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A Necessary and Sufficient Condition
for the Existence of Positive Solutions

to the Singular p-Laplacian

R. P. Agarwal, Haishen Lü and D. O’Regan

Abstract. This paper studies the boundary value problem

(ϕp(u′))′ + q(t)(f(u) + g(u)) = 0 (0 < t < 1)

u(0) = u(1) = 0

)

in the case p > 1. A necessary and sufficient condition for the existence of C1[0, 1]
positive solutions and a sufficient condition for the existence of C[0, 1] positive so-
lutions are presented.
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tions for solutions
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1. Introduction

The boundary value problem

(ϕp(u′))′ + f(t, u) = 0 (0 < t < 1)

u(0) = u(1) = 0

}
(1.1)

where ϕp(s) = |s|p−2s (p > 1) has been studied extensively in the litera-
ture (see [3 - 5, 7 - 10, 12, 17] and the references therein). In this paper,
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we establish a necessary and sufficient condition for the existence of C1[0, 1]
positive solutions and a sufficient condition for the existence of C[0, 1] positive
solutions to the two-point boundary value problem

(ϕp(u′))′ + q(t)(f(u) + g(u)) = 0 (0 < t < 1)

u(0) = u(1) = 0

}
(1.2)

with ϕp(s) = |s|p−2s, p > 1, q ∈ C
(
(0, 1), [0,∞)

)
and f, g ∈ C

(
[0,∞), [0,∞)

)
.

We next state a fixed point theorem due to Krasnosel’skii (see, e.g., [2])
which will be needed in Sections 2 and 3.

Theorem 1.1. Let X be a Banach space, and let K (⊂ X) be a cone.
Assume Ω1, Ω2 are open subsets of X with 0 ∈ Ω1 and Ω1 ⊂ Ω2, and let

T : K ∩ (Ω2\Ω1) → K

be a continuous, compact operator such that, either
(a) ‖Tu‖ ≤ ‖u‖ (u ∈ K ∩ ∂Ω1) and ‖Tu‖ ≥ ‖u‖ (u ∈ K ∩ ∂Ω2)

or
(b) ‖Tu‖ ≥ ‖u‖ (u ∈ K ∩ ∂Ω1) and ‖Tu‖ ≤ ‖u‖ (u ∈ K ∩ ∂Ω2).

Then T has a fixed point in K ∩ (Ω2\Ω1).

In this paper X = (C[0, 1], ‖ · ‖) with usual maximum norm will be our
Banach space and

K =
{

u ∈ C[0, 1]
∣∣∣∣

u non-negative concave and, for some Mu > 0,

u(t) ≤ Mut(1− t) for all t ∈ [0, 1]

}

will be the cone. Also, for R > 0 we set

KR =
{
y ∈ K : ‖y‖ < R

}
.

We first state two known lemmas which will be needed in the following.

Lemma 1.1 [17]. Assume that 0 ≤ ρ ∈ L1(0, 1), ρ 6≡ 0 in (0, 1). Suppose

u ∈ C1
0 [0, 1] =

{
v : v, v′ ∈ X, v(0) = v(1) = 0

}

is the unique positive solution of the problem

−(ϕp(u′))′ = ρ(t) (0 < t < 1)

u(0) = u(1) = 0

}
.
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Then there exist constants k ≥ l > 0 such that

l p(t) ≤ u(t) ≤ k p(t) (0 ≤ t ≤ 1)

where p(t) = min{t, 1− t}.
Lemma 1.2 [1]. Let u ∈ K. Then u(t) ≥ t(1− t)‖u‖ for t ∈ [0, 1].

In what follows we shall assume that
(H1) q(t) > 0 for t ∈ (0, 1) and

∫ 1
2

0

ϕ−1
p

( ∫ 1
2

s

q(r) dr

)
ds +

∫ 1

1
2

ϕ−1
p

( ∫ s

1
2

q(r) dr

)
ds < ∞.

2. A necessary and sufficient condition for the
existence of positive solutions

In this section we write

f0 = lim
x→0+

f(x)
xp−1

f∞ = lim
x→∞

f(x)
xp−1

and
g0 = lim

x→0+

g(x)
xp−1

g∞ = lim
x→∞

g(x)
xp−1

.

We begin with a result which requires either
(i) f and g sublinear at zero and superlinear at infinity

or
(ii) f and g superlinear at zero and sublinear at infinity.

Theorem 2.1. Suppose condition (H1) holds. In addition, assume the
following:
(H2) f, g are non-decreasing and there exist constants λ, µ > 1 such that

f(cx) ≤ cλ(p−1)f(x) and g(cx) ≤ cµ(p−1)g(x) for all c ≥ 1.
(H3) One of the following conditions hold:

(h1) f0 = 0, f∞ = ∞, g0 = 0, g∞ = ∞
(h2) f0 = ∞, f∞ = 0, g0 = ∞, g∞ = 0.

Then a necessary and sufficient condition for problem (1.2) to have a C1[0, 1]
positive solution is that

0 <

∫ 1

0

q(s)
(
f
(
e(s) + g(e(s))

))
ds < ∞ (2.1)
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where e(s) = s(1− s).

