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1. Introduction

The complementarity problem, as an interesting and important subject of
current mathematics, has been well studied by many authors. For details
we can refer to [1, 3, 4, 6 - 11] and the references therein. The order com-
plementarity problem, which is an extension of the classical complementarity
problem, has obtained increasing attention (see, for instance, [1, 4, 6, 8 - 11])
for its potential applications to economics, mechanics and electric engineer-
ing, game theory, and optimization, etc. In 1991, a class of generalized order
complementarity problems was introduced and studied by Isac and Kostreva
[10] in ordered Banach spaces. The theoretic framework for the generalized
order complementarity problem was established through fixed point theory.
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In [11], Isac and Kostreva considered a class of multi-valued generalized or-
der complementarity problems and proved the existence of solutions under
some condition (K). Recently, Huang and Fang [6] further introduced a new
system of multi-valued generalized order complementarity problems and pre-
sented some existence results of solutions by means of fixed point and coupled
fixed point theorems, which extended and improved the corresponding results
of Isac and Kostreva [10, 11].

The main objective of this paper is to present some further findings con-
cerning some recent works (see [6, 10, 11]) in the area of solvability methods
for a system of multi-valued generalized order complementarity problems. By
using the concepts of multi-valued increasing-type mappings (see, for exam-
ple, [6, 11, 12, 13]) and decreasing mappings, we first establish some new fixed
point theorems in ordered metric spaces. In terms of these new fixed point the-
orems, some new existence results of solutions for the system of multi-valued
generalized order complementarity problems are presented in the setting of
ordered metric spaces.

2. Preliminaries

Let (E,≤) be a vector lattice, that is, for every pair x, y ∈ E, the supremum
x∨y with respect to the partial order “ ≤ ” exists in E. In this case, for every
x, y, z ∈ E, one has

(x + z) ∨ (y + z) = z + x ∨ y

(x + z) ∧ (y + z) = z + x ∧ y

∨{x ∨ y, z} = (x ∨ y) ∨ (y ∨ z) = x ∨ y ∨ z

where x ∧ y denotes the infimum.
Let (X, d) be a real complete metric space and φ : X → R a function. In

1976, Caristi [2] introduced a partial order “ ≤ ” in X by

x ≤ y ⇐⇒ d(x, y) ≤ φ(x)− φ(y). (2.1)

Clearly, x ≤ y implies φ(x) ≥ φ(y).

Definition 2.1. Let (E,≤) be a non-empty ordered set, A and B be two
non-empty subsets of E. We say that

(1) A ≤1 B if, for each a ∈ A, there exists b ∈ B such that a ≤ b

(2) A ≤2 B if, for each b ∈ B, there exists a ∈ A such that a ≤ b

(3) A ≤3 B if A ≤1 B and A ≤2 B.

If E is a set, then as usual we denote by 2E the family of all non-empty
subsets of E.
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Definition 2.2. Let (E,≤) be a non-empty ordered set, S : E → 2E and
T : E × E → 2E be two multi-valued mappings. We say that

(1) S is ≤i-increasing if x, y ∈ E, x ≤ y imply Sx ≤i Sy (i = 1, 2, 3)

(2) S is ≤i-decreasing if x, y ∈ E, x ≤ y imply Sy ≤i Sx (i = 1, 2, 3)

(3) T is mixed ≤3-increasing if x1, x2, y1, y2 ∈ E, x1 ≤ x2, y2 ≤ y1 imply
T (x1, y1) ≤3 T (x2, y2).

Definition 2.3. Let (E,≤) be a vector lattice, Λ : E → E be a single-
valued mapping, S : E → 2E and T : E × E → 2E be two multi-valued
mappings. We say that

(1) S is Λ-≤i-increasing if (I + Λ)−1 is ≤i-increasing and S + Λ is ≤i-
increasing (i = 1, 2)

(2) T is mixed Λ-≤3-increasing if (I +Λ)−1 is ≤3-increasing and the map-
ping (x, y) 7→ T (x, y) + Λ(x) is mixed ≤3-increasing.

