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Asymptotic Behaviour
of a Vibrating Membrane Model

M. Boella

Abstract. In this paper, we study the asymptotic behaviour of the solutions of an
approximated model of the vibrating membrane. The results we give concern three
different approximations; for each the boundedness of the energy and the presence
of an absorbing set are proved, provided that the forcing term remains bounded
in a suitable norm. The absorbing set is found via a known technique, while the
boundedness of the energy is obtained by ”ad hoc” calculations. Moreover, in one
approximation, in the autonomous case, the existence of an attractor is proved.
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1. Introduction

In this paper, we present some results regarding two approximate models of
the nonlinear vibrating membrane equation

Vv

R

vt — div {¢ (14190 - 02)

where ¢ = ¢(s) represents the stress-strain law, p is a constant depending on
the initial stress with 0 < p < 1 and f is the external force. For the deduction
of the model we refer to [6], where the reader will find also the proof of an
existence and uniqueness theorem for the first approximate model.

As is pointed out in [6], no global existence theorem has been proved
for the classical Cauchy-Dirichlet problem relative to equation (1). This fact
suggested to modify the equation, by adding some small ”fourth-order” term,
thus recovering the ”well-posedness” of the problem. This can be done in
two different ways, using the terms yAu; and nA2u, where the first takes
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into account the small moment of inertia in every section of the membrane
(v = IE, where I is the moment of inertia and F is Young modulus), the
second is due to an approximation of the membrane with a thin plate, with
a small (1) bending moment; again, we refer to [4, 6] for further explanations
and for the deduction respectively of the two approximations.

In our calculation, for the sake of simplicity, we choose a linear stress-
strain relationship, ¢(s) = Ks with K > 0 Hooke’s constant; besides, as one
of our aims is the search for an absorbing set, this suggests the introduction
of a dissipative term duy.

Here below, in Section 1, we present the approximate models: first the
model involving yAuy, together with its dissipative term ydAwu; (we shall
refer to it as the “y approximation”), then the model with nAZu (the “n
approximation”), finally, the complete joint model (the “vy,n approximation”),
which combines both approximations.

In Section 2, we list all the tools we shall use in this paper, namely:
notations, variational formulations of the approximate problems, energy and
energy-type scalar products and norms.

In Section 3, we will give all the results for each model separately. We will
list the theorems regarding the boundedness of energy for the solutions when
t € RT and the existence of an absorbing set, together with some minor results:
the uniform continuity of the energy norms and the exponential decay of the
energy in the autonomous case. Moreover, we state, for the v approximation,
the existence of an attractor and, for the v, n approximation, the boundedness
of energy when t € R.

The proofs are written in Section 4.

1.1 The approximations. Let now @ be the solution relative to the
approximation, % the solution relative to the n approximation, and u the
solution relative to both approximations; the equations we shall study are
the following (from now on, we shall denote by ’ the time-derivative, while €2
denotes the domain covered by the membrane and t is the unit vector tangent
to 0N).

The v approximation:

%7
V) A — AR () = (2
oy A = =1 @

with the corresponding boundary and initial conditions
ﬂ(t, I, xg) =0
Vﬁ'(t, £E1,$2) -t=0
(0,71, 22) = a(z1, T2)

0'(0, 1, x2) = B(x1, x2)

@’ + 64 — KAG + Kpdiv (

((1‘1,1’2) € GQ,t > 0)

} ((1'1,3}2) c Q)
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The n approximation:

Vau

" 4 6u' — KAu + Kp*div (—
P\t vap)?

)+nA2a=f ()

with the corresponding boundary and initial conditions

~(t’x1,x2)20} ((56'1,:6'2) E@Q,t>0)
A~(taxlax2) =0 5)
(0,21, x2) = a1, x2) } (w2 € ) (
ﬂ/(07x171'2) - ﬁ(l’l,l’Q) e

The ~,n approximation:

Vu

' +0u' — K Au+K pdiv <—1
P\ T vap)

) —y AU —yIAY (1) +nAPu = f (6)

with the corresponding boundary and initial conditions

~—

u(t, 1, o

0
Vu'(t,z1,22) - =0 (xl,xg)eaﬂ,t>0)

Au(t,x1,22) =0

«

)
u(0,x1,22) =
)

2. Definitions and notations

Let  be a bounded open set in the (z1,x3)-plane, with a C2-boundary (or
an open convex polygon). We set L? = L*(Q) and H* = H*(Q2). We shall
use scalar products and norms of both scalar and vector functions (e.g. ¢ and
V(= (pyi+ (,j), with the following notations:
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We note that, as written above, we shall denote by (-,:) the usual scalar
product in L? when no confusion will be possible.

We shall denote by C; quantities depending only on physical and geomet-
rical constants of the problem, while we shall use letters A and A; to indicate
constants depending also on initial conditions and/or on the known term f.

Finally, we denote by v;(e) some (positive) continuous functions, vanishing
as ¢ — 0.

2.1 Auxiliary functions. It is useful, for our purposes, to define the auxil-
iary functions

§1i+ &)

V1+ &+ &2

y: R-R, Q/J(f):K[l—%} (8)

With these definitions, for example, equation (2) becomes

b: R - R?  b(&i+ &j) = Kp?

