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Abstract. By means of the iteration method with weighted norms existence and
uniqueness theorems are proved for three classes of nonlinear integral equations
and first order integro-differential equations in two variables. The quadratic non-
linearity is given by the correlation-convolution integral. Existence and uniqueness
of the solutions are shown in Lebesgue spaces with mixed norms in rectangle and
strip.
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1. Introduction

The paper deals with a class of integral equations and two classes of first
order integro-differential equations in two variables with a quadratic integral
term composed by an auto-convolution with respect to one variable and an
auto-correlation with respect to the other variable. These equations generalize
integral and first order integro-differential equations in one variable with an
auto-convolution term (as appearing in equations for reflection functions in
linear wave theorie [1, 8]) on the one side and with an auto-correlation term
(as appearing in the equations of statistical mechanics [4 - 7, 9]) on the other
side. The integro-differential equations may be considered as model equations
for general partial integro-differential equations with correlation-convolution
integrals.
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In this first part of the paper, for equations in rectangle and strip the
iteration method in Banach spaces with weighted norms is used for proving
existence and uniqueness of solutions in Lebesgue spaces with mixed norms.
Also, by means of exponential weights, uniqueness of the solutions to the
equations is discussed in a direct manner. In the second part of the paper,
for equations in the quarter plane, existence and constructive formulas for
solutions will be investigated by means of methods of complex function theory.

2. Statement of equations

We deal with the integral and integro-differential equations in two variables

p(t,7) + Lolp)(t, ) = h(t, 7) (1)
% +up(t,7) + Tolpl(t,7) = h(t,7) (2)
% + Ag—f +up(t,7) + Lo[p](t, 7) = h(t, 7) (3)

for (t,7) € R := (0,Tp) x (0,T) with 0 < Ty, T' < oo, where A\, u € R and I is
the quadratic correlation-convolution operator of p

Lipl(t7) = /O T/OTH p(s,0)p(s + .7 — o) dsdo
_ /O T/OTM p(s,7 — 0)p(s +t,0) dsdo.

These equations are also considered for (¢,7) € S := (0,00) x (0,7 (i.e. for
To = 00), were the integral Iy is replaced by

1pt7) = [ | pls.opls + t7 - o) dsd @
0Jo
To equation (2) and to equation (3) with A # 0 the initial condition

p(t,0) = f(t) (¢t €(0,t0)) (5)

is added, to equation (3) with A > 0 further the condition

p(0,7) = (1) (7 €(0,T)). (6)
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3. Existence and uniqueness for equation (1)

In equation (1) for (¢,7) € R = (0,Tp) x (0,7) we write the integral Iy in the
form

Iy[p](t,7) :/0 . p(s,:) *p(s+t,-)ds

where * denotes convolution with respect to 7. This integral is the quadratic
form of the bilinear operator

To—t
Blp1,pal (t.7) = Io[pr, pol (£, 7) = / pi(s,) ¥ pa(s +1,)ds.  (7)

For operator equations of the form p + B[p,p| = h with bilinear operator
B there exist particular existence theorems in Banach spaces with a scale
of norms which we apply in the form of [2, 3]. We use the Banach spaces
Loy =Lo~y(R) (1 <a,v<oo)with mixed norms | - ||, and the scale of
exponentially weighted norms

[Pl = [IPllaysr = le™ Pllay  (r20)

where, for a < oo,

1Plan = (ST P12 d7) 7 (v < 00), [plla(r) = (L7 p(t, 7)[dt)
1]l = sup ess. [|plla(7)

and analogously, for o = 00, ||p[|cc,y (7 < 00) and ||p[|sc,0c = supess,+|p(t, 7)|.
We notice that we always assume T' < oo so that the weighted norms || - ||a,;r
for any r > 0 are equivalent norms in L .

