5.7) giving p,
defined by (5.8), linearly independent (with respect to the real field) solutions.
In particular, if the orders v; and p; of the zeros z; and z; of K are equal,
we have 2N + 1 solutions as for T' = oo, and if u; = 0, we come back to the
solution p = Cik from (5.5).

If the kernel k is real-valued and we are looking for real solutions p, too, the
function F' must satisfy the relation F(z) = F(—%) such that the polynomial
Pyn could have only odd powers. In particular, solution (5.5) falls out and
in (5.6) we have the coefficients a,, = 0 for even n. Further, for zeros of the
form z; = iy; (y; > 0) conditions (5.7) are real and for zeros of the form z; =
+x; +14y; (y; > 0) conditions (5.7) for fixed j coincide. Therefore, if we take
r = 8o+ 2s zeros zj of K in Imz > 0 with z; =14y, (y; >0;j=1,...,50) and
zj =x;+1y; (xj,y; >0;j=s0+1,...,50+5), we have max;<;<s, (¥; — f15,0)
and 2maxg,4+1<;<so+s(¥; — 1j,0) real conditions (5.7) yielding

S0 so+s
po=N— max(y; —p;,0) =2 > (v +4;,0)
Jj=1 j=so+1

T
=Y min(y;, 45) > 0
j=1

linearly independent real solutions of the homogeneous equation (5.1) and N
real solutions of the homogeneous equation (5.2).
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In the case of the non-homogeneous equations (5.1) and (5.2) we assume
that K(z) #0 (z € R) and for equation (5.1) also that K has no zeros in the
finite half-plane Im z > 0. We restrict ourselves to a discussion of the (formal)
solution (cp. (3.18), (3.21))

(5.9)

K(z)U(z) inImz >0
F(2) =\ K(2)0,(2) + 208 inImz <0

for T < o0, and F(z) = K(2)Up(z) (Imz > 0) for T = oo where Ky(z) =
K (Z), G is again defined by (3.22), and

T mi ) oo Bo(§) £z Bo(z) = K(z)Ko(z) = [K(z)[".

We further assume that B% € L?(R). In virtue of this assumption the values

of FonR
G()

Ko(z) m B() —x

F(z) = (5.10)

define a function in L?(R) since K is bounded by k € L*.

For equation (5.1) we have to show that (5.9) represents an entire function
of exponential type which satisfies the Paley-Wiener condition for represen-
tation (3.3). The first statement is fulfilled if |IG(((‘2))| < CexplA|z|]] (C,A >
0; Im z > 0) for large |z| which we assume. For this an estimation of the form
|K(z)| > Cyexp[—Ap|z|]] (Co, Ag > 0; Imz > 0) for large |z| is sufficient. For

the parameter

1 1
b= limsup — In|F(iy)| = limsup — In |K (iy) Vo (iy)|
)

y—oo Y y—o0

we have b < 0 in view of the relations |K (iy)|, | Vo (iy)| = O(1) for y — oo (cp.
Section 3). For the estimation of the parameter

1
a = hmsup In |F(—iy)| =limsup — In |K(—y)Vo(—iy) + ———=
msup - |F(—iy)| msup - (—iy)Wo(—iy) Ko(—iy)

we use the relations (cp. Section 3 again)

K (~iy)| = O(e"")
[Wo(—iy)| = O(1) (y — o)
|G (~iy)| = O(e?")
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to obtain

F(—iy)| = O(e’7) m +1.

Hence we have a < T if additionally we assume limy_,ooé In|K(iy)] > 0
which is, for instance, satisfied if |K (iy)| > C1y~? (C1,8 > 0) for large y. In
particular, this is fulfilled with § = 1 for a real kernel k satisfying k(t) > 6 > 0
in [0, 7).

For equation (5.2) we ensure that F(z) = K(2)¥,(z) is a bounded func-
tion on Imz > 0 assuming in addition to B% € L*(R) that B% is a Holder-

G(z)
BQ (.’E)

continuous function in R with | | < Const |z|~* (a > 1) for large |z|.

The solution p for equations (5.1) - (5.2) is then given by formula (3.30)
with F' defined in (5.10). In particular, if £ and g are real-valued functions
such that K(—z) = K(z), B(—z) = B(z) and G(—z) = G(z) = G(z), the
function F' satisfies also the relation F(—z) = F(z) and p is a real-valued
solution which can be obtained from formula (3.32).

6. System of equations — the regular case

Finally, we treat the system of equations

Pa(t) = (Aap)(t) = galt)  (@=1,2) (6.1)

on (0,T) for complex-valued p = (p1,p2) € L?(0,T) x L?(0,T) where

(Arap)(t) = /0 1205 pro(s + ) ds + /0 har(s+ ) paa(s)ds  (6.2)

and the corresponding system for 7" = oco. Again we assume that k;o €

LY(0,T) and g1 2 € L?(0,T). To equations (6.1) - (6.2) we apply the mizved
Fourier transformation

(Fh)(x) = /O [ hy(t) + e " ho(t)]dt (6.3)

which maps a pair of complex functions h = (hy,hs) € L?(0,T) x L*(0,T)
into complex functions Fh € L?(0,T). It follows

Fh = Fi(hi + ho) + Fo(h1 — ha) (6.4)
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with F7, Fs defined by (2.5), (2.7) and mapping quadratic summable complex
functions into real and purely imaginary quadratic summable functions, re-
spectively. As in Section 2 this yields the inversion formula F (h1,hy) =~ for
v € L?(0,T) of form (6.3) as

1 R
hi(t) = %/ e "ly(x)dr

T
ha(t) = %/ e "y(x)dr

n (0,7). Formulae (6.3) and (6.5) are valid for 7" = oo, too.
For h = (hy,ha) = (A1p, Aap) with p = (p1,p2) € L*(0,T) x L?(0,T) the
relation

F(Arp, Asp)(z) = K1 (z) )Fl( )+K2(1‘)W (6.6)

with F( fo po(t)e®tdt and K, ( fo )etdt (o = 1,2) on R
holds. The proof of (6. 6) is quite analogous to the one for the similar relation
(2.8) in Section 2 and is omitted. Relation (6.6) is also valid for T = oo with
Fourier transforms F,, ( fo Pa(t)e®tdt and K, ( fo Yeltdt (o
1,2) on R.