Definition 2.4. Let E be a topological space, S : E → 2E and T :
E × E → 2E be two multi-valued mappings. We say that

(1) x∗ ∈ E is a fixed point of S if x∗ ∈ Sx∗

(2) (x∗, y∗) ∈ E×E is a periodic fixed point of S if x∗ ∈ Sy∗ and y∗ ∈ Sx∗

(3) (x∗, y∗) ∈ E × E is a coupled fixed point of T if x∗ ∈ T (x∗, y∗) and
y∗ ∈ T (y∗, x∗).

3. Some fixed point theorems

In this section, we establish some new fixed point theorems for multi-valued
increasing-type mappings and decreasing mappings in ordered metric spaces.

Theorem 3.1. Let (X, d) be a real complete metric space, φ : X → R
a continuous and bounded from below function, and “ ≤ ” the partial order
defined by (2.1). Further, suppose that S : X → 2X is a multi-valued mapping
satisfying the following conditions:

(i) For each x ∈ X, Sx is non-empty and compact.

(ii) S is ≤1-increasing.

(iii) There exists a point x0 ∈ X such that {x0} ≤1 Sx0.

Then there exists x∗ ≥ x0 such that x∗ ∈ S(x∗).

Proof. It is an easy consequence of [5: Theorem 2.1]
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Theorem 3.2. Let (X, d) be a complete metric space, φ : X → R a
continuous function with bounded range φ(X), and “ ≤ ” the partial order
defined by (2.1). Further, suppose that T : X × X → 2X is a multi-valued
mapping satisfying the following conditions:

(i) T (x, y) is non-empty and compact for any x, y ∈ X.
(ii) T is mixed ≤3-increasing.
(iii) There exist x0, y0 ∈ X with {x0} ≤1 T (x0, y0) and T (y0, x0) ≤2 {y0}.

Then T has at least one coupled fixed point (x∗, y∗).

Proof. Let

C =
{

(x, y) ∈ X ×X : {x} ≤1 T (x, y) and T (y, x) ≤2 {y}
}

.

Clearly, C is non-empty and (x0, y0) ∈ C. We define a partial order on C by

(x1, y1) ¹ (x2, y2) ⇐⇒ x1 ≤ x2 and y2 ≤ y1

and prove that (C,¹) has a maximal element (x∗, y∗). Without loss of gen-
erality, let {(xµ, yµ)}µ∈J ⊂ (C,¹) be any totally ordered set, where J is a
directed set with µ, ν ∈ J , and µ ¹ ν if and only if (xµ, yµ) ¹ (xν , yν). We
now prove there exist z, w ∈ X such that xµ → z, yµ → w and xµ ≤ z, w ≤ yµ

for every µ ∈ J . In fact, from (2.1), {φ(xµ)}µ∈J is a non-increasing net in R.
Since φ is bounded from below, {φ(xµ)}µ∈J is a Cauchy net in R. It follows
from (2.1) that d(xµ, xν) ≤ φ(xµ) − φ(xν) for all µ ≺ ν. This implies that
{xµ} is a Cauchy net in X. Let xµ → z. For any µ ∈ J , one has

d(xµ, z) = lim
ν

d(xµ, xν) ≤ lim
ν

(
φ(xµ)− φ(xν)

)
= φ(xµ)− φ(z).

Hence xµ ≤ z for every µ ∈ J . Similarly, yµ → w and w ≤ yµ for every
µ ∈ J . Since T is mixed ≤3-increasing, T (xµ, yµ) ≤3 T (z, w) and T (w, z) ≤3

T (yµ, xµ). As follows from {xµ} ≤1 T (xµ, yµ) and T (yµ, xµ) ≤2 {yµ}, there
exist zµ ∈ T (z, w) and wµ ∈ T (w, z) such that xµ ≤ zµ and wµ ≤ yµ for every
µ ∈ J . From condition (i), there exist {zν} ⊂ {zµ} and {wν} ⊂ {wµ} such
that zν → z̄ and wν → w̄. We claim that z ≤ z̄ and w̄ ≤ w. Indeed, since φ
is continuous,

d(z, z̄) ≤ d(z, xν) + d(xν , zν) + d(zν , z̄)

≤ d(z, xν) + d(zν , z̄) + φ(xν)− φ(zν)

→ φ(z)− φ(z̄)

d(w̄, w) ≤ d(w, yν) + d(yν , wν) + d(wν , w̄)

≤ d(w, yν) + d(wν , w̄) + φ(wν)− φ(yν)

→ φ(w̄)− φ(w).
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Therefore, z ≤ z̄ and w̄ ≤ w. Since z̄ ∈ T (z, w) and w̄ ∈ T (w, z), (z, w) ∈ C
and (xµ, yµ) ¹ (z, w) for every µ ∈ J . By Zorn lemma, (C,¹) has a maximal
element (x∗, y∗).

