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Abstract. Three classes of nonlinear integral equations and first order integro-
differential equations in two variables are dealt with where the quadratic nonlinearity
is given by the correlation-convolution integral. In the case of the quarter plane the
equations are reduced to boundary value problems for holomorphic functions which
can be solved in closed form. In this way existence and constructive formulas for the
solutions to the equations are derived.
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1. Introduction

In the paper the integral and integral-differential equations in two variables
with the correlation-convolution integral in the quarter plane are treated. The
paper continues the first part of it presented in [11] where the equations in the
rectangle and the strip have been dealt with.

In [11] we prove the uniqueness of summable solutions to the equations in
any finite interval (0, T") of the convolution variable 7. Hence we have uniqueness
of the corresponding solutions to the equations for 7 on the semi-axis R, too.
Therefore, from the very beginning we can concentrate on the construction of
one solution of the equations in the quarter plane.

For deriving the solutions to the equations, at first we apply the Laplace
transform with respect to the convolution variable 7 reducing the equations to
autocorrelation equations in the correlation variable ¢ for the Laplace trans-
forms of the solution. In a second step then, applying the Fourier transform
with respect to t, the equations are reduced to boundary value problems for
a holomorphic function in the upper half-plane as in our papers [8, 9], now
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containing the additional parameter ¢ of the Laplace transform. Taking into
account the behaviour of Laplace transforms as Re ¢ — 0o, we construct the
unique solution of the equations under suitable general assumptions on the data
(and an additional existence condition in two cases).

2. Statement of equations and method of solution

We deal with the following integral and integro-differential equations in two
variables:

plt,7) + Ip)(t,7) = ht,7) (1)
g_?; v up(t,T) + It 7) = h(t,7) (2)
DA plt, )+ Il 7) = h(t,7) (3)

for t,7 € R,. Here \,u € R are given constant parameters, and [ is the
correlation-convolution operator of p:

Ilpl(t,7) = /T]Op(s,a)p(s+t77—a)ds do

= //p(s,T—a)p(s+t,0)dsda.
00

In addition, the solution p of eq. (2) has to fulfill the initial condition

p(t,0)=f(t) , teRy ()
and the solution p of eq. (3) the conditions (5) and
p0,7) =¢(r) , TERy (6)

with prescribed functions f and . Looking for summable solutions with respect
to t we expect that in case of eq. (3) with A = 0, p < 0 and with A < 0,
respectively, an existence condition must hold.

In the following, we apply the Laplace transform with respect to 7 and the
Fourier cosine transform with respect to t to egs. (1) - (3). As preparation we
(formally) calculate the corresponding transforms of the correlation-convolution
integral (4) or

fmamw=/p@»*p@+a»w (7)
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where * denotes the convolution with respect to 7.

By the convolution theorem for the Laplace transform from (7) we obtain
the relation

e} [e.e]

(L I[pI(t, ) (g) = / 10p)(t, r)e " dr = / W(s,W(s+taods  (8)

0

where
o0

W(t.q) = (£ p(t, ))(g) = / Pt 7)e T dr | (9)

0

Applying to (8) the Fourier cosine transform with respect to ¢, we have (cf. [7])

(Fe L Ip])(z,q)

= 7608 xt]ol[p] (t,T)e Tdr dt = %[PQ(:I:, q) + Q*(z,q)] (10)

where | |
P(z,q) = (ch(-,Q))(w)E]OW(W)COSJJt dt (11)
Qr,q) = (FSW(-,Q))(IB)E]OW(t,Q)Sinﬂct dt (12)

are the Fourier cosine and Fourier sine transform of W = L p, respectively.

We further calculate the integral J = (F.I[p|(-,7))(z) = [ I[p](t,T) cosat dt.
0
It holds

T

/ Jo(x,0)do

0

J:

DN | —

where

Jo(z,0) = //cos at-[p(s,o)p(s+t,7— o) +p(s, 7 —o)p(s+t,7)dsdt .
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From
Jo(z,0) = /p(s,a) Ccos ZES/p(T,T — o) coszrdrdo
0 s
+ /p(s, T —0)CoSTS /p(r, o) cosxrdrdo
0 s
—I—/p(s,a) sinxs/p(r,T — o) sinzrdrdo
0 s
+/p(3 T—0) sinxs/p(r, o)sinxr dr do
= /p ,T —0)cosxsds - /p (r,o) cosxr dr
0 0
+/p(s,7 —o)sinxs ds - /p(n o)sinxrdr .
0 0
it follows

(FA[pl(,7)(z) = %/[U(w, o)\U(z, 7 — o)+ V(z,0)V(z,7 —0)|do
0 (13)
1

= S UG ) = U, ) + V() + Viz, )

with the Fourier cosine and Fourier sine transforms of p

Uz, 1) = (Fep(-,7))(x) = /p(t,T) cosxt dt ,

V(e,7) = (Fop(-, 7)) (x) /p (t,7) sinat dt

Applying to (13) the Laplace transform with respect to 7, we again arrive at
the relation (10) for LF.I[p] with P = LU = LF.p and Q = LV = LF,p now.