By (6.6) the system of equations (6.1) - (6.2) is reduced to the problem
of finding the Fourier transforms F,, (a = 1,2) of the solutions p, satisfying
the condition

[1— Ki(2)]F1(7) + [1 — Ko(2)]Fa(z) = G(z)  (z€R) (6.7)

where G = Fg € L2(0,T) for g = (g1,92), i.e. G(z) = fOT (g1 (t)e™ +
g2(z)e*t]dt (x € R). Welook on (6. 7) as a Riemann-Hilbert type problem for

the bounded holomorphic functions F, ( fo e#tp(t)dt (z = r+iy) in the
upper half-plane vanishing at infinity. Introducmg the sectionally holomorphic

function i) e
_ 1(z ifImz >0
(z) = { —Fy(z) ifImz <0,
(6.7) writes as the conjugacy condition for ® with ®(c0) =0 (cp. (3.4))

<I>+(x) = A(x)® (z) + H(x) (x € R) (6.8)
where
1 - Kj(x) o) = G(z)
A(x)——l_m, H( )——1_m. (6.9)

For simplicity of presentation, here we restrict ourselves to the regular
case where

1—Ku(z)#0 (reR;a=1,2) (6.10)
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shifting the singular case to the next section. The index of problem (6.8) with
(6.10) is defined by k = k1 + ko With ko = 5= [arg(l — Ka(x))]R (a=1,2)
where k,, are finite non-negative numbers equal to the numbers of zeros of the
functions Ly (2) =1 — K4 (2) with K, (2) = fOT ko (t)etdt (z=z+1iy) in
the upper half-plane.

In the case kK = 0 the homogeneous problem (6.8) has only the solution
¢ = 0 satisfying ®(co) = 0. The solution of the inhomogeneous problem (6.8)
is given by

)= ®T(z) inImz>0 where DT (2) = Fi(2) = La(2)¥(2)
M>—{¢1@ inmz<0 "0 {@1@:—B@yﬂm@w@)

with Ly (2) =1 — Ko (2), Mo(2) = Lo(Z) = 1 — K4 (Z) and

_ b Oow de )= x x
U(z) = 57 /_OO © E—2 B(xz) = M;(z)La(x). (6.11)

By (6.10) we have B(x) # 0 on R with B(+o0) = 1. Further,

Fi@) = 0* (@) = & Efz) 4 L22) / ” Gg

) _d¢
)E—x
1 G(z)  Li(x) G(§) (6.12)

e =G d
Fy(z) = -2 ()—QMQQ,;)Jr ommi /_mmf—w

i

— 00

on R, where B(z) = Li(z)Ms(x). The complete functions F,, (o =1,2) are
then defined by

Lo (2)¥(2) ifImz >0

Fi(z) = { S 4 Ly (2)0() if Imz < 0
(6.13)

—L1(2)¥(Z) ifImz>0

GEZ)Ms(2) + Ly (2)¥(Z) ifImz <0

where G(z) = fOT [g1(t)e'*" + go(t)e**]dt. As in the case of equation (2.1)
the functions F,, obey the Paley-Wiener conditions so that

Pa(t) L /00 e E, (x) dx, (6.14)

:% .

with F, € L?(R) given by (6.12), represent the solutions of system (6.1) -
(6.2) in the case k = 0.
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In the case & > 0 the functions L; and Lo have zeros z; (j = 1,...,7)
with multiplicities n; and zeros (; (k = 1,..., p) with multiplicities vy, respec-
tively, in the upper half-plane where x; = 22:1 nj and ko = > h_; v,. The
homogeneous problem (6.8) can be written in the form
B ) ()
Ly(x) My ()
with polynomial R(z) = []_,(z —%;)™ - [t (z — Ck)"* of degree k. From

7j=1
(6.15) we obtain the general solution of the homogeneous problem (6.8)

) {wz), B (2) = F(2) = ZE PY1(2) (Imz>0)

R(x)

(z € R) (6.15)

@0(2 = E(2)

5 (2), g () = —F9(Z) = J Pa(z) (Imz<0)

or FY(z) = — IL%;E'Z% 0 ,(2) (Imz > 0) with an arbitrary complex polynomial
P?_ | of degree k — 1, and with Ro(z) = R(Z) and Q°_,(z) = PO 1(Z). The

K
general solution of the inhomogeneous problem (6.8) can be given as

*(z) = Fi(z) = l;;((z; Por(2) + La(2)0(z)  (Imz>0)
(6.16)
D (2) = —Fy(z) = ]\él((z)) P._1(2) + Mi(2)®(2)  (Imz < 0)

where P,_1 is a complex polynomial P, 1 of degree k — 1 and ¥ is defined
by (6.11) again. From the last expression the formula for F5 in Imz > 0

