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Tensor Algebras and Displacement Structure
III: Asymptotic properties

M. Barakat and T. Constantinescu

Abstract. We continue to investigate some classes of Szeg6 type polynomials in
several variables. We focus on asymptotic properties of these polynomials and we
extend several classical results of G. Szegd to this setting.
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1. Introduction

An extension to several non-commuting variables of the Szego orthogonal poly-
nomials on the unit circle was considered in [6]. Some of the basic algebraic
results on these polynomials were also obtained, including recurrence equations,
Christoffel-Darboux formulae, and a Favard type result. Also, it was explained
their connection with displacement structure theory. Our main goal is to con-
tinue to investigate this kind of polynomials, and in this paper we focus on
some of their asymptotic properties. There are several fundamental results of
G. Szego involving asymptotic properties of orthogonal polynomials on the unit
circle. Thus, let T be the unit circle and let u be a positive Borel measure on
T with log /€ L. Also let {¢,},>0 be the family of orthogonal polynomials

associated to u and f (2) = 2"p,(1/2Z), n > 0. It is well-known (see [17]) that

on — 0 (1)

and ]
=6, 2)

©®n

where ©,, is the spectral factor of p and the convergence is uniform on the
compact subsets of the unit disk . The second limit (2) is related to the so-
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called Szego limit theorems concerning the asymptotic behaviour of Toeplitz
determinants. Thus,

detT,, 1
detToo1 |gn(0)[*
where T, = [s;;]7 ;o and {sg}rez is the set of the Fourier coefficients of 1.

As a consequence of the previous relation and (2) we deduce Szegé’s first limit

theorem,
det T, I
lim ——— 7= — log 1/ (t)dt | .
i 5 0,00 = exp (5o [ owio)) ®

The second (strong) Szegd limit theorem improves (3) by showing that

i e (2 [ [ e@/epe). )

where g(u) is the limit in (3) and o is the planar Lebesgue measure. These two
limits (3) and (4) have a useful interpretation in terms of asymptotics of angles
in the geometry of a stochastic process associated to u (see [12]).

Our goal in this paper is to extend these results to the class of orthogonal
polynomials in several non-commuting variables introduced in [6]. The paper
is organized as follows. In Section 2 we review notation and a framework for
studying orthogonal polynomials associated to polynomial relations on several
non-commuting variables. In Section 3 we analyse the case of no relation in
dimension one. It turns out that this is, in fact, the most general situation, and
for this reason we treat this case separately. The main result is Theorem 3.3,
which extends the asymptotic properties (1) and (2). Theorem 3.4 contains
extensions of the relations (3) and (4). In Section 4 we discuss a few examples.
First, we show how to recapture the classical setting of orthogonal polynomials
on the unit circle and on the real line. Then, we turn our attention to the
orthogonal polynomials considered in [6].

2. Preliminaries

We introduce some necessary terminology and notation. Especially, we briefly
review a rather familiar setting for orthogonal polynomials associated to rela-
tions on several variables (for some details, see [5] and [6]).

2.1. Tensor Algebras. Let F}, be the unital free semigroup on N generators
1,..., N with lexicographic order <. The empty word is the identity element,
and the length of the word o is denoted by |o|. The length of the empty word
is 0, and /(o) denotes the number of words 7 < o.
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The tensor algebra over CV is defined by the algebraic direct sum
Ty = ®rxo(CN)¥,

where (CV)®* denotes the k-fold tensor product of CV with itself. The addition
is the componentwise addition and the multiplication is defined by juxtaposi-
tion:

(T RY)p = Z Ty QY.

k+l=n

If {e1,...,en} is the standard basis of CV, then {e;, ®...®¢;, | 1 <iiy,... 0 <
N} is a basis of Ty. If 0 =iy ... then we write e, instead of ¢;, ®...®e;,, so
that any element of 7x can be uniquely written in the form z = dem CoCos
where only finitely many of the complex numbers ¢, are different from 0.

Another construction of 7y is given by the algebra Py of polynomials in
N noncommuting indeterminates Xi,..., Xy with complex coefficients. Each
element P € Py can be uniquely written in the form P = ZU@F% e X, With
¢ # 0 for finitely many o’s and X, = X;, ... X;, where 0 =i, ...7; € F§,. The
linear extension ®; of the mapping e, — X,, o € F};, gives an isomorphism of
TN with PN.

