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Reconstructing an Analytic Function
Using
Truncated Lagrange Polynomials

D. D. Trong and T. N. Lien

Abstract. Let U be the unit disc of the complex plane. We consider the problem
of reconstructing a function f in the Hardy space H*(U) from values f (z,(fn))7 where
{zﬁm)} (m € N;1 < n < m) is a given point system in U. This is an ill-posed
problem. The function f is approximated by so-called truncated Lagrange polyno-
mials. Necessary and sufficient conditions for the convergence are established and a

regularization result is given.
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1. Introduction

Let U be the open unit disc of the complex plane C and let H?(U) be he
Hardy space of all functions f, analytic in U and satisfying

1 27 ) %

= 1i = 10Y|2 )

I =tim {5 [ 1ree)an) <o

We recall that, if f € H?(U) has the expansion f(z) = > po,ar2”, then
o 1/2

1] = (5% lak[2)""? (see, e.g., [10: Chapter 17]).

Let {z,gm)} (m € N;1 <n <m) be a point system in U. For each m, we

assume that zgm), s z,(nm) are distinct points. In this paper, we consider the
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problem of reconstructing a function f in H?(U) such that
fly™)=p™  (meN;1<n <m) (1)

where {,u%m)} is a bounded set of complex numbers. Problem (1) has given
rise to a huge literature. The reader is referred, e.g., to the monographs |2,
3, 6, 12] and the references therein. In fact, the unknown function f is often
approximated by polynomials (especially, by Lagrange polynomials, see, e.g.,
[2, 12]) and by rational functions (see [6, 9, 12]).

On the other hand, problem (1) is ill-posed. In fact, the data u%m) in the
right-hand side of (1) are given by measurements (or by rounding). Hence,
the data are affected with errors. As a consequence, a solution of problem (1)
corresponding to noise data does not always exist. Moreover, solutions, even
when they do exist, do not depend continuously on the given data. Thus, the
problem is intractable numerically and hence one has to resort to a regular-
ization. In our recent results [1, 5, 8, 11] the ill-posedness of the problem was
considered. We also refer to [6] in which a function f in the disc algebra A(U)
is approximated by a sequence of functions constructed from noise data and
called a robustly convergence identification algorithm.

The present paper deals with a regularization of problem (1) based on an
approach of approximating (in H?(U)) the function f by polynomials

Low)z)= > 1M (0<o<u= ™, L uim). (@)
0<k<6(m—1)
Here l,(fm) is the coefficient of z* in the expansion of the Lagrange polynomial

L,,(v) of degree (at most ) m — 1 satisfying
m() (2, ) = by (1 <k <m).

The polynomial ng(y) is called a ”truncated” Lagrange polynomial. We note
that if # = 1, then LY (v) is a Lagrange polynomial.

Before giving precise definitions and main results, several remarks are in
order.

First, as is known, the convergence of L,,(r) to f depends heavily on

properties of the point system {zﬁlm)}. The Kalmar-Walsh theorem (see, e.g.,

[2: Chapter 11]) shows that L,,(v) — f in C(U) for all f analytic in a
neighborhood of U if and only if {zflm)} is uniformly distributed in U, i.e.,

lim ”\L/maX|z|§1|wm(z)\ =1 (3)

m—0o0
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where

wm(2) = (z = 7") (2 = 257). (4)

This fact fails if C(U) is replaced by H?(U) (see, e.g., Counterexample in
Section 2). Moreover, condition (3) is very strict. In our paper, the point

system {zflm)}, in general, does not satisfy (3).
Note that the present approach, to our knowledge, is new. In [1, 5],

truncated polynomials Li(u) are used to approximate the function f. In the

present paper, we shall study the convergence of LY (v) for § being in an open

interval. In fact, we shall show that there is a 6 in (0, 1) such that L? (v) — f

in H2(U) for 0 < 6 < 6, and that the latter result does not hold if 6y < 6 < 1.
(m) (m)

Finally, if for each m the nodes 2, ", ..., zm °~ are not mutually distinct
and if at these points we know not only the values of f but also the values
of higher derivatives of f, then we can use the ”"truncated” Lagrange-Hermite
polynomials to approximate the function f.