Ll(z) —
Ro(?) Qu—_1(2) — L1(2)¥(Z) (6.17)

follows with Qx_1(2) = P,—1(Z). The values of F, (o =1,2) on R are

FQ(Z) = —

Lo(x) 1 G(z)  Lo(z) [ G() d§
Fi(e) = Fy P (”J"”iMl@c)+ v | Boes o
 Li(z ) 1 G(x)  Li(xz) [ G(§) d¢ '

Analytic continuation yields for the functions F? and F, (o = 1,2) in the
lower half-plane Im z < 0 the expressions

F) = ) P (o)
0 Li(2) o
) = -2 Q0 (2) (6.19)
0(2)
Lo(2) G(z)
_ Li(2) G(Z) -
Fa(e) = 53 Qua0)+ 315 = (T
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The functions F and F, must be regular in the points z; (j =1,...,r) and
(., (k=1,...,p), respectively. This implies the conditions

[L2(2)P2_1(2)]"(z;) =0 (6.20)
[La(2)Pea(2) + 11 G(2)] P (25) = 0 (6.21)
for | =0,..,n; —1 and j =1,...,7, and the conditions
[L1(2)Q%_1 ()] () = (6.22)
[~ 1(2)Qu-1(2) + 13 GE) V(€)= (6.23)

for | =0,...,vpy —1and k= 1,...,p. Now let Z; be a zero of order m; > 0 of
Ly and (,, a zero of order uy, > 0 of Ly, i.e.

L(l)( =0 {l':O,...,mj—l’ (mj)( )40

i=1 ..
D~ [=0,..,u,—1 =
L{(¢) = 0 {kzl_“’jf L LPI(C) # 0.

Then conditions (6.20) and (6.22) are equivalent to

[=0,...,max(n; —m;,0) — 1

P ()O() =0 {

j=1,..,7r
' ( 01 (6.24)
0 0 — =V, ..., max{Vg — Uk, -
P =0 {125
These relations, for
r P
Ko = Z min(n;, m;) + Z min(vg, uk), (6.25)

represent kK — kg linearly independent complex conditions, i.e. in the poly-
nomial P?_; there remain kg free complex parameters. That is, if kg > 1,
we have n = kg linearly independent (over the complex field) solutions of the
form

Fila) = 2 P2
o L) = (r € R) (6.26)
Fiw) = - 2 P

to the homogeneous problem (6.7).
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Conditions (6.21) and (6.23) for the inhomogeneous problem (6.7) divide
into the kg complex conditions

G(l)(Ej) _0 {l':_()l, ...,Tln(nj,mj) -1
? ol 1 (6.27)
G(l)(gk) =0 { k_:O:f e I;Hn(Vk,Mk) -

and the kK — ko complex conditions (6.21) and (6.23) for

- min(nj, pj),...,n; —1 (j=1,..
min(vg, pg), vk — 1 (k=1,...,p),

respectively, for the k complex coefficients of P,_;. Hereby, (6.23) is equivalent
to
R(2) ©)

G =0 6.28
L 6] @) (6.29)

[— Mi(2)Po1(2) +

for|=0,..,vx —1land k=1,...,p.

Since the functions FC and F,, again satisfy the Paley-Wiener conditions
and the transformation F'is injective we obtain

Theorem 5. Let be k, € L'(0,T) and g, € L*(0,T), let the functions
Lo(2)=1- fOT ko (t)e#tdt satisfy the conditions Lo(z) #0 on R (o =1,2),
and let Ly possess zeros z; (j = 1,...,r) with multiplicities n; and Lo zeros
e (k=1,...,p) with multiplicities vy, in Im z > 0. Then:

(1) The homogeneous system (6.1)—(6.2) has n = kg linearly independent
complez solutions where kg is defined by (6.25). The solutions are given by
(6.14) with F° defined in (6.26) where the polynomial P°_, of degree k—1 with
Kk =K1+ Ko, K] = 22:1 nj and Ko =y n_, Vi, satisfies the k — ko conditions
(6.24).

(ii) The inhomogeneous system (6.1) — (6.2) is solvable if and only if the
ko solvability conditions (6.27) are satisfied. The general solution of system
(6.1) — (6.2) is then given by (6.14) with F,, defined by (6.18) where the poly-
nomial Py,_1 of degree k — 1 obeys the k — ko conditions (6.21), (6.28) in the
points Z; and Cj,, respectively.

Corollary 7. For real-valued functions h, and g, we are looking for real
solutions

pa(t) = Re (1 /O b Fa(x)e—md:c) (6.29)

™

of system (6.1) — (6.2) where Fo(—2) = F,(Z) (a =1,2) is required.
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(1) We divide the zeros of Ly in Im z > 0 into

zj = iy; (y; >0, j=1,...,m)
Ck = Nk (e >0, k=1,...,p1)

and
zj:ia:j+iyj ($j,yj>0;j=7“1—|—1,...,7’)
Gk = £k + ik (Eksme > 05 k= p1 +1,...,p)
and put
T1 P1 r P
N1=an, NZZZVka M, = Z nj, My = Z Vg
j=1 k=1 j=ri+1 h=p1+1
such that ko = No +2M, (o =1,2). Then the function
T1 T
N . . n;
R(z)=[[Gz+iy)™ [ [(z—a;+iy)(z+a; +iy;)]"™
j=1 j=ri+1
P1 4
. v . . v
X H(Z—Wk) ’“ H [(z = & — i) (2 + & — inp) |
k=1 k=p1+1

satisfies R(—z) = (=1)NR(Z) with N = Ny + Ny. Therefore, the solutions
F? (a = 1,2) of the homogeneous problem (6.7) defined by (6.16) — (6.17)
and (6.19) fulfil the relations F2(—z) = FO(Z) if the polynomial P°_, obeys

the relation PY_i(—z) = (=1)NPY_,(%). Further, conditions (6.24) for P°_,
are equivalent to k — kg real conditions where

T1 P1

Ko = Zmin(nj,mj) + Zmin(Vka ,ulc)

j=1 k=1

+2{ zr: min(n;,m;) + zp: min(uk,uk)].

j=ri+1 k=p1+1

(6.30)

So we have n = Ko real solutions to the homogeneous system of equations
(6.1) — (6.2).