"+ 60" — V (Y(|Va*) Vi) — yAL — ySAY = f

or

i@ + 6t — V (KVi —b(Vi)) — yAQ" —v5A = f.
If we set

13
w(e) =/0 b(o)do = K[€ — p*(VITE - 1)]

it is quite easy to prove that

(= divp IV VER), ¢ (1) s
= ((IVCOIVEE), V(1)) oy g2

= L @IVCWP), SIVEWDI) . ©
(V¢ 1))

—_

N~ DN
SIS

and that the inequalities

K(1=p)IVCi2xze < @(VCP)VE V) r2xre < KIIVEF2y o

10
K1 = p*)IVC| 722 < (P(IVC?),1) < K[IVC[1 72512 1o

hold. Moreover, from [6: Remark 3.2] we recall the property

[b(v1) —b(v2)| < M[vy — val. (11)
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2.2 The smoothing operator J,. In the sequel, we shall deal with scalar

products not properly defined in L?; as in [6], we introduce a smoothing
operator, namely J,,.

Given g > 0, we define the function g, € C5°(R) by

2
gult) = %exp <#> for |t| < p
0 for |t| > p

with C being such that [, g, (t) dt = 1. We define now the operator J,, acting
on a function ((t,x) defined in R x Q, by

— 00

JuC(t,x) = gu(t) * ((t,x) = / gu(t —7)¢(1,%x)dr

“+o00

provided, of course, the right-hand side of the above equation makes sense.

2.3 Variational formulation of the problems. For both approximations,
we multiply the equation by a suitable test function h and integrate from 0

to t.
The v approximation: In accordance with [6], we shall say that @ is a

solution in [0, T] x Q of problem (2)-(3), with f € L?(0,T; L?), « € H?> N H}
and 3 € Hi, if

Whe(0,T; H> N HY) > i
(8%

(12)

The 7 approximation: We shall say that @ is a solution in [0, 7] x Q of
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problem (4)-(5), with f € L?(0,T;L?), « € H*N Hy and 3 € L?, if

Whee(0, T; L) N L0, T; H* N HY) > @ )
u(0) =«

h
<w<|va<f>|2>va<f>,h<f> (13)
—H]( 7), Ah( ) (f ) dr
+ (@' (1), h(t))—( ,h(0)) =0
a.e. in [0,T),Vh € H(0,T;L*) N L*(0,T; H* N Hy).

The 7,n approximation: We shall say that u is a solution in [0, 7] x
of problem (6)-(7), with f € L?(0,T;L?), o« € H>*N H} and 8 € H}, if

Whe(0,T; H*> N HY) > u )
uw(0) = a
/Ot{—<u’<r>h<>)+6< (™)
—(Ve(IVu(r)2)Vu(r), h(r)) =7 (Ve (1), V(1)) (14)
148 (V! (1), VA(T)) + n(Au(r), Ah(r)) — (f(7), h(T)) fr

+ (W' (1), h(2)) — (B, h(0)) +v(V/(t), VR(t)) —v(VB, VR(0)) =
a.e. in [0,T),Vh € H*0,T; H') N L*(0,T; H* N H}).

2.4 Existence and uniqueness in [0, T] X 2. We present these statements
here, as they do not concern the long-time behaviour of the membrane. Their
proofs are very similar to the ones in [6]. We shall give only a sketch about
the continuous dependence from initial conditions.

Theorem 1. Let f € L?(0,T;L?), o« € H*NH} and 8 € H'. Then there
exists in Q a unique solution @ of problem (12), 4 € WbH>(0,T; H> N H}).
Moreover, i depends continuosly on the data.

Theorem 2. Let f € L?(0,T;L?), o € H> N H} and 3 € L?. Then
there exists in Q a unique solution @ of problem (13), @ € W1>°(0,T; L?) N
L*(0,T; H?> N H}). Moreover, @ depends continuosly on the data.

Theorem 3. Let f € L?(0,T;L?), o« € H*NH} and 8 € H. Then there
exists in Q a unique solution u of problem (14), uw € WH°(0,T; H?> N H}).
Moreover, u depends continuosly on the data.
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Remark 1. Aim of this paper is the study of the long-time behaviour of
our membrane, so we want to emphasize now the hypoteses underlying all the
theorems that will follow:

We set V = Lfocyb(Rﬂ L?), and we shall always suppose f € V, setting

t+1
1712 = sup / £ ()12 dr (15)
teR+T Jt

Remark 2. In order to study the long-time behaviour of the system, we
need solutions defined for ¢t € RT. Indeed, we note that, if f € V, o € H*NH}
and 3 € H{}, then it is possible to extend to RT x € the solution @ of problem
(12); analogously, it is possible to extend to RT x € the solutions @ of problem
(13) and w of problem (14).

In fact, we know (Theorem 3) that existence and uniqueness in [0, k] of
the solution, say u(t), holds. We can now in the same way define the solution
relative to [0, k+1], say ugy1(t). It is clear that, for t € [0, k], ug(t) = up+1(%),
i.e. up41(t) is the extension to [k, k+ 1] of ug (). It is then possible to extend
the solution for all ¢ > 0 and we shall denote this function by w.

2.5 Energy spaces and norms. In the sequel, we shall deal mostly with
some energy-type norms, which we want to list here, each one in correspon-
dence with its ”"energy space”.