Utilizing relation (10), we reduce egs. (1) - (3) to boundary value problems
for the complex Fourier transform F'(z,q) of p with respect to ¢ which is a
holomorphic function of z in the upper half-plane (cf. [8, 9]). Now, in addition,
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F depends on the parameter ¢ of the Laplace transform which varies in some
right half-plane, and we have to choose the solution of the boundary value
problem which represents a Laplace transform of a locally summable and at
most exponentially growing function of 7.

We remark that by means of relation (13) egs. (1) - (3) can be reduced
to fixed point equations of convolution type for the function U where V is the
conjugate function (Hilbert transform) of U with respect to . In the case of a
finite interval (0,T") for 7, the iteration method of weighted norms [3] in Holder
spaces on the real axis can be applied to this fixed point equation. But it is
more convenient to use this iteration method in the original equations (1) - (3)
as we did it in the first part of this paper [11]. Conversely, in solving for instance
the equation

U([L‘,T)-i-% UxU+V*V](x,7)=H(x,7)

for z € Ry and 7 € (0,T), we can reduce it to eq. (1) by applying the Fourier
cosine transform with respect to x.

3. Solution of equation (1)

For convenience we put h = § and write eq. (1) in the form

p(t, ) + I[p|(t,7) :%g(t,T) , 0<t,7<o0. (14)

Applying to (14) the Laplace transform with respect to 7 and the Fourier cosine
transform with respect to ¢, in view of relation (10) we obtain the equation

P*(x,q) + Q*(x.q) +2P(z.q) = G(w,q) . —00 <z <00, Req > qo
with some ¢y € R and G(z,q) = (F.Lq)(z, g) or
P(z,q)* + Q(z,q)* = G(z,q),  —o0 <@ <00, Req> qq (15)

where P=14+P, Q=Qand G=1+G.

Dealing with ¢ as a real parameter, we solve eq. (15) by the method used
in [8, 9]. We assume that G(z,q) > 0 for z € R, ¢ > ¢o and introduce the
complex Fourier transform

Fz,q) =1+ /W(t, q)e'*dt, z=ux+iy (16)
0

where W = Lp. Looking for a solution p of eq. (1) satisfying the relation

A

F(z,q) — 1 as Req — oo, Im z > 0, we choose the solution of eq. (15) for
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which the function F (z,q) has no zeros on Im z > 0, q¢ > qo. This gives the
formal solution

P(ZE,(]) =—-1+ é(xch)

[N

cos K(x,q) , Req > q (17)

where

r [ In G(z, q) J

K(x,q):; — ¢, Req > q (18)

0

with the principal value of logarithm, and we again have extended ¢ to complex
values.

It remains to state a group of sufficient conditions under which the function
P = F.Lp defined by (11) yields an actual solution p to eq. (1). Let us first
assume that ¢ fulfils the following conditions:

(i) g(t,") € L(Ry) fora.e. t>0

(ii) g(-,7) € L(Ry) N L*(Ry) for 7>0
where
(iii) ;fo|g(t, 7)|dt < Cy  uniformly for 7>0
with a positive constant Cy and
(v)  Jlat.nPd <Ol C e LRy,

ie. geL?(R. xRy).
By (i), the Laplace transform Go(t,q) = (Lg(t,-))(q) of g(t,-) exists in
Req >0 for a.e. t > 0. In view of (iii) and (iv) we further have

/ |Go(t, q)|dt < / / lg(t, 7)|e Readr dt < Rioq (19)
0 0 O
for Re ¢ > 0, and
o0 o0 o0 2
/ Golt, q)Pdt < / / gt r)le e ar | dt
0 0 0
< ! 77\ (t, 7)[2dr dt
~ 2Req & Tar
0 0
< G

Re q
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for Re ¢ > 0 with the positive constant C; = [ C(r)dr so that
0
Go(-,q) € L(Ry) N L*(R,) for Re g > 0. From (19) and

W@&N=Kﬁﬁd@ﬂﬂ§/Kﬂt®W

it follows that G(x,q) — 0 as Re ¢ — oo uniformly in z € R. Hence, there
holds

~

G(r,q) >1—e>0 for zeR, qg>qle)

and any € € (0,1).