(ii) In the same way, the solvability conditions (6.27) represent ko real
conditions on the right-hand sides g, (v = 1,2) of the inhomogeneous system
(6.1) — (6.2). The solutions p, of the inhomogeneous system (6.1) — (6.2) are
given by means of formulas (6.14), (6.18) where we can replace Ro(z), G(z),
B(x) correspondingly by (—1)N R(—z), G(—x), B(—z) and where P,_; satisfies
P. 1(x) = (=) P,_1(—2) and (6.21), (6.28).
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Corollary 8.

(i) In the case T = oo, under the regularity assumption (6.10), there
exist n = k linearly independent complex (in the real case: real) solutions of
the homogeneous system of equations (6.1) — (6.2) given by (6.14) with F°
defined in (6.26), with an arbitrary complex polynomial P°_, of degree k — 1
(or, in the real case, by (6.29) with (6.26) and a polynomial P_, of degree
k — 1 satisfying PY_,(z) = (-1)NPY_,(—x)).

(ii) The inhomogeneous system (6.1) — (6.2) is always solvable and its

solutions are given by (6.14), respectively (6.29), with F, defined by formulae
(6.18) with P,_1 = P°_,.

7. System of equations — the singular case

In the singular case of system (6.1) - (6.2) the conjugacy problem (6.8) is
of singular (exceptional) type in general where the coefficient A(x) can have
zeros and poles on R (cf. [5: Chapter 3] and [10: Section 10.4]). Let the
entire functions L,(z) = 1 — K4(2) (a = 1,2) have finitely many zeros
Tm (m=1,...,p1) of integer order n,, and &; (j =1, ..., p2) of integer order
v;, respectively, on R. Then the representations

P1

Li(z) =Mi(2)L1o(2), Th(z) = [] (z = zm)™" (7.1)
m=1
LQ(Z) = HQ(Z)L27()(Z), HQ(Z) = H(Z’ — fj)yj (72)

hold where Lo o(z) # 0 (¢ € R) and Loo(z) ~ 27N (2 — 4oo) with

_ P NP2,
Niy=) 1N and Ny = ie1 Vj-

The conjugacy problem (6.8) has the coefficients

Lgp(()ﬁ)
Ml’o(l‘) ’

A(z) =TI(x) H(z) = (7.3)

where TI(z) = gfgg, M o(z) = Lio(z) and Gy(z) = 1_?1((3;)). Now let be
& =xr (k=1,...,p) and & # x,, for j,m > p where 0 < p < min(py, p2).

P P2 e\
H(z) = H(z — )R plj=p+1(z &)

k=1 m=pt1(Z = Tm)"m
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Further, let be v, > ni (kK = 1,..,p0; 0 < po < p) and vy < ng (k =
po+1,...,p). Then, finally, IT = gjg where

P P1

Hl,O(Z) — H (Z _ ajk)nk_l/k H (Z _ xm)nm
k=po+1 m=p+1
is a (real) polynomial of degree Ny o = Z£:p0+1(nk vE) + >0 o1 m and
Po P2
Moo(z) = [J(z=an)* ™ [] (z—&)"
k=1 Jj=p+1

is a (real) polynomial of degree Nog = > 72 (vx — ng) + Z] 2,1V There
holds N1 — Nl,O = NQ — Ng’o = ZZ:l mln(nk,uk).

Further, let the functions L, (o =1,2) have zeros z; (j =1,...,71) with
multiplicities d; and zeros (i, (k = 1,...,72) with multiplicities dj, respectively,
inImz > 0. We put k; = 251:1 dj and ko =Y 2, 0 and set kK = k1 + ko (>
0). Then the homogeneous problem (6.8) with (7.3) can be written in the form

* ()
LQ’O(.T)
with polynomial R(z) = HJ (2 =2 [}, (2 — ¢k)%F of degree k. In view

of the asymptotic behaviour of L, at infinity the general solution to the ho-
mogeneous problem (6.8) with (7.3) is given by

™ ()
Ml’o(l‘)

R(.’IT)HL()(ZC) = R(Z’)Hg’o(w) (.T c R)

SCEE T-EAO(? :

)
0 o Ll,O(z) n+/\ 1(2)
Fy(z) = Ro(z) Tao(2)

where Ro(z) = R(Z) and P? o+ a_1 is a complex polynomial of degree x + A — 1
with

Po P2

A=N,+Nyg=Noy+ Nyg= Z M+ > Ukt > v (7.4)
m=po-+1 k=1 j=p+1

and Q) ,\_,(z) = P’ ,_,(Z). Regularity of FJ in the points z,,,&; on R
requires that P,S+,\—1 = H1,0H2,0P£+>\0—1 with a complex polynomial P,S+>\_1
of degree Kk + \g — 1,

p
Ao =A—[Nig+ Nag] =D min(ng, vi) (7.5)
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such that :
F) = 220 ()P 1 ()
S ()0, ).

