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Explicit Upper Bound for Entropy Numbers

Stanislav Hencl

Abstract. We give an explicit upper bound for the entropy numbers of the em-
bedding I : W™P(Q') — C(Q!) where Q' = (—1,1)™ C R™, r € N, p € (1,00) and
rp > m.
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1. Introduction

It is a well known fact that the embedding I : W"P(Q) — C(£2) is compact if
2 is a bounded domain in R™ with Lipschitz boundary, » € N, p € (1, 00) and
p > m.

Birman and Solomyak [1] proved that the entropy numbers of this embed-
ding satisfy ex(I) ~ k~m if  is a cube (see Section 2 for the definition of
entropy numbers). They have used this fact in a study of the spectrum of inte-
gral operators and nonsmooth elliptic boundary value problems. For the history
and properties of entropy numbers we refer the reader to the books [2] and [4].

Sometimes it is not enough to know that there is C' > 0 such that e () <
Ck~w; further knowledge of the value of C can be useful. For example, Cucker
and Smale [3] ask for an explicit bound on C' in the case of the embedding of
the fractional Sobolev space H*(Q2) in C(Q) (recall that H*(Q2) = W*2(Q) if
s € N). Our aim is to find an explicit upper bound for the entropy numbers of
the embedding I : W™P((—=1,1)™) — C([-1,l]™)if l >0, r € N, p € (1,00) and
rp > m. In Theorem 6.2 we give explicit values of constants a = a(r, p, m, 1) > 0
and 8 = ((r,p,m,l) > 0 such that

Q@
ex(L - WHP((=1,1)") = C([=1,1]")) < 7——~=
( ) (k= B)m
if £ > 3. This gives an answer to Cucker and Smale’s question when s is a
natural number and €2 is a cube. Our proof follows the ideas of Birman and

Stanislav Hencl: Department of Mathematics and Statistics, University of Jyvaskyla,
P.O. Box 35 (MaD), FIN-40014, Jyvéskylé, Finland; hencl@maths.jyu.fi
The research was supported by the Marie Curie Fellowship HPMT-CT-2000-00090

ISSN 0232-2064 / $ 2.50 (© Heldermann Verlag Berlin



222 S. Hencl

Solomyak [1]. We do not claim that the upper bound we obtain is sharp in its
dependence on r, m and p.

2. Preliminaries

By Q' we will always denote a cube (—[,1)™. Throughout the paper we will
use letters ) and A only for cubes and the term cube only for open cubes with
sides parallel to the coordinate axes. The closure of a set A C R™ is denoted
by A. We say that a set of cubes © = {Q1,...,Q,} forms a partition of a cube

Q if Q; are pairwise disjoint and J;_, Q: = Q.

Given any Banach space X we use the notation By for its unit ball (i.e.
Bx ={z € X : ||z||]x < 1}). Suppose that YV is a Banach space and A C Y is
a bounded domain. The entropy numbers of the set A are defined by

ef(A)=inf{e >0: AC|J(y;+¢eBy), y €Y}, ieN.

j=1

Let T': X — Y be a bounded linear mapping between two Banach spaces. The
entropy numbers ¢;(7")of this mapping are defined by ¢;,(T") = ¢;,(T(Bx)). We
also define the dyadic entropy numbers by ex(T) = e9t-1(T) for k € N as usual.
We write [r]| for the upper integer part of a number r > 0 (i.e. for the smallest
i € N such that r <1).