Another known realization of the tensor algebra was used in [6] in order
to establish a connection with the displacement structure theory. This was
useful since many results for the tensor algebra could be seen just as particular
instances of more general results in the triangular algebra. Thus, let £ be a
Hilbert space and define: & = £ and for k& > 1,

Ev=E1®.. D& L =EN. (5)

~
N terms

For £ = C we have that Cj, can be identified with (C)®* and 7Ty is isomorphic
to the algebra Ly of lower triangular operators T = [1} ;| € L(®;>0Cy) with
the property

Tj=Tio1j1 @ .. @ Ty = T2 (6)

~
N terms

for k> j, k,j > 1, and T}, = 0 for all sufficiently large j's. The isomorphism is
given by the map ®, defined as follows: let z = (xg, x1,...) € Ty (z, € (CN)®P is
the p-th homogeneous component of x); then =, = Z‘U‘:p coee and for j > 0, T}
is given by the column matrix [c,][, _;, where "¢” denotes the matrix transpose.
Then Tj = 0 for all sufficiently large j’s, and we can define 7" € L(®,>0Cy) by

using (6). Finally, set ®o(z) =T.
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2.2. Spectral Factorization. We briefly review the spectral factorization of
positive definite kernels on the set Ny of nonnegative integers. For more details,
see [4]. Let £ be a Hilbert space and let P, (€) be the set of positive definite
kernels on Ny with values in £(€). The order on P, (&) is: K; < Ky if Ky — K
belongs to Py (). Next consider a family F = {F,},>0 of Hilbert spaces
and call a lower triangular array a family © = {©y ;}r j>o of operators Oy ; €
L(E, Fy) such that ©; = 0 for k < j and each column ¢;(©) =[Oy ;]k>0, j > 0,
belongs to L(E, ®y>;Fr). Denote by H?(E,F) the set of all lower triangular
arrays as above. A lower triangular array is called outer if the set {¢;(©)€ | j >
k} is total in @, F; for all £ > 0. If © is an outer triangular array, then the
formula
Ko(k,j) = c(©)"¢;(0)

defines an element of P, (€). For the proof of the following result see [4, Chap-
ter 5.

Theorem 2.1. Let K be an element of Py(E). Then there exists a family
F = {Fn}nso of Hilbert spaces and an outer triangular array © € H?*(E,F),
referred to as the spectral factor of K, such that
(a) K@ < K.
(b) For any other family F' = {F] }n>0 of Hilbert spaces and any outer
triangular array ©' € H*(E,F') such that Ko < K, we have Ko <
Ko.
(c) © is uniquely determined by (a) and (b) up to a left unitary diagonal
factor.

2.3. Orthogonal Polynomials. Let P,y be the algebra of polynomials in 2NV
non-commuting indeterminates Xi,...,. Xy, Xni1,...,Xon with complex coeffi-
cients. An involution J can be introduced on Pspy as follows:

J(Xy) = Xyuw, k=1,...,N
J(X)) Xy, Il=N+1,...,2N,

on monomials
T(Xiy . X)) = T(X3) ... T(X0),

and finally, if Q = ZUE]F;N ¢e X,, then J(Q) = ZUE]F;N ¢, J(X,). Thus, Py is
a unital, associative x-algebra over C, and we notice that Py is a subalgebra of
,PQN.

We say that A C Py is J-symmetric if P € A implies ¢J (P) € A for some
c € C—{0}. We construct an associative algebra 7y (.A) as the quotient of Pyy
by the two-sided ideal £(.A) generated by A. We notice that 7y () = Pay. We
let m =74 : Pany — Tn(A) be the quotient map, and since A is J-symmetric,

Ja(m(P)) = =(T(P)) (7)
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gives an involution on 7y (A). We will be interested in linear functionals ¢ on
Tn(A) with the property that ¢(Ta(mw(P))w(P)) > 0 for all P € Py, and we
will say that ¢ is a positive functional on Ty (A). We notice that ¢(Ta(w(P))) =
¢(m(P)) for P € Py and

|H(Ta(m(P)m(P2))? < H(Tal(m(Pr)7(P1))d(Ta(n(P))m(P2))
for P, P, € Py.

We now consider the Gelfand-Naimark-Segal construction associated to ¢.
Thus, we define on 7(Py)

(m(P1), m(P2))s = ¢(Ta(m(Po)mw(F1)) (8)

and factor out the subspace N, = {n(P) | P € Py, (n(P),n(P))s = 0}. Com-
pleting this quotient with respect to the norm induced by (8) we obtain a
Hilbert space Hy. From now on we will assume that ¢ is strictly positive,
that is, ¢(Ja(m(P))m(P)) > 0 for all P € Py — E(A), so that N, = {0} and
m(Py) can be viewed as a subspace of Hy. The index set of A, G C F}, is
chosen as follows: let ) € G; if a € G, choose the next element in G to be
the least 3 € F}, such that the set of elements m(X,), @ < «, and 7(Xp) is
linearly independent. Define F,, = w(X,) for & € G and set B = {F, }acc. Let
Gn ={a € G ||a| =n}, then Gy = {0} and {G, }.>0 is a partition of G.