Fy(z) =

Finally, regularity of F? in the points z; and ¢, in Imz < 0 leads to the
conditions

1=0,..,d;—1
j = 1,...,7"1

_ l=0,..0,—
[L10(2)Q0 4 0-1(2)] V() = 0 { k :017, :2). :

[Loo(2) P2 rs (2] O(z;) = 0 {
(7.6)

Now let Z; be a zero of order m; > 0 of Ly g and Zk a zero of order pg > 0
of Ly . Then conditions (7.6) are equivalent to

Phis( Ny =0 {42 el om0
0 ] :1,...,7‘1 (7 7)
[=0,...,max(dp — pur,0) — 1 ’

[P re—1 ()] (G) =0 {k =1,..., 7. Ok =11, 0)

These relations represent x — kg linearly independent complex conditions with
71 T2
Ko = Z min(d;, m;) + Z min(dg, fg)- (7.8)

Therefore, the homogeneous problem (6.7) has exactly n = ko + Ag linearly
independent (over the complex field) solutions of the form

LQ,O(x)

F(z) = “R@) I o(z) P, 5,1 (2) 79
F(x) = —L;?i‘?m,o(x)ﬂ_ﬂomm

where the complex polynomial P! 15,1 Of degree r + Ao satisfies the k — ko
conditions (7.7).

In the case T'= oo the solutions of the homogeneous system (6.1) - (6.2)
with (7.1) - (7.2) are given by (7.9) with an arbitrary complex polynomial

P,S o1 of degree k + Ag. Further, in the real case the polynomial P,S g1

must satisfy the symmetry relation P{, \ _(z) = (=)o P2\ _;(—x) where
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Ny = N, + N, +min(ng, 1p), with ng, vy the multiplicities of the zero x¢ = 0 of
L1, Lo, respectively, and N, (a = 1,2) the sums of multiplicities of the zeros
of L, on the positive imaginary axis (cf. Corollary 7). And conditions (7.7)
reduce to Kk — kg real conditions so that we have n = kg + Ao real solutions
to the homogeneous system of equations (6.1) - (6.2) in the real singular case
where ko defined by (7.8) has the form of (6.30) again.

For the inhomogeneous system (6.1) - (6.2), from (6.8) with (7.3) it follows
that in the points x, (k =1,...,p0) the function G = 1% and in the points

xr (k=po+1,...,p) the function Gy = —2 must be bounded. This yields \g
solvability condltlons

) _ [ =0,..,min(ng, vg) — 1
G\ (zr) =0 {k: 1., (7.10)

Further, the function G has to fulfill kg conditions
) (5 — [=0,...,min(d;,m;) — 1
G(E) =0 {jzl,...,rl

() _ l :07...,min(5k,uk) —1
G (Ck) 0 {kzl,...,TQ

(7.11)

(cp. (6.27)).
The Fourier transforms of the solutions p = (p1, p2) to system (6.1) - (6.2)
can be given in the form

Fi(2) = 1%28 [ ”z(;; )+xif(z)} (Im z > 0)
Fo(z) = fi; 8 [Q*‘;{g(‘;)(z) +U3)| @mz>o0)

where P,y _1 is a complex polynomial of degree k + A — 1, Qnya-1(2) =
Piix-1(Z) and

0= [ G+ (D) T i

with B(x) = M 0(x)Lao(z), N = Ny + Ny — A\g and the polynomial

Ho(l’) _ Hlo(x) _ H2 iL')) _ H(x _l_k)min(nk,vk).

HL (:L’) HQTO(ZE

of degree Ag. We point out that - € L?(R) due to conditions (7.10).
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The polynomial P, y—1 must fulfil A=Ay = Ny o+ N o conditions that F
and F3 are regular in the zeros of II; o and Il o on R, respectively, and x — kg
conditions, xo defined in (7.8), that the analytic continuations of Fi, (o =1,2)
in Im z < 0 are regular in the conjugate points z; and {} to the zeros z; and
(g of L. The last conditions are left out in the case T' = co where we assume
that G and K|, are sufficiently smooth near the zeros x,, and §;, respectively,

of L, on R.
Finally, we write out the values of F, (o =1,2) on R as

_ Loo(@) [Pepaa(@) g1, 1 Gl
R = 20 )[ R *‘I’@)} EELCT TR
Lio@) (Pona@  =—1 1 G@ |

Rile) = -2 [ O]

where MaO( ) = ( 1’)
G(§) dg
S L e P

with Q(x €)= %[(fiﬁ)ﬁ ( ) ] The formulae for F,, in the real case are
analogous.

In view of formulae (7.12) the A — Ao conditions in the zeros of II; ¢ and
II5 o can be expressed in the form

P.ixoi(x) = . 1 Gz (1) oy
[—R(x) +¥(2) + 5 o) B() (tm) =0 (7.13)
for
— {07"-7nm —VUm — 1 (m:p0+1,,p)
0,....,n, — 1 (m=p+1,....p1)
and
Popr-1(z) | = 1 G O
[ R U(z) - 3 —H()(x)B(x)] (&) =0 (7.14)
for

[ = {0,...,yj —n;—1 (; =1,...,p0)
0,.,v;—1 (J=p+1,..,p2).
The k — kg conditions in the points Z; and (, can be written as (cp. (6.21)
and (6.28))

|Loo(2) Peiaa(2) + ]\ﬂoz()z) Ii (('?)](l)(zj) —0 (7.15)

for | = min(d;, m;),....,.d; =1 (j=1,...,r1) and

[— M o(2) Peya-1(2) + L]:22> l'i((i))} (l)(Ck) =0 (7.16)

for | = min(dg, pg),...,06 —1 (k=1,...,72) where My 0(2) = Lo 0(Z).
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Theorem 6. Let be ko, € L'(0,T) and go € L*(0,T), let the functions
Lo(z) =1- fOT ko(t)etdt (o = 1,2) have form (7.1) — (7.2), and let the
function Ly possess zeros z; (j = 1,...,m1) with multiplicities d; and Lo
possess zeros (i, (k =1, ...,1m2) with multiplicities dy in Imz > 0. Then:

(1) The homogeneous system (6.1) — (6.2) has n = kg + Ao linearly in-
dependent (complex; in the real case — real) solutions where ko is defined by
(7.8) and \o by (7.5). The solutions are given by (6.14) with F° defined in
(7.9) where the polynomial P;S+>\0—1 of degree k + Ao — 1 with kK = K1 + Ka,
k1= 5L, d; and ke = 30,2 Oy, satisfies the K — ko conditions (7.7) (and in
the real case additionally a symmetry relation).