Given any continuous function f from the cube U = (—1,1)" C R™ to R,
the following substitution formula is true :

/Uf(a:) dx = /aU /Olrm_lf(rs) dr dH™ (s) . (2.1)

By #5S we denote the number of elements of the set S and by |A| we denote
the Lebesgue measure of a set A C R™. Let Ny" denote the subset of R™
which is formed by the elements with non-negative integer components. An
element o = [y, ..., ) € Nj* is called a multi-index and the length of « is
la| =1+ ...+ ay. fz € R and o € Nj* then

Am

al=oq!- -, and 2% = 27" -0

We shall need that

#laeN: |a] =r) = (”m_l) | (2.2)

m—1

This follows from the fact that there is a one to one correspondence between
such multi-indices and the number of variants to choose m — 1 balls from the
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row of r+m — 1 balls. Number «; corresponds to the number of balls from the
beginning to the first chosen ball, number as corresponds to the the number of
balls between the first and the second chosen ball, and so on. It follows that
for every » > m we have

#{BeN™: B; > 1, B =1}
7»_1) (2.3)

#{a e Ny : \Oz|:7’—m}:(m_1

Given r € N and p € (1,00) we will denote by W7"P(Q) the corresponding
Sobolev space. This space is equipped with the norm

[ / D .
la|<r

Suppose that » € N, p € (1,00), rp > m and ©Q C R™ is a bounded domain
with Lipschitz boundary. It is a well-known fact that for any u € W"P(Q) there
exists @ € C(Q) such that u = @ almost everywhere on €. In the whole paper
we will use only this representative which is defined and continuous on . For
p € (1,00) we denote its conjugate index by p* = p/(p — 1) (i.e. % + z% =1).
Given a function u € W"?(Q) we define N,(u,r, <) by

(Np(u,r,Q)) Z/|D°‘u|p
|laf=r

We shall need the following bound for the entropy numbers of the unit ball
in a finite-dimensional space from [2, page 9].

Lemma 2.1. Suppose that E is a real k-dimensional Banach space. Then for
allt € N
iTV* < gy(Bg) < 4i7VE

3. Semi-additive functions

Let the non-negative function J(Q) of cubes Q C Q' be lower semi-additive, i.e.
for every cube @ C @' and for any partition of @) into cubes @, we have

> 1@Q) < @)

By J we will always denote only those non-negative lower semi-additive func-
tions. Let us be given J, a partition © of Q' into cubes and a > 0. We set

Go(J,0) = max|[A[*J(A) .



224 S. Hencl

Lemma 3.1. Let s € N, a >0, z; >0 andy; >0 for j € {1,...,s}. Suppose
that b > 0 is such that

ixjgl, ingl and :ijjzb

j=1 j=1
for every j € {1,...,s}. Then b < s~(@+1),
Proof. From
Vo s S < and ¢y - ys < ———— <
it follows that
b <xy-wp(yr-ys)t < s 85T |

Theorem 3.1. Suppose that J is a non-negative lower semi-additive function
such that J(Q') < 1. Then for every n € N we can find a partition © of Q' into
cubes such that #6 < n and

1 =2 G+n

22m a+1
Go(J,0) < eyn™ Y where ¢, = <—ma> Q' . (3.1)

Proof. We will construct a sequence of partitions ©; of @' by induction. Set
Op = {Q'}. In the (i + 1)-th step we will divide each cube A € ©; satisfying
|A|*T(A) > 27™G, (], ©;) (3.2)

into 2™ equal cubes. Now, ©,, consists of undivided cubes from ©; and of the
new cubes which were created by the division.

Let n; = #0;, 0; = G,(J,0;), and by s; we will denote the number of cubes
from ©; which satisty (3.2). Plainly ng = 1 and

If we divide a cube A into 2™ equal cubes A, then obviously
max | A" J(A;) < 27| AT (A) (3.4
J
Thanks to (3.2) and (3.4) we obtain
Oip1 < 27M9; . (3.5)

Now let us focus on those s; cubes A; which are divided in the (i + 1)-th step.
Set z; = J(A)), y; = |A;]/1Q for j € {1,...,s;} and b = 27™95;|Q'|~*. Thanks
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to Y oL, J(4,) < J(QYH <1, PO VAV] |Q'| and (3.2) we obtain from Lemma
3.1 that
§; < 2mes T |QN (3.6)