Since ¢ is strictly positive it follows that B is a linearly independent family
in H, and the Gram-Schmidt procedure gives a family {¢, }aeq of elements in

m(Py) C Tn(A) such that

Do = ZaaﬁFg, A0 > 0; (9)
BRa
(PasPB)e = 0ap, «,0€G. (10)

The elements ¢,, a € G, will be called the orthogonal polynomials associated
to ¢. Typically, the theory of orthogonal polynomials deals with the study of
algebraic and asymptotic properties of the orthogonal polynomials associated
to strictly positive functionals on 7y(.A). We also notice that the use of the
Gram-Schmidt process depends on the order that we have chosen on Fi. A
different order would yield a different family of orthogonal polynomials. Due
to the natural grading on F}, it is possible to develop a base free approach
to orthogonal polynomials. In the case of orthogonal polynomials in several
commuting variables this is presented in [8]. However, in the present paper we
stick to the lexicographic order on F}; (and on the index set G).

An explicit formula for the orthogonal polynomials can be obtained in the
same manner as in the classical (one scalar variable) case. Define

Sa,p = ¢(jA(Fa>Fﬁ) = <Fﬁ7 Fa)(ﬁ? o, 0 € G, (11)
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and
Da = det [Sa/,ﬁ/]a’ B'=<a > O, o€ G. (12)

We notice that ¢ is a positive functional on Ty (A) if and only if Ky4(a, B) = sa.p,
a, 3 € G, is a positive definite kernel on G. While the kernel K, characterizes
the positivity of the functional ¢ and contains the basic information for the
construction of the orthogonal polynomials, in general it does not determine ¢
uniquely. We will occasionally say that the orthogonal polynomials are asso-
ciated to the kernel K, rather then ¢ itself. One typical situation when K,
determines ¢ is when {J(Xx) — X | K+ 1,..., N} C A; another example is
provided by the Wick polynomials

6U+ZT’“\7X1 X, i,j=1,...,N,
k=1

where T are complex numbers and ¢;; is the Kronecker symbol (see [14]).

From now on, 7 — 1 denotes the predecessor of 7 with respect to the lexico-
graphic order on F}, while o + 1 denotes the successor of o. It is shown in [5]

_1
that oy = s, and for § < a,

1 [80‘/’5/]a’<a;ﬁ’ja
o = et , (13)
VDa-1Da F, ... F,

with an appropriate interpretation of the determinant. In most of the cases,
the formula (13) is not very useful for the actual computation of the orthogonal
polynomials or for their study. Instead of (13) there are used recurence formulae.
We discuss several examples in the next sections.

3. Thecase A=0, N =1

It turns out that this is, in fact, the most general situation. For this reason we
treat this case separately. For A = () and N = 1, the index set is G = Ny and
a linear functional on P is positive if and only if K4(n,m) = ¢(J(X7)XT"),
n,m € Ny, is a positive definite kernel on Ny. However, K4 does not completely
determine ¢. For example, there is no way to deduce ¢(X,17(X;)) from K, in
general. Still, we notice that there is no other restriction on K, in the sense that
given a positive definite kernel K on Ny, there exist positive functionals ¢ on P,
such that K, = K. This could be done as follows. Let ¢y be a complex valued
function defined on monomials X,, o € F5, such that ¢o(X3X™) = K(n,m),
n,m € Ng. Then ¢y can be extended by hnearity to a positive linear functional
¢ on Py which has the property that Ky, = K.



Tensor Algebras and Displacement Structure Il 259

We now review a certain structure of the kernel Ky associated to a strictly
positive functional ¢ on P,. More details can be found in [4] and [6]. According
to Theorem 1.5.3 in [4], the kernel K, is uniquely determined by a family
{7k, o<k<; of complex numbers with the property that |y ;| < 1 for 0 < k < j.
The coeflicients s;,; = Ky(k,j) of the kernel Ky can be explicitely computed
in terms of the numbers 7 ;. Thus, we let J(¥;,,) denote the Julia operator
associated to 7, by the formula

m d m
J(’Yl,m) - [ ;iym _%l :| )

where dj,; = (1 — |y;]2)2. Then we define (j — k + 1) x (j — k + 1) unitary
matrices Uy ; recursively: Uy = 1, and for k < j,

