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On a Quaternionic Reformulation of
Maxwell’s Equations
for Chiral Media and its Applications

V.V. Kravchenko and H. Oviedo

Abstract. A quaternionic reformulation of the Maxwell equations for chiral media
is proposed. Integral representations for solutions are constructed. A complete
solution of the extendability problem for the electromagnetic fields in chiral media
is obtained. Maxwell’s equations for inhomogeneous chiral media are studied also
and some classes of solutions for slowly changing media are obtained.
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1. Introduction

Chiral media represent a class of media responding with both magnetic and
electric polarization to electric or magnetic excitation and are frequently en-
countered in nature. A multitude of organic molecules such as the DNA
molecule exhibit chiral properties at different frequencies, the pupil of the eye
is a chiral medium, and for many other examples we refer the reader to [5,
13 - 16]. At present chiral materials are manufactured in several laboratories
(see, e.g., [3, 15]) and are used in different branches of engineering.

In this work we apply the technique of quaternionic analysis for the study
of Maxwell’s equations for chiral media. Considering homogeneous chiral me-
dia we obtain the complete solution of the extendability problem for the elec-
tromagnetic field, we show how from the quaternionic Stokes formula the
electromagnetic energy-balance equation for chiral media is obtained, and us-
ing the quaternionic Cauchy integral theorem we arrive at a new integral form
of Maxwell’s equations for chiral media.
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For slowly changing inhomogeneous chiral media we show that the cor-
responding Maxwell equations can be diagonalized precisely as in the ho-
mogeneous case, and this diagonalization is used for obtaining solutions for
stratified chiral media.

2. Preliminaries

We denote the algebra of complex quaternions by H(C). The elements of
H(C) are represented in the form ¢ = Zi:o qrir where g € C, ig = 1 and
ir (k= 1,2,3) are standard quaternionic imaginary units: i = —1,iyis =
—’izil = ig,igig = —ig’ig = il,i3i1 = —i1i3 = ’i2. The complex imaginary unit
i commutes with i, (k= 0,1,2,3). We will use also the vector representation
of complex quaternions. Namely, any ¢ € H(C) can be represented in the
form ¢ = Sc(q) + Vec(q), where Sc(q) = qo and Vec(q) = 2221 qrik. The
complex quaternions of the form g = Vec(q) are called purely vectorial, and we
identify them with the vectors from C? : § = Vec(q). The complex quaternion
q = Sc(q) — Vec(q) = qo — ¢'is called conjugate to ¢q. Note that p~¢ =g-p. We
will need also the usual complex conjugation ¢* = Zi:o qiiy = ZiZO(Re qr —
Im qk;)i k-

It is convenient to use the notations PMq = p-q and MPq = q - p for the
operators of multiplication from the left- and right-hand sides, respectively.
Note that the scalar product (p,§) of p and ¢ can be represented as (p, ) =
—3 ("M + MP)q.

We will consider H(C)-valued functions defined in some domain Q C R3.
On the space C'!(; H(C)) the well known Moisil-Theodoresco operator D [12]
is defined by the expression

0
81133 '

0
D—i )
Zl@xl + 12

0 iy
8%2 '3

For f € C1(Q;H(C)) the expression Df can be rewritten in the form

Df = —divf + gradfy + rot f (1)

where the differential operators are defined in the usual way (for instance,

grad fo = (i1 5% +i2 5% +is g2 ) fo). Equality (1) means that Sc(D f) = —div f

and Vec(Df) = grad fo+rot f. An important property of D is the factorization
2 _ _ 0 92 92

D ——A,WhereA—a—ﬁ—i—a—xg—i—a—%

Let us consider the operators

DiQZDﬂ:a
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where o € C. Purely vectorial solutions of the equation
(D+a)f=0 (2)

are known as Beltrami fields (see, e.g., [13]) as well as force-free fields (see,
e.g., [4, 18]). In general, we consider quaternionic solutions of (2), and the
reduction of our results to the case of purely vectorial solutions allows us to
analyze these important classes of physical fields by methods of quaternionic
analysis.