The v approximation: Let H., = H.,(Q2) be the subset of L? defined as
Mo = {(C(1),¢'(1)) = () € Hy, ¢'(t) € Hy}-
We shall define in H,, the scalar product

(C(t)’ X(t))H = % ((C/(t)v X/(t)) + K(VC(t)7 VX(t))szp

+7(VC’(t),VX’(t))L2xL2>

and define then the ”energy norm”

1
E, (1) = 5 (IS O3 + KIVCOIEan 2 + WV O Fezz)- (16)
Moreover, if we set

£,(¢(1)) = (UTCOPITEW), W) 12 10 (17)
E(¢(0) = 3 (IC O + @IVCOP), Viz 411V OFaxze)  (18)
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we can see that there is an equivalence between the three ”energies” derived
from these definitions. Indeed, thanks to (10), we can find three constants
Cg; such that

E,(¢(t) < Cp1Ey(¢(1)
< Cpa[lIC 7> + &) + IV 02 12] (19)
< Cps By (C(1))-

The n approximation: Analogously to the previous subsection, we de-
fine the space

Hy = {(¢(1), ¢ (1))IC(t) € Hy NH?, {'(t) € L*}

with the norm

E,(¢0) = 5 (IO + KNIV a2 + 0l ACDI2)-

The ~,n approximation: The energy space, for the joint approximation,
is
H = {(c(t),C'®)IC() € HY N H2,C'(4) € HY }.
We note that H = H, N 'H,; the scalar product defined in H is

1

(€O x(0) 5 = 5 (BN ®) + K (V) TXD) 1 1

+Y(VC (1), TX (9) 12y 12+ 1(AC0), AX(D) ).

According to this scalar product, we define the (energy) norm by

B¢ = 5 (IO + KV

(20)
+ ANV O 12 + A2,

2.6 The absorbing set. According to [3], we recall here the definition of
” Absorbing set”:

Definition 1. Given a space H, a set B C H and an open set U D B,
we say that B is absorbing in U if the orbit of any bounded set By C U is
contained in B, for all ¢t > ¢ (¢ may depend on By).

Our results about absorbing sets are obtained in the energy spaces, so the
space H cited in the definition of absorbing set will be regarded respectively
as H., or ‘H, or H, depending on the chosen approximation we are considering.
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3. Results

3.1 The v approximation. We recall that the v approximation is the unique
among the ones discussed here which does not take into account spatial deriva-
tives of higher order. In this case we can therefore prove a result (Theorem
7) regarding the existence of an attractor in the autonomous case.

Theorem 4 (Boundedness of energy for t € RY). Let f € V and let
a(t) be the solution of problem (12) extended to t € RT. Then there exists a
constant A, depending on f and on initial conditions,

A= A(18135, 1Vl 2, IV B3z, 1113

] o2 o LB
= max < |CgsE,(4(0)) + Cg1 5 |

Gl + 1/ Ca + Call Iy + Call 3] .

such that
E.(0(t) <A  (teR"). (21)

Theorem 5 (Existence of an absorbing set). Let f € V and let u(t) be the
solution of problem (12) extended to t € R*. Then there exist three constants
C1,C5,C3 > 0 such that

Ey(a(t)) < CillfI} + CoBy (a(0)e™ " (t € RY). (22)
As additional results we get

Theorem 6 (Uniform continuity of the energy norm for ¢t € R'). Let
f €V and let i(t) be the solution of problem (12) extended to t € RT. Then
the energy norm of 4 is uniformly continuous with respect to t € RT, i.e.

Byt +€) — By(a()| < v(e) (€ RY).
As a corollary to Theorem 5, we can state the following

Corollary (Exponential decay). Let f(t) = 0 and let u(t) be the solution
of problem (12) extended to t € RY. Then there exist two constants Cy,Cy > 0
such that

E,(i(t)) < CLE, (a(0)e" % (t € RY).

In the special case when the forcing term f(t) does not depend on ¢ (the
autonomous case), namely f(t) = fo, one can prove the following result con-
cerning the existence of an attractor:
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Theorem 7. Let fo € L?(Q). Then a solution 4(t) to problem (12) tends
to the solution u of the autonomous equation —KAu+Kp2div(

Jo-

Vu ) _
Ve 7)) =

3.2 The n approximation. The results presented here are completely anal-
ogous to those presented in Subsection 3.1.

Theorem 8 (Boundedness of the energy for t € RY). Let f € V and let
a(t) be the solution of problem (13) extended to t € RT. Then there exists a
constant A depending on f and on initial conditions,

A= A(IBIIL2 IV a2 2 1Al T2, 1),

such that
E,(u(t) < A (t e RT).

Theorem 9 (Existence of an absorbing set). Let f € V and let u(t) be the
solution of problem (13) extended to t € R*. Then there exist three constants
C1,C5,C3 > 0 such that

Ey(a(t)) < CLlIf[5 + C2Ep(a(0))e™* (t € RT).
As additional results we get:

Theorem 10 (Uniform continuity of the energy norm for ¢t € R*). Let
f €V and let u(t) be the solution of problem (13) extended to t € RT. Then
the energy norm of u(t) is uniformly continuous with respect to t € Rt i.e.

|Eq(a(t+e)) — Ey(u(t)| <v(e)  (teRY).

Corollary (Exponential decay). Let f(t) = 0 and let u(t) be the solution
of problem (13) extended to t € RY. Then there exist two constant C1,Cy > 0
such that
B, (1) < C1E, (@(0)e""  (t € RY).

3.3 The ~,n approximation. In this subsection the results concerning joint
approximation are collected together. Due to the simultaneous presence of a
higher order derivative both in space and time, we can state (Theorem 13)
global boundedness of the energy for ¢t € R.

