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A Global Bifurcation Theorem
for Convex-Valued Differential Inclusions

S. Domachowski and J. Gulgowski

Abstract. In this paper we prove a global bifurcation theorem for convex-valued
completely continuous maps. Basing on this theorem we prove an existence theorem
for convex-valued differential inclusions with Sturm-Liouville boundary conditions

u” (t) € p(t,u(t),u (t)) for a.e. t € (a,b)
l(u) =10
The assumptions refer to the appropriate asymptotic behaviour of (¢, x,y) for |z|+
ly| close to 0 and to +00, and they are independent from the well known Bernstein-

type conditions. In the last section we give a set of examples of ¢ satisfying the
assumptions of the given theorem but not satisfying the Bernstein conditions.

Keywords: Differential inclusions, Sturm-Liouville boundary conditions, global bi-
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1. Global bifurcation theorem

Let E be a real Banach space, A C R an open interval and cf(FE) the family
of all non-empty, closed, bounded and convex subsets of £. We call a map
F: Ax E — cf(E) completely continuous if F' is upper semicontinuous and,
for any bounded set B C A x E, the set F(B) C E is relatively compact.

Let ' : Ax E — cf(E) be a completely continuous map such that
0€ F(\O0) for A€ Aandlet f: AXx E — cf(FE) be given by

f\z) =2 —F(\x). (1.1)

We call (p9,0) € A x E a bifurcation point of the map f if for all open subsets
U C A X E with (ug,0) € U there exists a point (\,z) € U such that z # 0
and 0 € f(A, z). Let us denote the set of all bifurcation points of f by By.
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Let Ry C Ax E be the closure (in A x E) of the set of non-trivial solutions
of the inclusion 0 € f(A,x), i.e.

Ry={(\z)eAXxE:z#0and0€ f(\z)}.

Let us observe that, for each (A, z) € Ry, 0 € f(A, ).

Let U C E be a bounded open subset and let the map g: U — cf(E) be
given by g(z) = z — G(z), where G : U — cf(E) is a completely continuous
map such that, for € QU, the relation z ¢ G(x) holds. It is well known that

in such situation we may define the Leray-Schauder degree deg(g, U, 0) (cf. [2,
3,8, 17, 19)).

For each A satisfying (X, 0) ¢ By there exists an ro > 0 such that, for ||z| =
r € (0,70, the relation z ¢ F(X,z) holds. So the value deg(f(,-), B(0,7),0)
is defined. Assume that for an interval [a,b] C A there exists a § > 0 such
that

(([a—é,a) U(b>b+5]) X {0}) NBy=10.

Then we may define the bifurcation index s[f,a,b] of the map f with respect
to the interval [a, b] as

8[f7a7b] = )}i{?—}— deg(f()‘a '),B(O,T),O) — lim deg(f()‘7 ')7B(07T)70)

A—a~

where r = r(\) > 0 is small enough.

Now we are going to give some auxiliary lemmas, which will be used in
the proof of the global bifurcation theorem below. We are going to use a
separation lemma for closed subsets of compact Hausdorff spaces given in [9]
(see also [24: Section XI]).

Lemma 1. Assume that X,Y are closed subsets of a compact Hausdorff space
K and that there does not exist a connected set S C K such that SN X # ()
as well as SNY # 0. Then there exists a separation K = K, U K, with
K, NK, =10 such that X C K, and Y C K, and both K, and K, are open
and closed in K.

An immediate consequence of Lemma 1 is the following

Proposition 1. Let the map f: A X E — cf(E) be given by (1.1) and let
la,b] C A be an interval such that ([a,b] x {0}) N By # 0. Further, let Cy be a
compact component of the set R = RyU([a, b] x{0}) such that [a,b] x{0} C Co.
Then there exists an open and closed set Ko C R such that

Co C Ko C (¢,d) x B(0,R) C [¢,d] x B(0O,R) C AX E.
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Now we are going to give a generalization of Ize’s lemma (cf. [14] and [20:
Lemma 3.4.2]) to convex-valued completely continuous vector fields. For this
let the function p(-, [a,b]) : R — [0, 400) be given by

a—X forA<a
p(A, [a, b)) = {0 for X\ € [a, D]
A—0b for A >0b.

Lemma 2. Let the map f : AXE — cf(E) be given by (1.1) and let [a,b] C A
be an interval such that By C [a,b] x {0}. Then there exists an g9 > 0 such
that for all € € (0,e¢| there is an ro > 0 so that the map

fret Une — cf(R x E)
freOa) = {(lz]* =r*,y) : y € f(X )}

with
Ure = {()\,x) ceRx FE: Hx“z + pz()\7 la,b]) < r2 4 52}

18 a completely continuous vector field and

deg(fre,Ure,0) = —s[f,a,b] (r € (0,79]).