Let © C R? be an open bounded domain with closed piecewise smooth
boundary I' = 992. We will need the following well known facts (see, e.g., [12:
pp. 66 - 67]).

_Theorem 1 (Quaternionic Stokes formula). If f,g € CL(Q;H(C)) N
C(QH(C)), then [g-7- fdl' = [,(D.lg] - f + g - D[f]) dz where D, is
defined as D,g = Zizl Orgis.

Theorem 2 (Qu&ternionic Cauchy’s integral theorem). If the function
fe CHYLH(C)NC(Q;H(C)) satisfies (2) in Q, then [fifdl = —a [, f de.

The equality
A+a?>=—(D+a)(D—a)=—-D,D_, (3)

holds. Suppose that ©,, is a fundamental solution of the Helmholtz operator,
ie. (A+a?)0, =4. Using (3) we construct the distributions

Kia = _(D + a)@a (4)

which are fundamental solutions of D4, i.e. Dy Kio =9.

Let us assume that Ima > 0. Then the fundamental solution of the

e7lo¢|a:|

4|x|

Helmholtz operator is chosen as O, (x) = — . From (4) we obtain

Kio(x) = —gradO,(z) £ aB,(z) = (j: at 2o ia%)@a(ac)

[

3 . .
where = >, _ | x1ix. Let us introduce the operators

ﬂJ@%=QKJw—wﬂwﬂ% (z €R?)

JQJW)Z—-Fde—wﬁ@NﬁDﬂh (z € R°\D)

Suf(x) = —2 / Koz — y)it(y)f(y) dT, (x €T),

r
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but also .
Pa — E(I—’_ Sa)

Qa:I_Pa

where I' = 99 is a closed Liapunov surface in R3, the boundary of a bounded
domain €2, 17 = Zizl nktk is the outward unit normal on I and 7 is the identity
operator. In the following theorem we summarize important properties of the
above integral operators which show that T,, K, and S, can be considered
as natural spatial generalizations of the complex T-operator, the Cauchy-type
operator and the operator of singular integration, respectively.

Theorem 3 (see [12]).

1) Borel-Pompeiu formula: If f € C1(Q;H(C))NC(Q;H(C)), then Ko f
+TeaDiaf = [ in Q.

2) Cauchy integral formula: If f € C*(Q;H(C))NC(; H(C))Nker D14 (Q) ]
then f = K41, f in Q.

3) Plemelj-Sokhotski formulas: If f € C%(T) for 0 < ¢ < 1, then
limosz—yer Kiaf(z) = Praf(y) and limgy,  Kiof(z) = —Q1af(y)
for any y € T.

4) Involutiveness of the operator of singular integration: If f € C%¢(I)
for 0 <e <1, then S1,f = f.

Remark 4. The Cauchy integral formula is also valid for unbounded
domains. In this case f must also fulfill the radiation condition (1 + zﬁ) .

f(x) = o(t%) (J#| — oo) uniformly for all directions (see [11, 17]). Then

[z

f(r) = =Ky f(z) for all z € R3\Q.
Now let us consider the boundary value problem discussed in [10].

Problem 5. Given two complex quaternionic functions v € C%¢(T'; H(C))
and g € C(Q;H(C)), find a function f € C*(;H(C)) N C% (Q;H(C)) (0 <
e < 1) such that
D.f=g inQ
B - (5)

fle=v

We introduce a new function v = f — T,,g. Note that T,g € Wpl(Q) for
any p > 1 (see [20]) and that, due to Sobolev’s embedding theorem (see, e.g.,
[21: p. 287)), T.g € C%¢(Q). If f solves problem (5), then u is a solution of
the boundary value problem

ulp = w

D,u=0 inQ}
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where w(z) = v(z) — Thg(x) for z € I'. The solution of this problem exists if
and only if (see [12: p. 113]) the function w fulfills the condition w = S,w on
I'. In other words,

V—Thg = 85S,0—8,Tog onT. (6)

If this condition is fulfilled, then the solution is u = K,w = K, (v — Tn9).