From the construction it follows that
Njt1 =Ny + 8j(2m — 1)

for every j € Ny, and therefore
i1
n; <27 Z 8; (3.7)
=0

for every i € N. For a fixed t € N we obtain from (3.5) and (3.6) that for every
0 <17 <t we have

s <27 (t—i—1) a+1 a+1|Q ’ll+1 )
Together with (3.7) this implies

t—1
ma 1 1 “
me < 2m<22 (=5=1) “+1>5G+I|Q |a+1 < 2m—ﬂ5t “+1|Ql|aT1 ]
§=0

—2a+1

Hence (3.1) gives us
51' S 012_m(“+1)n;(a+1) (38)

for every ¢« € N. For ¢ = 0 this inequality is obvious. Given n € N, we can find
i € N such that n; < n < n;q1 < 2™n; thanks to (3.3). Thus #6; < n and
(3.8) gives us

Go(J,0;) =9; < clz—m(a+1)nf(a+1) < eyn @t .

)

4. Polynomial approximations

For a cube A C R™ we denote by P.(A) the set of all polynomials on A of degree
less or equal to (r — 1). By P.(A, M) we will denote the set of all polynomials
v € P,(A) such that |[v||ca) < M.

Given partition © of Ql, we denote by P.(©) the set of functions g such
that g € P.(A) for every A € ©. That is, on every cube from the partition the
function is possibly a different polynomial of degree less or equal to (r — 1).

Definition 4.1. For any cube A C R™ and for any u € W"P(A) we define

(Pau)(z ) —=—D%(y) dy .

la|<r—1

for every z € A. Plainly Pau € P.(A).
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Following the ideas from [4, Lemma 6.1, page 289] we compute the constant
in the approximation of a function u € W"P(A) by Pau.

Lemma 4.1. Letr € N, p € (1,00) and rp > m. For every cube A C R™ and
for every uw € W"P(A) we have

r 1
|lu = Paullcx) < co| A[m 77 Np(u, 7, A)

where
1

r 20+ 1 \#
S : <Z ' ) (4.1)
M (w(r _ 1\\37 al)p
(p (m p)) ! |or|=r (
Proof. Transformation of coordinates gives us that, without loss of generality,

we can suppose A = (—3,3)" (Le. |A| =1). Since C"(A) is dense in W™P(A)
and

c@B)
WTP(A) Uy — U
Uy — U — o)

Pau,, — Pau

it is sufficient to prove the lemma only for u € C"(A). By Taylor’s formula we
have for every x € A that

u(z) — (Pau)(z) (1.2)
) > [ ) [0 - Dt ot ) vy

= F,(z). The substitution 7 =

We shall write the above expression as >_,_, &

(1—7)and z = (v — y)T gives us

P ()] < xal2) /m /01 (- 2) ;ﬁl Dou(n — 2)| dF dx . (43)

IfreAandz—2 €A, thenw — 2z =7z —2)+ (1 —7)z € A. From |z;] <

and |z; — Z| < 1 it follows that < 1. Therefore,

1
2

Zi
7':

xa(vale = 2) < xale - 2vaal2).

and hence (4.3) gives us

b AN
|Fo(z)] < / </ ~|m+|1 X2A <:> dr) Xa(r — 2)|D%(z — 2)| dz . (4.4)
m o T T

We shall write the right hand side as [go*(xa|D%ul)](x). Denote U = (—1,1)" =
2A. For any z € R™\ {0} we can find a unique s = s(z) € OU and p = p(z) >0
such that z = ps.



Clearly, for 7 < p(z) we have

7 < 1 give us

9a(2)

Thanks to (2.1) we obtain
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¢ U. This property and xy (%) < xv(z) for

/ Bl XU( ) a7
()" = 1)

1 T—m [0
p 1% xu(z) -

Z
7

m

ol ey < 7 [ LG
< /|S‘p/ rmp+m1ddeml<)
ou
a2 m—1
— s° dH
(r— m)p* +m ’ | (5)
—p* 4.5
- m Hmfl(aU) (4.5)
(r—m)p*+m
7p*
L, P U
mp* (& — 1+ F)
C omrim
(s =)
From (4.2), (4.4), Holder’s inequality and (4.5) we have
r
lu(z) — Pau(z)| < ) —plFa(@)]
la|=r )
r o
< > a”gaHLP*(Rm) XaD%ul| o gm)
laf=r
r 2 1
< - = (3 D ul)
(p*(ﬁ -0 )p laj=r
r 2v 1 i
< L (Z ) N,(u,r, A)
— N i* | * p P
m (p*(m . _))p it (a.)P
= coNy(u,r, A)
which proves the assertion. |
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Remark 1. It is possible to have a more explicit bound for ¢, since

