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Another Version of Maher’s Inequality

Salah Mecheri

Abstract. Let H be a separable infinite dimensional complex Hilbert space, and
let L(H) denote the algebra of bounded linear operators on H into itself. Let A =
(A1, As..., Ay), B = (By, Bs..., By,) be n-tuples of operators in L(H). We define the
elementary operator Ay g : L(H) — L(H) by Aa p(X) =", A;XB; — X. In this
paper we minimize the map F,(X) = ||T — AA,B(X)Hg, where T' € ker Ay p N C)p,
and we classify its critical points.

Keywords: Orthogonality, derivation, elementary operators
MSC 2000: Primary 47B47, 47A30, 47B20, secondary 47B10

1. Introduction

Let H be a separable infinite dimensional complex Hilbert space, and let L(H)
denote the algebra of bounded linear operators on H into itself. Given A, B €
L(H), we define the generalized derivation 64 5 : L(H) — L(H) by 64 5(X) =
AX —XB. Let A= (A1, Ay..., A,), B= (B, Bs..., B,) be n-tuples of operators
in L(H). We define the elementary operator Ay p : L(H) — L(H), A% p :
L(H)w— L(H) by

Aup(X)=> AXB - X

i=1

and
(n(X) = S AIXE; - X
i=1
respectively. Denote 04 4(X) = 04(X) = AX — XA and Ayq = Ay =
Yo A XA — X. A well-known result of J. Anderson [1: p.136-137 | says that
if A is a normal operator such that AS = SA, then for all X € L(H),

15 = (AX = XA) [ = |[5]- (1.1)

Salah Mecheri: Department of Mathematics, King Saud University, College of Science,
P.O. Box 2455, Riyadh 11451, Saudi Arabia; mecherisalah@hotmail.com
This work was supported by our research center project No. Math/1422/10.

ISSN 0232-2064 / $ 2.50 (© Heldermann Verlag Berlin



304 S. Mecheri

The related inequality (1.1) was obtained by P. J. Maher [9: Theorem 3.2]. It
shows that, if A is a normal operator and AS = SA, where S € C},, 1 <p < o0
and S € kerd4 g N C), then the map F), defined by

Fp(X) =I5 = (AX = XA)|};
has a global minimizer at V if, and for 1 < p < oo only if, AV — VA =0. In
other words, we have

15 = (AX = XA)|,p = [IT1];, (1.2)

where C, is the von Neumann-Schatten class, 1 < p < oo and ||.||,, its norm.
In [6] and [3] the authors generalized P. J. Maher’s result, showing that if the
pair (A, B) has the property (FP)c, (ie. AT = TB, where T' € C, implies
AT =TB*),1<p<oo,and S € kerds g N C,, then the map F, defined by

Fp(X) = IS = (AX = XB)[;

has a global minimizer at V' if, and for 1 < p < oo only if, AV — VB = 0. In
other words, we have

IS = (AX = XB)|[, = I, (1.3)

if, and for 1 < p < oo only if, AV — VB = 0. In this paper we obtain
an inequality similar to (1.3), where the operator AX — X B is replaced by
the operator Ay g(X) = > | A, XB; — X. We prove that if Ay p(T) =0 =
Ay« p=(T) and T € ker Ay g N C,, then the map F, defined by

Fp(X) = |IT = Aa (X))l (1.4)
has a global minimizer at V' if, and for 1 < p < co only if, Y | A, VB, —V = 0.
Moreover, we show that if Ayp(T) = 0 = Ay p«(T) and T € ker Ay p N
Cp,1 < p < oo, then the map F, has a critical point at W if and only if
Z?:l AWDB; =W =0, i.e. if Dy F, is the Frechet derivative at W of F},, then

the set
{W e L(H): DwF, =0}

coincides with ker A4 g (the kernel of Ay p).

2. Preliminaries

Let T' € L(H) be compact, and let s1(X) > so2(X) > ... > 0 denote the singular

values of T', i.e. the eigenvalues of |T| = (T*T)% are arranged in their decreasing
order. The operator 7' is said to belong to the Schatten p—class C,, if

1

171, = [ Y simy)" = @), 1<p<oc,

j=1
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where tr denotes the trace function. Hence C is the trace class, Cy is the
Hilbert-Schmidt class, and C is the class of compact operators where

1Tl = 51(T) = sup | Tf]|
Ifl=1

denotes the usual operator norm. For the general theory of the Schatten p—
classes the reader is referred to [11] and [12]. Let Rz be the real part of a
complex number z, X = U |X| be the polar decomposition of the operator X
and let ¢r denote trace.

Theorem 2.1. [2] If 1 < p < oo , then the map F, : C, — RT defined by
X — || X]|7, is differentiable at every X € C, with derivative DxF, given by

Dx FE,(T) = p- Rtr(|X|P UT), (2.1)
If dim H < oo, then the same result holds for 0 < p <1 at every invertible X.