Consider the expression K,T,g. From Borel-Pompeiu’s formula,
K. Tog= (I —TyD,)Tog = 0. (7)

Thus u = K,v. Moreover, (7) gives us that P,T,g = 0 on I, that is T,g =
—SaTwg, and condition (6) can be rewritten as v — Sqv = 2T,g9 on I or

Qov=T,9 onT. (8)

Now, returning to boundary value Problem 5, we obtain its solution in the
form

f=Kuv+Tug (9)

under the necessary and sufficient condition (8). In fact, such a function
obviously satisfies (5)1, and due to the Plemelj-Sokhotski formulas and (8),
we obtain on the boundary the required equality (5)2: f|r = Pov+ (Tag)|r =
P,v+ Q,v = v. Thus the following fact is true.

Theorem 6. The solution of Problem 5 exists and has form (9) if and
only if condition (8) is fulfilled.

3. Electromagnetic fields in chiral media

The complex amplitudes E and H of a time-harmonic electromagnetic field in
a homogeneous isotropic chiral medium satisfy the usual system of Maxwell

equations
R )

divE(z) = p(f)

rotE(z) = iwB(z) (10)
rotH(z) = —iwD(z) + j(z)

divH (z) =0 )

where w is the frequency, ¢ is the permittivity of the medium, p and 3 are
the charge density and the current density, respectively. The particularity
of chiral media is reflected in the corresponding constitutive relations. The
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vectors D and B are related to E and H via the Drude-Born-Fedorov relations
(see, e.g., [13, 15, 16])

D(z) 5[E(x)+ﬁr0tf~7($)] } (11)

B(z) = u[fl(m) + Brot[f_f(x)}
where p is the permeability and 3 is the chirality measure of the medium.

Using these constitutive relations, the Maxwell equations (10) can be written
as

rotE(z) = iwp [ﬁ(m) + ﬁrotﬁ(x)}
rotH(z) = —iwe [E(m) + ﬁrotE(m)] +j(z) '
Introducing the notations

7 1 7 1 F
we obtain the equations
rotE(z) = zk[ﬁ(a:) + ﬁrotﬁ(a:)} (12)
rotH (z) = —ik [E(a@) + 6rotE(x)] + j(x)

where k = w,/gp in electromagnetic theory is known as the wave number. As
the chiral medium distinguishes waves of opposing circular polarization and
even their respective propagation speeds in general are different, it is natural
to consider two wave numbers corresponding to propagation of left-handed
and right-handed waves. This pair of wave numbers is introduced in Section
4 (see Remark 8). Note that from (10); and (12)5 the continuity equation

= —tdivy (13)

follows.

4. Maxwell’s equations for chiral media
in quaternionic form

Following [6], let us consider the purely vectorial biquaternionic functions

Il
=,

+i 14

I
=,
mﬂ T

P
v —1
We have

D® = —ﬁ + rotE + irotH.
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Using (12) we obtain

D® = — £+ ik(H + frotH) +i[ - ik(E + frotE) + ]|
::_j%@_¢ﬁy+uﬁ+wﬁy+m%Dﬁ+¢Dﬁy+ﬁ.
That is,
D® = ——L-(1 - k) + k® + kBD® + ij.

Thus the complex quaternionic function ® satisfies the equation

—

k - P . )
<D_1—k;ﬁ>q)__\/ﬁg+ll—k:ﬁ' (15)

By analogy we obtain for ¥ the equation

-

k p ]
D Jo=-—2 - . 16
( M Jie 11 kB (16)
Introducing the notations
k
A1 = 1T3%p
_ (17)
Q2 = 153
and using (13) we rewrite equations (15) - (16) as
(D~ a2)® = 1 (azj + div})
Z. (19
(D+an)¥ = — (] = div).

k

In this way we proved the following

Proposition 7. Let E and H be solutions of the Mazwell equations (12).
Then the pair of purely vectorial biquaternionic functions ® and ¥ defined
by (14) are solutions of equations (18), and vice versa, if two purely vectorial
biquaternionic functions ® and ¥ are solutions of equations (18), then the
vectors

