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Absolutely Continuous Functions
of Several Variables
and Quasiconformal Mappings

S. Hencl

Abstract. We prove that functions with bounded n-variation and n-absolutely con-
tinuous functions of n-variables in the sense of [4] are stable under quasiconformal
mappings. The class of quasiconformal mappings is the best possible since every
homeomorphism which induces a bounded operator between BV™ spaces is a qua-
siconformal mapping.
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1. Introduction

Absolutely continuous functions of one variable are admissible transforma-
tions for the change of variables in Lebesgue integral. Recently J. Maly [6] in-
troduced a class of n-absolutely continuous functions giving an n-dimensional
analogue of the notion of absolute continuity from this point of view. We study
a modified class of n-absolutely continuous functions suggested by Zajicek
which was introduced in [4]. Our aim is to find the largest class of transfor-
mations which preserves n-absolute continuity.

Suppose that 2 C R™ is an open set and 0 < A < 1. We say that a
function f: Q@ — R™ is n, Ad-absolutely continuous if for each € > 0 there is a
d > 0 such that, for each disjoint finite family {B;(z;,r;)} of balls in Q,

Zﬁn(Bl-) <6 = Z (oscBi(xh)\,ai)f)n <e.
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Absolute continuity from [6] coincides with n,1-absolute continuity. It is
proved in [4, 6] that n, A\-absolute continuity implies continuity, weak dif-
ferentiability with gradient in L™, differentiability almost everywhere and a
formula on change of variables.

It was shown by Csornyei [1] that there exists a 2, 1-absolutely continuous
function with respect to balls, which is not a function of this type with respect
to cubes, where the concept in question is defined by an obvious modification
to the definition given above. On the contrary, n, A-absolute continuity does
not depend on the shape of the "ball” in the definition for 0 < A < 1 (see [4]
for details). The class of absolutely continuous functions also does not depend
on the precise value of A if 0 < A < 1 (see Theorem 3.5 below). From this
point of view it is more natural to work with the new definition (i.e. with
0<A<]).

Given a measurable set A C R™ and a function f : A — R™, we define
the n, Ad-variation of f on A by

ViH(f, A) =su OSCB(z; Ar; i
X (fA4) p { Z ( B(zi,A Z)f) finite family of balls in A

i

{B(z;,r;)} is a disjoint }

We denote by BV*(€2) the class of all functions such that V*(f,) < oo,
define the space ACY(12) as the family of all n, A-absolutely continuous func-
tions in BVY*(Q2) and write ACY,. for the class of all functions f such that
f € ACY(K) for every compact set K C €.

We prove in Section 3 that if  C R™ (n > 2) is an open set, 0 < A < 1
and F': ) — R™ is a quasiconformal mapping, then

(i) fe BVQ) <= foF~!e BV(F(Q)
(ii) f € ACR(Q) < foF'e ACY(F(Q)).

This extends the result from [4] where F' was a bi-Lipschitz mapping. Note
that the class ACT is not stable even under bi-Lipschitz mappings (see [5] for
details).

Using ideas from [2] we prove the following result in Section 4:

Let 0 < A <1 and n > 2. If a homeomorphism F : 0 — R" induces a
bounded operator from BV (F(Q)) to BV (), then F is a quasiconformal

mapping.

It follows that the results in Section 3 are sharp.
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2. Preliminaries

Throughout the paper we consider an open set @ C R™ (n > 1). We denote

- by L£,(A) or |A| the n-dimensional Lebesgue measure of a set A C R”

- by A a real number 0 < A < 1

- by B(z,r) the n-dimensional Euclidean open ball with center z and di-
ameter r (throughout the paper we use the letter B for balls only)

- by B(z,r) the corresponding closed ball

- AB = B(z, Ar) for a given ball B = B(z,r)

- by S(z,r) ={y € R": |z —y| = r} a sphere

- by osca f the oscillation of f : 2 — R™ over the set A C €2, which is the
diameter of f(A)

- by F / (x) for a mapping F' : Q — R™ the Jacobi matrix of all partial
derivatives of F' at x