Proof. Necessity. Assume that u is a C1[0, 1] positive solution of prob-
lem (1.2). Then u′(0) and u′(1) are finite with (ϕp(u′))′ ≤ 0 and u(t) > 0 for
t ∈ (0, 1). This implies that ϕp(u′) is non-increasing, so u′ is non-increasing.
Thus u is a concave function. This implies that there is a constant m > 0
such that

u(t) ≥ m e(t) (0 ≤ t ≤ 1). (2.2)

Let c = min{1, m}. Now condition (H2) implies that
∫ 1

0

q(s)
(
f(e(s)) + g(e(s))

)
ds

≤
∫ 1

0

q(s)
(
f(c−1u(s)) + g(c−1u(s))

)
ds

≤ c

∫ 1

0

q(s)
(
f(u(s)) + g(u(s))

)
ds

= −c

∫ 1

0

(
ϕp(u′(s))

)′
ds

= c
(
ϕp(u′(0))− ϕp(u′(1))

)

< ∞

(2.3)

where c = max{c−(p−1)λ, c−(p−1)µ}.
On the other hand, assume that u is a C1[0, 1] positive solution of problem

(1.2). Then q(t)(f(u) + g(u)) 6= 0 for (t, u) ∈ (0, 1) × (0,∞), since otherwise
problem (1.2) has only the zero solution. Without loss of generality, suppose

q(t0)
(
f(u(t0)) + g(u(t0))

)
> 0

for some t0 ∈ (0, 1). By [16: Lemma 2], there exist a constant M > 0 such that
u(s) ≤ M e(s) for s ∈ [0, 1]. Let M1 = max{1, M}. Then u(t0) ≤ Me(t0) ≤
M1e(t0). Consequently,

0 < q(t0)
(
f(u(t0)) + g(u(t0))

)

≤ q(t0)
(
f(M1e(t0)) + g(M1e(t0))

)

≤ q(t0)
(
M

λ(p−1)
1 f(e(t0)) + M

µ(p−1)
1 g(e(t0))

)

≤ max
{
M

λ(p−1)
1 ,M

µ(p−1)
1

}
q(t0)

(
f(e(t0)) + g(e(t0))

)
.

As a result, 0 < q(t0)
(
f(e(t0)) + g(e(t0))

)
. Now, since f, g, q are continuous,

there exists an interval [a1, b1] ⊂ (0, 1) with
∫ b1

a1

q(s)
(
f(e(s)) + g(e(s))

)
ds > 0.
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Thus (2.1) holds.
Sufficiency. We will consider two cases.
Case 1: Suppose conditions (H1), (H2), (h1) and (2.1) hold. For all u ∈ K

and t ∈ (0, 1) define

x(t) =
∫ t

0

ϕ−1
p

( ∫ t

s

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

−
∫ 1

t

ϕ−1
p

( ∫ s

t

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds.

Clearly, x is continuous and non-decreasing in (0, 1) and x(0+) < 0 < x(1−).
Thus, x has zeros in (0, 1).

Let ξ be such a zero of x in (0, 1). Then

∫ ξ

0

ϕ−1
p

( ∫ ξ

s

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

=
∫ 1

ξ

ϕ−1
p

( ∫ s

ξ

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds.

(2.4)

Define the operator
T : K → C[0, 1]

by

(Tu)(t) =



∫ t

0
ϕ−1

p

( ∫ ξ

s
q(r)

(
f(u(r)) + g(u(r))

)
dr

)
ds if 0 ≤ t ≤ ξ

∫ 1

t
ϕ−1

p

( ∫ s

ξ
q(r)

(
f(u(r)) + g(u(r))

)
dr

)
ds if ξ ≤ t ≤ 1.

(2.5)

We first prove that, for all u ∈ K, y = Tu ∈ K and y(ξ) is the maximum
value of y on [0, 1] where ξ is the above fixed zero of x in (0, 1). Fix u ∈ K
and let the constant Mu be such that u(t) ≤ Mut(1 − t) on [0, 1]. From the
definition of T ,

y′(t) =





ϕ−1
p

( ∫ ξ

s
q(r)

(
f(u(r)) + g(u(r))

)
dr

)
ds ≥ 0 if 0 < t ≤ ξ

−ϕ−1
p

( ∫ s

ξ
q(r)

(
f(u(r)) + g(u(r))

)
dr

)
ds ≤ 0 if ξ ≤ t < 1

is continuous and non-increasing in (0, 1) and y′(ξ) = 0. Thus Tu is a concave
function. Moreover,

q(t)
(
f(u(t)) + g(u(t))

) ≤ q(r)
(
f(Mue(t)) + g(Mue(t))

)
(2.6)
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for t ∈ (0, 1). Set

Hu(t) =





∫ t

0
ϕ−1

p

( ∫ ζ

s
q(r)

(
f(Mue(r)) + g(Mue(r))

)
dr

)
ds if 0 ≤ t ≤ ζ

∫ 1

t
ϕ−1

p

( ∫ s

ζ
q(r)

(
f(Mue(r)) + g(Mue(r))

)
dr

)
ds if ζ ≤ t ≤ 1

where ζ is a zero of the function

x(t) =
∫ t

0

ϕ−1
p

( ∫ t

s

q(r)
(
f(Mue(r)) + g(Mue(r))

)
dr

)
ds

−
∫ 1

t

ϕ−1
p

(∫ s

t

q(r)
(
f(Mue(r)) + (Mue(r))

)
dr

)
ds

defined for t ∈ (0, 1). Thus

(ϕp(H ′
u))′ = −q(t)

(
f(Mue(t)) + g(Mue(t))

)
(0 < t < 1)

Hu(0) = Hu(1) = 0

}
(2.7)

and
(ϕp(y′))′ = −q(t)

(
f(u(t)) + g(u(t))

)
(0 < t < 1)

y(0) = y(1) = 0

}
. (2.8)