E=12+7) 19)
- Lt@-w)
are solutions of equations (12).
Note that in a sourceless situation equations (18) take the form
D+ o)V =0
(D) (20)

(D — a3)® = 0.
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Remark 8. Introducing functions (14) we diagonalize the Maxwell equa-
tions (12) and in this way there follows the Bohren transformation procedure
(see, e.g., [16]). Nevertheless, the interpretation of ® and ¥ not as solutions
of the equations

rotV + a1 ¥ =0

rot® — as® =0

but of quaternionic equations (20) which possess much better properties allows
us to obtain some results given below which were not obtained with traditional
methods of vector analysis. The numbers «; and as play the role of two
different wave numbers corresponding to the propagation of electromagnetic
waves of opposing circular polarizations. From (17) it can be observed that
when the chirality measure of a medium £ is equal to zero, then the numbers
a1 and as coincide with the usual wave number k.

5. Integral representations for solutions
of Maxwell’s equations in chiral media

After having established in the preceding section a simple relation between
solutions of Maxwell’s equations for chiral media and solutions of quaternionic
equations (18) we can use the statements of Section 2 in order to obtain
corresponding results for the vectors of the electromagnetic field.

Let Q C R? be a bounded domain with a Liapunov boundary I'. Then
using the Borel-Pompeiu formula in Theorem 3/item 1) we obtain for ® and
U the equations

1 - .2
U(2) = = Tay [a1j(2) = divj(@)] + Ko, ¥(2)
(x € Q).

B 7
-k
Taking into account (19) and denoting Ty = Ty, To = T—q,, K1 = Ku,, Ko =

K_,,,0; =0,, and ©2 = O_,, we obtain for the vectors of the electromag-
netic field in €2 the integral representations

(x) = 1 T, [0 (@) + divi(2)] + Ko, ®(2)

=
[l

i - o= 1 = =
—%Tl(alj —divyj) + §K1(E —iH)
H)

7 - -, 1 —

—|——T2(042j+le])+—K2(E+Z
2k 2

1 -2 e 1 — —

— Ty (1] —div)) — — K (E —iH

ok 1(a1g — divy) % 1( iH)

1 =2 v 1 — —
—T: ] ivj) + =Ko(E +1H

ot

(21)
H

/
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or, in a more explicit form,

- {

B(a) =~ | [Kau (o= ) (o0 (y) - divily))
— Kas(@ = y) (a2i(y) + divj(y) | dy
-3 [ (Ko=) [B) ~ ifi )
+ K (2 = )iiy) [B(y) + i (y)] ) dr,,
() = g7 [ (Kas @ =)o) = divilo)]
K@ = )02 (y) + divj(y)] ) dy
+ 57 [ (Kouo =it [Bw) i )]

24
(y) + il (y)] )dr, |

\

zeQ)  (22)

txy

— K_ay(z —y)i(y)|

The vector parts herein are the Stratton-Chu formulas for chiral media which
for a sourceless situation can be found, for example, in [1]; the scalar parts
represent a certain kind of the Gauss formula (see the explanation in [12: p.

120]), and are identities if the vectors E and H satisfy the Maxwell equations
(12). Thus (21) represent a quaternionic form of the Stratton-Chu formulas
and give us the possibility to reconstruct the solutions E and H of equations
(12) inside the domain by their values on the boundary.

Now let us consider the following question. When do we know that a pair
of vectors & and & defined on the boundary are boundary values of a pair of
vectors E and H, solutions of equations (12)? In other words, how can we
guarantee that a pair of vectors € and h are extendable from T into € in such
a way that their extensions E and H satisfy equations (12) and coincide with
& and h on I'? We formulate this question as the following

Problem 9. Let I' = 0Q be a closed Liapunov surface on which the
vectors & and h satisfying the Holder condition are given. Find two vectors
E and H satisfying the Mazwell equations (12) in Q and on the boundary T
coinciding with & and h: E|p = & and H|p = h.