Theorem 11 (Boundedness of energy for ¢t € RY). Let f € V and let
u(t) be the solution of problem (14) extended to t € R*. Then there exists a
constant A depending on f and on initial conditions

A= A(I1BIIE2: IVl 12 IVBIT2 L2, [ Al 1)



A Vibrating Membrane Model 49

such that
E(u(t)) <A  (teRT).

Theorem 12 (Existence of an absorbing set). Let f € V and let u(t)
be the solution of problem (14) extended to t € RY. Then there exist three
constants Cy,Cy,Cs > 0 such that

E(u(t)) < C1||f|% + CoE(u(0))e=%t  (t e RT).

Theorem 13 (Boundedness of energy for ¢t € R). Let f € V. Then
there exist a solution u(t), extendible for t € R, and a constant A = A(||f|13),
depending only on f, such that

E(u(t)) <A (t € R).
As additional results we get:

Theorem 14 (Uniform continuity of the energy norm for ¢t € Rt). Let
f €V and let u(t) be the solution of problem (14) extended to t € RT. Then
the energy norm of u(t) is uniformly continuous with respect to t € Rt i.e.

|E(u(t +¢€)) — E(u(t))| < v(e) (t € RT).

Corollary (Exponential decay). Let f(t) = 0 and let u(t) be the solution
of problem (14) extended to t € RT. Then there exist two constant Cy,Cy > 0
such that
E(u(t)) < C1E(u(0))e 2! (t e RT).

4. Proofs

In this section we will give the proofs of all our theorems.

Proofs of Theorems 1 - 3. The existence and uniqueness proofs of
Theorems 1 - 3 are similar to those in [6], so we omit to write them here in
full. The continuous dependence from data can again be obtained using the
technique illustrated in [6]. We write them for problem (12): if 4y and s
are two solutions of problem (12), with each one its initial conditions, and f;
and f5 the forcing terms for 4y and s, respectively. Setting w = 47 — 4o and
defining

]‘ / !
U() = 5 (0 OB + KIV0O) Bz + 20 () 2)
one can obtain
t t
U(t) <U(0) —|—C’1/ Hfl(T) — fg(T)||L2d7'—|— CQ/ U(T)dr
0 0

and the continuous dependence follows. From analogous calculations the con-
tinuous dependence from data in Theorems 2 and 3 can be deduced i
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Proof of Theorem 4. Let {g;} be a basis in Hj, orthonormal in L?, and

let II,, be the projection operator on the subspace spanned by {g1,
Setting

oy gnt-
= Z Qnj (t>g (23)

i=1
we can consider the system of ordinary differential equations in the unknowns

Qng

—(Vo(|Vin (t)|*) Vi (t), g;) + 6(a
—y(AUN(E), g;) — ¥ (AL (2), gi) — (f(t) 9:)

together with the initial conditions

u, (0) =, 0 = By
Multiplying (24) by o/ ,(t) and adding, we get

U, (0) = a = ay }

(i (£), 11y, (1)) — (W(\ i () [*) Vi (t), 11y, (1))
+6 (i, W (0) =y (AL (8), 4, (t)) (25)
+76(Au ( ),y (1) — (f(t), 4y,

We can now integrate this equation from ¢ to ¢ + 1 and obtain
t+1
/ {(a;;(f), U, (7)) + (¢(|Vﬂn(7')|2)Vun , Vi, (7))
t
+0(ay (1), 4, (7)) + 7 (Vag (1), Vg (1)) oy 12

Y8 (Vi (7), Vi, (7)) 1o 10 — (fm, i, (r)) pdr =0,

L2x L2

(2
that is, by (9),
14
ARt

B+

= [ U080 = Sl = 261V () s

Bearing in mind also (18) we can then write (26)

E\ (@ (f+1)) = By (n(D)

[l + 21V sz + (W0 () 1)]

(27)
{7, 8,(7)) = Bl (1) 12 = 16UV (1) 222
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2
Setting now A; = HJ;!V, we have only two cases: either

t+1
(a) /t (a5 (M1Z2 + ANV (7|72 12 )dr < Ay

or at least one between 4/, and V4!, has a square norm greater than A;:

o+l t+1
) [ e >y or [ IVl () e > A
Case (b): To examine this case let us first suppose that f?rl |4/, (T)HQL? dr

> A;. Then, independently from || V4!, (7)||, one can use the Schwartz inequal-
ity in (27) and get

[ {06).0) = 10— IV s Y

t+1
< / {2 = 8, ()llz2) 1, (7l 22 = 09IV ()2 12
i

Hence E. (i, (t 4 1)) — E, (i,(t)) < 0.

Second, let us suppose that ﬁ“’yHVﬁ%(ﬂH%ﬂr > A;. Independently
from ||a), (7)| we can then write

t+1
/t_ {(F),1,(7) = 0l (7172 = S|V (772 2 fbr

_ /;H (@), m) = sl Iz — (55) 172

1 2 e o 2
+ () I = 0V (e re |
<0.

