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Existence, Uniqueness and Data Dependence
for the Solutions of some
Integro-Differential Equations of Mixed Type
in Banach Space

V. Muresan

Abstract. In this paper we study existence, uniqueness and data dependence for
the solutions of some integro-differential equations of mixed type in Banach space by
using Picard and weakly Picard operators’ technique and suitable Bielecki norms.
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1. Introduction

Ordinary differential equations, functional differential equations with or with-
out deviating argument and equations in abstract spaces have been studied in
many papers. In the papers [3, 6] theorems about the existence and unique-
ness of solutions of some abstract nonlinear non-local Cauchy problems in
Banach spaces were considered and in the paper [4] a theorem about the ex-
istence of an approximate solution to an abstract nonlinear non-local Cauchy
problem in a Banach space was given, too. We remark in the same field the
monographs [5, 9, 11 - 13].

Integro-differential equations of mixed type in Banach spaces have been
studied in the papers [7, 10], and integro-differential equations of mixed type
with impulses in Banach spaces were considered in the paper [14], too. Fred-
holm-Volterra integral equations in relationship with Maia’s theorem were
considered in the paper [16].

The aim of the present paper is to obtain existence, uniqueness and data
dependence results for the solutions of some integro-differential equations of
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mixed type in Banach space. To do this we use Picard and weakly Picard
operators’ technique due to I. A. Rus (see [18 - 22]). So, our technique is
different from those used in the papers quoted above.

Let (X,]| - ||) be a Banach space. Consider the problem

() = f(t,x(t), /0 Kyt 5)a(s) ds. /O " Kot 8)(s) ds)
x(0) = zo

(1)

on [0, 7], where f € C([0,T] x X3, X), K; € C(D;,R) (i =1,2) and 79 € X.
Here
Dy ={(t,s) eR?*: 0<s<t<T}

Dy = [0,T] x [0, 7.

It is well known that z € C1([0,T], X) is a solution of problem (1) if and only
if x is a solution in C'([0,T], X) of the integro-differential equation

a(t) Zwo+/Otf<€,w(§),/;K1(£,8)$(8)ds,/OTKz(&S)x(S)dS)d& (2)

on [0,T].

In [10] the author combines topological degree theory and monotone it-
erative technique given in [12] to investigate the existence of solutions and
also minimal and maximal solutions of problem (1). In the present paper we
consider suitable Bielecki norms in a convenient space and obtain existence,
uniqueness and data dependence results for the solutions of equation (2) which
is equivalent to problem (1).

In [7] the authors study the existence of solutions of the abstract non-local
integro-differential Cauchy problem in arbitrary Banach spaces

() = f(t,:v(t), /0 UKyt s)e(s) ds. /O " Kot )2 (s) ds)
x(0) = xo — icix(ti)

on [0,7], where f € C([0,T] x X3,X),0<t; <tla <...<t, <T,¢; #0,
p € N and zg € X. This problem is equivalent to the integro-differential
equation

p

x(t) =z — Zcz-aj(ti)
= Q

v [ (ene, [ set s, [ Kt oo as) i
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on [0, T]. For this purpose, the Kuratowski measure of non-compactness, fixed
point principles and a monotone iterative technique were applied. We remark
that the weakly Picard operators technique can be used to prove existence of
solutions to equation (3).

2. Preliminaries

Let (X,d) be a metric space and A : X — X an operator. We shall use the
following notations:

P(X) = {Y CX|Y £ 0}
Faq={z € X| A(z) = x} — the fixed point set of A
1(4) = {Y € P(X)| A(Y) C Y}
Oa(x) = {x, A(x), A%(2), ..., A"(), ...} — the A-orbit of x € X
H: P(X) x P(X) — Ry U{400}
H(Y,Z) = max (sup,ey infyez d(a, b), sup,e ; infaey d(a, b))
— the Pompeiu-Hausdorff functional on P(X).

Definition 2.1 (Rus [18]). Let (X,d) be a metric space. An operator
A: X — X is a Picard operator if there exists * € X such that Fy = {z*}
and the sequence (A™(zg))nen converges to xz* for all xg € X.