Taking into account (14), we obtain that Problem 9 is equivalent to the
following two problems:

(18); in Q with boundary condition ®|p = &+ ih

and
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(18)5 in Q with boundary condition ¥|p = & — ih.

Applying Theorem 6 to each of these two problems and using (19) we arrive
at the following result.

Theorem 10. The solution of Problem 9 exists and has the form

= i T N | L7
E = —%Tl(oqj —divy) + éKl(e —ih)
7: e -2 1 -
’
H—_—T ?_ divE) — S K (6 —
- Ti(0a] = div]) = K (6~ if)
1 2 s 1 - .7
+ ﬁTQ(OQ] +divy) + Q_Z-KQ(e + th)

if and only if the two equalities
@) = ~g7 | {Kosle =) i) — divito)]
— Kaa(@ = y) 2] (y) + divi(y)] pdy
-5 [ (Kaslo =i [et) ~ i)
K@ = 9)7i(y) [2ly) + ih(y)] ) dT,
@) = 57 [ (Koo = p)enito) — divilo)]

Ko = ) [e2(y) + div(y)] ) dy
1

+ 55 | K@= 0)iw) [ew) = ih(y)]

i
— Kax(w = 9)iiy)[ey) + ih(y)] )T,

)

(23)

for any x € T' are fulfilled.

Remark 11. The vector parts of equalities (23) reflect the quite well
known (for the non-chiral media see, e.g., [19]) necessary condition that &
and h must be boundary values of the corresponding Stratton-Chu integrals,
but this is not a sufficient condition. The scalar parts give us the lacking
information. Remaining in the framework of three-dimensional vector calculus
it is not easy to find the reason for the necessity of the scalar parts from (23),
but it becomes obvious in quaternionic terms.
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Note that a similar result can be obtained for unbounded domains also.
In this case the radiation conditions (1 =+ i |) f(@) =o() (Jz| = oo) in

[]
Remark 4 turn to be the Silver-Miiller conditions for the electromagnetic field
(see [7, 10]).

6. Electromagnetic energy balance in chiral media

We show that the electromagnetic energy balance equation is a simple corol-
lary of the quaternionic Stokes theorem. In addition, a useful vector identity
for the electromagnetic field in a chiral medium is obtained as vector part of
the Stokes theorem.

_Theorem 12 (Energy balance in chiral media). Let {E,H} c CY(Q) N
C(Q) be a solution of equations (12) and let T' = 9 be a closed piecewise
smooth surface. Then the equality

—/<[Exﬁ*],ﬁ>dr
I
jfe* I " I
_W/@Eﬂlﬂ?—l_lw/gmﬂwx (24)

1 L ik3 L
[ (E, ) de — —— [ (H*,]
+1_k*2/3*2 /§\2< 7] >dx 1_]{;262 /Q< 7j>d£1j

1s valid. Besides, the vector equality
/E<n H*)dl' + H* (E, ) dl’ — / i(E, H*) dT
r

* Zkﬁ = 7%
—2@Im1_k2ﬁ2 /ExH d+1_k2ﬁ2/9[j><H]dm (25)

L. 1 g
1—k*25*2/[E j*ldx — \/—5/Qpde

holds.
Proof. Using (1),(10); and (10)4 we obtain the equalities

DE = _T + rotE
DH = rotH.
From (12) we have
= p
DE = ——2 4 1rotE = ——2— + ik(H + BrotH)
f 2 Ve

DH = —ik(E + frotE) + j.
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Then

DE = _ﬁ +ikH + ikBDH

=L 4 ikH + k:QBE + /{;262r0tE + lkﬁj
\/_5
P T 207 | 1.232 > P .37
— P kA + KBE + k28 (DE+—) + kg7,
Vi Vi

We can write the last equality in the more convenient form

. 1 , .
DE:—\/%€+ g (PE + ik + ikp]). (26)

Analogously we have

DH = —ik(E + frotE) + j
— —ikE + k*BH + k*6°DH + J.