Hence again E. (i, (4 1)) — E, (i, (f)) < 0.
Case (a): Obviously, then

t+1
JANEACTA
t

- < Aj.
/ VIV (7) 2 podr
t

We can surely find ¢’ € (¢,t+ 1) and ¢ € (£ 4 3,¢+ 1) so that

[, + IV (#)32c1 } oy
N N 1
6, () + [ () 1
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Moreover, for all t* € (¢,¢+ 1) the inequalities

tx 2
i ()25 < 2l (B)]25 +2[ / ||a;<7>||m]
t

t*

< Q(H'&n(ﬂl\%z + [ Ha;v)\\%mr)
t

< 2(||an(E) |72 + A1)

hold. Hence we get
() 122 < V2 [lfan (B)]32 + A1)
and similarly
V(N z2xrs € V2 [IVitn @l rs + A1)

Now, as we did in the beginning of the proof, we take the scalar product
using 4, (t) instead of @ (t) and then integrate the equation in (¢,t") to get

[ (@) = (@90 )T (), ()
+6 (1, (1), n (7)) + 7 (Vg (1), Viin (7)) 2, 15
+8 (Vi (7), Vitn(7)) 2, 2 — (f(T),an(T))}dT —0,
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Therefore, by (17), we obtain the inequality
tll
[ ey
t/
t//
:/t/ {(¢(|van(7)|2)van(7),van(T))L2XL2}dT

< [ Vit it + e oS+ [ (0 )

t// .
+ ’Y// ||va{rL(T)||%2><L2dT + ’7‘ [(Va;’L(T)a V'&n(T))LQXLJE/

‘ /t W()dr| +

Now let us focalize on the terms in this upper limitation, and let us see
how it is possible to bound every single item. We start considering the relation

t//
‘75 / (Vi (7). Vitn(7)) s odr
t/

t//
/ (1, ()22 + [V (1) 2 )
t/

t+1
< [ U + IV ) o)
t
< Aj.
Then we can write

(@), 4 ()]s

<

(i, (#"), i (E)) | + | (@, (2, i (2))]
< V2l )22 + A2 (18 () |22 + 18, ()] 1)
< V2 B2 + Ar] 24y/A,.

In a completely analogous way we obtain

[(V8,(7), Vitn()) oy 2

but also
’ / )dT

2[[[Vin (D)2 L2 + Ar] 24V As,

t+1
< /t ’(f(T)aan(T))‘dT

t+1 3
ana( [ lin()iear)

2013 [an(®)2: + A1) 2
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and, for the dissipative terms,

s [ (e

! % ! %
<o [ aniear) ([ fanoliear)
t’ t’

< 57/2A, [|lan(B) 22 + 4]

and

t//
‘75/ (Vi (1), Vi (7)) dr
t/

n 3 t" %
<oi( [ I8 Mesedr) ([ 1T 007
<90V 2A1 [V (D72 2 + Ad]

Hence, setting As = (6 + 4)v/2A; we obtain

D=

1

[ & anmdr < a1 21518 + 42] [ln @13 + A1)

’

1
2

+ 7 A [ Vin (D)2 2 + Ar]*.

Bearing in mind that

t+1
/ (1 (7) |22 + [V (1) g2 ) dr < Ay
t
we get

t”
[ (8 + 18, B + AT (Dl )r
t/

1
<24, + [\/ QHfH%/ + A2] [“ﬁn(aH%2 + Al} 2
+ 7A2 [|’V€Ln(£)’|2L2xL2 + Al] %

Hence there exists t* € [t/,t”] so that
Ex (tun (7)) + [, () 172 + [IVtr, () 172 2
1
< 2(241 + [/ 21513 + Az] [lan D3z + A1)

743 [V (D322 + 4] )
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By (19) we have

- ~ * C ~ * ~ * ~ *
By (1)) < CE2 [ () + i (1) 32 + [V (8°) 3]
FE1

Hence, by (28) there is a constant C; = Qggf so that

1
2

By (i (1)) < CL[241 + [y/21 015 + As] [Jan (@32 + A1)
+ 1A [ Vin (D)3 2 + A1) F].

We now use (27) (with t* and ¢ instead of £ and f + 1) to obtain E,(t).
Namely, for all t € [t,1 + 1] we have

(29)

Nl

A A

By (n(t)) = Ey (0n(t7))

+ /tt {(f(r),a;(r)) — 8@, ()22 — 75”V%(7)H%2xm}d7-

*

Hence, letting ¢ = ¢ + 1 and bearing in mind (29) we get

< 7(an(t*))ju/ (f(r), (7)) dr

< B () + ( /:“ | fmniQdT)% ( /:H ||%(T)||%zd¢)2

<C [zA1 + V21512 + A [an(®)])22 + 41] 2
+ A2 [V (Dl a2 + A1)F] + /1 FI3Ar.

Moreover, by (19) we have E. (i, (f + 1)) < Crg1 B, (i, (f + 1)). Setting Cy =
Cg1Cy = 2Cge we obtain

N[

B, (itn(F+1)) < G 241 + [\/21 £} + Ao (|2 D7 + Ai]

+ 743 [V (D2 + A1]7] + /1 F13 AL

By definition of E,, we have

B (in(t)) > { [ (£)]122

IV an (172 2
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for all ¢. Letting now

Az =/ HfH%;z‘h + 24,0y
Ag=1/2|fI5 + (1 +7) Az

we have finally

B, (i (4 1)) < As + Asy /B, (i (D) + A1

If E(t,(t+1)) < E,(ty(t)), the theorem is proved. If E, (4, (t+ 1)) >
E.(ty(t)), we substitute E, (4, (t 4+ 1)) in the square root of the above in-
equality and obtain

By (in(+ 1)) < Az + Aay/E (6 (F+ 1)) + Ar.
Therefore, the inequality
[Ey (i (T +1))]7 = 243E, (T + 1)) + AZ < A (B, (i (F+ 1)) + A1)
holds, that is
(B, (@ (4 1))]° — (245 + A2)E, (il (F+ 1)) + (A — A24;) < 0.