Urj = (J(Vrps1) @ Lnc1) (1@ J (Vegr2) @ 1n—2)(Lno1 @ J(Yj)) (Uns1,; @ 1),

where 1,, denotes the m x m identity matrix. With this notation it can be
shown that for k£ < j,

1

, 11 0
Ko(k,j) = snj =552, [1 0 ... 0] Uk - (14)

0

For illustration, we can write the formula in several particular cases. For in-
stance,

1 o d 1] 1 1 1
So1 = Sgo [ L0 } [ dgi _%1 0 S11 = S00701511;

1

So2=5%[1 0 0]

[ Y1 dn O] [1 O 0

X | dot —%o1 O 0 Y2 do2

[y dix O 1
0 0 1 0

1

1 =
= 580 (701'712 + d01’}/02d12) 8222;
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1

so3=5%]1 0 0 0]

(Y1 doi 0 0 1 0 0 0 10 0 0
% d01 —701 00 0 Yo2 dOQ 0 01 0 0
0 0 10 0 dos —7oy O 0 0 73 dos
L0 0 01[[0 0 0 1]]00 dgs —7o
[y dw 0011 0 0 0]
% dia =715 0 0 0 m3 diz O
0 0 10 0 dis —7¥3 0
L0 0 o0o1fl0 0 0 1
[ o3 dos 0 O] [1
dyz =73 0 0 0.3
“I'o o 10l |o]%
L0 0 o0 1]]o0

1
= 350 (%1712723 + 70165127130[23 + d01702d12723

1
—do1702712713923 + do1do2v03d13da3) S35

A natural combinatorial question related to (14) would be the calculation of the
number N (s ;) of additive terms in the expression of sy ;. Thus, for & > 0,

N(so1) = N(sgps1) =1,

N(s02) = N(sgr+2) =2,
N(Sog) = N(Sk7k+3) = 5.

The general formula is given by the following result.

o 1 21
Theorem 3.1. N(syx41) is given by the Catalan number 1 < ] >
Proof. The first step of the proof considers the realization of sj; through a
time varying transmission line (or lattice) (see [4, Chapter 4] for more details).
For illustration we consider the case of sp3 in Figure 1. Each box in Figure 1
represents the action of the unitary matrix

and we see in Figure 1 that the number of additive terms in the formula of sg3 is
given by the number of paths from A to B. It is clear that to each path from A
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Kl XX
Py
Y

Figure 1: Lattice representation for sg3

Co—o o o

©)

o O O

oo o oD
Figure 2: A Dyck path from C to D

to B in Figure 1 it corresponds a so-called Dyck path from C' to D in Figure 2,
that is a path that never steps below the diagonal and goes only to the right or
downward.

More precisely, each box in Figure 1 corresponds to a point strictly above
the diagonal in Figure 2. Once this one-to-one correspondence is established,
we can use the well-known fact that the number of Dyck paths like the one in
Figure 2 is given exactly by the Catalan numbers. [

Returning to orthogonal polynomials, we notice that they obey the following
recurrence relations (see [6, formulae (3.10) and (3.11)]):

po(X,0) = ph(X,)) = 5,7, 1 €N, (15)
and for n > 1, [ € Ny,
1 b
eu(X,0) = —— (XXl +1) = yuni@ha (X)) (16)
dl,nJrl
1
XD = (T X (X + )+ G (D) (17)
l,n+l

where 0, (X) = ©,(X,0) and ¢?(X) = ¢F(X,0). Formula (14) provides a
posibility to recover the numbers «; ; from the kernel K,;. However, in the
context of this paper it is more useful to recove those numbers directly from the
orthogonal polynomials.
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It follows from the proof of Theorem 3.2 in [6] that {¢,(X,{)},>0 is the
family of orthogonal polynomials associated to the kernel be((x, B) = Satip+i,
a, 3 € Ny. Let k! be the leading coefficient of ¢, (X,1). We obtain the following
formula for the parameters 7 ;.

Theorem 3.2. Forl € Ny andn > 1 holds

I+1 kl—H

Vin+l = —gon((), Z)O—
- kL. K

n

Proof. We deduce from (16) that

Yin+l
Spn(oa l) = _d x ‘P91_1(07l)a
l,n+l

and from formula (17) we deduce

Wn 1(0,0) = —Szz H

l,n+l l p+l

@4 (0,1) =

hence

_1 1
©n(0,1) = _Sl,12 Vit H

Let D,,; denote the determinant of the matrix [sy, ;]
in [4], we deduce that
D
_1 INES
H dl P+ T -

I<kj<m’ Using Theorem 1.5.10

i Dii14n
so that,
Dll n
N (18)
On the other hand, (16) gives that
) n—1 1
kLo=s.2 . , n>1
el E Aigp,4n