The proof of the lemma is a modification of that given in [12] for the
single-valued case and [a,b] = {A\o}. It is enough to replace the function
d(X\) = |A = Xo| by d(A) = p(\,[a,b]). For an overview of this technique see
also [15: Remark 1.5].

Theorem 1. Let the map f: AX E — cf(E) be given by (1.1) and assume
that there exists an interval [a,b] C A such that By C [a,b]x{0} and s[f,a,b] #
0. Then there exists a non-compact component C C Ry satisfying C N By # 0.

Proof. As consequence of the homotopy property of the topological degree
and s[f, a,b] # 0 we have ([a, b] x {0})N By # (. Let Cyp be a component of the
set R = Ry U ([a,b] x {0}) such that [a,b] x {0} C Cp. Assume further that
Co is compact. By Proposition 1 there exists a bounded open and closed set
K C R such that Cy C K. So there exists a bounded and open set U C A x E
satisfying K € U and (R \ K)NU = ). Hence for (A\,z) € OU and r > 0
we have 0 € f.(\, z). Moreover, for any r1,79 > 0 the maps f., and f., may
be joined by homotopy. We can see as well that for large R > 0 the map fgr
has no zeroes in U so that deg(f.,U,0) = 0 for > 0. There exist ¢ > 0 and
r1 > 0 such that U, . C U. Further, by Lemma 2 there exists ' € (0, 7]
such that deg(f/, U ¢,0) = —s[f, a,b]. Of course, U, . C U.

Because By C [a,b] x {0} and U is bounded, there exists a number ry > 0
such that 0 ¢ f(\, x) for (\,z) € U with 0 < [|z|| < ry and p(], [a,b]) > e.
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Let r € (0,min{r’,r2}). Then U,. C U. Hence, if 0 € f.(\, z) then ||z| =
r < ry and p(),[a,b]) < e. Then we have ||z||? + p2(), [a,b]) < r? + €2 and
(A, z) € U, . Consequently, we have the implication

A\z)eU\U.. = 0¢ f.(\2).
That is why we have deg(f,, U, ., 0) = deg(f.,U,0) and the contradiction

0 = deg(f,U,0) = deg(f, Ur,€70) = —s[f,a,b] # 0.

Because of this contradiction there exists a non-compact component Cy C
RsU([a,b] x {0}). What we are going to prove now is that there exists a non-
compact component C of Ry such that CNBy # (). Of course, such component
has to satisfy C C Cy.

At the beginning let us denote by I' the family of all components v of R
such that v N By # 0. Further, let G = Uver ~. We can observe that G C Cy.
We are going to show that there exists a v € I' such that v is not compact.
But first assume, contrary to our claim, that each v € I' is compact.

Let us now take B = (¢,d) x B(0, R) such that
[a,b] x {0} C BC BC AxE,

let us denote by I'p the family of all that components v of Ry N B for which
vyN By # () and let us also denote G = U'YEFB v. We can see that By C Gp.
We are going to show that G is a closed subset of Ry N B. For this let
{(M,7n)} C Gp be a sequence such that (\,,z,) — (Ao, 70) € Ry N B and
let v, € I'p be such that (A, x,) € 7. Assume, contrary to our claim, that
(Ao,z0) ¢ Gp. Then xy # 0 and the component vy of R¢ N B containing
(Ao, o) is such that v9 N By = 0. In this case we may apply Lemma 1 to
the case of K = Ry N B, X = {(A\o,70)} and Y = B;. Then there exist sets
K., K, C K open and closed in K such that

(Ao,z0) € K,y ByCK, K,NK,=0 K=K, UK,

Because for large n € N the relation v, N K, # 0 holds and ~,, N K, # 0, this
contradicts the connectedness of ,,.

Now we are going to consider the following two situations:

(i) There exists By = (¢, d) x B(0, R) such that [a,b] x {0} C By C By C
A X FE and G C By.