This is a quadratic inequality, hence there exists a constant A5 > 0 such that
E.(tn(t+1)) < As from which it follows directly that

As = G|l fIlS + HfHV\/C4 + sl flly + Csll 13-

Let now 0 <t < 1. Thanks to the inequalities
t
R R A R AT ARt AT T
t
o R AR EACT
— O] + 17— A0V () o b
45 L 45 L n L2xL
t
1 N 2 N
SR NORAC AR N A A

<i/1||f< )122d
_450 T LQT
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we can write

and, bearing in mind (19),

Ey(n(t)) < Ag := [OE?,E,Y(@”(O)) + oEl%} .

We remind that
E., (i, (0 _! 2 Vall? V33
Y (@n(0)) = S (I18lIz: + IVallzaxre +YIVBIL2xz2 ).

Hence, letting A7 = max{A4g, 45}, e.g.

2
A7 = Imax { |:CE3E7(QALn(O)) + CEl %],

[Call 718 + 17lv/Ca + ol + Call 2] .

we obtain E. (4,(t)) < Az.

Then for all [0, k] it is possible to choose a sequence {u, x(t)} converging
to Gy (t) weakly in W1°°(0, k; H}) and strongly in L?(0, k; L?). In [6] is shown
that | A, ()] < M if £ € [0,k], 50 $(|Viin 4(£)) — $(Viin(1)). Moreover,
{tn, 1 (t)} is obtained as a subsequence from {u,, ;—1(t)} related to [0,k — 1].
Letting k — oo, 4(t) = limy, Gy (¢) is the solution of problem (12) extended to
R* in the way we specified in Remark 2. Then E. (u(t)) < A7 for allt € RT I

Proof of Theorem 5. We define w, (t,x) = u., (¢, x)+et,(t,x), multiply
(24) by o/ ,(t) + e (t) and add to obtain
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;jt”wn( )”%2 - €(wn(t) - 5an(t)7w”(t))

= O3 — (Ol + 2 (i (0). (1)
8 (1, (1), wn (1))

= 5(wn( ) — elin (t), wn(t))

= Ollwn ()72 — €6 (n(t), wn(t))

- (Vw(w@n (t)‘ )Vfbn (t)v Wn, (t))

= L S W(Vin (D)), 1) + £ (B Vitn ()T (1), V(1)) o

’V(Vﬂ;i (t)a Vuwn, (25))L2 x L2
— (V! (t) — eV, (1), V(1))

L2x L2
= 7 IV Ol 12 — (Vi (1), V(1) o
= g IV )32 — V(T (wnt) — 2 (8)), Vo (0)) a0
_ %%va D222 — NI Vwn(®)l122 2

+ 2y (Vin(8), Vwn(t)) o, g

’75(va% (t), Vwp (t)) L2x L2
=76 (Vwn (t) — eV, (¢), an(t))szL2
= 0] Vwn (t)|72 2 = €76 (Vitn (), Von(t)) 1 1o
Combining all these results, we obtain

ViR 1) + O + V0 12]

2dt
+e(V(IVin()]*) Vi (), Viin(t)) o -
+ (0 =) [lwa (72 + Y Vwn () F2x 2]
+e(e = ) [(An(t), wn () +7(Vin(t), Vwn(t) 1o, 2] = (f(E), wn(t)).

Using now Young’s inequality on (@, (t), w,(t)) and (Vii,(t), an(t))me2
we may write

[V, 1) + fn D132 + A1V ()22

+e(U(IVn ()" Vin (), V(b)) 2 g
+ (0 = ) [lwn)lIZ2 + Y Vwn(®)ll72, 2]



A Vibrating Membrane Model 59

T e~ 8)(Calln (O + Callwa(DI32)
T e(e = O (CalI Vit (®)3a 2+ Call V(D)3 12) < (F(0),wa (1)

Let us observe that, thanks to the two inequalities (10), there is a constant
C5 such that

05(\11(|Vﬂn(t)|2>71) < (¢(|van(t)|2)van(t)’Vﬂn(t))[prT

We can then choose constants C; and ('3 both sufficiently small to find a
suitable constant Cg such that

eCs (U(|Vin(t)[*),1) < e(@(|Vin(t)?)Viin(t), Viin(t)) 2, .2
+ 2 = 6) (Cullan ()7 + ol Vi (B) 7 12)-

Therefore we obtain

& [T, 1) + () + 2 Ten (O] 22]
+506(\I/(|vun( )| )71)
(5 —2) + (e — )] fwalt) 35
F9[(5—€) + ee — O] IVwn O3z < [7Olczlhn(1) -
If we now set

1

S [T P), 1) + a2 + 1T Ol cz0]

Un(6) =

there exist two constants C7 and Cg such that

%Un@) + Crlly (t) < Cs|| £ ()| 2 /U (8).

The Gronwall lemma then implies that, for all ¢ > 0,

Z/{n(t) < # |:un(0) —}—\/O C77'08Hf ”LQ\/ dT:|

If we now apply [5: Lemma A.1] U, letting kg = 0, ky = U,(0), § = Cy,
o(t) = /Uy, (t) and m(t) = Csl|f(t)] L2, we obtain

t Oy 2
Un(t) < 204, (0)e " + <cs>2( / Hf<s>||Lze—T<t—s>ds) .