Taking the complex conjugation of the last equality yields

— 1 — — —
1_k*2ﬁ*2(zk + k23 H" +7) (27)

From Theorem 1 we have
/Eﬁﬁ*dr :/ (DE-H* + E - DH*)da.
r Q

Using (26) - (27) we obtain

= _, —»* 1 2 — 3 — . -, _,*
1 — — — —
E(i *E* *2 *H* %
+—1—k*26*2/ﬂ (1k + k™ +J )dx
— Lﬁ*dw
Q VHE

Now the scalar part of this equality gives us (24) and the vector part corre-
sponds to (25) B

The following fact is an analogue of Theorem 2 for the electromagnetic
field in a chiral medium.
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Theorem 13 (Quaternionic Cauchy’s integral theorem for chiral media).
Let {E,H} c C*(Q;H(C)) N C(Q; H(C)) satisfy the Mazwell equations

rotE = ik(H + SrotH)
rotH = —ik(E + fBrotE)

i §). Then the equalities

/an]dP_(zQ;al)/Ed +M/de
Q

/[an (042—2041) /Ed + a1 /Hda:
Q

/Fm,E) dl' =
/F<ﬁ,ﬁ) dr =

and

hold.
Proof. Consider the functions ¥ and ® defined by (14). Applying The-

orem 2 we get
/ AUAD = —ozl/ Udx
r Q

/ﬁquf:agf ddz.
r Q

That is, the pair of equalities
/ A(E — if)dr = —on / (B — iff)dz
r Q

/ i(E 4 iH)dl = ay / (E +iH)dx
r Q

(28)

are valid. Adding and substracting them we obtain

/ﬁﬁdrz%ﬂ/ﬁdu@+w/ﬁd$
I

/ﬁﬁdF:M/Ed-i- /de
r 2 Q

Rewriting this pair of equalities in a vector form finishes the proof i
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7. Maxwell’s equations in inhomogeneous chiral media

In this section we consider all the electromagnetic characteristics of the me-
dium being continuously differentiable functions of spatial coordinates: ¢ =
e(x), p = p(x) and § = B(x). Then the Maxwell equations for a time-
harmonic electromagnetic field in an inhomogeneous chiral medium have the
form . . -

rotH(x) = —iwe(x ( + B(x)rotE(z)) + j(x) (20)

rot E(x) = iwp(z) (H(x) + ) B(z)rotH (z)) '
Introducing the notations

. gradye , grady/up . -
f="pr—, ="+, E=VeE, H=uH
Ve Vi vH

and following arguments from [9] we obtain the pair of equations equivalent
to the system above:

(D + M5)E - ﬁ(D+Mﬂ)ﬁ g p Wi

(D + M®)E — ikB(D + MAYH = ikH — =
where as before k = w,/eu. This pair of equations can be rewritten as

k23E kB~ ikH

Y P
D+ MAE = _r
D+MV = mm T/ YT ee

I kK23 - ik - VE
D+ MAYH = _ 5
(D + M")H 1_k252H 1—k2525+1—k2ﬁ2‘7

Denote a = % Introducing the functions

&=E+iH (30)
U=E—iH
we obtain the equalities
gz Iy Uy 2 14
(Da +kﬂ) R(MEE+inkr + kSﬂ(k5+1)j+k\/g)

(Da - i)q? - —k:(M%f—iMkﬁ—aM(l — kB)] + L).
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It is easy to see that £/k and [i/k are dimensionless magnitudes. For a slowly
changing medium the absolute values of these two vectors are much less than
one (see, e.g., [2]), and the first two terms on the right-hand side of (31) are
negligible. Thus for a slowly changing chiral medium in the absence of sources
and currents we obtain the equations

KHL
Il

(D — CEQ)

0
(D—FOél)\I_} =0 (32)

where a; and «ay are defined by (17).

Let o be a complex-valued scalar function defined in 2 C R3. We consider

the equation
(D + a(z))u(x) =0 in (33)

where u is an H(C)-valued function. Following [8] (see also [10]) let us suppose
that the scalar function ¢ is some solution of the eikonal equation

(Vop)? = o? in 0. (34)

Then note that the H(C)-valued functions QT = a4 V¢ are zero divisors in
Q. Let n = e?. Then V¢ = % and the operator D + « can be rewritten as

D+a=nD+Q )y "
Consequently, equation (33) reduces to the equation
(D+ Q%1 (z)v(z) =0 in Q2 (35)

where v = 7. Note that this equation is equivalent to equation (33).