- by VF the weak (distributional) derivative

- by Jp(z) the determinant of the Jacobi matrix of F'(z)

- by W?(Q) and W,'?(Q) the Sobolev spaces.

loc

A mapping F: Q — R" is called a homeomorphism if there exists its inverse
F~! and both F and F~! are continuous. We write f o F' or F*f for the
composition of the functions F': Q@ — R™ and f: F(2) — R™; that is (f o
F)(z) = (F*f)(z) = f(F(z)) for every x € ). We say that a homeomorphism
F : Q — R" induces a bounded operator F* : BV(F()) — BV{(Q) if
there is a constant C' > 0 such that V*(F*f,Q) < C V*(f, F(Q)) for every
f € BV*(F()).

We use the convention that C' denotes a generic positive constant which
may change from expression to expression.

3. Stability of ACYT under quasiconformal mappings

In this section we will prove that classes of functions ACY and BV}" are stable
with respect to quasiconformal change of variables.

Definition 3.1. Let 1 < K < co. A mapping F' : @ — R" is called
K-quasiconformal, if it satisfies the following properties:
(i) F is a homeomorphism
(ii) F e Wo™(Q,R")

loc
(iii) |[VF(z)|™ < K|Jp(z)| for almost every x € €.
We say that a mapping F' is quasiconformal, if there is K < oo such that f is
K-quasiconformal.

For the history and basic properties of quasiconformal mappings we refer
the reader to [8].
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Definition 3.2. A function F': Q — R"™ is n-quasisymmetric if there is
a homeomorphism 7 : [0,00) — [0,00) such that, for every a,b,x € Q and
p =0,

la—z[ <plb—2z| = [F(a) = F(z)| <n(p)|F(b) — F(z)|.

The following theorem [6: Theorem 2.4] states that quasiconformal map-
pings are locally quasisymmetric.

Theorem 3.3. Suppose n > 2, F : Q — R" is a K-quasiconformal
mapping and vo € Q,a > 1,7 > 0 and B(xg,ar) C Q. Then F|p,,r) 18
n-quasisymmetric where n depends only on n, K and .

Using this theorem for @ = 2 and a quasiconformal mapping F': 2 — R",
there is 0 < pg < 1 such that, for a fixed z € Q and r < 2 dist(x, 09),

sup |17(:L~)—F(a>yg}l inf  |F(z)= FG)l.  (3.1)

{a:|z—a|<r} {b:\m—b\:%}
Lemma 3.4. Let 0 < A < 1, f € BVJ(Q) and f € ACY ,.(2). Then
feACY(Q).

Proof. Fix ¢ > 0. It is not difficult to see from the definition of n, A-
variation that we can find a finite collection of pairwise disjoint balls B(x;, ;)

such that B(z;,r;) C Q and

Z (0sCB(a;arf)" > V([ Q) —e.

Since (2 is open and B(x;,r;) C ), we can find k € N such that for
1
Op={zeQ: ol <k and dist(z,00) > E} (3.2)
we have B(x;,r;) C Q for each ¢ and therefore V*(f, Q%) > VI'(f, Q) — ¢.

From this fact and V" () + V' (2\ Qx) < V' (2) we obtain V*(Q\ Q) < e.
For a given € we can find 0, from the definition of ACY(§41) for f. Put

(5:min{51,£n<B(O, m»} (3.3)

Fix pairwise disjoint balls By, ..., B; in Q such that Zézl L,(B;) < 6. From

(3.3) we obtain diam(B;) < ¢ — k_-lu (1 € {1,...,1}). Thus (3.2) gives that
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either B; C Qgqq or B; C Q\ Q for every i. Hence we obtain from the
definition of §; and k that

Z oschp. f < Z oschp. f+ Z oschp. f

i i:B; CQpta1 i:B; COQ\Qp,
< > oschp fH VRN Q)
i:B; CQpet1
<e+e
= 2¢

and the proof is finished il

The following theorem [3: Theorem 3.1] gives us the opportunity to use
any A € (0,1) in the definition of the classes ACY and BVJ'. We will use this
fact in the proof of Theorem 3.6.