U This lemma is stated as follows: Let ko, k1 > 0, 1B € Li,.(RT) with m > 0 a.e.
and ¢ € C(RY) with ¢ > 0. If ¢(£)? < ko + k1e ° +  Lm(s)p(s)e °*~9ds for any
t > 0 and some § > 0, then ¢(t)? < 2ko + 2k1e™°" + Otm(s)e*g(t*s)ds ? for any
t> 0.
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Let us now evaluate the above integral. First, we observe that

k+1 k+1
/k 1 () ods = /k 17(5) 1= - 1ds < 11| s2gensrics)

which implies supy ¢y ka £ (s)|l2ds < || f]ly. Then, letting n € N such that
n —1 <t <n, we obtain

( /Otuf(s)HLze%SdS) (262 s >”L2d8>2

— e 2
1 — e (t+2)
< Hf”%)<1—ﬁ>
— e 2
Coty 2 €T
<e "|fllH———e———.
[ Fraar
Therefore, setting Cg = (%)2 we have

Un(t) < 2 (0)e™ ™ + CollfII3
observing that, with w,, = 4, + ety,,

W (t) = (P(IVan(t)]*),1) + [wn(®)lI72 + Y Vwn ()72 12
= (U(|Vin(t)]*), 1) + i, (t) + et ()72
+ Vi, (t) + eV (t)l|72 12
> (U(|Vin()]*),1) + g (D172 + Vi, (D172 12
= ¢ty ()| L2 an ()| L2 — 2vel| Vit ()| L2 x 2 | Vi (8) | L2 22
> (V(|Vin (6)]),1) + (1 =)l (1) 72
+9(1 = )IVin N2z — elltn(®)IZ2 — vel Vitn (t)l|72 4 2-

We can then choose ¢ sufficiently small to have

(T(Vin (1)), 1) + (1 = e)lli, (B)]|72 + (L = )| Vitg, (D)|72 2 < 2 (t)-
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Besides, we can find a constant Cy such that

2, (0) = (U(|Vitn (0)[*),1) + w(0)[[ 7> + Y[ Vw(0)[[ 72, 12

= (U(IVan(0)[*), 1) + [, (0) + €itn (0)]|72
+ IV, (0) + eV (0)]| 72 2
< (T(IVaa(0)[*),1)
+ (14 2¢) |5, (0) 172 + (1 + 2¢) [V, (0) |72 12

+ (26 + )@, (0)][72 + (2 + )| Vi, (0)]72
< Cuo(¥(Vin(0)P), 1) + [@,(0) 7 + IV, (03, 2.
We can then write
E, (it (1)) < C11Ey((0))e™ ™" + Cra £13,
and, bearing in mind (19),
B (itn(£)) < C1g By (i1, (0))e™ 4" + Cus | 13-

Choosing then the subsequences {y, 1 (f)} as we made in the proof of Theorem
4, Theorem 5 is proved I

Proof of Theorem 6. Let 4(t) be the solution of problem (12). We can
write the variational equation between ¢ and ¢t + ¢

/tm { — (@'(7), 1'(7)) + 6 (@' (7), h(T
—K(AU(T) ()) (V(b(Va(r))), h(r

—y (AT (7),K(7)) - (A B(r)) = (f(r), h(r)) fdr
+[(@ (), h(8)) + (AT (), h(1))],* = 0.

Setting h, = Jﬁﬁ’, we can observe that h, € H'(0,7; H'), and we can then
use it as a test function in the above variational equation.

As in [6], one can prove the relations

t+e
fing | (@' (7), by, (7)) dr = %(II i'(t +e)ll7e — 1 (1)]72)
) t+e . 1 . 5
L t (A(r), hu(r))dr = =5 (IValt + &)l L2xpz = V()72 12)
. the ~/ / 1 ~/ 2
Jim | (AW (r), b, (7)) dr = =5 (V' (t + &)l T2x g2 = [V (D72 12)

lim (@ (), hy (7)) = ||/ (7|3

pu—0
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and
t+¢e

lim (V(b(Va(r))), hu(r))dr

t+e
zil (b(Vi(7))), ViI'(7)) a., a7

It is then easy to prove that

lim (f(T),hM(T)) = (f(T)aa/(T))'

p—0
Then, recalling (16) we have by the Schwarz inequality
E,(a(t +¢)) — Ey(a(t))
t+4e
< [ {02 = 81 )1 (7)1
t
+ (Ib(Ta(r)llzaxze 18IV (1)l 2x 2 ) 198 (7)) b

By Theorem 4 we know that [|4/(t)||z2 < Ay and ||V@/ (t)||r2xr2 < A;. Com-

bining this with the usual assumption on f, we conclude that there exists a
constant A > 0 such that

@2 = 8 () 1) 2
+ (Il 2z =101V () L2 ) [V (D] ] < Ao

Then |E,(a(t + €)) — Ey(a(t))] < vi(e) for all t € RT which proves our
theorem N

Proof of Theorem 7. We begin recalling that, if the operator A : H} —
(H})* is defined by

(Au, h) :/Qa(|Vu|)Vu-Vth

and the function a : R — R is non-decreasing and satisfies

(a(a:)a: —a(y)y,r — y) > o|z — y (z,y € R),

then A is strongly monotone. We can then see that the function ¢ of (8)
verifies the above conditions. Therefore the operator

Au = div|(1 + [Vul?)? — p?
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obtained from (1) when ¢ is the usual Hooke’s law, is strongly monotone. We
know then that, if f € (HE)*, the equation

Vo
div 1+Vu2%—p2—1 = fi 30
(L4 VU)o = o (30)
has a unique solution.