Let us look for the solution of equation (35) in the form
v=Q s (36)

where s is an H(C)-valued function. Substituting (36) into (35) we obtain
the equation DQ~s = 0 for s. Assume that a depends only on one variable:
a = a(z1). Then, e.g., the functions ¢; = i© and ¢ = —iO are solutions of
(34). Here © is an antiderivative of «.

Let us consider first the function ¢;. We have

m(x1) = e (7)) = ¢10lr)

Qli(xl) = a(xy) £ iira(ry) = alzr)(1 £iiq).
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The function v is related with w by v = e~®1u, and we are looking for it in
the form

v(x) = a(z1)(1 — diq1)s(z).

For the function s we obtain the equation
D(a(z1)(1 —idiy)s(x)) = 0. (37)
Let us denote f = a - s and use the quaternionic representation

Fi = fo+ finn

= I + Fyi h .
f 1 212 where {F2 — by + faiy.

We note that F; and Fy commute with (1 —4iy) and (1 — 41 )ias = i2(1 + 4i1).
Then equation (37) can be rewritten as

D(Fy(1 — itq) + Faia(1 +4i1)) = 0. (38)

Note that DM (%) = pr(+40) D Multiplying (38) from the right-hand side
first by (1—4i;1) and then by (141441 ) we obtain that equation (38) is equivalent

to the system
D(f?1)(1—2-1-1):0}. (39)
D(FQ’LQ)(l + ’LZl) =0

The last equation herein can be rewritten in the form D(F»)(1—ii;) = 0. Thus,
Fy and F, must satisfy the same equation. Let us consider the equation (39);.
Its solution obviously has the form

where S is an arbitrary two-component function and Hy = hg + hii; satisfies

the equation
DH; =0. (41)

We note that the last term in (40) does not contribute in the final solution of
equation (33) because of multiplication by Q~ (see (36)).

In order to solve equation (41) we rewrite it in explicit form
(1101 + 1202 + i303)(ho + h1i1) =0
and obtain that it is equivalent to the system

O1hg = 01h1 =0
Oshg +03h1 =0 3. (42)
O3hg — Ooh1 =0
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From here we have that H; is independent of the variable x; and is analytic
in the usual complex sense with respect to the complex variable z = x3 +
i1x9 as (42)2_srepresent the corresponding Cauchy-Riemann conditions. More
precisely, both ReH; = Rehg+171Rehy and ImH; = Imhg+12:Imh, are analytic
with respect to z.

In a similar way, Fy = Hso(z2,23) is an analytic function with respect to
z. Thus,

s(z) = (H1 (x2,23) + H2($2,$3)i2)
and the function

() = e"a(z)(1 - iir)s(x)
— ¢/ (Hy (9, w3)(1 — #i1) + Ha(wa, x3)in(1 + iiy))

is a solution of equation(33). Moreover, due to the right H(C)-linearity of
(33), the function

U1<£U) = ei@(:rl) (H1 (1132, $3)(1 — le)Al + HQ(ZZ'2, 2133)22(1 + iil)Ag), (43)

where A; and As are arbitrary constant complex quaternions, is also a solu-
tion.

Taking the function ¢o as a solution of the eikonal equation (34) and
repeating the procedure described above we arrive at another solution

UQ((L‘) — e_ig(xl) (Gl (IQ, Ig)(l —|— Ml)Bl —|— GQ(.I‘Q, xg)lg(l — le)BQ> (44)

of equation (33) where G; and G, similarly to H; and Hs, are analytic func-
tions with respect to z, and By, By are arbitrary constant complex quater-
nions. Thus, the following proposition is valid.