Theorem 3.5. Let 0 <A <Ay <1and f:Q — R™. Then BV' (Q) =
BV (2) and ACY, Q) = ACY, ().
Now we can prove the main result of this section.

Theorem 3.6. Let n > 2 and 0 < A < 1. Suppose that the mapping
F: Q— R" is K-quasiconformal and f : Q) — R. Then:

(i) foF~1 € BV)(F(Q) = fe€ BV (Q)

(ii) fo F~1 € ACR(F () = [fe€ACY(D).

Proof. Let us first suppose that f o F~! € BV*(F(Q2)). Thanks to
Theorem 3.5 we can suppose that A = % We will prove that f € BV,?TO ().
Recall that the constant 0 < pg < 1 comes from (3.1).

Suppose that B; = B(x;,r;) C Q) are pairwise disjoint balls. Clearly,

F <B (asi, %7‘1)) CB <F(xi),oscB(%%omF> : (3.4)

Thanks to (3.1), for r = £r; and 2 = x; we have

B (F(:L'i), 205C 54, 20 mF)

2

CB(F(SCZ-),4 sup rF<:ci>—F<a>|)
{a:|z;—a|< B2 r;}

(3.5)

CB(F(@), in |F<xi>—F<b>r)

{b:|ZC¢—b|I 1 pTOTZ}

P0
1
C F(B(l’l, §T‘1>>
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Hence the balls B; = B(F (), 208CR (g, 20, )F) are pairwise disjoint in F'(£2).
Thus (3.4) gives us

Z OSCB(wz Tz)f Z OSCF(B(CCZ Tz))f © F_
< ZOSCB(F(%_)’OSCB(I_’p_OT‘)F)f o 1

= E osc"~ foF~!
, 3 Bi
1

< V%”(foFfl,F(Q)).

(3.6)

It follows that V2 (f,Q) < VI (fo F~1 F(Q)) < oo.
2 2
Now let us suppose that fo F~1 € ACY(F(Q)). As before we can assume
that A = . From the conclusions above we obtain f € szg (©). Thanks to
Lemma 3. 4 and Theorem 3.5 it is enough to prove that f € ACT 20 Joc (Q).
Fix € > 0 and ' C Q such that Q’ c Q. Choose §; from the definition of
ACT(Q) for function fo F~1. By [4: Theorem 4.3], quasiconformal mappings

are locally absolutely continuous and therefore F' € ACY(§Y). Hence for a

given g1 = % we can choose Jdy from the definition of ACP, (') for the
2

function F'.

Suppose that the balls B; = B(x;,r;) C Q' are pairwise disjoint and
> Ln(B;) < 02. As before we obtain (3.4) and (3.5). Therefore the balls

By = B (F(x), 20505, o0, \F)
19 2 k3

are pairwise disjoint in F(Q'). Further, ) . £, (B;) < 02 and the definition of
0o give us

d
3B =2 S g, F €V =2 =

Analogously to (3.6) we obtain from the definition of d; that

ZOSC” Tl)f<Zosc foFt<e

and the proof is finished il

The inverse mapping to a quasiconformal mapping is also quasiconformal
[7: Corollary 13.3] and hence we have the following
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Corollary 3.7. Let 0 < A< 1,n>2 and let f: Q — R™. Suppose that
F: Q— R" is a quasiconformal mapping. Then:

(i) fe BV'(Q) < foF~'e BV (F(Q)

(ii) f € ACR(QY) <= [foF'eACY(F()).

The following elementary example shows that the assumption f € BV
from the definition of the class ACY is important in Theorem 3.6.

Example 3.8. Let 0 < A < 1. There exists a domain Q C R? and a
1-quasiconformal mapping F' : Q — R? such that f o F~! is 2, A-absolutely
continuous on F'(£2) but f is not 2, A-absolutely continuous on §.