We claim that y(t) ≤ Hu(t) for t ∈ (0, 1). If not, there would exist 0 < t0 < 1
with y(t0) > Hu(t0), and so there would exist an interval (a, b) such that
y(t) > Hu(t) for t ∈ (a, b) and

y(a)−Hu(a) = y(b)−Hu(b) = 0. (2.9)

Let m = y(B) − Hu(B) be the positive maximum of y(t) − Hu(t) on [a, b].
Then B ∈ (a, b) and

y′(B) = H ′
u(B). (2.10)

Integrating both sides of equalities (2.7) and (2.8) over [s,B] (a < s < B)
yields

H ′
u(s) = ϕ−1

p

(
ϕp(H ′

u(B)) +
∫ B

s

q(r)
(
f(Mue(r)) + g(Mue(r))

)
dr

)

y′(s) = ϕ−1
p

(
ϕp(y′(B)) +

∫ B

s

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
.

Integrating both equalities on [a,B] yields

Hu(B)−Hu(a) =
∫ B

a

ϕ−1
p

(
ϕp(H ′

u(B))

+
∫ B

s

q(r)
(
f(Mue(r)) + g(Mue(r))

)
dr

)
ds

y(B)− y(a) =
∫ B

a

ϕ−1
p

(
ϕp(y′(B)) +

∫ B

s

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds.



A Condition for the Singular p-Laplacian 695

Using inequality (2.6) we have

∫ B

s

q(r)
(
f(u(r)) + g(u(r))

)
dr ≤

∫ B

s

q(r)
(
f(Mue(r)) + g(Mue(r))

)
dr

for s ∈ (a, B). Also, (2.10) implies ϕp(H ′
u(B)) = ϕp(y′(B)). Thus, for s ∈

(a,B) we have

ϕ−1
p

(
ϕp(y′(B)) +

∫ B

s

q(r)
(
f(u(r)) + g(u(r))

)
dr

)

≤ ϕ−1
p

(
ϕp(H ′

u(B)) +
∫ B

s

q(r)
(
f(Mue(r)) + g(Mue(r))

)
dr

)
.

Consequently, y(B)− y(a) ≤ Hu(B)−Hu(a). This together with (2.9) yields
y(B)−Hu(B) ≤ 0. We got a contraction since y(B)−Hu(B) = m > 0. Thus
y(t) ≤ Hu(t) for t ∈ [0, 1].

Note that, because (2.1) holds,

ρ(r) = q(r)
(
f(Mue(r)) + g(Mue(r))

)

satisfies the conditions of Lemma 1.1. Thus there exists a constant k > 0 such
that y(t) ≤ Hu(t) ≤ k p(t) for t ∈ [0, 1]. Consequently, there exist a constant
My > 0 such that y(t) ≤ Mye(t) on [0, 1]. This shows T (K) ⊂ K. Of course,
each fixed point of T in K is a solution of problem (1.2).

We now claim that, for all R > 0, the operator T : KR → K is continuous
and compact. We first show that TKR is bounded. For this put

Y (t) = ϕ−1
p

(
f(R) + g(R)

)

×
{∫ t

0
ϕ−1

p

( ∫ τ

s
q(r) dr

)
ds if 0 ≤ t ≤ τ∫ 1

t
ϕ−1

p

( ∫ s

τ
q(r) dr

)
ds if τ ≤ t ≤ 1

where τ is a zero of the function

x(t) =
∫ t

0

ϕ−1
p

( ∫ t

s

q(r) dr

)
ds−

∫ 1

t

ϕ−1
p

( ∫ s

t

q(r) dr

)
ds

defined for t ∈ (0, 1). Let u ∈ KR. It is clear that

(ϕp(Y ′))′ +
(
f(R) + g(R)

)
q(t) = 0 (2.11)

(ϕp((Tu)′))′ + q(t)
(
f(u(t)) + g(u(t))

)
= 0 (2.12)

q(t)
(
f(u(t)) + g(u(t))

) ≤ (
f(R) + g(R)

)
q(t) (2.13)
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for t ∈ [0, 1]. Essentially the same reasoning as above yields 0 ≤ Tu(t) ≤ Y (t)
for u ∈ KR and t ∈ [0, 1]. Thus the image TKR is bounded.

We next show the equicontinuity of the image TKR on [0, 1]. Indeed, for
any ε > 0, from the continuity of Y on [0, 1] it follows that there is a δ1 ∈ (0, 1

4 )
such that

0 ≤ Tu(t) ≤ Y (t) < ε

for every u ∈ KR and t ∈ [0, 2δ1]∪ [1−2δ1, 1]. Thus |Tu(t1)−Tu(t2)| < 2ε for
t1, t2 ∈ [0, 2δ1) or t1, t2 ∈ (1− 2δ1, 1]. Next, we consider t1, t2 ∈ [2δ1, 1− 2δ1].
If 0 ≤ Tu(ξ) < ε, then

|Tu(t1)− Tu(t2)| ≤ |Tu(t1)|+ |Tu(t2)| < 2ε

for any t1, t2 ∈ [0, 1]. If Tu(ξ) ≥ ε, then ξ ∈ [2δ1, 1 − 2δ1] and hence for
t ∈ [δ1, 1− δ1] we have

|(Tu)′(t)| ≤
∣∣∣∣ϕ−1

p

( ∫ 1−δ1

δ1

(
f(R) + g(R)

)
q(r)dr

)∣∣∣∣ = L.