Definition 2.2 (Rus [19]). Let (X,d) be a metric space. An operator
A: X — X is a weakly Picard operator if the sequence (A™(x))nen converges
for all zp € X and its limit (which may depend on xg) is a fixed point of A.

If A is a weakly Picard operator, then we consider the operator

A* X — X, A®(z) = lim A"(z).

n—oo

The following results are useful in what follows:
Theorem 2.1 [17]. Let (Y, d) be a complete metric space and A, B : Y —
Y two operators. We suppose the following:
(i) A is a contraction with contraction constant o and Fa = {x%}.
(ii) B has fized points and x5 € Fp.
(iii) There exists n > 0 such that d(A(z), B(x)) <n, for allz €Y.
Then d(x%,x}) < 7.

l—«

Theorem 2.2 [22]. Let (X,d) be a complete metric space and A, B :
X — X two orbitally continuous operators. We suppose the following:
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(i) There exists a € [0,1) such that

d(A?(x), A(z)) < ad(z, A(z))

) (x € X).
d(B(z), B(z)) < ad(z, B(x))

(ii) There exists m > 0 such that d(A(z), B(x)) <n for all x € X.

Then H(Fa,Fp) < % where H denotes the Pompeiu-Hausdorff functional.

Theorem 2.3 [19]. Let (X,d) be a metric space. Then A: X — X is a
weakly Picard operator if and only if there exists a partition X = Jycp Xa of
X such that

(a) X, e I(A)
(b) Alx, : X)x — X\ is a Picard operator, for all X € A.

Consider a Banach space (X, ||-||), let ||-||z and || - ||c be the Bielecki and
Chebyshev norms on C([0, 7], X') defined by

= t)|le” Tt >0 d = t
l#lls = max l#(@®lle™™ (7>0) and |zl = max 2(t)]

and denote by dp and d¢ their corresponding metrics. We consider the set

Cr([0,T],X) = {I e ([0, 7], X) |x(t1) — z(t2)|| < Lty — tof }

for all t1,t5 € [0, 7]

where L > 0 and Br = {z € X : ||z|| < R} with R > 0. If d € {d¢,dp}, then
(C([0,T],X),d) and (CL([0,T],X),d) are complete metric spaces.

3. A integro-differential equation of mixed type

Consider equation (2). Denote k; = max(; sep, |Ki(t,s)| (i =1,2). We have
Theorem 3.1. Suppose the following:
(i) feC(0,T] x X3, X).

(ii) There exists a constant M > 0 such that || f(s,u,v,w)|| < M for all
u,v,w € X and all s € [0,T].

(iii) M < L.

(iv) There exists a constant Ly > 0 such that

||f(S,U1,’U1,U)1) - f(37u27v2aw2)”

< Lo([lur — ual| + [Jor = val + [lwr — wal])
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for all u,vi,w; € X (i =1,2) and all s € [0,T].
(v) There exists a constant T > 0 such that £2 (1 4+ 5t + yTe™) < 1.

Then equation (2) has a unique solution x* in C1([0,T], X), and this solution
can be obtained by the successive approximation method, starting from any
element of C([0,T], X).

Proof. Consider the continuous operator
A (CL((0,7), X), [l l) — (CL([0,T], X), || - || 5)

defined by

A(z)(t)

By ey g

We have

|A(z)(t) — A(2)(®)]|

< /0 f( / Ky (€, 5)a(s) ds, /0 Tf@(&s)x(s)ds)
—f(é,z(é), / K (€, 5)2(s) ds, / " Kol 5)2(s) ds>

t 3
_Lo/0 {IIZ’(S)—Z(&NH /OKl(f»S)(x(S)_Z(S))dS

+ /TKQ(g,s (z(s) — 2(s)) ds }d&

< taf [ 1@ =@l mn [ ([ hote) - o015 )
o / ( / Jo(e) ~ =(s)] ds )

< o [ hn(e) — o)) e
wh [ ([ ot - sttemreras g
i [ t (/ () - (o)l ds g
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gLO||g;—z||BU0tede5+k1 /Ot (/Oge”ds)df
+k2/0t (/OTeTSdS>d4