Indeed, set Q = {[z,y] : > 0} and F(z,y) = [%ﬂﬂ, ﬁ] In other
words, for z € C we define F|(z) = L (thus also F~1(z) = 1). It is well known
that the mapping % is conformal and hence also 1-quasiconformal [7: Theorem

8.1]. Plainly, F(Q2) = {[z,y] : = > 0}. Put

fx) =) max {0,1 - dist(x, [2k,0])}.
k=1

Clearly, f is a Lipschitz function with Lipschitz constant 1 on F'(€2) and hence
also 2, A-absolutely continuous.

Set f = fo F (hence f = fo F~') and By = B([2k,0],1). Properties of
inversion and easy computation gives us

U 11
2k+1 2k—1 0 2k—1 2k+1
2 e 2

EM:F*ww:B<

for every k € N. From oscy f > 1 and diam Ek — (0 we obtain that f is not
2, A-absolutely continuous.

It is not difficult to prove that the condition £, () < oo guarantees that
any n, A-absolutely continuous function f on  satisfies f € BV*(Q2). Hence
such an example can exist only if £, (F(£2)) = oo in view of Theorem 3.6.

4. Continuous homeomorphisms F' : BV — BV

In this section we will use ideas of Gold’stein, Gurov and Romanov [2]. They
proved that a homeomorphism F' : € — R” which induces a bounded operator
from W™ (F(Q)) to Whn(Q) is a quasiconformal mapping (see [2] for details
and [3] for the history of similar problems).

Let us denote F)(z) = lim,_,q % . We shall need the following

connection between F) and the Jacobian of F' [7: Theorems 24.2 and 24.4].
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Theorem 4.1. Let F': Q — R™ be a homeomorphism. Then:
(i) F] < oo almost everywhere.

(ii) F) is a measurable function.

(iii) For each measurable set A C Q, |F(A)| > [, F}(z)dx.

(iv) If F is differentiable at x and Jp(x) is the Jacobi matriz of F' at x,
then F! = |Jp(zx)|.

Lemma 4.2. If a homeomorphism F : Q — R™ induces the bounded oper-
ator F* : BV (F(Q2)) — BV*(R2), then F is differentiable almost everywhere
on 2.

Proof. Fix R > 0. The mapping F' is a homeomorphism and therefore
the set
Ar={z€Q: F(z) € B(O,R)} = F'(B(0,R))

is open. Fix 1 < ¢ < n. Plainly, there is a Lipschitz function f : F(Q2) — R
such that
x; forx e F(Q),|x| <R
- (@), 2

0 forzeF(Q),|z|>R+1.

Hence f € BV*(F(2)) implies F*f = fo F € BV*(Q). If |F(z)| < R, then
foF = Fj(x). Thus F;(x) € BV{*(Ag). Functions from BV"(A) are differen-
tiable almost everywhere on A for every open set A (see [6: Theorem 3.3] and
[4: Theorem 3.4] for details) and hence F; is differentiable almost everywhere
on Agr. Since Arp — ) as R — oo we obtain that F; is differentiable almost
everywhere on 2 il

In the proof of Theorem 4.4 below we will need the following elementary
lemma [2: Lemma 3.5]:

Lemma 4.3. Let F : Q — R" be a continuous mapping and G C RF.
Suppose that {Ky}yea is a family of pairwise disjoint compact sets such that
K, C F(Q). Then L,(F~1(K,)) =0 for ally € G except possibly a countable
subset of G.

Theorem 4.4. Let 0 < A < 1 and n > 2. If a homeomorphism F :
Q1 — R™ induces the bounded operator F* : BV(F(Q)) — BV (Q), then
F e Wh™(Q) and there is a number K such that

loc
|VE,|" < KF,(x)

for almost all x € Q) and for all i =1,2,...,n.

Proof. In this proof we will follow the ideas from [2: Theorem 3.6]. By
Theorem 4.1, F/(z) < oo a.e. Fix ¢ > 0 and a point xg € Q such that
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F!(xz9) < oco. There is 1y such that for all » € (0,rg) we have

|F'(B(x0,2r))| < (F(z0) + €)|B(zo, 2r)]

| (4.1)
(Fv(.’Bo) + 6)2”|B($0, 7‘)|

Set M = (F)(z9) +€)2™. Let us call a cube @ h-regular if all its edges are
parallel to the coordinate axes, the length of the edge is h and every vertex has
the form [kih, ..., k,h| where kq,..., k, are integers. Fix r < ry and choose
h > 0 such that

1
o /n

Let A be the union of all h-regular cubes @ such that Q N F(B(xg,r)) # 0. It
is evident that

h <

dist (F(S(mo, 2r)), F (S (o, r))).

