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On Sobolev Theorem
for Riesz-Type Potentials in
Lebesgue Spaces with Variable Exponent

V. Kokilashvili and S. Samko

Abstract. The Riesz potential operator of variable order «(z) is shown to be
bounded from the Lebesgue space LP()(R™) with variable exponent p(z) into the
weighted space L2 (R™), where p(z) = (1 + |z|)~7 with some v > 0 and —- =

q(z)
ﬁ — agf) when p is not necessarily constant at infinity. It is assumed that the ex-

ponent p(z) satisfies the logarithmic continuity condition both locally and at infinity
and 1 < p(o0) < p(x) < P< oo (reRM).
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1. Introduction

We consider the Riesz potential operator I%() defined by

05w = | B AC) N (L.1)

R |7 =y

in the Lebesgue generalized spaces LP()(R") with variable exponent p(z). We
refer, for instance, to the papers [16, 19 - 21] for the spaces LP(). (The order
a(zx) of the potential operator is also assumed to be variable.) Nowadays
there is an evident increase of investigations related to both the theory of the
spaces LP()(Q) themselves and the operator theory in these spaces. This is
caused by possible applications to models with non-standard local growth (in
elasticity theory, fluid mechanics, differential equations; see, for example, [6,
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17] and references therein) and is based on a recent breakthrough result on the
boundedness of the Hardy-Littlewood maximal operator in these spaces. We
refer, for example, to the papers [2 - 7, 10 - 15] (see also references therein).

The boundedness of the operator 1*() from the space LP()(R") into the
space LI)(R™) with limiting Sobolev exponent ﬁ = ﬁ - @ was an
open problem for a long time. It was solved in the case of bounded domains.
First, in the case of bounded domains €2 there was proved a conditional result
in [18]: the Sobolev theorem is valid for the potential operator I*() within
the framework of the spaces LP()(Q) with p satisfying the logarithmic Dini
condition, if the maximal operator is bounded in the space Lp(')(Q). After,
L. Diening [3, 5] proved the boundedness of the maximal operator, and the
validity of the Sobolev theorem for bounded domains became an unconditional
statement. We refer also to the paper D. E. Edmunds and A. Meskhi [8] where
some weighted statements on (LP()-LP())-boundedness for one-dimensional
fractional integrals were obtained.

Recently, L. Diening [4] proved Sobolev’s theorem for the potential I¢
on the whole space R™ assuming that p is constant at infinity (p(z) = const
outside some large ball) and satisfies the same logarithmic condition as in [18].
Another progress for unbounded domains is the recent result of D. Cruz-Uribe,
A. Fiorenza and C. J. Neugebauer [2] on the boundedness of the maximal
operator in unbounded domains for exponents p satisfying the logarithmic
smoothness condition both locally and at infinity.

In this paper we prove a Sobolev-type theorem for the potential 7¢() from
the space LP()(R™) into the weighted space Lg(’)(R”) with the power weight
p fixed to infinity, under the logarithmic condition for p satisfied locally and
at infinity, not supposing that p is constant at infinity but assuming that
1 < p(oo) < p(x) < P < oo (Theorem A). The crucial points of the proof
are the usage of the above mentioned result on maximal functions obtained in
[2] and the estimates for || |z — x0|5("’30)HLP(‘)(RH\B(%’T)) asr — 0 and r — o0
obtained in [18], see Propositions 1 and 2 in Section 3.

Notation s:

X¢q is the characteristic function of a set €2 in R™

2] is the Lebesgue measure of 2

B(xzg,r) is the ball centered at zy and of radius r

|Bn| = |B(O> 1)|

p: R™ — [1,00) is a measurable function

po = infzern p(z) and P = sup, cgn p(z)-

Everywhere inf and sup stand for essinf and esssup, respectively.
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2. Statement of the main result.

By LP() we denote the space of functions f on R™ such that

A5 = [ 1f@P s < o,

where p is a measurable function on R™ with values in [1, 00) and
1<po<plx)<P<o0 (x € R™). (2.1)
This is a Banach function space with respect to the norm

Ifll o> = inf {A >0: A,,(%) < 1} (2.2)

(see, e.g., O. Kovécik and J.Rakosnik [16]).

We assume that the exponent p(z) satisfies the condition

A

T (lz =yl < 52,y €R™). (2.3)
lz—yl

Ip(z) —p(y)| <

In

We shall also use the assumption introduced in [19: Definitions 3.2 - 3.3] that
there exists p(co) = lim|,|_,o p(z) and

Ao

Ip(z) — p(o0)| <

Note that (2.4) is equivalent to the condition |[p(z) — p(y)| < ln[e+mif(|x‘ T

introduced by D. Cruz-Uribe, A. Fiorenza and C. J. Neugebauer [2] to treat
maximal functions in spaces with variable exponent on R™. Condition (2.4)
is obviously fulfilled for functions p satisfying the Holder condition at infinity
p(a) = p(o0)| < fepr (0<A< Lz eR™).