T

1 1 m
ZWSZJZT!

|af=r laf=r

The last equality can be proved by induction with respect to m. Denote
A(r,m) =3 = L. Plainly P(r,1) = &. For m > 1 we have

al

P(r,m) = Zl P(r—i,m—1)

=0
"7 1

— o -1 r—1
;r! i!(r—z)'<m )
1 « r

- -1 r—1
7! = (r—i) (m—1)

=

On the other hand, this bound is not very sharp, and for given values of r, m
and p the sum is better to compute .

Definition 4.2. Given u € W™?(Q') and a partition © of Q', we define
(Pou)(x) = (Pa)(z)
for every A C © and « € A. Plainly Pou € P.(0©).

Theorem 4.1. Let r € N, p € (1,00) and rp > m. For every n € N and for
every u € WrP(Q) such that N,(u,r, Q") < 1 there is a partition © of Q' such
that #6 < n and

l T
||u — Poul|peo(ay < cocfn™m .

Proof. For every partition of ' into cubes A; we can use Lemma 4.1 to obtain
r 1
|lu — Pajullo;) < cof &gl v Ny(u,r, A;)

The function
IB) = Nyfur )P = Y [ 0l (46)
jaj=r &
is clearly non-negative and lower semi-additive. Hence, we can use Theorem 3.1
for a = 2 — 1 to obtain the partition © such that #6 < n and

1 (at1)

<ccin P (4.7)

B =

[lu — Paul|ciay < ¢ (]A|GN;’(U, T, A))

for every A € ©. |
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5. Auxiliary estimate of covering numbers

In this section we prove that it is possible to cover the unit ball of WP (QY) by
a finite number of balls in C(Q!).

Lemma 5.1. Let Q C R™ be a cube and P = P.(Q,M). Let this set be

equipped with the supremum norm as in C(Q). Then, for every e < M the
following estimate holds for the number of elements in an optimal e-net:

N.(P) < [%W " where o3 = (r - m) (5.1)

- IS m

Proof. Without loss of generality, we can suppose that M = 1. On the Banach
space E of polynomials on ) of degree less or equal to r — 1 we use a norm
||-llo(g)- From (2.2) we obtain that the dimension of this space is equal to

-1
Hae N™:|a| <r—1}=#{ac Ny" ol =r -1} = (7‘ —l—m) = ¢3
m

—1
Clearly, for n = f%]% we have 4n s < ¢ and therefore we can cover the unit

ball by n balls of diameter ¢ in view of Lemma 2.1. |

~ We will need an estimate of the norm of the embedding I : W"?(Q") —
c@).

Lemma 5.2. Suppose that r € N, p € (1,00) and rp > m. Then for every
u e WrP(Q) it holds

lullog < eallullwnsn (5.2)

where

c4:c21Ql\#%+( 3 #)z}*maXQQl];,]QZ\W;) L (53)

o <r—1

Proof. By Lemma 4.1 we have

lullo, < Il = Parvllogg +1Parlogg -
r 1 '
< QT [ullwre g + [[Porull g g

From Definition 4.1 and Holder’s inequality we obtain for every z € Q! that
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1 (z —y)*
|Pou(z)] < —5 /—DQU(y) dy‘

1 Ql || N 7

< = ) —|Q| </ D U|”) (5.5)
|Q | |ae|<r—1

l _1 1 (T;l)il 1 i*
< max (R 1Q17 %) (30 o) lulhwescan
|or|<r—1
which shows the assertion. [ |