Using once again Theorem 1.5.10 in [4], we deduce

This implies that
T =

vV Dl,l+n ’

and this can be used in (18) in order to conclude the proof. |
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We now develop an analogue of the asymptotic properties (1) and (2). The
formulae (16) and (17) suggest that it is more convenient to work in a larger
algebra. Thus, we consider the set R; of lower triangular arrays a = [ak ;| ;>0
with complex entries. No boundedness assumption is made on these arrays.
The addition in R; is defined by entry-wise addition and the multiplication is
defined as follows: for two elements a = [ak ;|k>;, b = [bk |k j>0 of R,

(ab);w- = Z ak,lbm‘

>0

(the sum is finite since both a and b are lower triangular). Thus, R; becomes
an associative, unital algebra.

Next we associate the element ®, of R; to the polynomials ¢, (X,l) =
> o @ X, n,1 >0, by the formula

‘] .
D k>
@ ={ o v (19)

similarly, the element ®f of R, is associated to the family of polynomials
o (X, 1) =0, b, X*, n,1 >0, by the formula

By, . — bi,k_- k=>j
((I)n)kJ - { 0 / k < ] (20)
We notice that since K, is a scalar-valued kernel, the Hilbert spaces F,,

n > 0, given by Theorem 2.1 are at most one-dimensional (see [4, Section 5.1]
for details). This implies that we can uniquely determine the spectral factor
O, of K, by the requirement that (O4),, > 0 for all n > 0. Also, O4 € R;.
From now on we assume that inf,,>0(04),, > 0, and we say that in this case ¢
(or Ky4) belongs to the Szegé class. By formula (5.1.5) in [4] it follows that ¢

belongs to the Szego class if and only if
1
Cf o2
llcgg Shk H di.n > 0. (21)
n>k
This implies, in particular, that ®f is invertible in R, for all n > 0. Finally,
we say that a sequence {a,} C Ry converges to a € Ry if {(a,)x,} converges
to ay; for all k,j7 > 0 (and we write a, — a). We now obtain the following
generalization of (1) and (2).

Theorem 3.3. Let ¢ belong to the Szego class. Then
@, — 0 (22)

and
(®5)~" — 6. (23)
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Proof. First we show (22). It is convenient to consider the natural derivation
on Py; for P =37 apX* € P,

PO =3 " ka X,
k=1
and then, for £ > 1,
P — (p=IHD),
We see that (22) is equivalent to
@9(0.0) =0

for each fixed k,1 > 0. We claim that

D 190,07 < o0 (24)

n>0
and for each [,k > 0,

lim (¢ )®(0,1) exists and is finite. (25)

n—oo

We prove these statements by induction on k& > 0. For k£ = 0 we use the
formula

1 "o
©n(0,1) = =5, > Vint1 :
1,1 + pgl dl,erl

obtained in the proof of Theorem 3.2 in order to deduce that

S o0 = s S i T

n>0 n>0 p=1 Lp+l

Since ¢ belongs to the Szego class, we have that

1
g = 81271 Hdl’" > 0.

n>l

We deduce that H; —1— < ¢ for some ¢ > 0 and all n > 0. Also, for all

=1 dl2,p+l
n >0,
2
E Vni|” < 00
n>0

In particular, 7, ,4; — 0 as n — oo; all of these give relations (24) and (25) for
k=0andalll>0.
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We now proceed to prove the general case. From (16) and (17) we also
deduce

1
AP0, = —— (ke 0.0+ 1) = wan(@h)P0.)  (26)
l,n+l
1 _ _
(AP0 = G (Ml S0+ D+ ()P 0.0) (27

for k > 1.
Since k > 1, (p4)*(0,1) = 0, and we deduce from (27) that

(¢5)®(0,1) = — (H )va (Hdlw) P 0(0,14 1),

dl 2+l

with the convention that ngl d; g+1 = 1. By Schwarz inequality,

> i1 Mg <Hq L di q+l> V(0,04 1)

1 1
2 (k—1 2
< (Sor heastPTEZ ) (S 16830004+ 1))
Again, since ¢ belongs to the Szego class and HJ &’ ' < 1, we deduce that
_ k-1 -
2121 |’7z,j+z<P§'—1 )(0, [+1) Hézi dig+1]

< C (Lol 0, 0+ D)

This and the induction hypothesis give that the series

Z%JH (Hdlq+l> 0T (0,141

7>1

converges absolutely and since

m\»—‘

le H

dz p+l gz

we deduce that lim,, . (¢%)*)(0,1) exists and is finite.
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Using (26), we get
Zn>1 |90 (0 l)‘

<K Y, o el 00+ D
12k 1|’“>oz 1 (0,1
n>1 @ 1P 0,0+ 1), n+l<90n D®(0,0)]

+Zn>1 d2 ’ﬁyanrl’ ‘(Cpn 1) )(07 l)‘z

Since for sufficiently large n, dy,y > C; > 0 and |(¢%_)®(0,1)| < ¢},
another application of the Schwarz inequality, the fact that qb belongs to the

Szegd class and the induction hypothesis give that » -, |plF (0 D] < 0. In

particular, go% (0,1) — 0 as n — o0, concluding the proof of (22).