The order a = «(z) of the Riesz potential operator is not supposed to be
continuous. We assume that it is a measurable function on R™ satisfying the
conditions

ap = ienﬂgn a(z) >0 (2.5)
sup p(z)a(r) <n
zeR (26)
sup p(oo)a(z) <n

meRn
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Theorem A. Let assumptions (2.3) — (2.6) be satisfied and let 1 < p(o0)
< p(x) < P < 0. Then the following weighted Sobolev-type estimate is valid
for the operator I¢():

H(l + |$|)_7(x)la(')fHLq<<)(Rn) <c ||f||Lp<,)(Rn) (2.7)

where ﬁ = ]ﬁ — agf) is the Sobolev exponent and y(x) = Asa(x)[1— =2

A being the Dini-Lipschitz constant from (2.4).
Observe that y(z) < & A.

Corollary. Under the assumptions of Theorem A, estimate (2.7) is valid
also for the fractional mazimal operator M*() defined by

a(*) _ 1
O )w) = sup s [ W)y

Remark.
1. If « satisfies the (2.4)-type condition |a(z) — a(oco)| < m (x €
R™), then the weight (1 + |z|)~7(®) is equivalent to the weight (1 + |z|)~7(>),

2. One can also treat operator (1.1) with «(z) replaced by a(y). In the
case of potentials over bounded domains €2 such potentials differ unessentially,
if the function « satisfies the smoothness logarithmic condition as in (2.3),
since

R R

in this case (see [18: p. 277]).

3. Preliminaries
3.1 Estimates of LP()-norms of powers of distance truncated to ex-

terior of a ball. In this subsection we reproduce some results from [18 - 19],
with slight modifications.

Let (8 be a function on R™ and zg € R™ and consider

ng = (o, m) = || |z = 20l | 1,0 @ g )

[y|Bwo)\ PO TY)
/ ( ) dy =1 (3.1)
ly|>r K

by the definition of the norm in (2.2).

so that
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Lemma 3.1. The function pg(xo,-) is decreasing. If conditions (2.1) and
(2.3) are satisfied and n + 5(zo)p(zo) < 0, then lim, o pg(zo,r) = 00.

Proof. The proof is straightforward and omitted il

In [18 - 19] the estimation of pg(xg,r) as 7 — 0 and r — oo was obtained
under the assumptions

B := sup |f(x)| < o0
z€R™

—dy == sup [n+ B(z)p(z)] <0 (3.2)
zER™

—dy := sup [n+ B(z)p(c0)] < 0.
TER™
a) The ”norming” value ry. To reproduce the estimates for pg(xo, )
and distinguish between ”"small” values 0 < r < ry and ”large” values of
r > 1o, we need the number ro = 79(zo) for which pg(zg,r79) = 1. This
number is the root of the equation

/ ‘x‘ﬁ(wo)p(w+wo)d$ —1.
|z|>70

A positive root of this equation certainly exists for p satisfying (2.3), if n +
B(xo)p(zo) < 0 and n + F(z¢)p(cc) < 0 (see [18: Lemma 1.3]).

Lemma 3.2 [18: Lemmas 1.4 and 1.5]. The number 7 as function of z
is bounded from above and below:

0<ecr <7rp(mo) <2 <0 (3.3)

where ¢ and c¢o are constants not depending on zg, if assumptions (2.1), (2.3)
and (3.2) are satisfied and there exists the limit p(oco) = lim;| o p(7).

b) Estimates for pg(xo,7) as r — 0 and r — oco. In [18] the following
statements were proved.

Proposition 1 (an estimate as r — 0, [18: Theorem 1.8]). Let p and 3
satisfy assumptions (2.1),(2.3) and (3.2). Then

n

< OrPmo)t g (0<r <)

H |z — 960|5(x0) HLp(»(Rn\B(o:o,r)) =

where the constant C' > 0 does not depend on r and xq.

Proposition 2 (an estimate as r — oo, [2: Theorem 1.10]). Let p and 3
satisfy assumptions (2.1),(2.3) and (3.2). Then

Ch

Bwo)+ 5%y — v
K($O)r 0)T 5(o0) S || |x x0|ﬁ( O)HLp(-)(R"\B(mo,T))

(3.4)
< CQK(JUO)TB(%Hﬁ
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for large r (r > maX{Q%, |Bn|_%,ro}), where the constants C7 and Cs do
not depend on r and xq, while

Ao |B(zq)l

K(xzp) = (14 |zo|) ™ »(

Ay being the Dini-Lipschitz constant from (2.4); in the case where p(z) >
p(o0) one may take K(xg) =1 in (3.4).