Remark 2. Using Remark 1 it is possible to have the more explicit bound

1 r—1 1 r—1 mi
_ e m
> (a.)p*SZZJ— s
|a|<r—1 =0 |a|=t =0

Lemma 5.3. Letr € N, p € (1,00) and rp > m. Put &, = 202|Ql|%_%. Then,
there are functions f; € C(Q'), i € {1,...,¢5} such that

Ber C U (fz‘f'goB (Ql))

T‘—1+m)

m

(
max (1@ 7, y@wﬂ . (5:6)

1
3

cs = |78 + C%<QZ?;_1 (oz!l)p* ) '

Proof. Suppose that u € Byyrs(gy. From Lemma 4.1 and Lemma 5.2 we have

| Pyl < |Pgru— ul + Ju] < 0] Q'% 7% + 4.
Hence, we obtain from Lemma 5.1 that the set
{PQZUi HUHWr,p(Ql) S 1}

has an 2-set in C(Q') of cardinality at most

C:

€o

r_1 Cc3
8¢s|Q!| 7 v +80ﬂ

By Lemma 4.1
|Pgiu — u| < cngl\ﬁ_% — % 7



Explicit Upper Bound for Entropy Numbers 231

and therefore this set serves as an £g-set for Byrp(qy as well. By (5.3), (5.1)

s 1
and &y = 2¢,|Q!|™ " » we obtain

(7‘71+m)
— 4 1 p% -+ l1—1/m "
c__&+ig(§: o) e (@R [
|a|<r—1
which proves the assertion. |

6. Main result

In this section we give an explicit upper bound for the entropy numbers of the
embedding I : W™P(Q') — C(QV).

Theorem 6.1. Letr € N, p € (1,00), rp > m and € > 0. There are N(¢) € N
and f; € L=(QY), i € {1,...,N(¢)} such that

N(e)

B rp(O! C fi+5Boo l
wrp(Q) z:LJ1( L (Q)) (6.1)

logy N(e) < logyecs + cjpe™®
where

22r r_1 r—14+m @
Cigo = 202 o ‘Ql’m P (2 + (T' + 4) ( )) . (62)
(1 _ 2_m(1_%)) m m

Proof. We will use results and notation from the previous sections. Set a =
B — 1 and define J by formula (4.6). For a given u € W"?(Q") we construct a
sequence of partitions ©; of Q' as described in the proof of Theorem 3.1. Set

2m a+1
%=q2MﬁD=(————) Q" (6.3)

1 —2 G+

Along with the characteristic numerical sequences n; = #0; and 0; = G,(J, ©;)
= maxaco, |A|*J(A) we also introduce the sequence

d; = ¢ min (2*am(i*f>n; (““)) , €Ny . (6.4)

0<j<e
From the definition of the numbers Sz it follows that

nt*l < b 127D for 0< <) (6.5)



232 S. Hencl

In addition, from (3.8), (3.5), (6.3) and (6.4) we have
5 < 0; < cﬁn;(aﬂ) ) (6.6)
The sequence 51 is more regular than d; since
9~@tmG < 5,0y < 279G, (6.7)

From (6.4) it follows that

The right-hand side inequality in (6.7) follows immediately. The left-hand side
inequality has to be verified only in the case

dpp1 = Cﬁn;+(il+1) > o~ (ethmg,

which follows easily from (3.3) and (6.6).

Now let v be a fixed number such that 0 < v < ¢g. To each semi additive
function J we associate the number k = k(J,a,v) € N determined by the
condition

O <V < 0p_1 . (6.8)

Let T,(J,v) denote the segment {©;}¥_,. We unite in one class those (and only
those) functions J for which the sequences T,(J,v) coincide. The number of

classes into which we divide the set of all semi-additive functions will be denoted
by N(a,v).