The remainder of our paper is divided into two sections. In Section 2, we
shall state our main results and establish a counterexample. In Section 3, we
shall prove the results stated in Section 2.

2. Notations, main results and counterexample

We put

S wm(2) ;
KPPt <"”>>< -5") ?

where w,, is as in (4), v = (v1, ..., V) and put
o™ —

02”;)— S AM ™ (iR 1<s<pp=1,..,m—1).
1<j1<...<jp<m

We first state necessary conditions for the convergence of truncated La-
grange polynomials in H?(U).

Theorem 1. Let 0 <6 <1. If

lim ||f - Ly (Tuf)(2)| =0 (f € H*(U)) (6)

m—00

where LY (v) is defined in (2), (5) and

To(f) = (f(™), ooy F(2)),



928 D. D. Trong and T. N. Lien

then

NI

z(m) (m)| =1 (m) 2
sup max ][ [1-2"5") S 2] <o
JeT,m\{k} 0<£<0(m—1)

where 1,m = {1,...,m}.
Theorem 1 implies the following

Counterexample. We shall show that the Kalméar-Walsh theorem does
not hold if C(U) is replaced by H?(U). Indeed, putting § = 1, for each m,
LY T, f is a Lagrange polynomial. Let 2 = n+r1 (meN;1<n<m). We
have

() = (14 5) - (14 ——)
max |wp,(2)] = — ) — ).
lzj<1' 2 m+1

It follows that lim,, .o 3/max|,j<1 |wm(2z)| = 1, i.e. the system {zflm)} is
uniformly distributed in U. On the other hand,

IT =2t S el P

jeT,m\{m} 0<£<6(m—1)
m—1 —1 (
m)
> — o
S U i v ey LGS
> = +...+ !
Z 5t
— OO

as m — o0o. Hence, using Theorem 1, we can find a function f € H?(U) such
that L, T, f /4 f in H>(U) as m — oc.

To state sufficient conditions for the convergence of the truncated La-
. . . (m) e
grange polynomials, we shall consider point systems {z, '} satisfying some
properties. Letting o € (0,1), we put

Amz{n€N|1§n§mand|z7(Lm)|20}.

We denote by F, the set of point systems {zfzm)} in U satisfying

Am
lim card Am _ 0 (7)
m—oo  m

Iim =m, =1 (8)

m— 00
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where card A,,, is the number of elements of A,, and

_{1 A=
T = (Tea, (1= 1257D) ™ if Ay, # 0.

Condition (7) means that almost of points of the system {szm)} concentrate
in the disc with radius o centered at 0, and condition (8) means that {zflm)}

is not too close to the boundary of the unit disc. Point systems {z%m)} in Fo,
in general, do not satisfy condition (3).

For 0 <0 <1 we put

2t if l<g<i
1—6 .
¢(0) = T H0<0< 3
g if 6 = 0.

We can verify that ¢ is continuous and strictly increasing in [0, 1]. Moreover,
$(1) =2(1—0)"' > 1 and, for o € (0,3), ¢(0) = o(1 — o)~ < 1. Hence, in
this case, there exists uniquely a 6y € (0,1) such that

P(bo) =1

(9)
#(0) <1 (0<6<by).

Now, we have

Theorem 2. Let o € (0,1) and 0 € (0,1]. Let L% (v) be defined as in
(2),(5) and let T,,(f) be defined as in Theorem 1. Then:

(i) If0 <o < %, then

dim ||f = L,(Twf)][ =0 (f € H*(U)) (10)

for every point system {z,(lm)} i Fe and every 0 < 0 < . In addition, if
f' € H*(U) and ¢(0) < § < 1, then there exists an m(60,5) such that

[Edls

I = TGN < ((0m = D)+ ) ISIP + g ()

for m > m(0,6) where [x] is the greatest integer not exceeding x.