We shall prove Proposition 2 in the next section, since in [18] it was proved
with a worse exponent for the factor K ().

Lemma 3.3. Under the assumptions of Lemma 3.2, there exist absolute
constants 0 < ¢; < co < 00 not depending on xg such that

fs(

o, 1) <1 forr>c
o) <1 ? (3.5)
Mﬂ(flﬁ'o,?‘) Z

1 forr<c

uniformly in xo, and pg(xo,r) is uniformly bounded from above and below for
c1 <r<cy:

0 <my < pg(zo,m) <me<oo (a1 <r<c) (3.6)

with constants my1 and mo not depending on xg.

Proof. Statement (3.5) follows immediately from (3.3) with the same
constants ¢; and c¢3. Bounds (3.6) can be obtained from (3.1) by easy estima-
tions il

Corollary (to Propositions 1 and 2). Let p and [ satisfy assumptions
(2.1),(2.3) and (3.2). Then

| |z — o] 770 o> @\ B0 )

_ [Pty if0<r<1 (3.7)

- {CK(xo)rﬁ(“”m ifr>1

where C' > 0 is an absolute constant nor depending on r and xo. The estimate
given in (3.7) for 0 < r < 1 is wvalid even for all 0 < r < oo, if p(x) <
p(oo) (z €R™).

Proof. The corollary follows directly from Propositions 1 and 2 in view
of Lemma 3.2 i
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3.2 Boundedness of the maximal operator in LP()(R™). The bound-
edness of the maximal operator M defined by

1
(M)(x) = sup rpr—=5] B(Iyr)lf(y)!dy
was proved by L. Diening [3, 5] for bounded domains, and also for R™, but
in the case when p is constant at infinity (that is, outside some large ball).
Recently, D. Cruz-Uribe, A. Fiorenza and C. J. Neugebauer [2] proved the
boundedness of the maximal operator in LP()(R™) under condition (2.4) on
the behaviour of p at infinity. We shall use that result which runs as follows.

Proposition 3 (Boundedness of the maximal operator, [2: Theorem
1.4]). Let Q be an arbitrary open set in R™ and let p : Q — [1,00) satisfy
the condition 1 < py < p(x) < P < oo (x € Q) and conditions (2.3) — (2.4)
on Q. Then the mazimal operator M is bounded in LPC)(Q).

4. Proof of the main result

a) A rough estimate of ;g(zo,r) from below. We make use of the
following rough estimate of g = pg(xo,-) from below:

pp(wo,m) > 277 e (r > |B, | W) (4.1)
(see [18: Lemma 1.9]). Its proof can be straightforwardly derived from (3.1):

|y|ﬁ(m0) p(:roer)
o ()
r<|y|<u«;/ﬂ 206,

> / dy
r<lyl<uy®

= |Bal(u” =)

from which (4.1) easily follows (in the above estimates we assumed that pg <
8, since in the contrary case there is nothing to prove).

b) Proof of Proposition 2. We rewrite relation (3.1) as

[y \ "
/| |< ) oy (s 20) dy = 1 (4.2)
y|>r

Hp
where
|y|g(w0) ) p(zo+y)—p(c0)

wr (Y, x0) = wr(y, To) = ( 13

To derive estimates (3.4) from (4.2), we need the following lemma.
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Lemma 4.1. Letp: R™ — [1,00) and 3 : R™ — R! be bounded functions
satisfying conditions (2.1),(2.3) — (2.4) and (3.2). Then

1 15 . 0

L0t Jro) A0 < 0y (y,00) < €1 laol) S (g € BY) (43
for all 7 > max(cy, |B,|~'/™), where the constant ¢ > 0 does not depend on r
and xq.

Proof. We have

(y, 29) <27 7 ( |y|#(@0) >p<y+w0>—p<°°>
Wrl\Y,To) > n
2B/

|y‘B(Io)
2B/mpg

where <1 by (4.1). Therefore,

|y| (o)
2B/

2B/nu5
’y’ﬁ(mo)

Inw,(y,z0) <InC + [p(y + z0) — p(c0)] In

<InC + [p(y + z0) — p(c0)| In

B(P—pq)

with C' =27 = . Since f(xg) < 0 by the last condition in (3.2), we have
Inw, (y,2z0) < InC + |p(y + z0) — p(c0)|

B
X | In2+|B(zo)|Infy| +1npg | -

We observe that g <1 for r > ¢z by Lemma 3.3. Consequently,

Inwy(y,20) < Cy + [p(y + w0) — p(o0)| |B(z0)| In [y].
Making use of (2.4), we obtain