(ii) The inhomogeneous system (6.1) — (6.2) is solvable if the ko + Ao
solvability conditions (7.10) — (7.11) are satisfied. The general solution of
system (6.1) — (6.2) is then given by (6.14) with F,, defined by (7.12) where
the polynomial Pcix—1 of degree k + X\ — 1 with A given by (7.4) obeys the
(A= Xo) + (k — ko) conditions (7.13) — (714) and (7.15) — (7.16), respectively
(and, in the real case, additionally a symmetry relation).

For T = oo there holds ko = k and conditions (7.7) and (7.15) — (7.16)
are omitted.

8. Examples

We illustrate the above results by several examples where we restrict ourselves
to the real case.

Example 1. (Generalized Feller equation). We consider equations (2.1)

- (2.2) for a non-negative real-valued kernel k € L'(0,T) with fOT k(t)dt <1
divided in the two cases

k(t)>0 on (0,T), [ k(t)dt<1 (8.1)
k(t)>0 on (0,T), [ k(t)dt=1. (8.2)

In the second case k is a probability density function with support on [0, 7.
In this case we denote the finite expectation

¢ = /Ttk(t) dt >0 (8.3)

assuming also tk € L'(R, ) for T = oo. Then the function k1(2) = 1—-K(z) =

1-— fOT k(t)e**t dt has no zeros on Imz > 0 in case (8.1) and it has the only
zero x1 = 0 on R which by (8.3) is a simple one in case (8.2).
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For (8.1) we have the regular case of equations (2.1) - (2.2) with x = 0.
Then the homogeneous equations (2.1) - (2.2) possess the trivial solution py =
0 only and the solution to the inhomogeneous equations (2.1) - (2.2) is given
by its Fourier transform F' in (3.12).

For (8.2) we have the singular case of equations (2.1) - (2.2) with N =
1,k =0 and ng = 1. Therefore, the homogeneous equations (2.1) - (2.2) have
the solution py with the Fourier transform given by (4.3) as

K T 1 — etzt
R@yzlfhc—w/‘uo °
(C € R)
= C’// T)dr e*'dt
observing (8.2), which yields the solution
T
po(t) = C/ k(T)dr (C €R). (8.4)
t

If pg should be a den81ty function as k, from fo po(t) dt = 1 we obtain C' =
in view of (8.3), i

mmzll‘mﬂm. (8.5)

C

This, for T' = oo, is Feller’s solution [3: Chapter 6/Section 11] as derived by
Berkovic [2] The inhomogeneous equation (2.1) is solvable if G(0) = 0 by
(4.5), i.e. fo t)dt = 0.

A partlcular solutlon p1 is given by its Fourier transform (cp. (4.7))

File) = zi@) P L e 1

where G(x fo )cosztdt and Q(z,&) = 52 +1 L and for T = oo additionally

tg € Ll(R+) is assumed. (The last assumption can be weakened to @ €
L*(R4) ensured if G(z) = O(2”) with v > $ as & — 0.) We remark that also
in the case T' = oo the solution (8.5) belongs to L?(R,) N LY(Ry) due to the
assumption tk € L'(R,).

Example 2 (Generalized Arabadzhyan’s system). In the corresponding
system of equations (6.1) - (6. 2) for non-negative real-valued kernels k, €

LY(0,T) (a=1,2) with fo t)dt <1 we have the three different cases

ko(t) >0 on (0,T), /T ko(t)dt <1 (8.6)
0
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ko) > 0 on (0,7), /T byt dt =1, /Tkg(t) dt<1  (87)
0 0

ka(t) >0 on (0,7), / Dty di=1 (8.8)
0

where for T = oo we additionally assume ¢ g, tko € L*(Ry.) if [ ka(t) dt =
1 (a=1,2).

For (8.6) we have the regular case of system (6.1) - (6.2) with x = 0. The
homogeneous system (6.1) - (6.2) has only the trivial solution p = (p1,p2) = 0,
and the solution of the inhomogeneous system (6.1) - (6.2) follows by its
Fourier transforms F,, (a =1,2) in (6.12).

The cases (8.7) - (8.8) are singular. For (8.7) we have Ny = Ny =
1,Ny = N3y =0 and x = 0 such that A = 1,\g = 0 and ko = 0. Therefore,
the homogeneous system (6.1) - (6.2) has only the trivial solution p = 0 and
the solution of the inhomogeneous system (6.1) - (6.2) is given by its Fourier
transforms F, (o = 1,2) in (7.12) where II;(z) = II; o(z) = z,1s(z) =
My 0(x) =1, Paga_1 =0, and N = 1.