(ii) If0 <o < %, then we can find a point system {zflm)} in F, such that
(10) fails for every 6y < 0 < 1.

(iii) If 3 < 0 < 1, then we can find a point system {z,(Lm)} in Fo such that
(10) fails for every 6 € (0,1).
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The theorem shows that 0 < o < % is a crucial condition for the conver-
gence of truncated Lagrange polynomials.

Finally, to get the regularization result in the case of noisy data, we set
some notations. Namely, we put

wim (2)
(2 = 2" ) (")

D,, = max | max
1<n<m \ |z|<1

Let ¢ : [1,00) — R be an increasing function satisfying

w(m) >m(mb+1)D,, (m>1) (12)
lim (1) = +oc. (13

Finally, put
m(e) = [} eH)].
It is clear that m(e) — oo as € | 0. Using the above notations, we have
Theorem 3. Lete > 0,0 < 0 < 3,0 < 6 < 6 and ¢() < 6 < 1.
Assume that u = (u,(lm)) satisfies
sup< max | f( (z{m)) — 5{’“}) <e.

1<n<m

Then there is an €o(9,0) such that, for every 0 < e < £0(0,0) and f,f" €
H(U),

where Ty, (p) = (ugm), ...,uﬁ,;")).

3. Proofs

In this section, we shall give the proof of Theorems 1 - 3.

Proof of Theorem 1. If we consider the truncated Lagrange polynomi-
als LY (T, f) as the image of f on H2(U), then LY (T,) (m > 1) can be seen
as a sequence of linear operators on H2(U). We denote by || L T},|| the norm
of these operators. From the Banach-Steinhaus theorem, relation (6) implies
sup,, | L%, T, || < co. Putting
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we have ||f,|| = 1. Hence, in view of the latter equality we get
HLZszfm” < “LfnTmH Hfm” = ||Lg1Tm|| < 0. (14)

On the other hand, we have

Lo(Tmfm)(2) =[] m
JETm\{k} = T Pk

By direct computation, one get

> o<t<o(m-1y (=)™ éal(mi 1o

Lgm(Tmfm)(z) = 1_ E(m) (m))
J

Hjel,_m\{k}(
It follows that
128 @t)l* =TT =221 Y et [
jel,m\{k} 0<£<0(m—1)

Combining the latter equality with (14) completes the proof of Theorem 1 il
Proof of Theorem 2. We shall give the proof of the following three

cases:
i) <o<1
(i)0<o<zand by <f<1
(i) 0 <o < 5 and 0 < 6 < 6.

N= - N

(i) The Case 5 < o < 1. We construct a point system {z,%m)} such that we
can find a function f € H%(U) satistying L%(T,,.f) / f in H?(U) as m — oo
for every 6 € (0,1). For this let zgm) =1- 2L and A =1 - 7—. Noting

that, for Ysn = % — m,
m— 1 m—2
it ()™ e
i |1 Fsjean L+5n

we can choose p,, such that

mH _ Ypmi | S 1 1 "
14 m=2\1+.L '
: yp’rn]zm

2m
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We put

1 1
(m) _ e eN:2<n<m-=1).
W S = 5 T gy (M ENZSmsm =)
For m > 3, we have A,, = {1,m} (card A,, = 2). Hence, the point system

{zT(Lm)} satisfies (7) - (8), i.e. (ZT(Lm)) € F,. On the other hand, one has

2

H |1 - 5§m)25nm)|71 Z ‘Uv(nn?%z—l—e ’

jel,m\{m} 0<e<6(m—1)
> lo | H 15
|Zlm)| m—1 (m)

1 -(m) _(m)

= L= 2L 2\ T oL

— OO

I A

as m — oo. Hence, from Theorem 1, (10) fails as desired.