Now, we show that (x∗, y∗) is a coupled fixed point of T . Since (x∗, y∗) ∈
C, there exist x̂ ∈ T (x∗, y∗) and ŷ ∈ T (y∗, x∗) such that x∗ ≤ x̂ and ŷ ≤ y∗.
Since T is mixed ≤3-increasing, T (x∗, y∗) ≤3 T (x̂, ŷ) and T (ŷ, x̂) ≤3 T (y∗, x∗).
This implies that (x̂, ŷ) ∈ C. Since (x∗, y∗) is the maximal element of (C,¹),
x̂ = x∗ and ŷ = y∗. So x∗ ∈ T (x∗, y∗) and y∗ ∈ T (y∗, x∗). The proof is
complete

If T (x, y) = S(y) for all x, y ∈ X, then, from Theorem 3.2, we can obtain
the following periodic fixed point theorem:

Theorem 3.3. Let (X, d) be a complete metric space, φ : X → R a
continuous function with bounded range φ(X) and “ ≤ ” the partial order
defined by (2.1). Further, suppose that S : X → 2X is a multi-valued mapping
satisfying the following conditions:

(i) S(x) is non-empty and compact for all x ∈ X.

(ii) S is ≤3-decreasing.

(iii) There exist x0, y0 ∈ X such that {x0} ≤1 S(y0) and S(x0) ≤2 {y0}.
Then there exist x∗, y∗ ∈ X such that x∗ ∈ S(y∗) and y∗ ∈ S(x∗).

Example 3.1. Let X = R2 and

d
(
(x, y), (u, v)

)
= |x− u|+ |y − v|

φ((x, y)) =
|x|+ |y|

1 + |x|+ |y|

(
(x, y), (u, v) ∈ X

)
.

Then (X, d) is a complete metric space and φ : X → R is a continuous function
with bounded rang φ(X).

Remark 3.1. Some fixed theorems for single-valued increasing mappings
and coupled fixed point theorems for single-valued mixed increasing mappings
in ordered metric spaces were first established by Zhang [14].
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4. A system of multi-valued generalized
order complementarity problems

In this section we prove some new existence results of solutions for a system
of multi-valued generalized order complementarity problems by virtue of the
results presented in Section 3.

Let (X, d) be a real complete metric space, φ : X → R be function and
“ ≤ ” the partial order defined by (2.1) such that (X,≤) is a vector lattice.
Further, let K0 = {x ∈ X : x ≥ 0}. Suppose that fi : X × X → 2X (i =
1, . . . , m) are given multi-valued mappings of the form fi(x, y) = x− Ti(x, y),
where Ti : X × X → 2X is a multi-valued mapping. We now consider the
following problem associated with {fi}1≤i≤m and K0:

Find (x∗, y∗) ∈ K0 ×K0, u
∗
i ∈ Ti(x∗, y∗) and v∗i ∈ Ti(y∗, x∗) such that

inf
{
x∗, x∗ − u∗1, . . . , x

∗ − u∗m
}

= 0

inf
{
y∗, y∗ − v∗1 , . . . , y∗ − v∗m

}
= 0

}
(4.1)

which is called a system of multi-valued generalized order complementarity
problems and which was considered already by Huang and Fang [6].

If Ti(x, y) = Ti(y) for all x, y ∈ X, then problem (4.1) collapses to the
following problem:

Find (x∗, y∗) ∈ K0 ×K0, u
∗
i ∈ Ti(y∗) and v∗i ∈ Ti(x∗) such that

inf
{
x∗, x∗ − u∗1, . . . , x

∗ − u∗m
}

= 0

inf
{
y∗, y∗ − v∗1 , . . . , y∗ − v∗m

}
= 0

}
. (4.2)

If Ti(x, y) = Ti(x) for all x, y ∈ X, then problem (4.1) reduces to the following
multi-valued generalized order complementarity problem:

Find x∗ ∈ K0 and u∗i ∈ Ti(x∗) such that

inf
{
x∗, x∗ − u∗1, . . . , x

∗ − u∗m
}

= 0 (4.3)

which was introduced and studied by Isac and Kostreva [11].