For operator (7) we have by Holder’s inequality the estimates

T pTo—t
|Blp, pal(t,7)] < / / 1 py(s,0)| [pals + t.7 — 0| dsdo
0J0

T pTo—t é
(// |p1(370)|a|p2(8+t77—0)|°‘dsda)
0J0

where 3 = ~%5 with a > 1 and hence, for v > «,

/OT e { /OT { /0 " Ipa(s.0)|ds

HB[pl’pz]HZy,'y;r

To @
X / Ip2(s’, T — a)]ads’}dal dr
0

X2
< (TTO) ° ||p1 ||Z¢,’y;r||p2||34,1;r

@~

< (TTp)

@R

< (TTv)
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by Young’s inequality with respect to 7. In view of the inequalities

1
[Plla 1 < T3Pl e

1
||p||oc,1;r < (%) ° ||p| o,y

where 0 = ﬁ, applied for p = po, this yields the desired inequalities

1Bp1, p2]llasyir < NullpillayirllP2llaqsr (9)
HB[plaPZH a,y;r < N2(7’)leHoz7’V;r p2| a,y
with Ny = (TTp)? T3 and No(r) = (TTp)? (£)?, and analogously for p; and
p2 interchanged where 1 < a < v < oo, with % =0 for o« =1 and % = ( for

v = 1.

If v > 1, then 1 < § < 00, so that No(r) — 0 as r — oo. By the existence
theorem in [2, 3] then a uniquely determined solution p € L, ~ to equation (1)
exists for any h € L, ~. This solution can be calculated by iteration and it is
stable with respect to perturbations of h satisfying a local Lipschitz condition
of the form

Ip1 = p2llay < A([[P1llay (172l

o) lh1 — hol

a”y

with some continuous increasing function A(-,-) [2] and

11 = P2llayir < 2[Rt — hallaqr
for sufficiently large r and sufficiently small ||h1 —hal/a,~;r [3], where p; € Ly
are the solutions to equation (1) for h; € Lo (j =1,2).

For o = 1 the coefficients N1, No in (9) are independent of Tj so that the
existence theorem also holds for equation (1) with integral I from (4) in the
strip S = (0,00) x (0,7 in this case.

Theorem 1. Let 1 < o < 7,7 > 1 in the case of R = (0,Ty) x (0,7T)
and o = 1,7 > 1 in the case of S = (0,00) x (0,T). Then for any h € Lq
equation (1) possesses in R as well as in S a uniquely determined solution
D € La,. This solution can be calculated by iteration and it is stable with
respect to a perturbation of data h in L .

Corollary 1. Ifa > 2,v > 1, then by Hélder’s and Young’s inequalities
1

1 1

we get inequalities (9) with Ny = TS Ts and No(r) = T, (5%)% yielding the
ezistence of a solution p € L~ to equation (1) in R under these assumptions,
too.



Equations with Correlation-Convolution Integral | 7

4. Existence and uniqueness for equation (2)

Equation (2) with initial condition (5) is reduced to the equation

p(t, T) + Cu [p] (tv T) = 9u (ta T) ((t7 T) € R) (10)

where
Culpl(t,7) = e "7 * Io[p](t, 7)

gult,T) = e HTf(t) + / e M= p(t, o) do
0

and * denotes again convolution with respect to 7. The bilinear operator
corresponding to (10) has the form

Culp1,p2l(t,7) = ™7 x Blp1,p2|(t, 7).

We again assume 1 < a < 7y and estimate

Clpr, p2) (2, 7)] g/ L |Blp1, pa(t,7 — 0)| do
0

e

<T% (/0 e~ | Blpy, po)(t, 7 — a)|ad0)

implying ,
HC“[phpQ] ||a,'y;r

T T
< T% / |:/ {e—a(r—l-u)ae—ar(‘r—a)
0 0

T a
x/ i ’B[pl,pg](t,T—J)Wdt}da} dr
0
< T3 |13 1 Blpr ]I
This yields the estimation
1
|Culpr-p2lll, .0 < T7 (i) “ 1Blor. 22| . < T7[|Blos. 2]

QYT T YT

for r > max(1 — p1,0). Hence by (9) we obtain analogous inequalities for C),

with coefficients Ny = TOBT%’L% and Ny(r) = TOET%(W)é (%)% where
No(r) — 0 as r — oco.

So we have existence of a unique (mild) solution p € L, (1 <a <7) to
equation (2) with condition (5) for any f,h with g, € L, . The last relation
holds if f € L, and h € Lo 1. If also h € L, -, by equation (2) and inequality

(9)1 the solution p € L, ~ has a derivative g—f € L, ~ (strong solution).
For o = 1 the coefficients Ny, Ny are again independent of Ty and the

existence theorem for equation (2) with condition (5) holds also in the strip
S = (0,00) x (0,7).