(ii) The Case 0 < 0 < 1 and 6 < 6 < 1. We construct a point system
{™1 such that there exists f € H2(U) satistying L%, T\ f /> f in H2(U) for
every 00 < 0 < 1. In fact, we shall argue as in the foregoing case. For any
o€ (0,3), let 2 = o(l = ——) and =1 — forn=1,...,m— 1

m3+n

We have A = {m} (card A,, = 1) for every m > 2. Hence, the point system
{zfzm)} satisfies (7) - (8), i.e. it is in F,. One has

H }1 - Z;m)zﬁnm) }_1 Z ‘07(7:?7)77,—1—6 ’

jel,m\{m} 0<6<0(m—1)
> [T === el
jel,m\{m}
iet 1 (m) . _(m)
- H m) _(m Z In ) Z':f m
j=1 ‘1 - Z; )ngn )‘ 1§j1<...<jm,[m9]§m—1 J ’ el
> 1 _ gm—[mo] (1 B 31 )m—[mG] CLTQ}
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where Ck = k,(lek), Using Stirling’s formula (see, e.g., [7]) we get

1
| m
lim ¥/CIM = lim ( m )

m— 00 m—oo \ [mO]!(m — [mb])!
= lim — < — 15
m— oo ([m@}) [me] (m—[m@]) 7,[1 f] ( )
B 1
- 09(1 — )10
It follows that
L
5 m
lim sup ( H |1 — z‘;m)zinm)l—l( Z ‘O-r(nn?gn_l_e 2> >
"\ jeTm\ (m) Ost=00m=1)
10
>
“(1-0)0%(1—06)1-¢
= ¢(0)
> ¢(6h)
=1.
Hence,
%
lim sup H 11— ZJ(-m)anm)rl( Z }Ufn”%_l_e 2) = 0.
OO T () 0<4<0(m—1)

Using Theorem 1, we can find an f € H2(U) such that LY T, f / fin H*(U).
(iii) The Case 0 < 0 < % and 0 < 6 < 6. Assume that

f(z) = Zakzk, Z o |? < 0. (16)
k=0 k=0

Since L, (T}, f) is a polynomial having degree deg L,,,(T,,f) < m — 1, we can
write

m—1
LT f)(2) = D 4" (17)
k=0

where l,(gm) are constants. Substracting (17) from (16) gives

(0.@)

—

m—

F(2) = LT f)(2) = D 00+ 3 apst (18)

k=0 k=m
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where 5,(€m) = ap — l,(gm) (1 <k<m).
On the other hand, the Hermite representation (cf. [2]) gives

1) = LnlTuf)(e) = e [ 2O, (19

2T

Direct computation gives

wn(2) = Y (1), 2" (20)
r=0
1 FOAS = gom) s 21
251 Jou om(QC—2) 27 2!
where
aém) =1
SRR D R SCELELD 22
1<j1<...<jr<m
my _ 1 f(¢)d¢
ﬁs - 27.” /8U CS+1wm(C) (S Z O)

Multiplying (20) and (21) together and substituting the result thus obtained
into (19) we get

oo k
F2) = LT f)(2) = > (Z(—nm—%&@r é’”ﬁi) 2 (23)

k=0 \r=0
where we put 0_1 = 0_o = ... = 0. From (18) and (23) it follows that
k
o = ()Tl B (0<k<m—1). (24)
r=0

We shall estimate 5,(;”). We first have

1 f(C)dC‘ 1 (2” i )
i oy o) = vV moee)

On the other hand, |wy,(2)| > [Tj~, (1 - |z](m)|) Hence

ERIE

fl £l
o0 < WL« e (2
Hj:l(l _ ‘zj( )D (1 — g)m—card Ap, HjeAm(l _ ‘zj( )l)
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From (22), one has

(m) (m) (m)
|0 k| < > |25 2,
1Sj1<~~~<j'm—ksm
S O_mfkfcardAm § 1

1<ii<o . <m—r<m
m—k—card Aka
me

=0
It follows that, for 0 < k < [m#)],
|O-£nm—)k| < O_m—[m@]—card Amen' (26)

We have the following lemma (which will be proved later):