Put δ2 = ε
L . Then for t1, t2 ∈ [δ1, 1− δ1] and |t1 − t2| < δ2 we have

|Tu(t1)− Tu(t2)| ≤ |(Tu)′(η)| |t1 − t2| < Lδ2 = ε

where η lies between t1 and t2. Let δ = min{δ1, δ2}. Then for t1, t2 ∈ [0, 1]
with |t1 − t2| < δ we have

|Tu(t1)− Tu(t2)| < 3ε (u ∈ KR).

This shows that TKR is equicontinuous on [0, 1].
We next claim that T : KR → K is continuous. Assume that {un}∞n=0 ⊂

KR and un → u0 uniformly on [0, 1]. The Arzela-Ascoli theorem guarantees
that there exist a subsequences of {Tun}∞n=1 (without loss of generality assume
it is the whole sequence) and a v ∈ C[0, 1] with Tun → v uniformly on [0, 1]
as n → ∞. We can also assume without loss of generality that ξn converges,
and we suppose ξn → ξ0 as n → ∞. We will now prove that v(t) = (Tu0)(t)
for t ∈ [0, 1].

Without loss of generality, we may choose a sequence {ξnj} such that
{ξnj} is monotonically increasing (the proof is similar if it is monotonically
decreasing) and ξnj → ξ0 as j →∞. Then,

ϕ−1
p

( ∫ ξnj

s

q(r)
(
f(unj (r)) + g(unj (r))

)
dr

)

≤ ϕ−1
p

(
f(R) + g(R)

)
ϕ−1

p

( ∫ ξ0

s

q(r)dr

)
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for s ∈ [0, ξnj
]. The Lebesgue’s Dominated Convergence Theorem guarantees

v(t) = lim
n→∞

Tun(t)

=
∫ t

0

ϕ−1
p

( ∫ ξ0

s

q(r)
(
f(u0(r)) + g(u0(r))

)
dr

)
ds

(2.14)

for t ∈ [0, ξ0]. Notice that, for any integers j > J ,

ϕ−1
p

(
f(R) + g(R)

) ∫ 1

ξnJ

ϕ−1
p

( ∫ s

ξnJ

q(r) dr

)
ds < ∞

and

ϕ−1
p

( ∫ s

ξnj

q(r)
(
f(unj (r)) + g(unj (r))

)
dr

)
ds

≤ ϕ−1
p

(
f(R) + g(R)

)
ϕ−1

p

( ∫ s

ξnJ

q(r) dr

)
ds

for s ∈ [ξnj , 1]. The Lebesgue’s Dominated Convergence Theorem guarantees
that

v(t) = lim
j→∞

∫ 1

t

ϕ−1
p

( ∫ s

ξnj

q(r)
(
f(unj (r)) + g(unj (r))

)
dr

)
ds

=
∫ 1

t

ϕ−1
p

( ∫ s

ξ0

q(r)
(
f(u0(r)) + g(u0(r))

)
dr

)
ds

(2.15)

for s ∈ [ξ0, 1]. From (2.14) and (2.15) we get

v(ξ0) =
∫ ξ0

0

ϕ−1
p

( ∫ ξ0

s

q(r)
(
f(u0(r)) + g(u0(r))

)
dr

)
ds

=
∫ 1

ξ0

ϕ−1
p

( ∫ s

ξ0

q(r)
(
f(u0(r)) + g(u0(r))

)
dr

)
ds.

Clearly, v(t) = (Tu0)(t) for all t ∈ [0, 1].
The above shows that there exists a subsequence S of N with Tun → Tu0

uniformly on [0, 1] as n → ∞ in S. We now show Tun → Tu0 uniformly on
[0, 1] as n → ∞ in N . Suppose this is false. Then there exist ε0 > 0 and
a subsequence S1 of N with |Tun − Tu0|0 ≥ ε0 (n ∈ S1). Since un → u0

uniformly on [0, 1] as n →∞ in S1, then as above there exists a subsequence
S2 of S1 with Tun → Tu0 uniformly on [0, 1] as n → ∞ in S2. This is a
contradiction. As a result, T : KR → K is a continuous, compact operator.
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We now show that problem (1.2) has a positive C1[0, 1] solution. Since
f0 = g0 = 0, there exist a constant l > 0 such that

f(u) ≤ ηp−1up−1

g(u) ≤ ηp−1up−1
(0 < u ≤ l)

where η satisfies

2
1

p−1 η max
{ ∫ 1

2

0

ϕ−1
p

( ∫ 1
2

s

q(r) dr

)
ds,

∫ 1

1
2

ϕ−1
p

( ∫ s

1
2

q(r) dr

)
ds

}
≤ 1.

If u ∈ K and ‖u‖ = l, then for 0 ≤ t ≤ 1 we have (with ξ and T defined in
(2.4) and (2.5))

(Tu)(t) =





∫ t

0
ϕ−1

p

( ∫ ξ

s
q(r)

(
f(u(r)) + g(u(r))

)
dr

)
ds if 0 ≤ t ≤ ξ

∫ 1

t
ϕ−1

p

( ∫ s

ξ
q(r)

(
f(u(r)) + g(u(r))