For (8.8) it holds Ny = Ny = 1,N; g = Ny = 0 and x = 0 such that
A= Xp =1 and k9 = 0. Hence the homogeneous system (6.1) - (6.2) has
the solution p° with the Fourier transforms F? (a = 1,2) given by (7.9) as

F(z) = K2T(m) iC and FJ(z) = KlT(x) iC (C € R) leading to

p(t) = C [ ka(r) dr
p3(t) = C [ ki(r) dr

(cp. (8.4)). In view of (7.10) the inhomogeneous system (6.1) - (6.2) is solvable
if the condition G(0) = 0, i.e. fOT[91 (t) + g2(t)] dt = 0 is fulfilled, and the
general solution of the inhomogeneous system (6.1) - (6.2) is given by its
Fourier transforms F, (o = 1,2) in (7.12) again, where II;(z) = Iy(z) =
2,1 o(z) =y o(x) = 1, Papr_1(z) =iC (C €R) and N = 1.

System (6.1) - (6.2) for T = oo under the above conditions has been
studied by Arabadzhyan [1] who gives solution (8.9) for the homogeneous
system and, via successive approximations, the solutions p, € L'(R.) or
Pa € Li _(R,) for the inhomogeneous system with g, € L'(R,) (o =1,2) in

loc

the cases (8.6) - (8.7) without solvability condition.

Example 3 (Ezponential kernel). We deal with equations (2.1) - (2.2)
for the kernel k(t) = Aef* where A,p € R, A > 0, and p < 0 in the case of
(2.2). There holds

prizt AL TN e
Ki(z) = {

(8.9)

' pt+iz
p—i_p:;;_zA if T'= oo.
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For T' = oo we have the simple zero z; = i(p + A) of K7 which isin Imz > 0
for —A < p < 0. For T < oo we put ( = p + iz and study the zeros of the
function p(¢) = e — 1 — % in Re( < p corresponding to Imz > 0. Under
the assumption ATe’? < 1 only real zeros of ¢ in Re( < p can occur. But ¢
has the real zeros & = 0 and &; % 0if AT § 1. That means, the function K;
has the simple zero z1 = i(p — &) with this real &. Therefore we have the
three cases p = = ¢, corresponding to fo dt = 1 where fo Ye~vitdt =1
with y; = p — 51 > 0 in the third case.

The Cases 1 - 2: p < & are particular cases of Example 1. In the Case
3: p > & for equation (2.1) we have the regular case with k = 1 and k9 = 0
so that the homogeneous equation (2.1) has only the trivial solution. The
Fourier transform of the solution to the inhomogeneous equation (2.1) is given
by formula (3.19) with P5,_1 = Cz, where C € R is determined by condition

(3.29) as —Cyy = ZG(iyl)dl with dy = g oirmn s e C = iz (fff)yK) )

where G(iy) fo t) coshyt dt. For equation (2.2) with & = —A and y; =
A+ p >0 we also have the regular case with x = 1 and by (3.31) the solution
to the homogeneous equation

+A A : A
po(t) = 307 A © oA ac’ ifp#F—5
(1+ pt)ert if p=—42.

The solution to the inhomogeneous equation (2.2) is given by (3.19) with
P51 = Cz and arbitrary C € R.

Example 4 (Linear kernel). Finally, we consider an example for the
regular case of equation (2.1) with a non-trivial solution to the homogeneous
equation (eigenvalue case), namely equation (2.1) with 7' =1 and the linear
function k(t) = A+ Bt (A = m, B = £=1). The function K;(z) =
224+ B—Aiz— Beiz—l—(A—i—B)ize'

2

has the simple zeros z; = £i. We have the regular
case of equatlon (2.1) with k = kg = 1. The Fourier transform of the solution

po to the homogeneous equation given by (3.16), (3.20) is Fy(z ) = Ilgl((z)) iCz
with C € R and R(z) = 2% + 1, i.e., choosing C = 1, Fy(z) = 2+ A—
(A+ B)e** — B 1_252 ]. From this the solution

=i

_ 1 —t A —(1—t)
pO(t)—B+§(1+A—B)6 —<§+B)€

results. The corresponding solvability condition (3.36) for the inhomogeneous
equation is G(i) = 0 or fol g(t) coshtdt = 0.
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9. Appendix

1. Analytic continuation of F; and F; in the general case. Let
Cr (k=1,...,7) be the different zeros of K; in Im z > 0 with multiplicities vy
where kK =, _; 4. Then

R(z) = [The1 (7 = Go)"™ (2 = C&)™ (A1)

and by (3.20) - (3.21) the conditions for the regularity of Fj, and F in the
points (,, are

(K1 ()RS 1 ()] V() =0 (1=0,.,m—1)  (A2)
0

(K0 (2)i Pana(2) + 225 G V(G0 =0 (=0, —1), (A3)

respectively, for k=1,...,r.

Now let {;, (k=1,...,7) be zeros of order y; of K1, i.e.

EPC) =0  (1=0,.u—1)

and K;((,)*#) # 0. Then for uj > v, condition (A.2) is fulfilled for any
P)_ | whereas for puj < v there remain vy, — pi complex conditions (A.2)
for | = pg,...,vx — 1 which in view of K;(¢,)*#¥) # 0 are equivalent to the
conditions

PO (V=0  (1=0,vp— s —1) (A.5)

for all k. Taking the two cases together we obtain conditions (A.5) where [
runs from 0 to max (v — pg,0) — 1 and there are

22;21 max(vg — pg,0) = 2(k — Kg), Ko = 22:1 min(vy, i) (A.6)

linearly independent real conditions. lL.e., if K9 > 1, then we have n = 2k
linearly independent solutions to the homogeneous problem (3.1) given by
(3.31) with (3.26).