Lemma 1. Under the assumptions of Theorem 2,

. m) | L
imsup (o 107,15 ) < (1= 0)0(0) (21)
for0 <6< 1.
From (24), one has
507) < Lt m)ll max (007,

(1 — g)m—card Am HjeAm(l _ |Z](m)|) 0<k<[md]

for 0 < k < [m#@]. Combining the latter inequality with (27) and (8) gives

o |
hmsup( max Hk— >§¢(G). (28)

m—oo \ 0<k<[mo] | || f]|

Now, for 0 < 6 < 6y, in view of (9) and (28) we get

o
)SM@<L (29)

lim sup max ‘ k
m—oo <0§k5[m9] 11

Hence, for ¢(f) < § < 1 we can find an m(d) > 0 such that

max (6] <&"If| - (m > m()) (30)

0<k<[m
From (16) - (17) one has

[((m—1)6] oo

f(z) =L T, f(z) = Z 5](€m)zk’ + Z a2

k=0 k=[(m—1)6]+1
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It follows that

[(m—1)0] oo
If = LoTnfIP = > 1602+ Yl
k=0 k=[(m—1)0]+1

Hence, from (30) we get

oo

If = Lo T fIIP < ((m = DI+ 1) AP+ > s’ (31)
k=[(m—1)0]+1

It follows that L2 T, f — f in H?(U) as m — oo. If f' € H*(U), then we get
F(z) =Y 0 o karz" L and || = (X, k2|ak|2)1/2. This gives

i |Oék‘2 < Hf/||2 (32)
= (m—1)262°

k=[(m—1)0]+1
Combining (31) and (32) we get
I1f]I
(m —1)202°

This will complete the proof of Theorem 2 once Lemma 1 is proved B

If = Lo T fII? < (I(m = 1)0] = 1)6°™ | £]|* +

Proof of Lemma 1. We have to consider the cases
(i)0< O < %
(i) 3 <6 <1.

If (i) holds, then C} < ... < cim?. Hence (26) implies

max |0 | < B N/ ol (33)

0<k<[mo)]
From (33), (15) and the assumption lim,, % = 0 we have
) o1-0
li;ﬂjélop (0;]?2[)7;0] ygq(nm_)k m) < P07 (1—0)9(0).
If (ii) holds, from (26) we get
max |07(nm_)k|% < 2017% (34)

0<k<[mf]
where we have used the identity > -, C¥ = 2™. From here it follows that
I (m) 17 ) <2010 = (1 - 0)9(0).
o (i P ) 520170 = =000

Hence, in either case, inequality (27) holds. This completes the proof of
Lemma 1 and the proof of Theorem 2 §



Truncated Lagrange Polynomials 937

Proof of Theorem 3. We first prove that
|2 (T, T,)||.. <em(1l+mb)Dy, (35)

In fact, we have

(Lm(Tmf> - Lm(TM))(Z) = Z (f(zfzm)) _ :L%(mm)) wm(z)

= (z = 2™yt (21™)
By direct computation, we get
|(Lm(Tmf) - Lm(Tu))(z)l < emDp, (Iz| < 1). (36)
On the other hand, one has
(Lon(Tonf) — Z A2 (37)
where p
Ly, (T f) — L (T,
/\ém) _ L (Lo (T f) k (T)) (<) C' (38)
271 Jour Ck+1
From (36) and (38) one has
A < emD,,. (39)

It follows from (37) and (39) that

LT = L@@ = 30 AV <em(mb +1)Dy,
k<[(m—1)6]

i.e. (35) holds.

Now, we have
1f = Lo Ty ()|
<|F = Loy Ty D] + |y Tone) (1)) = Loy (Tongey 1|
Thus, using Theorem 2 and (35) we get
1 = ooy (T ()]

< /m(e)0 +16™C)| f|| + % +em(e)(m(e)8 + 1) Do)
From the definition of m(e) we have
72 > P(m(e)) = m(e) (m(e)0 + 1) Dy

Hence,

£ = Lo T )] < €% + V(@ + 1™+ (51 <H{H 10

which completes the proof of Theorem 3 i
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