Further, in accordance with (19) we assume that the representation

(@) | alzq)
G(z,q) = . + e 01 >0 (20)
for x € R, Req > ¢ holds where ¢y and ¢; are bounded and with respect
to © € R Holder continuous functions satisfying cp,c; = O(z™7), v > 1, as
x — oo uniformly with respect to g in Re ¢ > ¢o in case of ¢;. Assuming that
g(t,0) = hlilog(t’ 7) € L(Ry) N L*(R ) exists, we have ¢g = F.g(+,0).

From (20) the analogous representations

A 1 1
Glz,q)2 = 1+3 Coéw) +0(q ),
nClr.q) = %f>+om<HMx
T _
K(v.q) — %}-qum%»

cos K(z,q) = 1+0(q7?)

follow where d3 = min(dy,1) > 0 and

o0

vy = [ e (21)

52_1.2
0

This implies the representation

1 co(x) c2(z,q)
P(I, Q) = 5 q + q1+62
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forz € R, Req > gy where ¢y behaves like ¢;, and we put ¢y = max(0, ¢1(¢), ¢2)
for some ¢ € (0,1).

In view of Gy (-, q) € L(R;)NL*(R,) and assumption (20) by Theorem 3.1 of
[9] we obtain the existence of a solution W (-,q) = 2F.P(-,q) € L(R+)NL*(R)
for any real ¢ > ¢y to the intermediate equation

W(t,q) + /W(s,q)W(s +1t,q)ds = % Go(t,q), t>0. (23)

On account of (22) the function W has the form

Wit q) = % do(t)

d2<t7 Q)
q1+62

+ dl (ta Q) ) dl (t7 q) = (24)
where dy = ¢(-,0) and dy = %FCCQ is a bounded function in ¢t > 0, Req > ¢y+¢o
for any g9 > 0 lying in L(R, )N L*(R,) with respect to ¢, for any ¢ in Req > qo.
A known theorem of Laplace transform theory [1, Th. 21.3] then yields the
solution p = L7'W (¢, -) to eq. (1) in the form

G+ioo
1

1 )
p(t,7) = 3 do(t) + Py e™d(t,q)dg (¢ > qo) (25)
T

G—1i00

where p(t,0) = 1 do(t) = % ¢(t,0) in accordance with eq. (14) for 7 = 0. The
solution p satisfies the conditions

p(-7) € LR+ N L*(Ry) (26)

for 7 > 0 and
p(t,) € CRy), plt,) = O(T), GER, as T — oo (27)

for a.e. t > 0.

Theorem 1. Let the assumptions (i) - (iv) with g(t,0) = hrilog(t,T) for g be
fulfilled and let the representation (20) for G = F.Lg hold.
g

Then equation (1) with h = % has the solution p = L™'F.P where P is
defined by (17). The solution p possesses the properties (26) and (27). It can
be represented in the form (25) where dy = g(+,0), and the function d; is given
by di = %q_(1+52)]-"602 with the coefficient co in the representation (22) for P.

Corollaries.

1. If the condition G(z,q) > 0 for x € R and sufficiently large real ¢
holds, the assumptions on the Holder continuity of the functions ¢y, c; in the
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representation (20)for G can be left out using [8, Theorem 1] instead of [9,
Theorem 3.1] for the existence of the solution W to eq. (23). Only the function
7 in (21) is assumed as bounded now.

2. Assumption (20) corresponds to the asymptotic relation

g(t,0)

Go(t,Q) = + O(qf(lwl)) , 01>0

as Re q — oo.

3. Instead of [1, Theorem 21.3] other theorems on the inversion of the
Laplace transform can be used. For example, using the theorem by Titchmarsh
[6, Chapter 11.7], we obtain a solution p to eq. (1) satisfying p(¢,-) € L*(R,)
for t > 0 if the function G(z,q) for = € R is a holomorphic function of ¢ in
|arg q| < /2 with G(z,q) > 0 for real ¢ > 0 and

a 1
Glz,q9)=0("), a>3
as Re ¢ — oo uniformly in x € R.