Proposition 14 [8]. Let ©(z1) be an antiderivative of the function a(z1),
let Hi, Hy and G1,G4 satisfy the Cauchy-Riemann conditions (42)a_3, and
let A1, Ay and B, By be arbitrary constant complex quaternions. Then the
functions (43) — (44) are solutions of the equation

(D + az1))u(z) = 0.
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From (43) - (44) we obtain the following expressions for ® and ¥:
P = ¢1©2(=1) (Hf’(xg,xg)(l — i) AT )

+ Hy (22, 23)ia(1 + z‘il)A;)

+ ei02(a1) (G1+(x2, 23)(1 + ii1) Bf

+ G;(SL’Q, 5133)22(1 - ZZl)B;>
(45)

-

U = O (H (g, 2)(1 - i) Ay
+ Hy (22, 23)i2(1 + iil)Az_>

4 1) (Gl_(an? 23)(1 + iiy) By

—+ GQ_ (l'g,xg)ig(l — 221)BQ_>

Vs

where the functions Hli,HQjE and Gli, G2jE satisfy the Cauchy-Riemann con-
ditions (42)y_3, ©1, 04 are antiderivative of ay, ag, respectively, and Ali, Azi
and Bit, B2i are arbitrary constant complex quaternions which must be cho-

sen in such a way that the scalar parts of the expressions on the right-hand
sides of (45) be zero.

Let us consider the case A2jE = ]5’2jE = 0. Then omitting the subindex “1”
we obtain @ and ¥ in the form

G = "2 [ (29, 23) (1 — ii1) AT
+ e 02 @) G (g, 24) (1 + 4y )BT (46)
U= @) H (24, 25) (1 — iiy) A~
+ €91 G (29, 23) (1 + ii1) B~
where H+ = h(jf + hliil and G* = gojE + gliz'l, and the functions h(jf, hljE and
g5, g satisfy (42)2_3. Note that

H*. (1 —iiy) =h%- (1 —di;)  where h* = hE +ihi
GE .- (1+iiy) = gF - (1 +1iy) where g% = gF —igf.

The scalar parts of the expressions on the right-hand sides in (46) are zero
if and only if
Sc((1 —ii1)A) = Sc((1 + i) BE) = 0

which is equivalent to the conditions
AE = —iAf here A =30 i A
By =iBy B* =37} _gir By
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Under these conditions we obtain

(1 — i) AT = a®(ig —ii3)  where o™ = AT +iAT

(14 43y) BT = b%(iy +14i3)  where b* = B —iBx.
Then, the functions (46) take the form
(I; = ei@2(w1)h+(x2’ $3)a+(i2 - iig)
+ e_i®2(m1)9+ (ZBQ, 1L'3)b+ (ig + ’iig)
U= e_iel(xl)h_(.iliz,l‘g)a_ (ig - ’ii3)

+ 6i®l(m1)g_($2, .Tg)b_ (ZQ + 213)

(47)

Thus we obtain the following

Proposition 15. Let o; and oo be functions of 1 only; h™ = ha: + ihli
and g* = goi — z'gf[ where the pairs h(jf,hli and g(jf,gli satisfy the Cauchy-
Riemann conditions (42)2_3, and let a* and b* be arbitrary constant complex
numbers. Then the functions (47) are solutions of equations (32).

The corresponding vectors of the electromagnetic field are obtained in the

form
1

NG
et g )b (i 4 i)

*ifal(ml)dml _ . .
+e h™ (xq,x3)a™ (ia — iis)

ifal(zl)dzl _ . »
+e g (2, 23)b™ (ig + ti3)

1
2\ /1t
I e—i f az(fﬁl)dﬂflg-l- ($27 .Tg)b+ (i2 + iig)

—ifal(xl)dxl _ . .
—e h™(zo,x3)a™ (i — ii3)

ifal(xl)dxl _ . .
—e g (x2,23)b™ (i + ii3)].

E = [eifa2(m1)dzlh+($2, £U3)a+<i2 — Z’Lg)

T
I

[eiIQQ(wl)dmlh—'_ (I‘Q, $3>a+ (ZQ - ZZ3)

They give us solution of (29) for a stratified chiral medium.
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