(ii) There exists a sequence {y,} C I' such that, for each B = (c,d) x
B(0, R) satisfying [a,b] x {0} C B C B C A x E, the relation 7, ¢ B holds
for n € N large enough.
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Let us first assume that (i) holds and let C2° be a component of Co N By
such that [a,b] x {0} € CP°. Of course, we have G, C CF°. By Lemma 1,
in this case C’ég ° C By and there must be also Cy C By, what contradicts that
Cp is not compact. So we can assume that there exists (Ag, zg) € 9By N C’ég o,
We can apply Lemma 1 for K = R; N By, X = {(M\o,70)} and Y = By.
Because (Ao, z0) € Gp,, there does not exist a component v of K such that
(Mo, z0) € v and v N By # (). Then by Lemma 1, there exist open and closed
sets K, K, C K such that

(\o,70) € K»y By CK, K,NK,=0 K, UK,=K.
This implies that there exist an 7 > 0 such that K, N ([a,b] x B(0,7)) = 0.
Hence
Ko N (Ky U ([a,0] x {0})) =0
Ko U (Ky U ([a,b] x {0})) = K U ([a,b] x {0})

and both K, and K, U ([a,b] x {0}) are open and closed in K U ([a, b] x {0}).
But the set C2° C K U ([a,b] x {0}) is connected and

CPoNK, #0
C5o N (Ky U ([a,b] x {0}) # 0

what gives the contradiction.

In this case the situation (ii) holds true. Let us fix any B as given in
(ii) and let 4,, € T'p be such that 7,, C v, and (\,,z,) € 4, N OB. Because
xn € F(\,,z,), we may assume that there exists a subsequence of (A, z,)
converging to (Ao, zo). As we observed before, (Ag,zg) € Gp. So there exists
a component 7y € I'p such that (\g,zg9) € J. Let 7 € T' be such that
Yo C 7vo- From our general assumption 7 is compact. By Proposition 1 there
exists an open and closed set K C Ry such that v C K C By for some
By = (c,d) x B(0, Ry) so that By C By C A x E. But for n € N large enough
the relations K N+, # 0 and ~, ¢ By hold. This gives v, N K # () and
Yn N (Ry\ K) # 0, what contradicts the connectedness of ,,.

So both (i) and (ii) cannot hold what implies that there exists v € I" which
is not compact. [

The existence of components (in the single-valued case) emanating from
bifurcation points was studied by Krasnoselskii (see [16]). The global bifurca-
tion theorem for the single-valued case was proved by Rabinowitz in [23] (see
also [9]) in the following version:

Theorem A. Let L : E — E be a compact linear map, let H: R X E — E
be a compact and continuous map such that H(A,u) = o(||ul|) for u near
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0 uniformly on bounded X\ intervals, and let the map f : Rx E — E be
given by f(A\u) = u — AL(u) — H(A\,u). Then, if p is an eigenvalue of L
of odd multiplicity, then Ry posseses a mazimal subcontinuum C, such that
(1,0) € C,, and C, either

(1) meets infinity in R x E
or

(ii) meets (f1,0), where pu # i and i is an eigenvalue of L.

The proof of Theorem 1 follows the ideas of complementing the map in-
troduced by Ize (see [14], but also [20: Section 3.4]). The original version
of the Rabinowitz theorem found numerous generalizations and modifications
(for an overview see [4, 15]). The single-valued version of the global bifurca-
tion theorem is probably most similar to what is proved in [18: Theorem 2.5].
Theorem 1 is not only a generalization of [18: Theorem 2.5] to convex-valued
maps, but also gives stronger results (it gives the existence of the component
of Ry instead of the component of R¢ U ([a,b] x {0})).

The convex-valued case was already considered by the authors in [1] for
a much more general situation of parameter space of dimension greater than
1. The authors gave there sufficient conditions for the existence of a global
bifurcation branch emanating from (0,0). In Theorem 1 we focus on the
case of scalar parameters but, on the other hand, we do not assume that the
bifurcation points are isolated in the set of all bifurcation points.

2. Egcistenqe theorerp for convex-valued
differential inclusion

In this section we need the following notations. For x = (x1,...,7;) € R*
we write |z| = Zle |z;| and call  non-negative (and write x > 0) when
x1,...,x, > 0. Let the map p: R¥ — R” be given by

p(z1, .y zr) = (]2l oo M| TR )

where 11, ...,m > 0 and 97 + ... + 02 > 0, let || - ||o be the supremum norm in
Cla,b] and let ||-||x be the norm in C*([a, b], R¥) given by |Jul[z = Zle(HuiHo-l—
|ut|lo) for u = (uy,...,ur) € C([a,b],R¥).