F(B(zo,7)) C A C F(B(zo,2r)).

Fix j € {1,...,n} and let us focus on the j-th coordinate. Denote the hy-
perplanes z; = th by L;. The hyperplanes L,, (m an integer) divide R™ into
layers

Zm ={z €R": mh <x; < (m+1)h}.
Put A,, = Z,, N A.

For every A,, we construct three functions

'QZJm,l =T; — mh

”(pm,g = (m + 1)h — Ty

wm,S - g — dlSt(PJ<l’),P](Am)>

Here P; : R" — ]R?_l is the orthogonal projection of R™ onto R;-‘_l. Consider
the functions

Yy = max {0, min{tm 1, Y2, bms}}  and =Y .

Put
E={z € G: ¢y(z) isnot differentiable at z}.

It follows from the definition of ¢ that:

(1) supp(y) C F(B(xo,2r))

(2) v is Lipschitz with constant 1

(3) ¥ € BV (F())

(4) 9 is differentiable almost everywhere



776 S. Hencl

(5) ¥(x) = £z, + const in all components of the set F'(B(zo,r)) \ E.

The set EN F(B(zg,)) belongs to a finite union of hyperplanes Ly, ..., Ly,
where 2t; is an integer. By Lemma 4.3, for almost all small translations 7,
parallel to the axis x; we have

Ft <Ty < G L%> ﬁF(B(:co,r))>‘ = 0.

Thus we can assume without loss of generality that

|F~Y(ENn F(B(xg,r)))| =0. (4.2)

Otherwise it is possible to change the j-th coordinate of the point [0, ..., 0]
at the beginning of the construction of .

By the assumption of the theorem, F'*¢) = 1o F' € BV*(2). It follows from
(5) and (4.2) that (¢ o F')(x) = £F}(x) + const for almost all z € B(zg,r). It
is easy to see from the proof of [5: Theorem 3.2] that BV*(2) is continuously
embedded into W"(Q). These two facts give us

/ V(Fy (2)) e < / V(o F)"d
B(xzo,r) Q

< OVI(wo F,Q) (4:3)
= CVY(F"(¥), Q).
Since F™* is continuous we have
VX(F*(¥),Q) < CVY (4, Q). (4.4)
The function v is Lipschitz with constant 1 and hence
0SCH (.5 ¥ < (28)" = C|B(x, s)| (4.5)

for each = and every s. Thanks to (4.5), the continuity of ¥ and supp(¢)) C
F(B(xg,2r)) we have

VX' (9, Q) < ClF(B(x,2r))|. (4.6)

From (4.3), (4.4) and (4.6) it follows that

/B V@) < OF (B, )
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By (4.1),
/ IV @) < OM|B(eo, )|
B(xzo,r

Hence 1
limsup ———— |V (F;(z))|"dx < CM.
r—0 ’B(%Q, T) B(zo,r) !

The Lebesgue Theorem gives us |VFj(zo)|" < C(F}(xo) + ¢) for almost all
xg € Q. Letting ¢ — 0 we obtain

[VEj(wo)|" < CF(0) (4.7)

for almost all xy € 2. For every compact set K C ) we obtain from Theorem
4.1 and (4.7) that

/ VF ()" dr < c/ Fl(2) dz < C|F(K)| < .
K K

Thus F € W, () B
Thanks to Lemma 4.2 and Theorem 4.1/(iv) we obtain the following

Corollary 4.5. Let 0 < A < 1 and Q C R" (n > 2). Each homeo-
morphism F : @ — R™ that induces a bounded operator from BV*(F(Q2)) to
BV{*(Q) is quasiconformal.
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