Theorem 4.1. Let φ : X → R be a continuous function with bounded
range φ(X) and Λ : X → X a single-valued mapping. Further, let fi :
X × X → 2X (i = 1, . . . , m) have the form fi(x, y) = x − Ti(x, y), where
Ti : X ×X → 2X is multi-valued. Suppose the following:

(i) The set
{

sup1≤i≤m zi : zi ∈ Ti(x, y)
}

is non-empty and compact for
all x, y ∈ X.

(ii) Ti is mixed Λ-≤3-increasing for each i.
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(iii) Λ is increasing, i.e., x ≤ y implies Λ(x) ≤ Λ(y).
(iv) There exist x0, y0 ∈ X such that {x0} ≤1 Ti(x0, y0) and Ti(y0, x0) ≤2

{y0} for some i.
(v) (I + Λ)−1 is upper semi-continuous with compact values.

Then problem (4.1) is solvable.

Proof. We define

T+
0 (x, y) =

{
sup{0, u1, u2, . . . , um} : ui ∈ Ti(x, y)

}
(4.4)

T (x, y) = (I + Λ)−1
(
T+

0 (x, y) + Λ(x)
)

(4.5)

and show that T satisfies all the assumptions of Theorem 3.2.
(1) Conditions (i) and (v) imply that T (x, y) is non-empty and compact

for all x, y ∈ X.
(2) Next we prove that T is mixed ≤3-increasing. For this, let x1 ≤ x2,

y2 ≤ y1 and u ∈ T (x1, y1). From (4.4) and (4.5), there exist u1
i ∈ Ti(x1, y1)

and w1 ∈ X such that

w1 = sup
{
0, u1

1, u
1
2, . . . , u

1
m

}

u ∈ (I + Λ)−1(w1 + Λ(x1)).
(4.6)

Further,
w1 + Λ(x1) = Λ(x1) ∨

( ∨m
i=1 (u1

i + Λ(x1))
)
.

Since Ti is mixed Λ-≤3-increasing for each i and Λ is increasing, there exist
u2

i ∈ Ti(x2, y2) and w2 ∈ X such that

u1
i + Λ(x1) ≤ u2

i + Λ(x2)

w2 = sup
{
0, u2

1, u
2
2, . . . , u

2
m

}

w1 + Λ(x1) ≤ w2 + Λ(x2)





. (4.7)

Since (I + Λ)−1 is ≤3-increasing, there exists v ∈ (I + Λ)−1(w2 + Λ(x2)) such
that u ≤ v. From (4.4), (4.5) and (4.7), v ∈ T (x2, y2). Similarly, for any given
v′ ∈ T (x2, y2), there exists u′ ∈ T (x1, y1) such that u′ ≤ v′.

(3) Condition (iv) and the definition of T imply that {x0} ≤1 T (x0, y0)
and T (y0, x0) ≤2 {y0}.

Now, by (1) - (3) and Theorem 3.2, there exist x∗, y∗ ∈ X such that
x∗ ∈ T (x∗, y∗) and y∗ ∈ T (y∗, x∗), i.e.

x∗ ∈ (I + Λ)−1
(
sup

{
0, u∗1, u

∗
2, . . . , u

∗
m

}
+ Λ(x∗)

)

y∗ ∈ (I + Λ)−1
(
sup

{
0, v∗1 , v∗2 , . . . , v∗m

}
+ Λ(y∗)

)
.
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It follows that
x∗ = sup

{
0, u∗1, u

∗
2, . . . , u

∗
m

}

y∗ = sup
{
0, v∗1 , v∗2 , . . . , v∗m

}
}

. (4.8)

From (4.1), one has

inf
{
x∗, x∗ − u∗1, x

∗ − u∗2, . . . , x
∗ − u∗m

}
= x∗ − sup

{
0, u∗1, u

∗
2, . . . , u

∗
m

}
= 0

inf
{
y∗, y∗ − v∗1 , y∗ − v∗2 , . . . , y∗ − v∗m

}
= y∗ − sup

{
0, v∗1 , v∗2 , . . . , v∗m

}
= 0.