)
dr

)
ds if ξ ≤ t ≤ 1

≤
∫ ξ

0

ϕ−1
p

( ∫ ξ

s

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

=
∫ 1

ξ

ϕ−1
p

( ∫ s

ξ

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

≤ max





∫ 1
2

0

ϕ−1
p

( ∫ 1
2

s

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

∫ 1

1
2

ϕ−1
p

( ∫ s

1
2

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds





≤ max





∫ 1
2

0

ϕ−1
p

( ∫ 1
2

s

q(r)
(
ηp−1(u(r))p−1 + ηp−1(u(r))p−1

)
dr

)
ds

∫ 1

1
2

ϕ−1
p

( ∫ s

1
2

q(r)
(
ηp−1(u(r))p−1 + ηp−1(u(r))p−1

)
dr

)
ds





≤ max





∫ 1
2

0

ϕ−1
p

( ∫ 1
2

s

2ηp−1‖u‖p−1q(r)dr

)
ds

∫ 1

1
2

ϕ−1
p

( ∫ s

1
2

2ηp−1‖u‖p−1q(r)dr

)
ds





≤ 2
1

p−1 η‖u‖max





∫ 1
2

0

ϕ−1
p

( ∫ 1
2

s

q(r)dr

)
ds

∫ 1

1
2

ϕ−1
p

( ∫ s

1
2

q(r) dr

)
ds





≤ ‖u‖.
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That is,

(Tu)(t) ≤ ‖u‖ (0 ≤ t ≤ 1). (2.16)

Let Ω1 = {u ∈ X : ‖u‖ < l}. Now by (2.16) we have ‖Tu‖ ≤ ‖u‖ for all
u ∈ K ∩ ∂Ω1. Also, since f∞ = g∞ = ∞, there exist L1 > l > 0 such that, for
all u ≥ L1, f(u) ≥ νp−1up−1 and g(u) ≥ νp−1up−1 where ν satisfies

2
1

p−1
3
16

ν min
{ ∫ 1

2

1
4

ϕ−1
p

( ∫ 1
2

s

q(r) dr

)
ds,

∫ 3
4

1
2

ϕ−1
p

( ∫ s

1
2

q(r) dr

)
ds

}
≥ 1.

Let L = 16L1
3 and Ω2 = {u ∈ K : ‖u‖ < L}. If u ∈ K ∩ ∂Ω2, then by

Lemma 1.2 we have min 1
4≤s≤ 3

4
u(s) ≥ 3

16‖u‖ and so (with ξ and T defined in
(2.4) and (2.5))

‖Tu‖ =
∫ ξ

0

ϕ−1
p

( ∫ ξ

s

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

=
∫ 1

ξ

ϕ−1
p

( ∫ s

ξ

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

≥ min





∫ 1
2

0

ϕ−1
p

( ∫ 1
2

s

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

∫ 1

1
2

ϕ−1
p

( ∫ s

1
2

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds





≥ min





∫ 1
2

1
4

ϕ−1
p

( ∫ 1
2

s

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

∫ 3
4

1
2

ϕ−1
p

( ∫ s

1
2

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds





≥ min





∫ 1
2

1
4

ϕ−1
p

( ∫ 1
2

s

q(r)
(
f
( 3

16
‖u‖

)
+ g

( 3
16
‖u‖

))
dr

)
ds

∫ 3
4

1
2

ϕ−1
p

( ∫ s

1
2

q(r)
(
f
( 3

16
‖u‖

)
+ g

( 3
16
‖u‖

))
dr

)
ds





≥ min





∫ 1
2

1
4

ϕ−1
p

( ∫ 1
2

s

2q(r)νp−1
( 3

16
‖u‖

)p−1

dr

)
ds

∫ 3
4

1
2

ϕ−1
p

( ∫ s

1
2

2q(r)νp−1
( 3

16
‖u‖

)p−1

dr

)
ds




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≥ 2
1

p−1
3
16

ν‖u‖min





∫ 1
2

1
4

ϕ−1
p

( ∫ 1
2

s

q(r) dr

)
ds

∫ 3
4

1
2

ϕ−1
p

( ∫ s

1
2

q(r) dr

)
ds





≥ ‖u‖.
Thus ‖Tu‖ ≥ ‖u‖ for all u ∈ K∩∂Ω2. Consequently, problem (1.2) has at least
one solution u ∈ C[0, 1] ∩ C1(0, 1) with ϕp(u′) ∈ C1(0, 1) and l ≤ ‖u‖ ≤ L.

We next prove that u′(0+) and u′(1−) are finite. Indeed, since u ∈ K,
there exists a constant A ≥ 1 with u(s) ≤ Ae(s) for s ∈ [0, 1]. Notice that

u′(0+) = lim
t→0+

u(t)
t

= lim
t→0+

ϕ−1
p

( ∫ ξ

t

q(r)
(
f(u(r)) + g(u(r))

)
dr

)

= ϕ−1
p

( ∫ ξ

0

q(r)
(
f(u(r)) + g(u(r))

)
dr

)

≤ ϕ−1
p

( ∫ ξ

0

q(r)
(
f(Ae(r)) + g(Ae(r))

)
dr

)

≤ Aϕ−1
p

( ∫ ξ

0

q(r)
(
f(e(r)) + g(e(r))

)
dr

)

< ∞

where A = max{Aλ, Aµ}. A similar argument guarantees that u′(1−) is finite.
This implies that u is a C1 positive solution of problem (1.2).

Case 2: Suppose conditions (H1), (H2) and (h2) hold. Then a slight mod-
ification of the argument in Case 1 establishes the result

In comparison to Theorem 2.1 our next result only requires one of the
following conditions:

(i) f is superlinear at infinity
(ii) g is superlinear at infinity
(iii) f is superlinear at zero
(iv) g is superlinear at zero.

However, to achieve this a price has to be paid, i.e. we need to assume that
f(1) + g(1) is sufficiently small (see condition (H4) below).