Let us recall that a multi-valued map ¢ : [a,b] x R¥ x R¥ — cf(RF) is a
Carathéodory map if the map (-, z,y) : [a,b] — cf(R¥) is measurable for all
(z,y) € R?* the map ¢(t,-,-) : R?* — cf(RF) is upper semicontinuous for all
t € [a,b], and for each R > 0 there exists an integrable function mp € L'(a,b)
such that

{VweLl((a,lg)),Rk)} _ {|x|—|—|y| <R

V(z,y) eR w(t) € o(t,z,y)

} = |w(t)| < mg(t).
Vtea,b
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In this section we will give sufficient conditions for the existence of the solution
of the boundary value problem

(2.1)

u"(t) € p(t,u(t),u'(t)) for ae. t € (a,b)
l(u)=0

where ¢ : [a,b] x R¥ x R* — cf(RF) is a Carathéodory map and the map
l: CY([a,b],RF) — R* x R¥ is given by
l(ul,...,uk) = (l1<u1),...,lk(uk)) (2.2)

where [;(u;) = (uj(a) sina; — uj(a)cos aj, u;(b) sin B; + u(b) cos ﬁj> with
aj,B; € [0,5] and o + 37 > 0 (j = 1,...,k). It is well known (cf. [13:
Theorem XI.4.1]) that with the boundary value problem

(2.3)

ug (1)
i

hi(t) for a.e. t € (a,b)

we may associate a continuous map 7T; : L'(a,b) — C*[a, b] such that T;(h;) =
u; if and only if u; € Cta, b], u} : [a,b] — R! is absolutely continuous and wu;
is a solution of problem (2.3).

Consider the map

T: L'((a,b),R*) — C([a, ], R)
T(u,...,ur) = (Thuy, ..., Trug).

We can see that

l(u)

h(t) for a.e. t € (a,b)
0

u=Th <+—= {

for h € L'((a,b),R¥). The map T has the following properties:

- For the Niemytzki operator ® : C([a,b], R¥) — cf(L'((a,b),R¥)) associ-
ated with ¢ and given by

®(u) = {w e L'((a,b),R*) : w(t) € go(t,u(t),u'(t))} (2.4)

the superposition T o ® : C([a,b], R¥) — cf(C*([a,b],R¥)) is completely
continuous (cf. [22: Proposition 3.6]).
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- For u,v € C([a,b], R¥) such that I(u) = I(v) = 0 we have
<Tu v <u Tv) (2.5)

)=

where (u,v) = fab (Zle w;(t)v;(t))dt [13: Theorem X1.4.1]).

- (Maximum principle, cf. [21. Chapter l/Theorem 2]) If the functions
u € C%([a,b],R*) and h € C([a, b], R¥) satisfy

u'(t) = h(t) for a.e. t € (a,b) } (2.6)

l(u) =0
and A <0, then u > 0.
Before state the existence theorem we must refer to some spectral prop-
erties of the linear single-valued problem

u”’(t) + Au(t) =0 fort € (a,b

(6)+ Au(t) (a.b)| .
l(u) =0

It is obvious that u € R is an eigenvalue of problem (2.7) if and only if there

exists j € {1,...,k} such that p is an eigenvalue of the scalar problem

uj (t) + Muj(t) =0 for t € (a,b) }
[j(uj) =0

It is well known (cf [13: Theorem XI.4.1]) that there exists exactly one eigen-

value 1; € R of problem (2.7);, for which there exists an eigenvector v, such

that v, (t) > 0 for t € (a,b), and then pu; > 0. Let us observe that then

Uy, = (0,...,v,,,...0) is the eigenvector of problem (2.7) associated with the
eigenvalue fi;.

Lemma 3. Assume that (A, u) € (0,+00) x C'([a,b],R¥) is a solution of the
problem

(2.7);

) — 0 (2.8)

and u # 0. ThenAeA:{%:m>0}.

u’(t) + Ap(u(t)) =0 fort € (a,b) }

Proof. Let us first observe that A # (). By the maximum principle, for each
(A, u) € (0,+00) x C([a,b],RF) being a solution of problem (2.8) we have
u>0.So, fori=1,...,k,

w! (t) + Anui(t) =0 for t € (a,b)

If n; = 0, then there must be u; = 0. On the other hand, for n; > 0 the only
)\>0f0r which u # 0 equals A\ = ‘“. |
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Before we state the existence theorem let us assume that a Carathéodory
map ¢ : [a,b] x R¥ x R¥ — cf(RF) satisfies the following two conditions:

Ve >036 >0 such that

i+l <6 | [eltay) c B(—mp(@)e(al+1yD) o (29)
V (2,y) € R? Yt € [a,b]

Ve >03dR >0 such that
| + [yl = R _ Jeltmy B( —map(z),e(|z] + [y])) ¢ (2-10)
V (2,y) € R% Yt € a,bl
where mq, ms > 0 are constants.