A convenient proof of (23) can be based on the so-called Toeplitz embed-
ding, systematically used in [9]. This approach would also explain the meaning
of the elements ®,, ® of R;. We assume, without loss of generality, that
51 =1 for all [ > 0 and define, for n > 1,

o V. j =k+n
(Fn)iy = { 0 otherwise.

Then, let A = [A; ], -, be the positive definite Toeplitz kernel associated
by Proposition 1.5.6 in [4] to {T',},>1 and Ay = I. Since ¢ belongs to the
Szego class, each '), is a strict contraction. Therefore, right operator-valued
orthogonal polynomials can be associated to the kernel A (see [1] for some
details). By Proposition 1.6.10 (a) in [4], K is just a compression of the kernel
A. By Proposition 1.6.10 (b) and Theorem 5.1.2 in [4], the spectral factor O
of Ky is a corresponding compression of the spectral factor of A. The key point
of the proof is the connection between ®,, and the right orthogonal polynomials
of A. Thus, let {R, },>0 be the set of the right orthogonal polynomials of A,

n
= Z Rn,kzku Rn,n > O;

and define RY = 2"R,(1/2)* = > 1_nRyn—kz". Also, define

=R} v

R,

and let p, be obtained by the canonical reshuffle of p,, ([15], Chapter 7). Then,

I, 0
ot = | |
" lO pn}
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where [,, denotes the n x n identity matrix. This relation can be easily checked
by using the characterization of

[Rn,Oa s 7Rn,n]t
as the unique solution of
[Ajfk]ogk,jgn [Rn,()’ R Rn,n]t = [07 s 707 Dn]t )

where D,, is a positive operator, and the orthogonality properties of {®,,},>0.
By Theorem 4.37 in [1], the coefficients of (R )~! converge in the strong operator
topology to the corresponding coefficients of the spectral factor of A. The above
relations between the spectral factor of A and the spectral factor of K, and
between the coefficients of (®%)~! and the coefficients of (R?)~! imply that
(CI)%)—l — O. |

In order to provide generalizations of Szegd’s limit theorems (3) and (4) in
this setting we consider first their geometrical interpretation. Thus, by a result
of Kolmogorov, K, is the covariance kernel of a stochastic process {f,}n>0 C
L?(u) for some probability space (X, M, u). That is,

We can suppose, without loss of generality, that {f,},>o is total in L?*(u) and
for p < q we introduce the subspaces H, , given by the closure in L?(y) of the
linear span of { fi}j_,-

The operator angle between two spaces £; and & of L?*(u) is defined by
B(&1,&) = Pe, Pe, P,
where Pg, is the orthogonal projection of L?(u) onto &;. Also define
A(&1,&) =1— B(&,E).

The geometric interpretation of the limits (3) and (4) is discussed in [12]
and nonstationary extensions are presented in [4], Chapter 6. The interpretation
of the second Szegé limit theorem in [4] required a stochastic process indexed
by the set of integers, which is not the case in our situation. So, we need a
modification of that interpretation that fits into our setting. Thus, we consider
first the scale of limits:

s — lim A(H07n,Hn+1,7«) - A(Ho,m Hn+1,oo) (28)

r—00

for n > 0, and then we let n — oo and deduce

s — lim A(7_(0,n7 Hn+1,oo> = A<H0,ooa ngOHn,oo)a (29)

n—oo
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where s — lim denotes the strong operatorial limit.