Theorem 2.2. Suppose conditions (H1) - (H2) hold. In addition, assume
the following:
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(H4) M
1

p−1 max
{ ∫ 1

2
0

ϕ−1
p

( ∫ 1
2

s
q(r) dr

)
ds,

∫ 1
1
2

ϕ−1
p

( ∫ s
1
2

q(r) dr
)
ds

}
≤ 1 where

M = f(1) + g(1).

(H5) One of the following conditions hold:

(h3) f∞ = ∞
(h4) g∞ = ∞
(h5) f0 = ∞
(h6) g0 = ∞.

Then a necessary and sufficient condition for problem (1.2) to have a C1[0, 1]
positive solution is that

0 <

∫ 1

0

q(s)
(
f
(
e(s) + g(e(s))

))
ds < ∞

where e(s) = s(1− s).

Proof. Necessity. Essentially the same reasoning as in Theorem 2.1
establishes the result.

Sufficiency. We will consider 4 different cases.
Case (1): Suppose conditions (H1), (H2), (H4) and (h3) hold. As in The-

orem 2.1 we have for all R > 0 that T : KR → K is a continuous, compact
operator. Since f∞ = ∞, there exists R1 > 1 such that f(u) ≥ ηp−1

1 up−1 for
u ≥ R1 where η1 > 0 and

3η1

16
min

{ ∫ 1
2

1
4

ϕ−1
p

( ∫ 1
2

s

q(r) dr

)
ds,

∫ 3
4

1
2

ϕ−1
p

( ∫ s

1
2

q(r) dr

)
ds

}
≥ 1.

Let R2 = 16R1
3 and Ω1 = {u ∈ X : ‖u‖ < R2}. If u ∈ K ∩ ∂Ω1, then by

Lemma 1.2 min 1
4≤s≤ 3

4
u(s) ≥ 3

16‖u‖ and so (with ξ and T defined in (2.4) and
(2.5))

‖Tu‖ =
∫ ξ

0

ϕ−1
p

( ∫ ξ

s

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

=
∫ 1

ξ

ϕ−1
p

( ∫ s

ξ

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

≥ min





∫ 1
2

0

ϕ−1
p

( ∫ 1
2

s

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

∫ 1

1
2

ϕ−1
p

( ∫ s

1
2

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds




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≥ min





∫ 1
2

0

ϕ−1
p

( ∫ 1
2

s

q(r)f(u(r)) dr

)
ds

∫ 1

1
2

ϕ−1
p

( ∫ s

1
2

q(r)f(u(r)) dr

)
ds





≥ min





∫ 1
2

1
4

ϕ−1
p

( ∫ 1
2

s

q(r)f(u(r)) dr

)
ds

∫ 3
4

1
2

ϕ−1
p

( ∫ s

1
2

q(r)f(u(r)) dr

)
ds





≥ 3η1

16
‖u‖min





∫ 1
2

1
4

ϕ−1
p

( ∫ 1
2

s

q(r) dr

)
ds

∫ 3/4

1
2

ϕ−1
p

( ∫ s

1
2

q(r) dr

)
ds





≥ ‖u‖.
Thus

‖Tu‖ ≥ ‖u‖ (u ∈ K ∩ ∂Ω1).

In addition, if u ∈ K and ‖u‖ = 1, then u(s) ≤ 1 for s ∈ [0, 1]. Thus we have
(with ξ and T defined in (2.4) and (2.5))

(Tu)(t) =





∫ t

0
ϕ−1

p

( ∫ ξ

s
q(r)

(
f(u(r)) + g(u(r))

)
dr

)
ds if 0 ≤ t ≤ ξ

∫ 1

t
ϕ−1

p

( ∫ s

ξ
q(r)

(
f(u(r)) + g(u(r))

)
dr

)
ds if ξ ≤ t ≤ 1

≤
∫ ξ

0

ϕ−1
p

( ∫ ξ

s

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

=
∫ 1

ξ

ϕ−1
p

( ∫ s

ξ

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

≤ max





∫ 1
2

0

ϕ−1
p

( ∫ 1
2

s

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

∫ 1

1
2

ϕ−1
p

( ∫ s

1
2

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds





≤ max





∫ 1
2

0

ϕ−1
p

( ∫ 1
2

s

q(r)
(
f(1) + g(1)

)
dr

)
ds

∫ 1

1
2

ϕ−1
p

( ∫ s

1
2

q(r)
(
f(1) + g(1)

)
dr

)
ds




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≤ M
1

p−1 max





∫ 1
2

0

ϕ−1
p

( ∫ 1
2

s

q(r) dr

)
ds

∫ 1

1
2

ϕ−1
p

( ∫ s

1
2

q(r) dr

)
ds





≤ 1 = ‖u‖.

Let Ω2 = {u ∈ K : ‖u‖ < 1}. Then

‖Tu‖ ≤ ‖u‖ (u ∈ K ∩ ∂Ω2).

By Theorem 1.1, T has a fixed point u in K ∩ (Ω1\Ω2). As in Theorem 2.1,
u is a positive C1[0, 1] solution of problem (1.2).

Case (2): Suppose conditions (H1) - (H2), (H4) and (h4) hold. Then a
slight modification of the argument in Case (1) establishes the result.