Theorem 2. Let the map | : C'([a,b],R¥) — R* x R* be given by (2.2), let
A= {% ;> 0} and let ¢ @ [a,b] x R¥ x R¥ — c¢f(R¥) be a Carathéodory
map satisfying (2.9) — (2.10) with constants my, mo > 0 such that

min{m;, me} < min A < max A < max{m;, ma}.

Then there exists a non-trivial solution of the Sturm-Liouville problem (2.1).

Proof. Let us denote m = min{mi,ms} and M = max{my, ms}, let v >
%"A be a fixed constant, let ¢1,¢2 : (0,4+00) — [0,4+00) be continuous maps
forming a partition of unity associated with the open cover {(0,2v), (v, +c0)}
of the interval (0, +00), and let us define the Carathéodory map

¥ : [a,b] x R x R¥ x (0, +00) — cf (R¥)
Yt 2y, A) = (M Ae(t, z,y) — q2(A) Amap(z).
Let us now consider the differential inclusion

u"(t) € Y(t,u(t),u' (t),\) ae. on (a,b) }

) = 0 (2.11)

We can see that (A, u) € (0,+00) x C([a,b],RF) is a solution of this problem
if and only if u € TW(\, u), where

U (0,+00) x C*([a,b],R*) — cf (L ((a,b), RF))
U\ u) = {w € L*((a,b),R*) : w(t) € ¢(t,u(t), v (t),\) for ae. t € [a,b].}

Let us also observe that, because v > 1, a pair (1,u) is a solution of problem
(2.11) if and only if w is a solution of problem (2.1). Consider the map

f:(0,400) x C*([a,b],R*) — cf(C*([a,b],R¥))
fAu) =u—TY(\u)
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and let
P: C'([a,b],R*) — L'((a,b),R¥)
P(u)(t) = p(u(t))
denote the Niemytzki map for the map p. The proof of Theorem 2 will be
given now in three steps.
Step 1. We are going to show that By C {(%70) DS A}. For this

let us take a sequence {(An,u,)} C (0,+00) x C*([a,b],R*) of non-trivial
solutions of problem (2.11) such that A, — A9 € [0,400) and u,, — 0. We
have

Uy € Q1()\n))\nT((I)(Un) + mlP(Un)) - )\nT(ml(h()‘n) + m?Q2<)‘n))P(un)'

Let us denote v,, = ﬁ Then

O (up) + myPuy,)

[t |

Vn € (M) AT = X T ((m1g1(An) + maga(An)) P(vn))-

By (2.9) we have 2lnltmiPlun) _, fo1 (in the Hausdorff metric). Because

llwn %

the sequence {(m1q1(An)+ma2g2(An)) P(v,)} is bounded, there exists a subse-
quence of {v,} convergent to vy € C'([a,b], R¥), where ||vox = 1. So letting
n — 400 we get vy = —)\OT((mlql (Xo) + mgqg(Ao))P(vo)) and

vg (1) + Ao (magi(Ao) + maga(Ao))p(vo(t)) =0 for ae. t € (a,b) }
I(u) =0 '

So, by Lemma 3, (m1g1(Xo) +m2g2(Xo)) Ao € A. No matter what is the value
of A\g we have m1g1(Xo) +magz2(Ao) € [m, M]. So Ag < 224 < 3 what implies
mi1Ap € A and finishes the proof of Step 1.
Step 2. We will now show that s[f, %nlA, %"1/&} = —1. For this, first
let us observe that for A ¢ {mll : A € A} there exists 7 > 0 such that by (2.9)
the map
f()‘v ) : B(O,T) - Cf(Cl([a7 b]ka))

is homotopic to the map
FOA) = B(0,r) = ¢f(C([a,b], R))
fOu) =u+ )\(mlql()\) + mgqg(/\))TP(u).

We can see also that the map

f(\, ) : B(0,r) — C([a,b],R¥)



A Global Bifurcation Theorem 285

for A > v may be joined by homotopy with the map

fo(\,-) = B(0,r) — C*([a,b], R")
foA,u) = u+ Am TP (u).

Let the homotopy

h: [0,1] x B(0,r) — C([a, b],R¥)
h(T,u) = u+ A(Tmigi(A) + marge(A) + (1 — 7)mq) TP(u)

be given. Similarly to what we showed in Step 1 of this proof, for any non-
trivial zero of the homotopy h, there must be

Armigi(N) + maTga(A) + (1 — 7)my) € A

what, having (7m1g1(A) + ma7ga(A) + (1 — 7)m1) > (1 — 7)mq + 7m > m,
implies A < %"A and contradicts A\ > v. On the other hand, for A < v we
have f(),-) = fo(},-).