Now, let u(t) be a solution of equation (12). By Theorem 4, E,(4(t)) is
bounded. Then E, (i(t)) is bounded. By Theorem 6, E.(a(t)) is uniformly
continuous. Then both K||Va(t)||2,, ;. and ||a]|3. +7] V@' (¢)||32, ;- are uni-

formly continuous, and then E. (a(t)) is uniformly continuous.

Acting now as in the proof of Theorem 6, we can write the variational
equation between ¢t = n and t = n + 1 and, as in the proof of Theorem 4
(equation (27)), we get

By (a(n +1)) ~ B, (a(n)
n+1
= [ U@ @) = @l = 18IV (7)o b

We know that f(t) = fo. Then

E,(a(n +1)) — B, (a(n))
n+1
= (fo,a(n+1) —a(n)) — 5/ (&' (M)1Z2 + AIVE (T)][72 5 £2)dr-

n

Thus E}(ﬁ(n)) is a bounded sequence, and then we can extract a converging
subsequence.

Moreover, as {@(n)} is a bounded sequence in H?, we can extract a sub-
sequence {i(ny)} strongly convergent in H} and then

Nk+4+1

Jim (&' ()72 + V@ ()72 p2)dT = 0.
0 S,

Thus, for all € > 0 there exists k. such that

+o00
[ @B + 21V () pe)dr < o

ke

as ||/ (t)||32 + Y|IVW (t)||32, ;2 is greater than 0 and uniformly continuous.
This means that

i (2l F + A9 ()22 =0
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We set v = limg_ 4o u(ng) and define the sequence u(t) = a(t + ng).
Then limy_, o 1 (t) = u(t) strongly in L?(Hg). We can see each i (t) as a
solution of equation (12) with 4} (0) = By = u(ny) and Vu, (0) = V5. Then
u(t) is the solution corresponding to

u(0) = v

/ T ~ o
u' (0) = kll)rfoou (ng) =0

/ T ~1 o
Vu'(0) = kll)I—‘yl:lOO Vi'(ng) =0

If v is the (unique) solution of (30), then u(t) =v i

Proof of Theorem 8. The proof can be obtained modifying that of
Theorem 4. Therefore we omit to write it i

Proof of Theorem 9. We can follow the sketch of the proof of Theorem
5, provided that we substitute in each equation the terms containing v and
~v6 with the equivalent terms containing 7 obtained as

. 1d, .. -
n(Aiin (1), Awn(t)) =035 1Ak (0|32 + nl Adn (1) 2.
Now we can define
1 - -
Un(t) = 5| (W(Vaa(O)P), 1) + [wa(®)l2 + nll Adn (8)]3

and find two constants C; and C5 such that

%%@+@%®S@W@m Un(t).

The thesis then follows in an analogous way il

Proof of Theorem 10. The thesis follows easily after proving that

to

lim (Aw(T), Ahu(T))dq- —

1
! 5 (1Aw(®) 172 = |Aw(t)]l7z)-
n— t1

This could be done following the similar proofs illustrated in [6] B

Proofs of Theorems 11, 12 and 14. The proof of Theorem 11 can
be obtained by a combination of the proofs of Theorems 4 and 8. Similarly,
the proof of Theorem 12 can be obtained by a combination of the proofs
of Theorems 5 and 9, and the proof of Theorem 14 can be obtained by a
combination of the proofs of Theorems 6 and 10 il
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Proof of Theorem 13. We define the sequence {u, ()} in the following
way: if t > —n, then w,(t) is the solution (which exists, is unique and E(-)-
continuous) satisfying the initial conditions u,(—n) = 0,u, (—n) = 0 and
un(t) =0 for t < —n. Setting

() = {f(t) if t >—n

0 ift< —n

we can say that u, is a solution in —oo < t < 0o corresponding to the known
term f,.

From Theorem 11 we have that F(u,(t)) < Aj, where (in this case, as
the initial conditions are vanishing) A; depends only on || f||3. By Theorem
14 we obtain E(u,(t + 1) — un(t)) — 0 (n — 0) as E(u,(t)) = 0if t < —n.
This relation obviously holds also for ¢ < —n. Then the u, are uniformly
continuous (with respect to the energy norm E(-)) for t € R.

We have, thanks to the above uniform limitation, that E(u, (t)) — E(u(t))
weakly for all ¢ € R. Indeed, for all h € H, we have that the functions
(un(t), h)y are equally bounded and equally uniformly continuous for ¢t € R.
The separability of H guarantees us that the sequence {(uy,(t), h)»} converges
uniformly on every bounded interval. Moreover, we have

E(u(t+¢) — u(t)) < min nli_)rrgo E(un(t+¢) — un(t))v(e). (31)

Again from E(u,(t)) < Aj, the functions u,(t) are equally bounded in

H} N H? and equally upper continuous in L? for all + € R. We can then select

from {u,(t)} a subsequence, again denoted {u,(t)}, such that u,(t) — u(t)

strongly in H}, uniformly in every bounded interval. Moreover, as the u/,(t)

are equally upper continuous in L? for all t € R, we can say that u/,(t) — ()

strongly in L?, uniformly in every bounded interval. We can conclude then

that u(t) is a bounded solution, for ¢ € R, of (14). Moreover, thanks to (31),
u(t) is upper continuous with respect to E(-), for t € R
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