(S f (5
ol (0

Tt

= Lollz — z||B[<€T - 1) + ﬁ(e—t 1 —t) + ke orr _ 1)4

T T T T

Tt

k ’T
< Lolle 2l | T+ B 4 iy Certr01]

1 k
< Lo;e”<1 4y pyTe >||:)3 .

for all z,z € C(]0,T], X). It follows that

lA@)0) - AR @ < 22 (142

(14 2+ ke ) |z — 2|

for all ¢ € [0,7]. So

4G) ~ AE) s < 22 (142 4 ko7 ™) 2 — 2|5

for all z,z € CL([0,T], X). The operator A is of Lipschitz type with constant

Lo(1+ % 4 kyTe™)

T

L= (4)

and 0 < Ly < 1. By applying the Contraction Principle to this operator we
obtain that A is a Picard operator i

Similarly as above, we can prove

Theorem 3.2. Suppose the following:

(i) f € C([0,T] x B3, X) with || f(s,u,v,w)| < M(R) for all s € [0,T)]
and u,v,w € Bg.

(ii) M(R) < L.
(iii) kT <1 (i=1,2).
(iv) |20l + M(R)T < R.
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(v) There exists a constant Lo > 0 such that

Hf(s,ul,vl,wl) — f(s,uz,vg,wg)H

< Lo(Jlur = uall + [lor — va| + [Jw1 —ws)

for all u;,v;,w; € Bg (i =1,2) and all s € [0,T].
(vi) There exists a constant T > 0 such that L2 (1 + £t 4+ |y Te™) < 1.

Then equation (2) has a unique solution in Cr([0,T], Bg), and this solution
can be obtained by the successive approximation method, starting from any

element of Cr([0,T], Br).
Remark 3.1. If we consider the problem

|

2 (t) = i/0 sin(t + s)z(s) ds + % cos(ts)z(s) ds

on [O,T], then L() = 1, kl
in Theorem 3.2.

10, ko = 18, and for 7 = 2 we have condition (vi)

Now, we consider both equation (2) and

o(t) = yo + / ( / Ki(¢.s) / Ko (€. ) ds>d€ (5)

on [0,T], where g € C([0,T] x X3,X) and K; € C(D;,R) (i = 1,2) are the
same as in equation (2) and yo € X. We have

Theorem 3.3. Suppose the following:

(1) All conditions in Theorem 3.1 are satisfied and x* € Cp([0,T], X) is
the unique solution of equation (2).

(ii) There exists a constant My > 0 such that ||g(s, u,v,w)|| < My for all
u,v,w € X and all s € [0,T].

(iii) With the same Lipschitz constant Lo as in Theorem 3.1,

Hg(S,U1,’Ul,w1) - 9(57u27v27w2)H

< Lo(flur = uall + [lor = val| + [[wy — ws)

for all us,vi,w; € X (i =1,2) and all s € [0,T].
(iv) My < L.
(v) There ezists a constant n > 0 such that

Hf(s,u,v,w) - g(s,u,’u,w)” =7



212 V. Muresan

for all u,v,w € X and s € [0,T].
Then, if y* is the solution of equation (5),

_ <
o — gl < Lo 0l

where L 4 is given by (4) with 7 = 19 > 0 such that 0 < Ly < 1.

Proof. Consider the operators
A, B: CL([0,T],X) — CL([0,T], X)

defined by

A(x)(t):xo—l—/ ( /m £.5) ds/ Ks(&,5) ) ¢
B<x><t>=yo+/ oot /m 5) ds/ Ko (€, 5) )5

on [0,7], in which K; € C(D;,R) (i =1,2) are the same. We have
|A(z)(t) = B(x)(t)|| < llzo —yoll +nT  (t€[0,T]).
It follows that
|A(z) — B(z)|ls < llzo — yoll + nT.
So we can apply Theorem 2.1 }

Remark 3.2. The results obtained in this section can be generalized
to study existence, uniqueness and data dependence for the solutions of the
problem with linear modification of the argument

t T
2'(t) = f(t,x(t),a:()\t),/o Ki(t,s)x(\s) ds,/o Ks(t, s)x(As) ds)
z(0) = xg

on [0,T], where 0 < A < 1, f € C([0,T] x X*, X), K; € C(D;,R) (i =1,2)
and zo € X. This problem is more general than those considered in [15].
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4. Another integro-differential equation
of mixed type