Lemma 6.1. For v € (0, cg)

log, N(a,v) < cp~ @+

where

2m 1 a
Cr = ————ma— (2m + ﬁ) Q= . (6.9)
1 —2 @b 1—2 @in

Proof. First we estimate the number N;(a,v) of more ’extensive’ classes which
unite in one those functions J for which the actual sequences of partitions
T.(J,v) do not necessarily coincide but for which the corresponding numerical
sequences {n;}*_,, k = k(J,a,v) do coincide. If we apply (3.3), (6.5) with
i=j=Fk—1and (6.8) we obtain

ngtl < gmlathpatl < gmlatl) eyt < gmlatleg,~1 (6.10)

Let n* denote the integer part of the number 27 (cgr~1)@tD™" The equality

k

=1
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associates to each sequence T,(.J, V) a representation of the number n* as a sum
of k + 1 positive integer terms. By (2.3) the number of such representations is

(") <271 Thus

log, Ni(a,v) < n* < 2™(cer 1)@ (6.11)

Now let the sequence {n;}¥_; be fixed. We find an estimate of the number of

distinct sequences of partitions {©;}%_, = T,(J,v) for which #6; = n; for every

i € {0,...,k}. To do this we note that for a given partition ©; the partition

;41 is uniquely determined by knowing which s; cubes are further divided upon

formation of ©;,1. The number of possibilities here is (Z) < 2™, After k steps
this gives us a total range of possibilities numbering less than 2mo+-+mk-1,

From (6.5) for i = k — 1 and (6.8) we obtain for j =0,...,k — 1 that

n; < (CGV—I)(a—H)_l2—am(k—1—j)/(a+1)
which implies the inequality

no+ ... +np_y < (cgr )@V 1 — gmem/ et D] — g (6.12)
Therefore, N(a,v) < Ny(a,v)2", (6.11), (6.12) and (6.3) give us

log, N(a,v) < logy, Ni(a,v)+n

S Céa—‘rl)_l (27’11 + 1 1_ am > Vi(a+1)_l

27 atl

_ —(a+1)"1
_ eyt

which finishes the proof of Lemma 6.1. |

Continuation of the proof of Theorem 6.1. Recall that a = 2 — 1 and
that J is defined by (4.6). Since we are interested only in u € Byyrp () we have
Ny(u,r, Q") < 1, and therefore we can use the inequality (4.7) from the proof
of Theorem 4.1. From the left-hand side inequality in (4.7), the definition of §;
and (6.6) we have

1 1
|L00(Ql) S 6252-]) S c2(5f (613)

v = (i)p . (6.14)

First let us suppose that v < ¢g and define k = k(J,a,v) by (6.8). We unite
in one class those functions u for which the sequences T,(.J,v) coincide. The
number of such classes is estimated by Lemma 6.1 :

l|lu — Po,u
for every ¢ € Nj.
For a fixed € > 0 we set

m
2C2

logy, N(a,v) < ¢ <?) T (6.15)
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We select one of those classes (denoting it by K) and construct an e-net for it.
First we note that the numbers n; and §;, i = 0,..., k (but not the numbers §;)
coincide for all functions in K.

1
We will construct the e-net in L®(Q") by induction. We set g; = 2507 for
1 =20,...,k. Suppose that in the i-th step we have constructed for the set K
an g;-net of cardinality N; contained in P,.(©;). Let u € K and let w € P.(6;)
be the element of the e;-net for which ||u — w|| g1y < &;. Then (6.13) gives us

1
|Po, . u—w|[p=q) < |[Po,yyt = ullp= @y + |[u— w|| gy < 20y +&i < 25

Thus, in each cube A € ©;4; the function Pe,, ,u — w belongs to the set
P.(A,2¢;). By virtue of Lemma 5.1, definition of ¢; and the left-hand side
inequality in (6.7) this set has an (%4*)-net whose cardinality does not exceed

the number

165, 1%
{ c W < 2UrHes — (6.16)
€i+1

where ¢z = (""L™). Therefore, the set {Pe,,,u : u € K} has an (2£)-net
which is contained in P,(0;,;) and whose cardinality satisfies

Ni+1 S Cgi—HNZ’ . (617)