Let r > 0 and A\g € (0, m;n—nlA) be fixed. We will show that

fo(Xo,-) = B(0,7) — C([a, ], R¥)

may be joined by homotopy with the identity map. Let a homotopy be
given by h(1,u) = u + Ag7T'm1P(u). We can conclude from Lemma 3 that
(Ao7,0) & By for 7 € [0,1]. That is why we have no non-trivial zeros of
h(r,u) = 0. Hence, by homotopy property of topological degree, we have
deg(fg()\o,-),B(O,r),O) =1.

Assume now that A\g € (%"IA,#—OQ) and let ¢ € {1,...,k} be such that
n; > 0 and u,, = —pTu,, with u,, ;(t) > 0 for t € (a,b) where u,, ; is the
i-th coordinate of w,,. We will show that for A\g the map fy(Mo,-) may be

joined by homotopy on B(0,r) with the map

f1: B(0,r) — C'([a, ], RF)
f1<u) = fO()\OaU) — Uy, -

A homotopy h: [0,1] x B(0,r) — C*([a,b], RF) is given by
h(7,u) = fo(Ao,u) — Tuy,.

Assume now that for ||ul|x < r and 7 € (0,1] the equality h(r,u) = 0 holds

and
u+ AomiTP(u) — Tuy,, =0

w+ T (Aomi P(u) + Tpiuy, ) = 0.
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So we have

u” (t) + Momap(u(t)) + Tpiuy, (t) =0 for ae. t € (a,b)
l(u) =0

what, by the maximum principle, gives u > 0 and, consequently, p;(u;) = n;u;.
Since u; = —AoTymin;u; + Tu,, ; and also

(ui,um,i> = _)\O<Tim177iuia u,uz) + T(Ummum,i)

= _>\O <m1771'ui7 Ti“m,i) + T(”ui,iv uHiJ)

Aomin;
= - <ui7 uui,i> + T<uﬂiai7 uui,i>
i
we have )
Hi — Tl Ao
e gy gy i) = TUp, iy Uy, i) > 0.
i
Because uy, ; > 0 and u; > 0, it must be also p; > mim; Ao what contradicts
max A i

the assumption \g > iy 2 T

If 7 =0, then h(7,-) = fo(Xo,) and h(0,u) = 0 if and only if fo(Ag,u) = 0.
Because mAg € A, fo(Ao,u) = 0 implies u = 0. Hence the homotopy h
has no non-trivial zeroes. Also, h(1,-) has no zeroes at all and that is why
deg(fo()\o, -),B(O,r),O) = 0. So Step 2 is proved.

Step 3. Let us observe that by Theorem 1 there exists a non-compact
component C C Ry. Now we are going to show that there exists a sequence
{(An,upn)} C C such that ||uy||x — +oo and A\, — Ao € {le : A e A}

Because the set C is not compact, there exists a sequence {(A,,un)} C C
such that A\,, — 0, or A\, — 400, or ||u,||x — +0o0. We are going to show that
there must be ||u,|[x — +oc.

First, let us assume that A\, — 0 and that {||u,||x} is bounded. In this
case, for almost all n € N, the relation w,, € \,,T®(u,,) holds and consequently
u, — 0. As we showed in Step 1, u,, — 0 and A, — )¢ implies that \g €
{mil tAE A} what contradicts \,, — 0.

Now let us consider the case A\, — 400. Then, for almost all n € N, if
Up # 0, then there must be ¢2(\,,) = 1 and w,, = A\, TmoP(u,). By Lemma 3
there is \,, € {le T AE A} what contradicts \,, — +o00.

So we may assume that |[u, ||z — 400 and A\, — Ag € (0, +00). Now we

are going to prove that in such situation Ay € {m% tAE A}. Indeed, we can
see that

)\nql()\n)T(CI)(un) + mgP(un)) — A TmaP(uy,)
Uy, €
At (M) T 2 Em2Plun) oy, P(o,,)

[
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where v, = —=—. We are going to show that for all ¢ > 0 there exists N € N

lwn [k
such that
D (uyp) + moP(uy)

[t |

For this, let ¢ > 0 be fixed. By (2.10) there exists R > 0 such that for
|un ()] + |ul,(t)] > R the relation

T C B(0,¢) (n> N).

p(t, u(t), w'(t)) + mop(u(t))
u(®)] + [u' (2)]

C B(0,¢)

holds. Let mp € L'(a,b) be an integrable function such that

[w(t)] < mg(t).