Case (3): Suppose conditions (H1) - H2), (H4) and (h5) hold. As in The-
orem 2.1, we have that, for all R > 0, T : KR → K is a continuous, compact
operator. Since f0 = ∞, there exists 0 < R1 < 1 such that f(u) ≥ ξp−1

1 up−1

for 0 ≤ u ≤ R1 where ξ1 > 0 and

3ξ1

16
min

{ ∫ 1
2

1
4

ϕ−1
p

( ∫ 1
2

s

q(r) dr

)
ds,

∫ 3/4

1
2

ϕ−1
p

( ∫ s

1
2

q(r) dr

)
ds

}
≥ 1.

Let Ω1 = {u ∈ X : ‖u‖ < R1}. If u ∈ K ∩ ∂Ω1, then by Lemma 1.2

min
1
4≤s≤ 3

4

u(s) ≥ 3
16
‖u‖

and so we have (with ξ and T defined in (2.4) and (2.5))

‖Tu‖ =
∫ ξ

0

ϕ−1
p

( ∫ ξ

s

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

=
∫ 1

ξ

ϕ−1
p

( ∫ s

ξ

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

≥ min





∫ 1
2

0

ϕ−1
p

( ∫ 1
2

s

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

∫ 1

1
2

ϕ−1
p

( ∫ s

1
2

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds




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≥ min





∫ 1
2

0

ϕ−1
p

( ∫ 1
2

s

q(r)f(u(r)) dr

)
ds

∫ 1

1
2

ϕ−1
p

( ∫ s

1
2

q(r)f(u(r)) dr

)
ds





≥ min





∫ 1
2

1
4

ϕ−1
p

( ∫ 1
2

s

q(r)f(u(r)) dr

)
ds

∫ 3
4

1
2

ϕ−1
p

( ∫ s

1
2

q(r)f(u(r)) dr

)
ds





≥ min





∫ 1
2

1
4

ϕ−1
p

( ∫ 1
2

s

q(r)ξp−1
1 (u(r))p−1dr

)
ds

∫ 3
4

1
2

ϕ−1
p

( ∫ s

1
2

q(r)ξp−1
1 (u(r))p−1dr

)
ds





≥ 3ξ1

16
‖u‖min





∫ 1
2

1
4

ϕ−1
p

( ∫ 1
2

s

q(r) dr

)
ds

∫ 3
4

1
2

ϕ−1
p

( ∫ s

1
2

q(r) dr

)
ds





≥ ‖u‖.
Thus

‖Tu‖ ≥ ‖u‖ (u ∈ K ∩ ∂Ω1).

In addition, as in Case (1), with Ω2 = {u ∈ K : ‖u‖ < 1} we have

‖Tu‖ ≤ ‖u‖ (u ∈ K ∩ ∂Ω2).

By Theorem 1.1, T has a fixed point u in K ∩ (Ω2\Ω1). As in Theorem 2.1,
u is a positive C1[0, 1] solutions of problem (1.2).

Case (4) : Suppose conditions (H1) - (H2), (H4) and (h6) hold. A slight
modification of the argument in Case (3) establishes the result

Remark 2.1. The ideas in this section extend to the boundary value
problems

(ϕp(u′))′ + f(t, u) = 0 (0 < t < 1)

u′(0) = u(1) = 0

}

and
(ϕp(u′))′ + f(t, u) = 0 (0 < t < 1)

u(0) = u′(1) = 0

}
.
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Minor adjustments are only needed, so we leave the details to the reader.

The conditions in Theorems 2.1 and 2.2 are easy to check in practice as
the following example shows.

Example 2.1. Consider the boundary value problem

(ϕp(u′))′ + q(t) [ua + ub] = 0 (0 < t < 1)

u(0) = u(1) = 0

}
(2.17)

with q ∈ C
(
(0, 1), [0,∞)

)
and condition (H1) holding. Also, assume a > p− 1

and b > p− 1 and

0 <

∫ 1

0

q(s) [sa(1− s)a + sb(1− s)b] ds < ∞.

Then problem (2.17) has a C1[0, 1] positive solution.

We will apply Theorem 2.1 with f(x) = xa and g(x) = xb. Clearly,
condition (H2) holds (with λ = a

p−1 and µ = b
p−1 ). Also,

f0 = lim
x→0+

xa−(p−1) = 0, f∞ = lim
x→∞

xa−(p−1) = ∞, g0 = 0, g∞ = ∞.

Thus condition (h1) holds.

3. A sufficient condition for the existence
of positive solutions

In certain situations it is possible to replace the sublinear and superlinear
conditions in the previous section by more general conditions. The main
result will be presented in Theorem 3.1.

In this section, we write

C1 = max

{∫ 1
2

0

ϕ−1
p

( ∫ 1
2

s

q(r) dr

)
ds,

∫ 1

1
2

ϕ−1
p

( ∫ s

1
2

q(r) dr

)
ds

}

C2 = min

{∫ 1
2

1
4

ϕ−1
p

( ∫ 1
2

s

q(r) dr

)
ds,

∫ 3
4

1
2

ϕ−1
p

( ∫ s

1
2

q(r) dr

)
ds

}
.

Theorem 3.1. Suppose condition (H1) holds. In addition, assume the
following:
(H6) f, g are non-decreasing.
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(H7) There exists a constant r > 0 with f(r) + g(r) ≤ ϕp(rC1).
(H8) One of the following conditions holds:

(h7) For some R1 > 0 with R1 > r, f( 3R1
16 ) + g( 3R1

16 ) ≥ ϕp(R1
C2

).

(h8) For some R2 > 0 with R2 < r, f( 3R2
16 ) + g( 3R2

16 ) ≥ ϕp(R2
C2

).

