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Weighted Integrals of Holomorphic Functions
on the Polydisc

Stevo Stevié

Abstract. We show that a holomorphic function on the unit polydisc U™ in C"
belongs to the weighted Bergman space AL (U™), when p € (0,1], if and only if all
weighted derivations of order |k| (with positive orders of derivations) belong to the
related weighted Lebesgue space £5(U™). This result extends Theorem 1.8 by Benke
and Chang in [Nagoya Math. J. 159 (2000), 25 — 43].
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1. Introduction

Let z = (21, ..., 2p) and w = (wy, ..., w,) be points in the complex vector space
C", U the unit disc in the complex plane C, D(a,r9) = {z € C||z —a| <ro}
the open disk centered at a of radius ¢ and 7, p,d € (0, 00)".

Let v = (7, ..., 7») be a multi-index, 7, being nonnegative integers, we write
M=+t Y A=l =

For a holomorphic function f we denote

Let
P'w,r)={zeC"||z; —wj| <rj,j=1,..,n}
be a polydisc in C", and let H(P"(w,r)) be the class of all holomorphic func-

tions f defined on P"(w, ). Let o = (v, ..., ), with o > —1 for j =1,...,n,
and p € (0,00). The space L2(U™) = L denotes the class of all measurable
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functions defined on the polydisc U™ such that

Il = f, 1P TI0 = v () < oo

where dV(z;) is the normalized area measure on the unit disk U. The weighted
Bergman space A2(U") = A? is the intersection of £? and H(U™).

Weighted Bergman spaces of analytic functions of one variable have been
studied, for example, in [3 - 7], [12 - 14] and [19], while the weighted Bergman
spaces of analytic functions on the unit ball B C C" have been studied, for
example, in [1], [8 - 11], [17] and [18] (see, also the references therein).

In [1, p.33] the authors proved the following theorem.

Theorem A. Letp € [1,00), a = (v, ..., ), with o > =1 for j=1,....,n, m
be a fized positive integer and let k = (ky,....,k,) € (Z,)". Let f € H(U™), then
f e Av if and only if

T PP gt et

e 0 . 0z
Moreover,
e = 3 |5l o)
A =X A
=0 D2 Dzkn
. 1)
[H (1— |2g'|2)kj]_8 o fa o

The above means that there are finite positive constants C' and C” indepen-
dent of f such that the left and right hand sides L(f) and R(f) satisfy

C-R(f) <L(f) <C"- R(f)

for all holomorphic f.

In the proof of Theorem A the authors used the weighted Bergman projec-
tion B, : L2 — A?, which can be extended as a bounded operator from £?
onto AP. Closely related results on the unit disc and the unit ball in C" or R"
can be found in [1 - 3], [11], [13 - 17] and [19].

The main purpose of this paper is to generalize Theorem A in the case
€ (0,1). We prove the following theorem.
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Theorem 1.1. Letp € (0,1], a = (v, ..., ), witha; > —1 forj=1,...,n,
m be a fized positive integer and let v = (Y1, ...,n) € (Zy)". Let f € H(U"),
then f € AP if and only if

02"+ 0z"

[ﬁ(l - \sz] O e foral h=m

Jj=1

Moreover, the relationship (1) also holds.

2. Auxiliary results

In order to prove the main result we need several auxiliary results which are
incorporated in the following lemmas. In what follows we will use C' to denote
a positive constant which may vary from line to line.

Lemma 2.1. Let f € H(U"), v be a multi-index and p > 0. Then
D < o [ T aves), ®
L ) P T

whenever P™(w,r) C U™, where C is a constant depending only on p,~ and n.

Proof. By the subharmonicity of functions of one variable we obtain

1
|, wa, )P < / (21, w0,y wa) AV (21),
D(w1,r1)

7
whenever D(wy,r) C U. Further, for a fixed z; € D(wy,r;) we have

1
sl < o [ [z ) AV (),
D(w2,r2)

2
T

whenever D(ws,75) C U. Continuing this process and combining obtained in-
equalities we obtain

~—

i=1"]

p 1 p - .
P < e [ 1 IV, €

whenever P"(w,r) C U™.

On the other hand, by Cauchy’s integral formula we obtain

Dfw) <L max |f(y)], (4)

7 yePr(w,r)
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whenever P"(w,r) C U™. This inequality is obvious for v = (0, ...,0). From (4)
we obtain

[YIPA 1P P
D) < 7’( mmy)\). (5)

vp
r yeP™ (w,5)

From (3), we obtain for y € P"(w, §) the estimate

22n n
P < s [ 1 T[avie).
[l i Jeniy) Jljl ’
Thus ,
22n ~
max )P < g [ P ][dves) (6)
yEP™(w,3) Hj:l T’?- Pr(w,r) ]1;[1 !