4. Theorem 1 holds true for eq. (1) in the strip Sy = (0, 7p) x (0, 00) where
the correlation-convolution operator is given by (cf. [10])

To—t

Lolpl(t,7) = /p(s,~)*p(5+t,-)d5, 0<t<T. (28)

4. Solution of equation (2)

Applying the Laplace transform with respect to 7, eq. (2) with h = ¢/2 and
the initial condition (5) is reduced to the intermediate equation

N | —

Wi(t, q) +/W1(s,Q)W1(S+t,Q)d8 =
0

for Re(q + p) > go where

Gi(t,q) = Gi(t,q)-(q+p)>
G1<t7 Q> = G()(ta Q> + Qf(t)’
Wit.q) = W(t,q) - (g+p)"

with Go(t,q) = (Lg(t,-))(q) , W(t,q) = (Lp(t,-))(¢) and some gy > 0 as above.
Applying further the Fourier cosine transform with respect to ¢ to eq. (29) leads
to the equation

Pl(z,q) + Q3(x,q) + 2Py (v,q) = Hy(7,q), —00 <1 < 00 (30)
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for Re(q + 1) > qo where
Py(x,q) = (FWi(-,q))(x) = Pz, q) - (q+p) ™"
Q1(z,q) = (FWi(-,q))(z) = Q(z,q) - (¢
with P = (F.L)p, Q= (F:L)p and
Hy(z,q) = (F.G1(- @) (x) = H(z,q) - (¢ + p) (32)

with H = F.Gy +2F , F = F.f.
Assuming that I:_fl(x,q) =1+ Hy(z,q) >0 for x € R, ¢+ p > qo as above,
we obtain the formal solution

(31)

+
=

Pi(z,q) = —1+ Hy(z,q)? cos K (x, q) (33)

or

P(z,q) = —(q+ p) + /(g + w2 + H(x, q) cos K (z, q) (34)

where

. Ca [ [l HE ) (g4
K(xa(.I)_?TO/ 52—232

dc .

This holds in Re(q + p) > qo with the principal values of logarithm and square
root.

We again assume that the function g satisfies the conditions (i) - (iv) above
so that Gy(t, q) exists in Req > 0 for a.e. t > 0 and Gy(+,¢q) € L(R.)NL*([R )
for Re ¢ > 0. Further, we assume that condition

(v) feLRy)NL*Ry)
holds. Hence G4(-,q) € L(R4) N L3(R) for Re q > max(0, —). Moreover,

[H(z,q)| < |(FeGo)(x,q)| + 2| F(z)]

s&ﬂ%mMﬁm/vww§@<m
0 0

for Re ¢ > 0 and Hy(x,q) = (¢ + p) ?H(z,q) — 0 as Re ¢ — oo uniformly in
x € R. Hence

~

Hi(r,q) >1—e>0 for zeR, g+ p> q(e)

and for any ¢ € (0, 1).
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Finally, we assume the representation

1 (LU, q+ ,LL)
(g + p)*

for x € R, Re(q+ u) > g2 with functions ¢y = 2F and ¢; which are bounded,
Holder continuous with respect to x € R and O(z™7), v > 1 as ¢ — o0,
uniformly with respect to ¢ in Re(q + i) > go in case of ¢;. This implies the
representation for Py defined by (33):

H(z,q) = co(z) + , 61 >0 (35)

F(l‘) c2<x>Q+M)
(g+p)? (g4 p)*oe

for x € R, Re(q+ p) > qo where we put ¢o = max(0, i, q1(¢), g2) for some
e €(0,1).

Again by Theorem 3.1 of [9] we obtain the existence of a solution Wi (-, q) =
2F.Pi(-,q) € L(Ry) N L*(Ry) for any real ¢ + 1 > ¢o to the intermediate
equation (29). In view of (36) the function W; has the form

Pi(z,q) = . 6y =min(2,6,) >0 (36)

Wi(t,q) = + , di(t,q) = 37
1( q) (q + ,U)2 (q + M) 1( q) q1+52 ( )
where again dy = % -Co is a bounded function in ¢t > 0, Req > qo + &9 for any

g9 > 0 which is in L(R {)NL?(R ) with respect to ¢ for any ¢ in Req > qo. By [1,
Theorem 21.3] again we have the solution p = LYW | W (t,q) = (q+p)-Wi(t,q)
to eq. (2) of the form

g+ioco

p(t,7)=e " {f(t) + = e™dy(t, Q)dQ} (4@ > q) (38)

2mi
G—1i0c0
satisfying (26) and (27) with ¢ replaced by ¢ — p.
Theorem 2. Let the assumptions (i) - (v) be fulfilled and let the representation
(35) for H = F.Lg+ 2F.f hold.