Now, we consider the integral equation of mixed type

z(t) = z(0) + / (fm /K1 £,s) / Ky (& ds)df (6)

on [0,T], where f € C([0,T] x X3, X), K; € C(D;,R) and D; (i = 1,2) are
as in problem (1). We have

Theorem 4.1. Suppose that for equation (6) the same conditions as in
Theorem 3.1 are satisfied. Then this equation has solutions in Cr([0,T], X).
If S C Cr([0,T],X) is its solutions set, then card S = card X.

Proof. Consider the operator
A.: O([0,T], X) — CL([0, T], X)
defined by
A (2)(t)

Zx(0)+/0tf<€,:v(£>,/O£K1(€ ds/ Ka(6. ) ds)dg

This is a continuous operator, but not a Lipschitz one. We can write
Cr([0,T),X) = |J Xo, Xo={2eC([0,T],X): z(0) = a}.
aceX

We have that X, is an invariant set of A, and we apply Theorem 3.1 to
A.|x,. By using Theorem 2.3 we obtain that A, is a weakly Picard operator.
Consider the operator

A Cp([0,T),X) — Cr([0,T], X), A(z) = lim A7(x).

n—oo

From A"T1(z) = A,(A%(z)) and the continuity of A,, A%°(x) € Fa,. Then
AX(CL([0,T),X)) = Fa, =S, and S # ). So, card S = card X 11

Remark 4.1. Similarly as above we can prove the existence of solutions
of equation (3) that corresponds to a problem considered in [7].

In order to study data dependence for the solutions set of equation (6) we
consider both (6) and the equation

x(t):x(0)+/ ( /K1 £, s) ds/ Ko (¢ ds)d§

on [0,T] where K1, K5 are the same as in (6) and g € C([0,T] x X3, X). Let
S1 be the solutions set of this equation.
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Theorem 4.2. Suppose the following:
(1) There exists a constant L, > 0 such that

||f(8;U17U17w1) - f(Svuzva,wz)H
< L (llur — w2l + [Jor — va|| + [Jwr — w2]))
Hg(SaUhUl,wl) _g(S,UQ,UQ,w2>H

< La(lur =zl + [lor = vl + [Jwy — wal|)

for all u,vi,w; € X (i =1,2) and all s € [0,T].
(ii) There exists a constant M, > 0 such that

Hf(svuavaw)n S M*

Hg(87 u, v, 'LU)H S M*

for all u,v,w € X and all s € [0,T].
(iii) M, < L,.
(iv) There exists a constant m1 > 0 such that
||f(57 u, v, w) - g<57 u, v, UJ)H <M

for all u,v,w € X and all s € [0,T].
(v) 3L.Tkoy < 1, where kg = max(1, k1T, koT).
Then

771T
H. <
e (5 51) < T3

where by H). ., we denote the Pompeiu-Hausdorff functional with respect to
|- llc on CL([0,T], X).

Proof. Consider the operator
B.: CL([0,T],X) — C1(0,T], X)
defined by
t g ,
B.)(0) = 2(0) + [ a(en(@), [ Fcstuo)ds, [ Kol s)atsas )
on [0, T]. We have
|42@)(t) — A.(2)®)]
<. [ 14w -«
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&

. H / " K€, 8) (AL (@)(5) — (s)) ds

N H / UK (6,5) (Au (2)(5) — a(s)) ds

< 3L, Tmax(1, k1T, koT)||As(z) — ||

= 3L.Tkol|Ax(z) — 2|
for all € C([0,T], X). Similarly,

|B2@)(®) - B.(@)(®)]| < 3L.Tho||Bu(z) —
for all x € C([0,T], X). It follows that

1A% (=

) = Au(@)llo < 3L.Thol Au(z) — zllc
1B ()

— Bu(2)llo < 3L.Tko||Bu(z) — x|

Because of assumption (iv), ||A«(z) — By (2)|lc < mT for all x € C([0,T], X).
By applying Theorem 2.2 we obtain H).|,(Fa,,FB,) < % and the
theorem is proved il
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