Theorem 2.2. [9] If U is a convex subset of C, with 1 < p < oo and X € U,
then the map X v+ || X||} has at most one global minimizer.

Lemma 2.1. [13] Let C' denote the n-tuple of operators (Cy,Cs...,Cy,) in L(H).
Suppose that Y . C;Cr < 1 and > . CrC; < 1. If Ac(T) = 0 = AL(T)
for some compact operator T, then the operator |T| commutes with C; for all
1< <n.

Definition 2.1. Let F' and G be two subspaces of a normed linear space E. If
|z +yl| > ||ly|| for all z € F and for all y € G, then F is said to be orthogonal
to G.

3. Main Results

Let U(A,B) = {X e L(H): (3. ,C;XC;—X) e Cp} and F, : U — RT be
the map defined by F,,(X) = [|T — (31—, C:XC; — X)||z, where T € ker Ag N
Cp,1 < p < oo. We start with the following lemma which will be used in the
proof of Theorem 3.1.

Lemma 3.1. Let C denote the n-tuple of operators (Cy,Cs...,Cy) in L(H)
such that Y " C;CF <1, " C:C; < 1. Let S be compact and A (S) =0 =
AL(S). If

Y cisptture = 18Pt U,
i=1
where p > 1 and S = U |S| is the polar decomposition of S, then

> C|S|UC; = |S|U”
i=1
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Proof. If T =|S[’"", then

> CrTUtC; =TU*. (3.1)
=1
We prove that
» CTUtC =T (3.2)

=1

It is known that if " C;CF <1, 3"  CrC; < 1 and A (S) = 0 = A%(S),
then the eigenspaces corresponding to distinct non-zero eigenvalues of the com-
pact positive operator |S|* reduce each C; (see [4: Theorem 8], [13: Lemma
2.3]). In particular, |S| commutes with C; for all 1 < ¢ < n. This implies also
that |S|’~' = T' commutes with each C; for all 1 < i < n. Hence

and C;T? = T?C;. Since C; commutes with the positive operator 72, then C;
commutes with its square root, that is

By (3.3) and (3.1), we obtain(3.2).

By using an argument similar to the proof of Theorem 3.2 in [9], we can
consider the map f defined on o(7T') C Rt by f(t) = tﬁ, 1 < p < oo. Since f is
the uniform limit of a sequence (P;) of polynomials without constant term (since
f(0) = 0), it follows from (3.2) that Y , C;P,(T)U*C; = P,(T)U*. Therefore
S CTR UG = U T, N

Now we are ready to present our first result on the global minimizer.

Theorem 3.1. Let C' = (C4,Cy...,Cy,) be an n-tuple of operators in L(H). If

iciq.* <1, iq*ci <1,
i=1 i=1

A.(T) = 0= AY(T)

and T € ker Ay pNC,, then for 1 < p < oo, the map F, has a global minimizer
at W € L(H) if, and for 1 < p < oo only if,

En:cywci ~W=0.

=1
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Proof. If .
» CWe W =0,

i=1
then F,(W) = || T|[P. Tt follows from [13: Theorem 2.4] that
Fp(X) = B,(W).

Conversely, if F}, has a minimum then

" P
HT - (Z C:WC; — W)Hp = || -

i=1
Since U is convex, theset V = {T' — (3., C; X C; — X); X € U} is also convex.
Thus, Theorem 2.2 implies that T'— (31, C;WC; — W) =T. |

In the following theorem we will classify the critical points of the map

Fy(p>1).
Theorem 3.2. Let C' = (C4,Cs...,C,,) be an n-tuple of operators in L(H). If

icic*; <1, ic;oi <1,
=1 =1

A(T) =0=ALT)
and T € ker Ay g N Cp, then for 1 < p < oo, the map F, has a critical point at
W e L(H) if, and for 1 < p < oo only if,

Y CWCi-W =0,
i=1
Proof. Since the Frechet derivative of F, is given by
Duw Ey(T) = lim F,(W 4+ hT) — F,(W)

h—0 h ’

it follows that
DwFp<T) = [Ds_(zzl:l C’iWCi—W)] <Z ClTCZ - T) .
i=1

If W is a critical point of F},, then Dy F,(T) = 0 VT € U. By applying Theorem
2.1 we get

DwF,(T) = p mtrHS - (i CWC; — W) ]”%{(i CTC; — T)]
i=1 =1

= p %tr[Y(iCiTCi —T)]

=1

= 0,
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where S — (30, C;WC;, — W) = U, |S — (o1, C;WC; — W) is the polar de-
composition of the operator S — (3., C;WC; — W) and

‘5 (chc W)‘ U:.