Then equation (2) with initial condition (5) has the mild solution p = L1 F,
where P is defined by (34). The solution p possesses the properties (26) and
(27). It can be represented in the form (38) where the function di is given
by dy = %q_(l””]:ccg with the coefficient co in the representation (36) for the
function Py defined by (33).

Corollaries.

1. Assumption (35) corresponds to the asymptotic relation

Go(t,q) = Lg(t,")(q) = O(q™"), 61>0
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as Re g — oo. Let now stronger the representation

t,0 do(t
) ) + OE+7 q)
q qTeo

Go(t,Q) = g< y €0 > 0 (39)
hold where g(t,0) = lirﬂog(t, 7) € LR )NL*(R ) and dy is a bounded function

possessing a sufficiently smooth Fourier cosine transform with respect to t as
above. Then we have in (35)

Cl(l‘7Q) _ hO(l‘) + h(xaQ) £ >0

g q gite

and in (36)

C2(x7Q) _ ho(l‘) + hl(xaQ)

@t 23 Prez £ >0

with hg = F.g(+,0) and corresponding functions h and h;. This leads to the
representation of the solution p

g+ioco
1 1
p(t7 7—) =e f(t) + 5 g(ta O)T + 2_7TZ 67—qkjl <t7 q)dq (40)
G—i00
where ki (t, q) = ¢~ **2)ky(t, q) with a bounded function ky. From (40) it follows
that p is a strong solution of eq. (2) for which the derivative dp/d7 exists and
satisfies (26) and (27) with hr-rquo Op/Ot = 5 g(t,0)—pf(t) which is in accordance
with eq. (2) for 7 = 0.
2. Theorem 2 holds true for eq. (2) in the strip Sy = (0,7) x (0, 00) with
the integral I, defined by (28).

5. Solution of equation (3) with A =0

Next we deal with eq. (3) for A =0

0 1
o +upt )+ IRl T) = 5 gt T), 0<tT <00 (41)

together with the initial condition (6). Applying again the Laplace transform
with respect to 7, we obtain the intermediate equation

oW r 1
e +uW(t,q) + /W(&CI)W(S +t,q)ds = 3 Go(t,q), t>0 (42)
0
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for Req > qo , qo € R, and the initial condition
W(0,q) =alg) , Reqg>q (43)

for W(t,q) = Lp(t,-)(q) where Go(t,q) = Lg(t,)(g) and a = L.
We make the assumptions (i) - (iv) for g and assumption

(vi) p€C(Ry) with ¢©=0(), §eR as T— 0.

for ¢. Further, we look for a solution p with p(-,7) € L(Ry) N L*(R,) for
7 >0, hence W(-,q) € L(Ry) N L*(R) for Re q > qo.

The solution of eq. (42) with (43) depends on the zeros of the holomorphic
function of z (cf. [8, 9])

F(z,q) = p+iz +/W(t,q)e“zdt , Imz>0 (44)
0

which satisfies the asymptotic relation

F(z,q) ~ p+iz as Req— o00.
Therefore, for sufficiently large Req we have that F (z,q) hasno zeroin Imz > 0
for ;1 < 0, and F(z,q) has a simple zero zy(q) ~ ip in Im z > 0 for > 0. In
the case p = 0 both possibilities can occur with z9(¢) — 0 as Re g — oo. In
the following we suppose i # 0 and discuss the case p = 0 only sketchily as a
limiting case of u > 0 and p < 0, respectively.

We assume that the function Gy(-,¢q) € L(R;) N L*(R;) has a Holder-
continuous Fourier cosine transform G(-,q) € L*(R,) satisfying G(x,q) =
O(z™™), v > 1 as * — oo, uniformly for Re ¢ > ¢; with some ¢; € Ry.
Further, it holds the inequality

P+ 2* 4+ Gz, q) + 2a(q) > 0 (45)

for real ¢ > ¢2(> q) , = € R.

Then, in case u < 0 by [8, Theorem 2] or [9, Theorem 7.1] eqs. (42) and
(43) have the solution W(-,q) = 2F.P(-,q) , Req > gy where gy = max(qi, ¢2)
and, choosing the parameter b = —p > 0 in [8, 9],

P(z,q) = —p+ Ao(w,q)2 i cos Ko(z,q) + = sin Ko(z,q)] (46)
with
G(z,q) + 2a(q)
,LL2 —|—$2
Kole,q) = & [ A& 4 (48)

T 52_1.2
0

Ao(z,q) = 1 + (47)
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Moreover, the relation

o0

1
My(q) = ;/ In Ag(z,q)dr =0, Req > qo (49)
0

must hold. We remark, that from (49) it follows that for g(¢,7) = 0 we also
must have ¢(7) = 0 for an integrable solution p of eq. (41) with (6) in case
n<0.