Furthermore, from (4.8), (x∗, y∗) ∈ K0 ×K0. The proof is complete

By Theorem 4.1, we can obtain an existence result for problem (4.2) as
follows:

Theorem 4.2. Let φ : X → R be a continuous function with bounded
range φ(X) and Λ : X → X a single-valued mapping. Further, let fi : X →
2X (i = 1, . . . , m) have the form fi(x, y) = x− Ti(y), where Ti : X → 2X is
multi-valued. Suppose the following:

(i) The set
{

sup1≤i≤m zi : zi ∈ Ti(x)} is non-empty and compact for all
x ∈ X.

(ii) Ti is Λ-≤3-decreasing for each i.
(iii) Λ is increasing.
(iv) There exist x0, y0 ∈ X such that {x0} ≤1 Ti(y0) and Ti(x0) ≤2 {y0}

for some i.
(v) (I + Λ)−1 is upper semi-continuous with compact values.

Then problem (4.2) is solvable.

The proof is similarly to that of Theorem 4.1 and thus omitted.

Theorem 4.3. Let φ : X → R be a continuous bounded from below
function and Λ : X → X a single-valued mapping. Further, let fi : X →
2X (i = 1, . . . , m) have the form fi(x, y) = x− Ti(x), where Ti : X → 2X is
multi-valued. Suppose the following:

(i) The set
{

sup1≤i≤m zi : zi ∈ Ti(x)
}

is non-empty and compact for
all x ∈ X.

(ii) Ti is Λ-≤1-increasing for each i.
(iii) There exists x0 ∈ K0 such that {x0} ≤1 Ti(x0) for some i.
(iv) (I + Λ)−1 is upper semi-continuous with compact values.

Then problem (4.3) is solvable.

Proof. We define

T+
0 (x) =

{
sup

1≤i≤m
ui : ui ∈ Ti(x)

}
(4.9)

T (x) = (I + Λ)−1
(
T+

0 (x) + Λ(x)
)

(4.10)
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and show that T satisfies all the assumptions of Theorem 3.1.

(1) First, conditions (i) and (iv) imply that T (x) is non-empty and com-
pact for all x ∈ X.

(2) Next we prove that T is ≤1-increasing. For this, let x ≤ y and u ∈
T (x). From (4.9) and (4.10), there exist ui ∈ T (x) and w ∈ X such that

w = sup
1≤i≤m

ui and u ∈ (I + Λ)−1(w + Λ(x)). (4.11)

Since
w + Λ(x) = ∨{

ui + Λ(x) : ui ∈ Ti(x)
}

and Ti is Λ-≤1-increasing, there exists vi ∈ Ti(y) such that ui + Λ(x) ≤
vi + Λ(y). Let ω = ∨m

i=1(Λ(y) + vi). It follows that

w + Λ(x) = ∨m
i=1(ui + Λ(x)) ≤ ∨m

i=1(vi + Λ(y)) = ω + Λ(y).

Since (I + Λ)−1 is ≤1-increasing, there exists v ∈ (I + Λ)−1(ω + Λ(y)) such
that u ≤ v. By the definition of T , v ∈ T (y).

(3) Condition (iii) and the definition of T imply that {x0} ≤1 T (x0).

Now, by Theorem 3.1, there exists x∗ ≥ x0 such that x∗ ∈ T (x∗), i.e.

x∗ ∈ (I + Λ)−1
(

sup
1≤i≤m

u∗i + Λ(x∗)
)
.

It follows that x∗ = sup1≤i≤m u∗i . Then from (4.1) one get

inf
{
x∗, x∗ − u∗1, x

∗ − u∗2, . . . , x
∗ − u∗m

}

= x∗ ∧ (
x∗ − sup{u∗1, u∗2, . . . , u∗m

})

= x∗ ∧ 0.

Since x∗ ≥ x0, it follows that x∗ ∈ K0 and

inf
{
x∗, x∗ − u∗1, x

∗ − u∗2, . . . , x
∗ − u∗m} = 0.

The proof is complete
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