8 L. von Wolfersdorf

Theorem 2. Let 1 < o < ~ in the case of R = (0,1p) x (0,T) and
1 = a < ~ in the case of S = (0,00) x (0,T). Then for any h € Lq
and f € L, equation (2) with condition (5) possesses in R as well as in S a
uniquely determined solution p € L, with derivative % € Lo -

Remark. In general, % does not exist. But if, in addition, f and h have

derivatives f’ € L, and % € L, ~, differentiating (10) with respect to ¢ yields

a linear Volterra integral equation of the second kind for the derivative %,

with summable kernel and right-hand side from L,  for given p € L, ~. From
this % € Lo, follows.

5. Equation (3) with A =0
Equation (3) for A = 0 with initial condition (6) reduces to the equation
p(t,7) + Jolpl(t, 7) = ho(t,7)  ((t,7) € R) (11)

where
Jo [p] (t7 T) =e M@ Iy [p] (t7 7_)

t
ho(t,T) = e "p(T) +/ e M=) (s, 7)dr
0

and ® denotes convolution with respect to t. The bilinear operator corre-
sponding to (11) is given by

Dy[p1,p2)(t,7) = e " @ Blp1, p2 (¢, 7).

Applying Young’s inequality with respect to ¢ we obtain

TO T() t
/ ‘Du [p1, P2 (t, 7‘)|adt = / / e—ﬂ(t—S)B[pl,pg](s, T)ds
0 0 0

To &7
< ||e—“t||z( / iB[pl,pﬂ(sm)\ds)

«

dt

which yields the estimate

||Du[p1,p2]Hamr < AO(HB[p17p2]||1,fy;r
where )
ns for pu =0
Ao =1 (H)= for p > 0
(H=)welul T for < 0.

A
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Observing (9), for 1 < a <~ we further have

HDM[Plva]HamT < AaT%le Ly 1P2 155

1
1Dulpr. ol . < Aa() ¥ 1

|p2 1,y

and analogously with interchanged p; and ps. Finally, by Holder’s inequality,
1

1Pll1~:r < TS |IPllany:r (7 > 0). Therefore, inequalities (9) hold for D,, with
the coefficients

1 (12)

Fo(r) = ATy (5)

ol

(r>0)

where Ny(r) — 0 as r — oo if 7 > 1.

So we obtain the existence of a unique (mild) solution p € L, (1 <
a < 7,7 > 1) to equation (3) for A = 0 with condition (6) for any ¢, h with
ho € Lq,~ in equation (11). This is fulfilled if ¢ € L, and h € Ly . If also
h € Lq ~, by equation (3) with A = 0 and inequality (9); the solution p € L,
has a derivative % € L ~ (strong solution).

In the particular case u > 0, for a = 1 the coefficients N7 and Ny in (12)
are independent of T and the result is valid for equation (3) with A = 0 in
the strip S = (0,00) x (0,7, too.

Theorem 3. Let 1 < o < 7,7 > 1 in the case of R = (0,Ty) x (0,7T)
and a = 1,7 > 1 in the case of S = (0,00) x (0,T). Then for any functions
h € Lo~ and ¢ € Ly equation (3) possesses, for X = 0 with condition (6)
in R and for A =0, p > 0 in S, a unique solution p € L, with derivative

Remark. If, in addition, the functions ¢ and h have derivatives ¢ € L,
and % € Lq -, then also % € L.

6. Equation (3) with A # 0

Equation (3) for A > 0 in R = (0,7}) x (0,7") with initial conditions (5) and
(6) is equivalent to the equations

p(t, )+ Ji[p|(t,7) = hi(t, T) ((t,r) eRN{(t,7): 7> At} = Rl)
p(t,7) + Ja[p](t, 7) = ha(t, T) ((t,T) e RN{(t,7): T < M} = Rg)
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where
Ji[pl(t, ) = / e M= Ipl (s, 7 — N[t — s]) ds
: (14
1 [T 1
Rlplt7) = 5 [ e E DRl = {lr = ol.o)do
and
ha(t,7) = e Mo(r — At) + /t e M= (s, 7 — At — s])ds
T 10 T (1)
ho(t,7) = e" 57 f(t — X) + X/o 6_%(T_J)h(t — X[t —o],0)do.