In
Inw,(y,z0) <InCi + Aoo\ﬁ(xo)hn(e - |?|Jy_|’_ s (4.4)

The inequality
In [y|
In(e + |y + xo|)

is valid. Indeed,

<In(e+laol)  (z0.y €R") (4.5)

In |y| In(|xo| + |z0 + yl)
In(e + |y +xol) = In(e + |y + zol)

and, to obtain (4.5), it remains to note that the maximum of the function

g(t) = % (t > 0) is reached at the point t = 0 when |zy| > e and at

the point t = oo when |zg| < e. Then from (4.4) the right-hand side inequality
in (4.3) follows. The left-hands side inequality can be proved in a similar way i
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To prove now estimates (3.4) we observe that, from (4.2) and (4.3),

1 B(z0) \ P(%°)
(1 + Jrg])~A=180) / (—'y’ ) <1

C

ly|>r 2]
and N
B(zo) \ P\
1 < (1 + [ag| ) Ao 1P0) / (!y! ) d
ly|>r %]

follow. Evidently,

/ ( D) )P<°O) y o B(x0)p(00)+n
’y =
wi>r \ 1B MZ(OO) |B(x0)p(c0) + n

where c; is an absolute constant. Then from the above inequalities we obtain
estimates (3.4) for pg = || |z — [P

) HLP(')(R”\B(IQ,T))'

c) Proof of Theorem A. We use the well known approach to reduce
the boundedness of the Riesz potential to that of the maximal operator which
requires an information about the behaviour of the norms

H |z — xo‘ﬁ(mO)HLI’(')(R”\B(JCO,T))

as r — 0 and 7 — oo. This information is provided by Propositions 1 and 2.
We have

790 f(g) = f(y) dy f(y) dy
f()/| —+/|

z—y|<r |ZL‘ - y|nfoz(x) z—y|>r |(E - y‘nfoz(x) (46)
= A, (x) + By (z).
We make use of the inequality
2n7,a(a:)
A (z)] < S0 — 1 (Mf)(x) (4.7)

which is known in the case of & = const (see, for instance, [1: p. 54]) and
remains valid in the case of variable o = «(x). By (4.7) and (2.5) we have

|4y ()] < er® @ (M f)(x) (4.8)

with some absolute constant ¢ > 0 not depending on z and r.
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We assume that || f||,, < 1. Applying the Holder inequality for the LP()-
spaces

/Qu(a:)v(:p) dx

in the integral B,.(z), we obtain

<klulpllvly @ = 35)

1By ()] < kpp (e, r)|[ fllp) < kps(e,r)

1
p(y)
function of {y € R" : |x —y| > r} and fB(x) = a(r) —n. We make use of

Corollary to Propositions 1 and 2, which is possible since the assumptions of
that Corollary with f(x) = a(z) — n are satisfied by conditions of Theorem
A. Applying that Corollary with p(x) replaced by s(z), we obtain

where pg(z,r) = || |x—y|6(x)st(y) with ﬁ—k = 1, x is the characteristic

1B, (z)| < esK(z)r" @@ (z € R") (4.9)
n—a(x)]Asc

[
with K(z) = (1 + |z|) #=  and constant ¢z not depending on r and z.
Then from (4.6) and (4.8) - (4.9) we have

19O f(2)] < ea[r*@ M f(x) + K(z)r~ 7] (0 <7 < oo,z € R").

Minimizing the right-hand side with respect to r, we see that its minimum is
reached at

p(=z)
a(z)q(z) S
min — —M
ruin = | M a1 1 (2)
and easy evaluations yield
() a(@)p(@) p(w)
(I f (@) < o5 [K(x)] [Mf(x)] ).

Since p satisfies the logarithmic condition (2.4) at infinity, we may replace
a(@)p()

p(x) in [K(z)]” ™ by p(co). Then

—

p(x

‘Ia(m)f(x” < CG(l 4 ‘x’)a(w)(l—w)Aw [Mf(f]j’)] q(x)

= co(1 + o))" [M f(2)]

N

p(z
q(x)

and, further,
A((U+1a) O @) <o [ MA@ do < or
RTL

by Proposition 3. The theorem is proved i
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Proof of Corollary to Theorem A. The statement of the corollary
follows from the pointwise estimate (M@ f)(z) < ¢ (I*®)|f|)(z) where the
constant ¢ does not depend on f and x. To prove this estimate, we observe
that for any x € R™ there exists an » = r, such that

2

a(zx)
10 < e g, VO

and, on the other hand,

(Ia(m)f)(x) > / f(y) dy

B(z,ry) |x - y|n—oz(x)

Cc

> |f(y)| dy.
|B(z, ;) |7e(®) /Bmm)
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