Conditions (A.3) for the inhomogeneous problem (3.1) split up into the

conditions [% G(z)}(l)(zk) =0 (I =0,..,min(vg, pr) — 1) which in view
[ Ii((zz))] # 0 are equivalent to the min(vy, ) conditions

of Cr = hmZ_’Ek

GO =0  (1=0,..,min(vg, ux) — 1) (A7)

and the vy —min(vg, p) = max (v —pg, 0) conditions (A.3) for [ = min(vg, ux) ]
....vr — 1. Hence we have the n = 2kg real solvability conditions (A.7)
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for the inhomogeneous problem (3.1). The remaining 2(k — ko) real con-
ditions (A.3) for the 2k real coefficients of the polynomial Py, _1 leave free
n = 2kg real parameters in P»,_1 and we again have the decomposition
Py—1 = P, + Pj._, with the polynomial PJ, _; of form (3.26) and a
polynomial Pj,_; with determined coefficients.

In the case of real functions k£ and g with real solutions p we have

R(2) = [T (22 + ) Tk [P~ D2 - 3] (A8)

where ¢, = iyr (yxr > 0;k = 1,...,p0) and (x = Lz + iy (T, Y >
O k= No+1,..,No + p) with kK = Ny + 2Ny, were Ny = Y 7>, v and

=> OE‘O)_H vk. Conditions (A.5) for the real polynomial Py, _; with odd
povvers yield

Ko = Zk L min(vg, px) + 222\]‘)?}4& min(vg, k) (A.9)
linearly independent real solutions of the homogeneous problem (3.1). The
solvability conditions (A.7) for the inhomogeneous problem (3.1) are equiva-
lent to the kg real conditions

[ =0,..,min(vg, pug) — 1
fO qkl dt—O {kz 1’.“7[)0 (AlO)

| coshyit for even !
where gy (t) = { sinhy,t for odd { and

T Ot (8) dt = 0 [ =0,...,min(vg, pg) — 1 (A11)
ALY - k=No+1,..,No+p '

where (+ refers to the two upper lines and - to the lower ones)

cos xt - coshyrt for even [
sin xxt - coshyipt for odd [
sinxit - sinhyit  for even [
cosxit - sinhyit for odd [.

G () =

2. Resolvent form of the solution. The solution of equation (2.1) can be
represented (formally) by means of a resolvent. We confine ourselves to the
regular case with k = 0. From (3.12) and (3.30) the solution p is given by

fur 1 OO —ix - G(&) dg
27T/ K2 ot o /OO@ tKl(m)/wWE—fﬁdx

T Gl tan+ 2 [ G@) Ii((?)

e—m:tdx
2

LG [ e_””tKl(x)
on2i /_oo B(¢) /_oo Eop it

27‘(’
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where we have used the relation #(x) =1+ II{(Q ((‘Tw)) and changed the order

of integration. Using the decompositions K;(z) = B(z) + K;(z)K (z) and
B(z) = B(§) + [B(z) — B(£)] and the relations - [% e;it dr = e~%! and
g(t) =1 [ G(x)e™""'dx — the first following from [12: Chapter 5.1] and the
second one from (2.6) and (3.2) — we further get

p(t) = g(t) + % /_OO G(z) [Ié((:;))ewtdx

g |:K1 —mct
i/ th{Kl(@ ) () B(z)}de|

T

Observing G(z) = 5 fo [ Z5g(s) + e g(s)]ds this yields the formal repre-
sentation

p(t) = g(t) —|—/0 Ty (t,s)g(s)ds +/O Ty (t,s)g(s)ds (A.12)

n (0,7) with the resolvents

(A.13)

where

V(@) = gy [Ki(2) K (2)e”""
1o G EOKO+BE-B)} ge).

i J—oo E—x

From representation (A.12) it follows that in the regular case with k = 0
the solution ¢ of the adjoint equation

fo (t —s)q(s)ds — Tt

k(s +1t)q(s)ds = f(t) (A.14)
on (0,7) is given by

q(t) = f(t) + fOTFl(s,t)f(s) ds + fOTFg(s,t)mds (A.15)
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with I'; and I'y from (A.13) (cf. [8: Section 111]). In the case n =0 for k > 0
and also in the general case n > 0 an additional term in expressions (A.12)
and (A.15) occurs according to formula (3.19) with (3.29). Further, in the case
n > 0, from the solvability conditions (3.28) for equation (2.1) by comparison
with (2.4) the solutions g; of the homogeneous equation (A.14), i.e. (2.3),

follow and the solvability conditions Re fOT fp;t)dt =0 (j=1,...,n) for
equation (A.14) are obtained by solutions (3.16), (3.20) of the homogeneous
problem (3.1). In analogous way the solutions of equations ( 2.1) and (A.14)
in the singular case can be represented. We omit the details.

3. Solutions in L'-space. If g € L'(0,T) in (2.1) - (2.2) or g1,92 € L*(0,T)
in (6.1), then the derived solutions p or p1,ps for equations (2.1) - (2.2) and
system (6.1), respectively, hold now with p € L1(0,T) or py, po € L1(0,T). To
prove this statement one has to work in the Wiener algebra A built up by the
transforms of L!-functions and use the known facts that the Cauchy integral
operator (Hilbert transformation) works in A (cf. [15]) and by the Wiener-
Levi theorem [9, 15] corresponding products in formulae (3.12), (3.19) and so
on are lying in A, too. The needed Paley-Wiener theorem for functions from
A immediately follows by the theorem of Phragmen-Lindel6f (cf. [6: Chapter
6] as in the proof for the L?-case there) and the corresponding Paley-Wiener
lemma (cf. [17: Chapter 2/Section 5.1]).

For solutions from the L!-space with weight we refer to [16].
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