We consider equations (13) in the spaces L' = L; ; and L™ = L . For
the corresponding bilinear operator D) , we have

HD/\:M[phpQ]”l’l;r - Wl + W2
with
Wi = // e*TT‘Jk[plprKt,T)‘dth (kj = 1’2)
Ry

where Ji[p1, p2| are defined by (14) with B[py, p2] = Io[p1, p2] instead of Iy[p].
We estimate

min(To, L) /T t
Wy < / / e " / e H(t=s) ‘B[pl,pg](s, T— At — s))‘dsdet
0 At 0

min(To, L) ,T—At ) t
= / / el A / e~ Ht=s) ‘B[pl,pz](s, T+ )\s)|dsd7dt.
0 0 0

Changing the order of integration with respect to 7" and ¢ and using Young’s
inequality with respect to t, for Ty > % we obtain

T—7' T—7'

4 ! A A A A
W, < / e T { / e~ A+t gy / |Blp1, pa](t, 7' + At)|e " dt|dr’
0 0 0

T —

1 T ’ >‘T/
< e "7 Bp1, t, 7"+ M) |e Mtdtdr!
<5 T Bl )

(A A
_ / ¢ ”/ |Blpy, pa] (¢, 7)|dedr
0 0

D

for 7 > max(0, —&). Analogously, for Ty < L we have

1 To T
Wi < / / e "T\Blp1, p2|(t, T)|dTdt
AT+ Jo o S ’ [ I )’
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for r > max(0, —&). Further, using now Young’s inequality with respect to 7
we get

W < 1 y {fOT e T TT/O/\ |Blp1, p2](t, 7)|dtdr  for Ty > £
2 =1, A
AT+ 0" Ote—”‘B[pl,pg](t,ﬂdet for Ty < .
Therefore, in both cases the estimation
HDA»N[ZJDPQ]HLI;T‘ S ﬁHB[pl’pﬂHl,l;r (16)

for r > max(0, —&) holds. Observing inequalities (9), the desired inequalities

| D pulp1s p2] ||1,1;r < Nillpa e [p2lln,5;r

N 17
[Dxulpr, 22| 1, < Na(r)llp (17)

1,1;r||p2||1,1

follow where N; = 1 and Ny(r) = ﬁ (r > maX(O,% — %))

So, for any functions h, f, ¢ with {h1,ha} € L'(R) equation (3) for A > 0
with conditions (5) and (6) has a uniquely determined solution p € L!(R).
The relation {hy, ho} € L'(R) is fulfilled if f € L'(0,Tp), € L'(0,T) and
h € LY(R). For h € L*(R), by equation (3) and inequality (9); the solution p
possesses the directional derivative % + A g—f € L*(R). Since N; and N, are
independent of Tp, this holds also in the strip S = (0,00) x (0,7).

In the space L*°(R) we simpler have

e~ | Jklp1, p2] (8, 7)| < sup ess[e”""|B[p1, p2(t, 7)|]

AT+ gy

for r > max(0, —&) and £ = 1,2 so that also

1
HD)\,,u[plapﬂHoo’oo;r < N

|Blp1. pal|| o oo (18)

for r > max(0,—%). Again by (9), in L> from (18) we obtain inequalities

analogous to (17) with coefficients Nj o, = TpyT? and Na o (r) = (Aﬂi)r’

r > max(0, % — &). This implies existence and uniqueness of the solution p €
L*>(R) to equation (3) for A > 0 with conditions (5) and (6) if f € L*>(0,Tp),
v € L*(0,T) and h € L*°(R) ensuring {hi,ha} € L*°(R). In view of h €
L*>°(R) the solution p possesses the directional derivative % +A % € L>®(R).
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Theorem 4. For any functions f € L', o € L' and h € L' equation (3)
for A > 0 with conditions (5) and (6) possesses in R = (0,Tp) x (0,T) and
S = (0,00) x (0,T) a unique solution p € L*. For this solution the directional
derivative % + A % € L1 exists.

Further, for any functions f € L>(0,Ty), ¢ € L*(0,T) and h € L>=(R)
equation (3) for A > 0 with conditions (5) and (6) possesses a unique solution
p € L>*(R) satisfying 57 + X 32 € L>=(R).

Corollary 2. If f € C[0,Ty] and ¢ € C[0,T] with f(0) = ¢(0) and if
h € C(R), then p € C(R) with % +A % € C(R) for the solution p of equation
(3) for A > 0 with conditions (5) and (6).