An easy calculation shows that (3 ), C;YC; —Y) =0, that is

- (iCiWCi - W) ‘p_lUfCi —|s- (i CWC;—W) ‘p_lUl*.
i=1

It follows from Lemma 3.1 that

(ZCWC W) ’S (ioiwci—w)

By taking adjoints and since Ag = 0 = A¢~, we get

ilCZ(T_ (ilciwci ~w))i= (T~ (ilciwci -w)).

Then
Sa(Scwe-w)le = (yawe-w)

Hence

Z CQWCZ —-We R(Ac> N ker Ac,

i=1
where R(A¢) is the range of Ac. It is easy to see that (arguing as in the proof
of [13: Theorem 2.4)), Ac(T) =0 = A¢+(T) and T € ker A, where T' € L(H).
Then

1T = Ac(X[| = ||T|

holds for all X € L(H) and for all T € ker A.. Hence > "  C;WC; — W = 0.
Conversely, if Y " | C;WC; = W, then W is a minimum of F,, and since F), is
differentiable, W is a critical point. |

In the above theorem we classified the critical points of the map F, for
p > 1. In the following theorem we consider the case 0 < p < 1.

Theorem 3.3. Let C = (C4,Cs...,Cy,) be an n-tuple of operators in L(H). If

Zn:cic; <1, Zn:c;ci <1
=1 =1

such that Ac(S) =0 = Ac=(S) and S € ker Ac N C,p, 0 <p <1, dimH < o0
and S— (31, CiWC; — W) is invertible, then F, has a critical point at W, if
Yo CWC; —W =0.
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Proof. Let W, S € U and let ¢, be the map defined by
G X 5 — <ZOZ-X01~ —X).
i=1

Suppose that dim H < co. If "  C;WC; — W = 0, then S is invertible by
hypothesis. Also |S| is invertible, hence |S|P~" exists for 0 < p < 1. Taking
Y = [S]P7'U*, where S = U |S| is the polar decomposition of S. As shown in
Lemma 3.1, |S| commutes with C; for all 1 <14 < n. Hence

Ci |S] = 15| C:.
Since > " | C;5*C; = S*, i.e.

> CiS|UTC; = |S| U,
i=1

we find .
19| (Z CU*C, — U*) ~0,
i=1
and since
A[SPTH =[S A,
we have

Y CYCi—y = ) ISP U — STt u
=1

i=1
_ -1 - TTRY. *
= |S)P <ZE:1 cU*C; = U >,

sothat > CYC;—Y =0and tr[(>._, C;YC;, —Y)T] =0 for all T € L(H).

Since

§—5— (iqwci _ W),
we have -

0 = tr[Y(iCiTCi —T)]

=1

= p %tr[Y(gCiTCi —Tﬂ

— pRir [ ISP U ( zn: C,TC; — Tﬂ

i=1

= (Dso)( Z CTC; —T)
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which proofs the assertion. |

At the end we use a familar device of considering 2x2 operator matrices to
extend the previous theorems to the elementary operator > | A, XB; — X.

Theorem 3.4. Let A = (A1, As..., A,), B = (B, Bs..., B,) be n-tuples of oper-
ators in L(H) such that

zn:AiA;* < 1,zn:Ain < 1,271:32-3; < 1,271:3;& <1
=1 =1 =1 =1

If Ay p(T) =0 =A% g(T) and T € ker A4 N C,, then it holds for 1 < p < oo:
(i) the map F, has a global minimizer at W if, and for 1 < p < oo only if,
S AWB,—W =0
(ii) the map F, has a critical point at W if, and for 1 < p < oo only if,
(iii) the map F,, 0 < p <1, has a critical point at W if > " AWB;, =W =0
provided dim H < oo and S — (3., AiW B; — W) is invertible.

Proof. It suffices to take the Hilbert space H & H, and operators

A; 0 JorT o X
Ci:{o Bi]S_{OO}’X_[OO]

and apply Theorem 3.1, Theorem 3.2 and Theorem 3.3. These arguments use
operator matrices as in Bouali and Cherki [3] and Mecheri [7]. |

Remark.

1. In Theorem 3.2, the implication
W is a critical point = > | A,WB;, — W =0

does not hold in the case 0 < p <1 (cf. Maher [8]).

2. Theorems 3.1, 3.2 , 3.3 and 3.4 hold in particular if A and B are contrac-
tions. Indeed, it is known from [4] that if A and B are contractions and
Ay p(S)=ASB —S =0, where S € C,, then

Ayx p+(S) =04+ p(S) = 045(S) = 0.

3. If A € C,, the conclusions of Theorems 3.1, 3.2, 3.3 and 3.4 hold for all
X € L(H) (cf. Maher [9]).
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