By (6.13) the same net serves as an €;1-net for the set K. In this way, starting
from eg-net, we construct an g;-net with cardinality N, for the set K. By the
definition of ¢4, (6.8) and (6.14) this is also an e-net. By (3.3) and (6.12) it
holds

Nk < Nocg1+---+nk < Noczm(”OerJrnk—l) < Nocgmﬁ )

Clearly, (6.12), (6.14) and (6.3) give us 2™ = coe~+ where

gm Lot ot +

- am 2 atl
“ 6 1 —2 a+tt ( C2)
ogm 2 (6.18)
- (—=_ Nt (209) 7 .
(1_2_:111) ’Q‘ ( 02)

From definition of &q, (6.4), ng = 1 and (6.3) we obtain

L1 1 S
g0 = 20208 = 2cacf > 2c|Q | .

Therefore, Ny < ¢5 in view of Lemma 5.3. Now we combine the estimate

]

coge” T
Nk S C5Cg

which we have obtained for each of the classes with the estimate (6.15) for the
number of classes to obtain

m

log, N () < log, cs + (logy cs)coe ™™ + c7(2¢0) 7e™ 7 . (6.19)
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Let us return to the case v > ¢¢. Then (6.14) and (6.3) give us

1 r
£ > 2cocf > 202|Ql|57% )

Due to Lemma 5.3 we have N(¢) < ¢5, and hence (6.19) is valid also if v > ¢.

Now we can use the definition of the constants involved, namely (6.9),
(6.16), (6.18), (5.1), a = 2 — 1 and (6.2) to obtain

3k

(67(202)% + (1Og2 08)09)

< 202|Ql|ﬁ Q(Q—m)2+(7«+4)c3 (2—771)2 "
- 1 — 9 @D 1—9 @in

= C10,
which completes the proof of Theorem 6.1. [ |

Finally we can state our main result. The values of constants ¢y, c5 and ¢,
are given by (6.2), (5.6) and (4.1). Recall that [z] denotes the upper integer
part of a number x > 0. By Remark 1 and Remark 2 it is possible to have
bounds not involving sums.

Theorem 6.2. Letr € N, p € (1,00), rp > m and k > 1 + log,c5. Then

2¢10

SWTP(ON — C(O! ]
(I W(Q) = O@Q) < Gy s

Proof. Given ¢ > 0, fix f; € L>(Q"), i € {1,...,N(g)} as in (6.1) and choose
fz’ € Ai := (fi +eBroe(gy) N C(@) :

If A; = 0, then set f; = 0. Since every function from W"?(Q") is in C(Q') we

obtain from (6.1) that

N(e)
BWT,p(Ql) C U <fz + 2630(@)> (620)
=1

Now the definition of dyadic entropy numbers and the relation £ > 1 + log, c;
give us
en(I: W™ QY — C(Q)) < inf{e>0:N(g/2) <2F1)

< inf{e > 0:logycs +cypre r27 <k—1}
2¢10

(k —1—log,cs)

3

and proves the assertion. |
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There are several known ways how to extend a function from a domain with
Lipschitz boundary, and the explicit norm of the extension is known in some
cases (see [5]). The next theorem gives us a bound for the entropy numbers

of the embedding I : W™?(Q2) — C(Q) if we know the norm of the extension
operator.

Theorem 6.3. Let r € N, p € (1,00), Tp > m, k > 1+ logycs and Q C
Q) C R™. Suppose that there exists a linear extension operator E : W™P(Q) —
WT2(Q,) of norm cy1, i.e.
Efllwro@ry < el fllwrro)
for every f € WP(Q), and moreover Ef = f on Q. Then
2C10
(k—1—log, 05)% .

ex(I: W™(Q) — C(Q)) < eny

Proof. For every function f € Byroq) we have Ef € c1y1 Byrogny. By multi-
plying both sides of (6.20) by c¢1; we see that there is ani € {1,..., N(¢)} such
that . 3

Lf = eufille@ < IESf = cnfill oy < en2e .
Therefore, analogously to the proof of the previous theorem we obtain the de-
sired bound for entropy numbers. |
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