Remark. If the functions f,, h have derivatives f’, ¢, %—’t‘, % in L' or

L°°, then the solutions p have derivatives % and %.

Finally, we deal with equation (3) for A < 0 with initial condition (5) in
S = (0,00) x (0,T). The problem is reduced to the equation

p(t,7) + L[pl(t,7) = ha(t,7)  ((t,7) € 5) (19)

where Ja[p] and hg are given by formulas (14) - (15). We consider equation
(19) in the space L1(S). As above we estimate

T poo
HD/\,;L[plaPQ]HLl;T = / / e "7 | Jalp1, p2] (t, 7)|dtdr
0 Jo

by
HDA,NLplaPZ]HLl;T < |)\|7’+HHB[p1’p2]H1,1;r

for r > max(0, D\&I) and obtain existence and uniqueness of the solution p €

LY(S) for any f € L*(R,) and h € L*(S). This solution possesses the direc-
tional derivative % +A % € LY(9).

Theorem 5. For any functions f € L'(R) and h € L*(S) equation (3)
for X\ < 0 with initial condition (5) possesses a unique solution p € L*(S)

satisfying % + A % e L1(9).

Remark. If the functions f and h have derivatives f’ € L'(R,) and
9p Op

%, % € L1(S), then the solutions p have derivatives 5o € LY(S).
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7. Generalizations

The above existence and uniqueness results also hold for equations (1) - (3)
with the generalized correlation-convolution integral

T pTo—t
) = [ [ Gl o)Galpls + 6.7 — o) dsdo

instead of Iy[p|, where the operators Gy : Lo~ — Lq, satisfy Lipschitz
conditions of the form

|Grlp1] = Gelpa]|l,, e < Mi(llp1 i 12|

YT =

ow;r) Ip1 — p2||cvmr

with continuous increasing functions My(-,-) (k =1,2) (cf. [2]). Also, obvi-
ously, in the correlation-convolution integral an additional bounded measur-
able kernel K = K(s,t;0,7) as a factor can be present.

Further, the method of weighted norms can be used to a direct investiga-
tion of the uniqueness of the solutions to equations (1) - (3). For instance, if
p; (j =1,2) are solutions of equation (1) in L' (S) for a fixed right-hand side
h € L'(S), their difference p = p; — pa € L*(S) obeys the equation

p(t, T) —l—/ / k(s,t;7 — o)p(s,0)dsdo =0 (t >0) (20)
o Jo
with the kernel

I pi(s+t,o)+pa(s—t,o) fors>t
ks, to) = {pl(s+taa) for s < t, (21)

and the function p,(t,7) = e ""p(t,7) (r > 0) obeys an equation analogous

to (20) with the kernel k,(s,t;0) = e "7k(s,t;0). Hence we have uniqueness
of the solution to equation (1) in L(9) if

oo pT
sup/ / e "Tk(s,t;T)|drdt < 1
s Jo Jo

for sufficiently large r > 0, which is fulfilled if

sup /OT p%m </OOO (s, £:7)| dt) Cir < o0 (22)

with a non-negative function p € L°(0,T) with § = % for v > 1, and with
a function p € Cy[0,T7, i.e. p € C[0,T] satisfying p(0) = 0, for v = 1.
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In view of (21),

/ (s, 7] dt < / pa (£, 7 dt + / pa(t, 7| dt
0 0 0

and condition (22) is fulfilled if p; € L'(S) (j = 1,2) satisfy the inequality

/O : mtﬂ ( /O (.7 dt)vdf <o (23)

for 1 < < oo, with p € L%(0,T) for 1 < v < 0o or p € Cy[0,T] for v =1, or
if

T

sup {% /000 Ip(t, )| dt] < 00 (24)

with p € L'(0,T) for v = oo. The uniqueness criteria (23) and (24) are some
generalizations to the uniqueness assertion in Theorem 1.

In analogous manner, for equation (3) with A = 0 and condition (6) we
obtain uniqueness of the solution p € L(.9) if

/OT p%m (/0 eFip(t, 7] dt)vdT <00 (y>1)

sup {% /0 h e“t]p(t,7)|dt] < 00

with a function p as in (23), (24) and the parameter k = 0 for © > 0 and
k > |u| for > 0. This generalizes the uniqueness assertion in Theorem 3.

or
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