From (5) and (6) we obtain inequality (2). W

Lemma 2.2. Let § be a multi-index and a € U™. Then the point evaluations
Ao p(f) = DPf(a) are bounded linear functionals on AE(U™), for all p > 0.

Proof. Choose P"(a,d) C U", and let m = min_ g5 [T, (1— |z|H) >
0. By Lemma 1 there is a constant (' independent of f, such that

C -
Db p p | | dV (z.
Pl < [1j=1 67 /P"(a,é) 7 ey )

C - 2y
< W/ |f(2)|pH(1_ |25%) ™ dV (2)

Pn(a,0) j=1

C p
< WHJCHAg

J=1"7
which proves the assertion. B

Lemma 2.3. Let MP(f, ) = %fowr
and f € H({U™). Then

of
ME(F,pi) = ME(f. ) < Clpi =P ME( 55 )
where C' is a positive constant independent of f, z;, j # k, pr and ry.

Proof. We have

|f(.,mpe® )|Pdly, for 0 < p <1

1 2w ) )
Mzz;(f7pk)_M£(f7rk) S % If("'apkelek?"') _f("wrkezeka“'”pd@k
0
(P —1)” /27r of 0 P
< P TRS sup | 2L tei®, )| de
B 2m 0 rk<t£)pk azk< ) :
of
< — PMP( —— .
< Clpr — 1)’ M} (8zk7pk>
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In the last inequality we have used the Hardy-Littlewood maximal theorem (see,
for example, [2, Theorem 1.9]). B

Lemma 2.4. Let f € H{U"), p € (0,00) and By; € R, k,j =1,...,n. Then
there is a constant C = C(p, Bk ;,n) such that

max PO P
max /() < O (100 |+Z/

2€D™(0,3

s, P
f H 1_| J| )ﬂkﬂdv(zj)>
7j=1

Proof. Without loss of generality, we may assume that n = 2. Since

1 1
f(z1,22) — £(0,0) :/0 f/(t21,22)dt+/0 f1(0,t2y) dt

by some well-known inequalities we obtain

| f (21, 22) |
< G (OOF + [ mas [5Gz +  may 0.0
B i< 1021 al<y 1072 (7)
of p of P
< Omwugggﬁmg+$§£m@)

for all 21,2 € D(0,3), where ¢, =1 for 0 <p <1 and ¢, =2/ for p> 1. On
the other hand by (3) we obtain

| f(z1, 22) |

< o 00"’*2/ o %“h@pﬁdvcﬂ‘) ®)

) PL
(|f00|p+2 Lo || TLO = 1™ av(@)
Z j=1

for all 21,2 € D(0,3), as desired. B

Using the change r — 12ﬂ we can easily prove the following lemma.

Lemma 2.5. Let g(r) be a nonnegative continuous function on the interval
[0,1), and let a > —1. Then there is a constant C' = C(a) such that

[ o= rrar <o mas o)+ [ lo(*57) - ot

refo,1 5]

(1-— r)“dr).



582 S. Stevié

3. Proof of the theorem

In this section we prove the main result in this paper.

Necessity. Let 7 be a multi-index, such that |y| = m. Let f € H(U™) and
2= (21, ..., 2,) € U". By Lemma 1 we have

C n
DI < e P T ave, ©

whenever P"(z,r) C U", where C is a constant depending only on p,~ and n.
Taking z = r = (r1,...,r,) in (9) and replacing r by p — r, where p; € (r;, 1),
j=1,...,n, we obtain

C n
D < o PTG (0

(p—r)P L= (pj — 1)) e

Applying (10) to the functions f(z - €?), 2z - e = (2", ..., 2,e""), where

6; € [0,2m),5 =1,....,n, we get

Y f(r-e)|P ¢ w-e P - Wi
DN S o T /P o e [Tavie). oy

j=1

Integrating (11) over [0, 27" and then using Fubini’s theorem, we obtain
C

(p—r)? I (pj —75)?

x/ / [f(w-e?)Pdo T [ dV(w)).
”(T,p—T‘) [O’Qﬂ—]n

j=1

[ ite-eopan <
[0,27]™
(12)

Here df denotes db) - - - df,,. Since f is holomorphic,

e’ = 1 Ac )0 |Wn n "
/ flw-c®)[do / (O oD | |eiatars o) p g
[0,27]™

[0,27]™

is nondecreasing in |w;|, j = 1,...,n. On the other hand, it is clear that
/ ‘f(‘wl‘ei(eﬁrarg w1)’ - ‘wn|€i(9n+arg wn))’p A6
(0,27

P de

- /[ Gl fenle™)
0,27|"

Hence, from (12) it follows
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(p— )" /[ D as

(13)
< C |f(pre™®, ..., pne™) [P db.
[0,27]™
Putting p; = r; + 3(1 —r;), 0 <r; <1, in (13), we obtain
Hl—r-)”p/ |D7f(r-e " do
j=1 [0,27]™
(14)

de.