((@0). R { ol + 1yl < R }

Vw € L}
Vr € ]R:
VA w(t) € plt,7,9)

0]
Let us now take any w € L'((a,b), R¥) such that

p(t; un(t), u, () + map(un(t))

w(t) € (t € [a,b])
[ [
and consider the two situations
Jun ()] + g ()] < R
[un (£)] + |up, ()] > R
For them we have respectively |w(t)] < ﬁ'L’Z('rZ and
Pt un(t), up () + mop(un(t))
[[ten [
_ et un(t),up, (1)) + map(un(®)) |un (t)] + uy (1)]
[un (E)] + Jur, (2)] [[un [
Pt un (1), up (1)) + map(un(t)) |un ()] + |up, (8)]
[w(t)] € , :
[un (0)] + Jur, (2)] [[n [
C B(0,¢).
So for n € N big enough and any t € [a,b] we have |w(t)| < max {e, m’fﬁﬁz}

what shows that

D (uyp) + moP(uy)

[t |

T c B0, TI|(b— a))
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with ||T|| denoting the norm of the map T : L'((a,b),R¥) — C([a, b], R¥).
Let us observe that, because of the compactness of T', we may assume that
v, — vg, where vy # 0. Hence, letting n — +o0o we get vg = —A\gTmaP(vg)
what results in Ay € {n% : A € A}. Further, let us observe that the assump-
tions of the theorem imply that {2 : A € A} C (1,400) and {3, : A€ A} C
(0,1). As a consequence of Steps 1 and 3 of this proof we can see that the
connected set C contains pairs (A1,u) and (Ag,u) with A; < 1 and Ay > 1.

That is why we can conclude that there exists (1,u) € C. For such a solution
of the inclusion 0 € f(A, u) there must be u # 0 because (1,0) € Ry. |

3. Examples and remarks

In this section we will give some applications of Theorem 2 to the convex-
valued boundary value problems

u'(t) € p(t,u(t),u'(t)) fora.e. t e (0,1) }
(3.1)
u(0)=u(1)=0
u’'(t) € o(t,u(t),u'(t)) for a.e. t e (0,1) }
. (3.2)
w(0) =4/ (1) =0

Let us remind that the topological transversality method of Granas and a
priori bounds technique have been used to existence theorems for the above
second order differential equations (inclusions) [6, 7, 10, 11]. The fundamental
assumption there, which guaranteed the bound of zeros of the homotopy join-
ing suitable vector fields associated with the boundary value problem, were
the following Bernstein conditions:

(H1) There exists a constant R > 0 such that if |zg| > R and yo € R¥, then
there is a 6 > 0 such that

essinfint { (z,w) + |y : w € g(t,2.9), (2.9) € Bl(xo,m0),6)} > 0
€la,

where B((zo,¥0),0) = {(x,y) € R¥ x R¥ |z — 0| + |y — yo| < 5}~

(H2) There is a function ® : [0,+00) — [0,4+00) such that the function

s i oo too
T(s) 1S 1 LZOC[O, +OO), 0 T(s) ds = +00, |90(t,$7y)| < q)(y) for
a.e. t € [a,b] and all (z,y) with |z| + |y| < R where R is given in

condition (H1).

(H3) There exist constants k,« > 0 such that (¢, z,y)| < 2a({x,w) +
ly|?)+k for a.e. t € [a,b], all (x,y) with |z|+|y| < Rand w € ¢(t, z,y).

S —
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Below we will give some ordinary differential inclusions, for which the
orientors ¢(t,x,y) locally have linear asymptotics ”at zero and at infinity”
(also all assumptions of Theorem 2 are satisfied), but they do not satisfy the
above Bernstein conditions (H1) - (H3).

Corollary 1. Let ¢ : [0,1] x R¥ x R*¥ — cf((—o0,0]%) be a Carathéodory map
satisfying (2.9) — (2.10) with constants my, mg > 0 such that

2 2
min{m, mo} < min{l D> 0} < max{W— D> 0} < max{mi, ms}.
17 .

7 (2

Then there exists a non-trivial solution of problem (3.1).

Proof. Let us observe that the only eigenvalue of the problem

u” (t) + Au(t) =0 }
u(0) =u(l)=0|"’

for which there exists a non-negative eigenvector, is 1o = m2. Then ¢ satisfies
all assumptions of Theorem 2. So there exists a non-trivial solution of problem
(3.1). |

Remark 2. The multi-valued map ¢ given in Corollary 1 does not satisfy
condition (H1). Indeed, let us take large zg € [0, +00)* and yo = 0. Then,
if w € ¢(t,z,y) then w < 0. So (z,w) + |y|* < 0 and condition (H1) is not
satisfied.