In case 1 > 0 the function F(z,q) has the simple zero zy(q) = i yo(q) where
yo(q) is real and positive for sufficiently large real ¢. It satisfies the equation

p—y+ /W(t,Q)e‘tydt =0 , y=uwlq (50)
0

and hence the relation y ~ p for real ¢ — oo. Again by [8, Theorem 2] or [9,
Theorem 7.1] egs. (42) and (43) have the solution W (-, q) = 2F.P(-,q), Req >
¢o where, choosing b=y > 0 in [8, 9],

1

P(x,q) = —p+ Ao(7,q)? [Re((ix — 1) Bo(z, q)) cos Ko(z,q)

+Im((iz — p)Bo(z, q)) sin Ko(z,q)] . (51)
Ap and K are defined by (47) and (48), respectively, and
By(z,q) = Lyo((n : (52)
z+1yo(q)
The analogous relation to (49)
Mo(q) = 2[yo(q) — 4
where My(q) is again defined by (49) now yields the formula
wla) = p + = Molo) (53)

2

for yo(q) which is real and positive for real ¢ > ¢3. Then the solution W (-, q)
exists for Re ¢ > qo where ¢y = max(qi, ¢z, q3).

Another possibility in case 1 > 0 is to choose b = y,(¢) obtaining the
function P(z,q) in the form (see [8])

P(x,q) = —p+ Ao(x,q) % [yo(q) cos Ko(z, q) + x sin Ko(, q)] (54)
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where
2 _ 2
i #- = yolg) + Gz, q) + 2a(q)
Ay(x, = + 25
O(x Q) $2+y3(Q) ( )
- x lnA ,
Rolwa) = & [ &0) g (50
T §
0
The analogous relation to (49) now writes as
1 o0
)= o /111140 , q)dx = yo(q) — p (57)
0

which constitutes an equation for yy(q). Of course, this equation must have the
solution (53) again.

We remark that by [8, Theorem 2] or [9, Theorem 7.1] for the solution W
of eq. (42) with initial condition (43) the function W (-, ¢) is continuous and
possesses a continuous derivative OW/dt(-,q) € L*(R.) for Re ¢ > qo where
W (t,q) and OW/0t(t,q) tend to zero as t — oc.

To perform the inverse Laplace transform of the function W(-,q) we again
assume that the function G has the representation (20) for Re ¢ > go (with an
enlarged qo, eventually), and correspondingly the function « has the represen-
tation

alg) = 2 4 0‘1_<q1) , 0,>0  for Req>qo (58)

q q1+5

with ap = ¢(0) € R and a bounded function ;. Hence, the function A, has
the analogous representation

ao(x) + ax (2, 9) /"

(1?4 2)q
where ag(z) = co(x) 4+ 200 = Feg(+,0) + 2¢(0) and aq(z, q) = ¢1(z, q) + 204 (q).
Related representations hold for the functions My and By. Further, from (59)
we have

AO(:Ev(Z) =1 +

for Req > qo (59)

o0

1 ap(x 1
Mo(q)rv; / ;ﬁo-f-j;? dx-; as Req— oo. (60)

0

Hence, in case pu < 0 relation (49) implies the equality

07 et 07 P e =% = (o1

3 |-
3 |-
I

TR
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as a necessary condition for the existence of a solution.

Observing condition (61) in case p < 0 and for P(z, q) the expressions (46)
in case p < 0 and (51) - (53) in case p > 0, respectively, from (59) again a
representation for P(x,q) of the form (22) follows:

éo() co(z,q)

P(x,q) =
(z.4) q q' + &2

) 52 > 0 (62>
where

pag(z) 1 [ c(§)dé
2 +2?) | rprn ) e—g2
0

o(r) = (63)

Then the function W (t,q) has the representation (24) where dy(t) = 2p(t,0)
with

t

p(t,0) = e " [p(0) + % / et g(s,0)ds], t>0, (64)

and there exists the solution p of egs. (41) and (6) of the form (25) which obeys
the relations (26) and (27).