We then deduce analogues of the Szego limit theorems by expressing these
limits in terms of the determinants D, 4 = det [Ks(r', ¢')], v ycyr 7 < @

Theorem 3.4. Let ¢ belong to the Szego class. Then

Dy, 1
0 — g det A(Hy, Hys1g) = ————,
Dyyrg " (P Hrira) = 0

q

(30)

lim = srp det A(Hpp, Hrg100) = [Og(r,7)]* = s [ [ 2,0y (31)
4= Uril,q i>1
If we define
L = h—»%o H di] > 0,
0<k<n<j
then 5 . .
lim On =—. (32)

n—0o0 Hl 0 912 det A(HO,OO) ngOHn,oo) L

Proof. The connection between the operator angles and determinants of type
D, , is given by the following formula which is a consequence of Lemma 6.4.1
n [4]: for r <1 <g,

D,
a_ (33)

det A(HTJ, Hl+17q) = m
T, +1,q9

Then Theorem 1.5.10 in [4] allows the computation of D, , in terms of the
parameters ’yij. Noticing that D,, = s,, and using the formula @2(0,7‘) =

srr 1T, d - obtained in the proof of Theorem 3.3, we deduce that

D,
= = Srr det A<H7°,r7 Hr+1,q)
DT+1,q

2
Hrék<jﬁq dk,j

r,r H d2
r+1<k<j<q 7k,j

= 87‘77, ;1 ;d?" 47
B 1
|5 (0, 1)

which is (30). This relation and Theorem 6.2.2 in [4] imply (31).
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Using again (33), we deduce for n < r, that

Do,
det A(Hop, Hos1s) = —— = [[

D nDn
0, Lr 0<k<n<j<r
hence

det A(Hon, Ht1,00) = lim det A(Hop, Hos1s) =[] diye

e 0<k<n<j
On the other hand,
H?:o 952 _ H?:o Hj21 dl2,l+j
DO,n H0§k<j§n dij
- H0§k§n<j di,j’
which shows that
19
det A(HO,n7 Hn—i—l,oo) = l:—0l7
DO,n
hence relation (32) holds. |

Formula (31) would represent an analogue of (3), while (32) is an analogue
of (4). It would be of interest to express the limit in (32) in terms of the spectral
factor ©,.

4. Some examples

4.1. Polynomials on the unit circle. Consider A = {1—7(X;)X;}. In this
case the index set is Ny, and if ¢ is a linear functional on 7;(A), then

Ky(n+km+k)=Kyn,m), m,n ke Ny,

which means that Ky is a Toeplitz kernel. It turns out that the parameters
{7k} also satisfy the Toeplitz condition Ytk m+k = Ynm, n < m, k > 1. The
orthogonal polynomials associated to ¢ are then the orthogonal polynomials on
the unit circle and (16), (17) reduce to the classical recurrence equations in [17].
Also, Theorem 3.3 and Theorem 3.4 reduce to the classical results of Szegd [17].

4.2. Polynomials on the real line. Consider A = {X; — J(X1)}. In this
case the index set is still Ny, and if ¢ is a linear functional on 77(.A), this time
the kernel K4 has the Hankel property, that is

Ky(n,m+k)=Ky(n+k,m), m,n,keN,.
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The parameters {7} do not necessarely satisfy a similar Hankel property. In
fact, it might be interesting to find a characterization of those families of param-
eters {74} producing Hankel forms. Traditionally, there are other parameters,
usually called canonical moments, that are used. The canonical moments of
¢ can be calculated by using a Q-D (quotient-difference) algorithm (see [13]).
Also, the recurrence formulas of type (16), (17) are replaced by a three-term
recurrence equation,

x@n(x) = bn@n—i-l(x) + anwn@:) + bn—lﬂon—l(x)a (34>

with initial conditions p_1 =0, po =1 ([17]).

Still, parameters {v;;} can be associated such that (16), (17) hold. Also,
Theorem 3.3 and Theorem 3.4 provide asymptotic properties of the orthogonal
polynomials and, respectively, Hankel determinants in the corresponding Szego
class.

We consider an example computing the parameters 7, ; of the Hilbert ma-

trix,
e % % -
11 1
H—|2 3 1
11 1
3 4 5

and notice that the associated orthogonal polynomials satisfy the three-term
recurrence equation (34) with

n

20/4n2 — 1’

and a, = %, n > 0. For example, the first 5 polynomials are:

b’n—l = n Z ]-7

Y-1= 07 Yo = 17 @1(1’) = \/3(223 - 1)7

oa(z) = VB(62% — 62+ 1), ps(x) = VT(202® — 302> 4+ 122 — 1).

The canonical moments {p, },>¢ can be calculated from the continued fraction
expansion of the Stieltjes transform of the uniform measure on [0, 1],

/1 dr 1
0 Z—x : ’
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which gives
1 k
DP2k—1 = §> Dok =

We deduce that, for n > 1,

1 1
L3 P
) L ) n+1 n—1 n—I 2
det | 32 3 n+1
A o (II%FJ>11£1(R+Z+1)
11 1
L n n+1 2n |

This formula, (16) and (34) give that

V21

CI>1
I+ 1

You = (—1)!