Corollary 2. Let ¢ : [0,1] x RF x R¥ — cf(RF) be a Carathéodory map
satisfying (2.9) — (2.10) with constants my,mg > 0 such that

2 2
min{my, ma} < min{W— Dy > O} < max{w— D > O} < max{mi, ma}.
n;

7 3

Assume additionally that, for each M > 0, u({t : |p(t,0,y)| > M}) >0 (u
denotes the Lebesgue measure) where k < |y| < K for k, K > 0. Then there
exists a non-trivial solution of problem (3.1).

Proof. Let us observe that the map ¢ satisfies all assumptions of Theorem 2.
So there exists a non-trivial solution of problem (3.1). |

Remark 3. The multi-valued map ¢ given in Corollary 2 does not satisfy
condition (H2). Indeed, let us observe that there is no function ® such that
lo(t,x,y)| < ®(y) for a.e. t € [0,1] and all (z,y) such that || + |y| < R. So
condition (H2) is not satisfied.
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Corollary 3. Let ¢ : [0,1] x RF x R¥ — cf((—o00,0]%) be a Carathéodory map
satisfying (2.9) — (2.10) with constants my, mo > 0 such that

2 2

min{m, ma} < min{ T, n; > 0} < max{W— D > 0} < max{mi, ma}.
4n; 4n;

Then there exists a non-trivial solution of problem (3.2).

Proof. Let us observe that the only eigenvalue of the problem

W () + u(t) =0 }
u(0)=u'(1)=0 |’

for which there exists a non-negative eigenvector, is g = %2. Then the map
 satisfies all assumptions of Theorem 2. So there exists a non-trivial solution
of problem (3.1). |

Remark 4. The multi-valued map ¢ given in Corollary 3 does not satisfy
condition (H1). Indeed, let us take large zg € [0, +00)* and yo = 0. Then,
if w € ¢(t,z,y) then w < 0. So (z,w) + |y|* < 0 and condition (H1) is not
satisfied.

Corollary 4. Let ¢ : [0,1] x RF x R* — cf(RF) be a Carathéodory map
satisfying (2.9) — (2.10) with constants my, ms > 0 such that

2 2
min{my, ma} < min{z -1 > O} < rnax{;T - > 0} < max{mi, ma}.

3 7

Additionally, assume that, for each M > 0, u({t : |p(t,0,y)] > M}) > 0
(Lebesgue measure), where k < |y| < K for k, K > 0. Then there ezists a
non-trivial solution of problem (3.2).

Proof. Let us observe that the map ¢ satisfies all assumptions of Theorem 2.
So there exists a non-trivial solution of problem (3.2). |

Remark 5. The multi-valued map ¢ given in Corollary 4 does not satisfy
condition (H2). Indeed, let us observe that there is no function ® such that
lo(t, z,y)| < ®(y) for a.e. t € [0,1] and all (x,y) such that |z|+ |y| < R. So
condition (H2) is not satisfied.

Remark 6. In [5] a special case of problem (2.1) was considered where «;
and 3; are constant (do not depend oni € {1,....,k}) and ¢ : [a,b] x RF xRF —
cl(R¥) is a Carathéodory map satisfying the linear growth condition

ot 2, y)| < wo(t) + wi(t)]x] + wa(t)]yl (3-3)
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for integrable functions wg,wy, ws € L'(a,b). Let us now denote by G :
[a,b]> — R the Green function related with the linear problem (2.7). In [5] it
is proved that if wy, w9 in (3.3) are integrable functions and the map

L: C(la,b],R*) x C([a,b], R*) — C([a,b], R*) x C([a, b], R¥)

0= / G, ) w1 (S)E(S) + wa(s)(s)] s,
/a |Gt<-,s>|[w1<s>5<s>+w2<s>n<s>}ds)

has spectral radius (L) < 1, then problem (2.1) has a solution.

In the special case of wy = 0, w; constant and Dirichlet boundary condi-
tions [(u) = (u(a),u(b)), condition (L) < 1 is equivalent to wy < (bf—zy (see
[5: Example 12.2]). Let us now again consider ¢ : [0,1] x R? x R? — R?
given in Corollary 1, with n; = 1 (i = 1,...,k), satisfying additionally
lo(t,z,y)] < wo + wil|z| with wy, w1 € (0,+00). In this case, because of
(2.9) - (2.10), there must be w; > 72. So the condition w; < ﬁ is not
satisfied and the mentioned theorem given in [5] cannot be applied.

Acknowledgement. The authors are grateful to Prof. Tadeusz Pruszko for
inspiration and help during the preparation of this article.
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