Theorem 3. Let the assumptions (i) - (iv) with ¢(t,0) = hr?og(t’ T) for g and

the assumption (vi) for ¢ be fulfilled, and let the function G = F.Lg have a
Hélder continuous function G(-,q) with G(z,q) = O(z™7), v > 1 for x — oo,
uniformly for Req > qo, qo € Ry. Further, let the inequality (45) for real ¢ > qo
be fulfilled and let G have the representation (20) and o = L the representation
(58).

Moreover, in case p < 0 the relation (49) is assumed, and in case p > 0 the
function yo(q) defined by (53) is real and positive for real ¢ > qq.

Then equation (41) for p # 0 with initial condition (6) has a generalized
solution p with the properties (26) and (27). The solution p is defined by its
Fourier-Laplace transform P = F.Lp given by the formula (46) in case p <
0 and by the formulas (51) with (52),(53) or (54) with (53) in case p > 0,
respectively.

Corollaries.

1. From G(z,q) = O(z™7), v > 1 we have G(-,q) € L(R,) and therefore
Go(-,q) = Lg(-,q) is supposed as a continuous function on R,. Theorem 3
holds for v > 3, too, where Go(-,¢) (as g(-,7)) is not necessarily a continuous
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function on R. In this case, also the functions W (-, q) and 0W/0t(-,q) need
not be continuous.

2. Condition (61) in case p < 0 is equivalent to the relation
©(0) + /e“sg(s, 0)ds =0 (65)
0

Further, from (64) it follows that tlirJrrlop(t, 0) =¢(0) = lirilop(O,T). Condition

(65) is a necessary condition for the integrability of the function p(-,0) on R, for
a solution p of eq. (41) with initial condition (6) which satisfies this compatibility
condition at (0,0). Moreover, formula (64) implies the stronger condition

t

1
©(0) + 3 /e“sg(s, 0)ds = o(e') as t — oo
0

as necessary for an integrable solution on R, in case u < 0.

3. In case u = 0, analogously to the case u < 0 we can choose the parameter
b= 11in [8, 9] and get a corresponding solution p without zeros of F'(z, q) if the
relation (49) is fulfilled. It has the form p = 2L~ F.P where

P(x,q) = Ag(,q)%[x sin Ko(z, q) — cos Ko(z,q)], Req> g (66)
where

~ B 2 4+ G(z,q) + 2a(q)
2+ 1
> _ f / 1HAO(§JQ>
T

52—1’2

d .

0

Analogously to the case u > 0, choosing the parameter b = yy(g), a solution p
with zero zo(q) = i yo(q) of F(z,q) of the form (54) with (55), (56) for p = 0
exists if Ag(x, q) > 0 for real ¢ > g with Mg(q) — 0 for real ¢ — oo and eq. (57)
with p = 0 has a positive solution yy(q) for real ¢ > go. The function y,(q) can
be obtained in explicit form by taking the corresponding formula to (53) for
P(z,q) with b = 1 again. Under stronger assumptions of the form

Cl(f) , oz(q)rw@—i-o%1 as Req— o
q q q

G(r,q) ~ Coff) +

a study of the solution formula (54) for u = 0 is possible. We omit the details.
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6. Solution of equation (3) with A #0

Finally, we treat eq. (3) with A # 0, i.e. the equation

dp dp
o N ar

together with the initial conditions (5) and (6). Applying again the Laplace
transform with respect to 7, we get the intermediate equation for W (t,q) =

Lp(t,-)(q)

Fup(t ) + Ipl(t 7) = % gt7), O<tir<oo  (67)

oW k; 1
o T Qg+ mW +/W(s,Q)W(S +tq)ds =5 Gilt.g), 20 (68)
0

for Req > qo , qo € R4 and the initial condition (43) where G (¢, ¢) = Go(t, q)+
20 f(t) with Go(t,q) = Lg(t,-)(q). We assume that g fulfils conditions (i) - (iv),
f condition (v), and ¢ condition (vi). In addition, f should be continuous and
should have a summable derivative.

Eq. (68) has the same form as eq. (42) with p replaced by p(q) = p + Ag
and Gy replaced by G\. We assume that the functions G = F.Gy, a = L and
F = F.f are bounded where G(-,q) and F' are Holder-continuous functions of
z € R with G(z,q), F(z) = O(z™7), v > 3 as & — oo, uniformly for Re ¢ > ¢
with some ¢; € R,. Further, now the inequality

13(q) + 2> + G(x,q) + 2a(q) + 2\ F(x) > 0 (69)

for real ¢ > qo, * € R with some ¢, € R holds, and we have p,(q) < 0 for real
q > Go if A <0 and py(q) > 0 for real ¢ > o if A > 0 with some ¢y € R.