Extending this argument (based on results from [17]), we deduce that

LV (2k+1)(2k+ 20+ 1)
2k+1+1 ’

Vet = (—1) keNy,l>1,

hence
b
2k +1+1

These formulae show that the uniform measure on [0, 1] does not belong to the
Szegd class.

i1 =

We can obtain explicit computation of {7y ;} for other classes of classical or-
thogonal polynomials. The main point is to notice that if {¢},>¢ is the family of
orthogonal polynomials associated to a certain weight w(x), then {¢,(x,1)}n>0
is the family of orthogonal polynomials associated to the weight z%w(z). The
polynomials associated to z?w(x) are called the modified orthogonal polyno-
mials, and their calculation for Hermite and Gegenbauer polynomials can be
found, for instance, in [8]; for more references and further treatment, see [16].
Then Theorem 3.2 can be used to determine the parameters {7 ;}. Details will
appear in [2].

4.3. Szego polynomials in several non-commuting variables. The next
examples are motivated in part by multiscale processes. These are stochastic
processes indexed by the nodes of a tree. Isotropic processes on homogeneous
trees were systematically studied, see [3] and the references therein. An exten-
sion to chordal graphs was recently given in [10]. Some classes of stochastic
processes associated to the full binary (Cayley) tree were also considered (see,
for instance, [11]).
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We discuss here this last example. The vertices of the Cayley tree are
indexed by Fy. Let (X, M, 1) be a probability space and let {vy},ept C L*(11)
be a family of random variables. Its covariance kernel is

K(o,1) = / Uyv,dP.
X
The processes is called stationary (see [11]), if
K(ro,70") = K(0,0") for1,0,0" € F} (35)
K(o,7) =0 if there is no a € F such that 0 = 7a or 7 = 0. (36)
Let Ag = {1-J (X)X [k =1,..., NYULT(X) X0, kI =1,..., N,k £1}
and note that the index set of Ag is F. We see that ¢ is a positive functional

on Ty (Ag) if and only if Ky is the covariance of a stationary process as above.
It was noticed in [6] that this happens if and only if

Vroro! = Yo,0!s for 7,0, o' € F} (37>

Yor =0 if there is no a € F}, such that o = 7a or 7 = oa, (38)

where {7y }o<- is the family of parameters associated to K, in [6]. The main
consequence of these relations is that we can define v, = v, 0 € F, — 0, and
{Yor }o<r 18 uniquely determined by {%}gem _p due to the relation

[’Yo,r]wzj,m:k = ([’Yo’,T’]\gl|:j_1,|7/|:k_1)@Na J k=1 (39)

From now on we assume that ¢ is unital, ¢(1) = 1. Then we can show that the
recurrence equations (16) and (17) simplify to ¢y = 1 and for k € {1,..., N},
oeFyL,

1

Pho = K(XMOU — Vho®Phy_1); (40)
where gp% =1landfor ke {l,...,N}, o € FL,
i 1 - i
QD]w- = E(_’}/kUXkQDU + (pkafl)‘ (41)

We also notice that the algebra 7y is naturally embedded into R; and
®,, @ € Ty. Then, Theorem 3.3 implies that ©, belongs to 7y (but this is
also seen directly), and through the isomorphisms mentioned in Section 2.1, ©,,
can be identified with an element of the full Fock space over CV, and therefore
with a formal power series on variables X1, ..., Xy. Similarly, (®%)~! can be
identified with a formal power series, denoted (¢%)~!, on variables X1, ..., Xy.
Finally, we notice that ¢ belongs to the Szego class if and only if

H d, > 0.

O‘GF}*@
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For two formal series on variables X7, ..., Xy, the sign — means coefficient-wise
convergence. The next result is a consequence of Theorem 3.3.

Theorem 4.1. Let ¢ be a functional on Ty(Ag) and belonging to the Szegd
class. Then

o — 0 (42)
and

()" — O, (43)

As a consequence of Theorem 3.4 we obtain the following result (which,
aside the new geometrical interpretation, would be also a direct consequence of
Theorem 6.4.5 in [4]).

Theorem 4.2. Let ¢ be a functional on Ty(Ag) and belonging to the Szego
class. Then

lim == =10,(0))>= [ . (44)

O'E]FX;*(Z)

If we denote the above limit by g and

L= ] d&>o,

oEFfvf@
then D )
. or 1
A g T (45)

Finally, we mention that similar results can be obtained for the commutative
case, Ac = As U{XpX; — X; X} | k,l = 1,...,N}. Positive functionals on
A¢ correspond to positive definite functions on Z”~. Details as well as other
examples will be given in [2].
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