Then, problem (1.2) has a positive solution u ∈ C[0, 1]∩C1(0, 1) with φp(u′) ∈
C1(0, 1). In addition,

if (h7) holds, then r ≤ ‖u‖ ≤ R1 with u(t) ≥ rt(1− t) for t ∈ [0, 1]
if (h8) holds, then R2 ≤ ‖u‖ ≤ r with u(t) ≥ R2t(1− t) for t ∈ [0, 1].

Proof. Let

K =
{

u ∈ C[0, 1] : u non-negative and concave
}

.

As in Section 2, for all u ∈ K define

x(t) =
∫ t

0

ϕ−1
p

( ∫ t

s

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

−
∫ 1

t

ϕ−1
p

( ∫ s

t

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

for 0 < t < 1. Clearly, x is continuous and non-decreasing in (0,1) and
x(0+) < 0 < x(1−). Thus, x has zeros in (0, 1).

Let ξ be such a zero of x in (0, 1). Then
∫ ξ

0

ϕ−1
p

( ∫ ξ

s

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

=
∫ 1

ξ

ϕ−1
p

( ∫ s

ξ

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds.

(3.1)

Define the operator
T : K → C[0, 1]

by

(Tu)(t) =



∫ t

0
ϕ−1

p

( ∫ ξ

s
q(r)

(
f(u(r)) + g(u(r))

)
dr

)
ds if 0 ≤ t ≤ ξ

∫ 1

t
ϕ−1

p

( ∫ s

ξ
q(r)

(
f(u(r)) + g(u(r))

)
dr

)
ds if ξ ≤ t ≤ 1.

(3.2)

Essentially the same reasoning as in Section 2 guarantees that, for all R > 0,
T : KR → K is a continuous, compact operator. Let

Ω1 = {u ∈ X : ‖u‖ < r}.
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We first show

‖Tu‖ ≤ ‖u‖ (u ∈ K ∩ ∂Kr).

To see this let u ∈ K ∩ ∂Kr. Then ‖u‖ = r and u(t) ≤ r for t ∈ [0, 1]. Then

Tu(t) =





∫ t

0
ϕ−1

p

( ∫ ξ

s
q(r)

(
f(u(r)) + g(u(r))

)
dr

)
ds if 0 ≤ t ≤ ξ

∫ 1

t
ϕ−1

p

( ∫ s

ξ
q(r)

(
f(u(r)) + g(u(r))

)
dr

)
ds if ξ ≤ t ≤ 1.

≤
∫ ξ

0

ϕ−1
p

( ∫ ξ

s

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

=
∫ 1

ξ

ϕ−1
p

( ∫ s

ξ

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

≤ max





∫ 1
2

0

ϕ−1
p

( ∫ 1
2

s

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

∫ 1

1
2

ϕ−1
p

( ∫ s

1
2

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds





≤ ϕ−1
p

(
f(r) + g(r)

)
max





∫ 1
2

0

ϕ−1
p

( ∫ 1
2

s

q(r) dr

)
ds

∫ 1

1
2

ϕ−1
p

( ∫ s

1
2

q(r) dr

)
ds





≤ r

C1
· C1 = r = ‖u‖.

This implies that ‖Tu‖ ≤ ‖u‖.
Case (1): Assume condition (h7) holds. Let Ω2 = {u ∈ X : ‖u‖ < R1}.

We show

‖Tu‖ ≥ ‖u‖ (u ∈ K ∩ ∂Ω2).

If u ∈ K ∩ ∂Ω2, then ‖u‖ = R1, and so from Lemma 1.2 we have u(s) ≥ 3
16R1

for t ∈ [ 14 , 3
4 ]. Then

‖Tu‖ =
∫ ξ

0

ϕ−1
p

( ∫ ξ

s

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

=
∫ 1

ξ

ϕ−1
p

( ∫ s

ξ

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds
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≥ min





∫ 1
2

0

ϕ−1
p

( ∫ 1
2

s

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

∫ 1

1
2

ϕ−1
p

( ∫ s

1
2

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds





≥ min





∫ 1
2

1
4

ϕ−1
p

( ∫ 1
2

s

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds

∫ 1

1
2

ϕ−1
p

( ∫ s

1
2

q(r)
(
f(u(r)) + g(u(r))

)
dr

)
ds





≥ ϕ−1
p

(
f
( 3

16
R1

)
+ g

( 3
16

R1

))
min





∫ 1
2

1
4

ϕ−1
p

( ∫ 1
2

s

q(r) dr

)
ds

∫ 1

1
2

ϕ−1
p

( ∫ s

1
2

q(r) dr

)
ds





≥ R1

C2
· C2 = R1 = ‖u‖.

Theorem 1.1 guarantees that there exists u ∈ K ∩ (Ω2\Ω1) being a solution
to problem (1.3). In addition, from Lemma 1.2, we have u(t) ≥ t(1− t)‖u‖ ≥
rt(1− t) for t ∈ [0, 1].

Case (2): Assume that condition (h8) holds. Essentially the same rea-
soning as in Case (1) guarantees that there exists u ∈ K ∩ (Ω1\Ω2) be-
ing a solution to problem (1.3). In addition, from Lemma 1.2, we have
u(t) ≥ t(1− t)‖u‖ ≥ R2t(1− t) for t ∈ [0, 1]

Remark 3.1.

(i) The statement in Theorem 3.1 can easily be adjusted so that assump-
tion (H6) can be removed.

(ii) It is easy to use conditions (H7) and (H8) with different constants to
obtain a multiplicity result for problem (1.2).

(iii) The ideas in Theorem 3.1 extend so that problem (1.1) could be
considered.
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