Hence, in case A < 0 we obtain the analogue expression to (46) for P(z,q) =

FW (-, q)(x):

P(x,q) = —px(q) + Ai(z,q)
with

NI

[1a(g) cos Ki(z, q) + wsin Ki(z,q)]  (70)

G(z,q) + 2a(q) + 2\ F(z)

[ InA
K - [ 20 g ()

0

for Req > qo , qo = max(qo,q1,¢q2). The solution W (-, q) = %]:CP(-,q) of (68)
with (43) exists if the condition

e}

1
M (q) = %/ln Ai(z,q)dx =0, Req > q (73)
0
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holds. We remark that we now have the asymptotic relation A;(z,q) = 1 +
O(1/¢?) as Re q — oo and we need the representations (20) and (58) for G' and
«, respectively, only for the higher terms in the asymptotics for P.

In case A > 0, analogously to (53) we define
1
yi(a) = pla) + 5 Mi(q) (74)

which is real and positive for real ¢ > ¢3 with some g3 € R, and we get the
analogous expression to (51) for P(x,q):

P(x,q) = —pa(g) + Ai(w, 9)? [Re((iz — p1a(4)) Bu(w, 9)) cos Ky (x, q)
+Im((za: - M)\(q))Bl(:Ev Q)) sin K1<x> Q)}

where A; and K; are defined by (71) and (72), respectively, and By(z,q) =
[z —iy1(q)]/[x +iy1(q)]. The solution W (-, q) of (68) with (43) exists for Re ¢ >
qo where gy = max(go, q1,¢2,q3). Also we can take for P(xz,q) the analogous
expression to (54) with (55) and (56).

From the expressions for P(z,q) the asymptotic relations

A F(x)q
CjQ +$2

(75)

P(r,q) ~

7 Gg=m(qQ)=M+p, vcR

as Re ¢ — oo and hence

Wi(t,q) ~ %f(t) AU . >0

q

as Re ¢ — oo with remainders of order O(g~*+%), § > 0, follow.

Therefore, eqs. (67) and (5), (6) have a solution p which satisfies the rela-
tions (26) and (27).
Theorem 4. Let the assumptions (i) - (iv) with ¢(t,0) = Tligrlog(t, T) for g and
the assumptions (v) for f and (vi) for ¢ be fulfilled where, in addition, f has
a summable derivative. Further, let the functions G = F.Lg, a = Ly and
F = F.f be bounded and G(-,q) and F are Hélder continuous functions with
G(z,q), F(x) = O(x), v > % as x — oo uniformly for Req > qo , qo € Ry.
For real ¢ > qo also the inequalities (69) and relation sign(Ag + p) = signA
should be satisfied.

Moreover, in case A < 0 the relation (73) is assumed to be fulfilled, and in
case A > 0 the function y,(q) defined by (74) is real and positive for real ¢ > qq.

Then equation (67) for X # 0 with initial conditions (5) and (6) has a
generalized solution p with the properties (26) and (27). The solution p is defined



332 L. von Wolfersdorf

by its Fourier-Laplace transform P = F.Lp given by the formula (70) in case
A < 0 and by (75) with (74) in case A > 0.

Corollaries.

1. If G(z,q), F(z) = O(z™7), v > 1 in view of [8, Theorem 2| or [9,
Theorem 7.1], the functions W (-, q) and 0W/t(-,q) are continuous functions
from L?*(R ) for Re ¢ > qo tending to zero as t — oo.

2. If the functions G and « have the representations (20) and (58), then
the function P has the asymptotic expansion

P(z,q) ~

V@i | Aalw) 24 o 7 F©) e

G? + x? 2[¢% + 27 T a2+ &2 -z
0

as Re ¢ — oo where again ¢ = A\q + 1, ap(x) = Feg(-,0) + 2¢(0), and in case

A < 0 condition (73) has to be observed. Hence, in case A > 0 it holds

W(t,q) ~Xe @ % —i—o/f(s)eésds ~ %t)

for t > 0 and also for ¢t = 0 if we assume the compatibility condition ¢(0) = f(0).
The function ¢(-,0) in ag(z) leads to higher order terms. Analogous statements
hold in case A < 0.

3. The existence condition (73) in case A < 0 can be looked on as an
equation for the function ¢ = p(0,-) if p denotes the solution of eq. (67) with
initial condition (5) only (cf. [11]).
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