IN

p
G/ f(ﬂez‘elw, 1+rn€i0n>
[0,27]™ 2 2
Multiplying (14) by H;;l(l — r?)ajrj and using the fact that 0 < r; < 1,
j=1,...,n, we obtain

n

H(l — 7’]2-)7”*“3'73 / |D7f(7" . eie) |p de

j=1 [0,27]™
1+ 1 0 1 + T’n 19 a;
S C/[O’%r]n f(Te 1,... ) dGH 1—7" J’I"j
Integrating this inequality over r € [0,1)" and making the changes s; = %,

j=1,...,n, we obtain

DV f(r-e)Pag | | (1 —r )IIPt i dr;
/01)” /;)27r]" H

7j=1
S
0,1)" J[0,27]n
/ / | f(s1€™, ..., $pe'") " df H(l — 55)% ds;
(0,27 j=1

< Ol

1—1—7‘1 g 147, p - o
1 ...,Tee")’ dGH(l—r?) ir;dr;

IN

Jj= 1[2

as desired. Let 3 be a multi-index. By Lemma 2 we know that the linear
functional L(f) = D’f(0) is bounded. Hence [Df(0)]P < C||f]|", for all
f € H(U™) and for some C' = C(p, 3, ) > 0 from which it follows an inequality
in (1).
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Sufficiency. Without loss of generality, we may assume that n = 2. Let

2T 2T
ME(f,71,72) / / |f e roe z92)|pd€1 dbs,
then
1 1
1A = [ =y / ME(F. 7, r2) (L= 1) ryry diry drs
0 0
It is easy to show that

1 1
1 = / (L—=mr2)® | MJ(f,r1,m2) (1 —11)* dridry.
0 0

By Lemmas 3 and 5, and since MP(f,r1,72) is nondecreasing in r;, we obtain
1
/0 Mfo)(f, r1,72) (1 — 1) dry

<

e (s
/0 - 2>_M5<f77“1,7“2> (1—r1)“1dr1)

of 1+nr

p _ ai+p
( /M (821 = ,2>(1 ) drl).
Hence

1
1
1t <€ ([ = ragg (. gm) dn
0

! of 1+4m
_ MP - - _ ai+p
+A (1 7"2) / (821 5 ,7”2) (1 7"1) d?“l d?"g) .

Since MP( ngl H” ,T2) is nondecreasing in ro and applying the changes r; —

12”, 1=1,2, we obtam

! ! af 1+ 1
_ a2 P _ a1+p
/(; (1 7”2) /0 Mp<8217 5 ,7’2)(1 7’1) d?"l d?“g

! 8f ].+7“1 ].+T2
< 1—1ry)* MP 1 — 7)) Pdr d
o Y BT CRERE .

IA

(15)

= C/ (1—T2) / A7\4p<a 7“1,7“2>(1—r1)°‘1+pdr1dr2
3 > A1

of
621

IA

C

U2

()] (1= )™ 21 = |z2l2) 4V (1) dV ()
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Using again Lemmas 3 and 5, and since MP(f, 3, L 1y) is nondecreasing in ry we
get

/01(1 — 7“2)“2]\/[;’(]”, %,m)drg
< c(i(rd
—i—/ol(l — 1r9)?

C( max  [f(en )"

|21|< 5 ,|221< 5

! 8f 1 1+7’2
_ az+p A fp
‘|‘/0(1 TQ) M <62 2 5 )d?"g)

1 1-}-7”2)

1
) M)

My(f,

dr2) (17)

IA

[un

It is clear that there is a constant C' independent of f such that

i Of 1 1+, of
_ a2+P D _J
‘ /0 (1 M (azz 5 ) d7’2 2 (Zl, 22)

p
< C max

z€D2(O,§)

(18)

By (3) we have
Ll

< (C1,¢2) av(¢;)
/(<<1 (L, g»' H ’

for some C' independent of f, and for all (;,( € D(0, %) Hence

p
max

2€D2(0 7)

< 0/
D2(0,13)

< 0/
U2

On the other hand, using the change H% — 79 we obtain

1 1
/ (1 _rz)az-l-pMp(af 1 1+T2> d?“g C/ (1 —7r )a2+pMp<ﬁ — 7~2> d?"g

(21, 22)

822

Cla C2

Foof T g

g—i(z)‘ (1 — |21|2)a1 (1 B |Z2|2)az+p AV (2) dV (2s).

62 2 2 az?

for some C > 0. Since



586

S. Stevié

for r1 € [3,1) we obtain that there is a constant C' independent of f such that

1 ! o of 1
W/;“— ) (G

2

1 1
_ ol _ az+p AP
/é (1 7"1> /7 (1 7'2) M (a ,7'2) d?"g d?“l

of
<cf |5
- U2 822

572) dr:
_ [u_maldh /:u_r g (901 1) an
of

IA

(z)‘p(l — |zl|2)041 (1 — |22|2)a2+p dV (z1) dV (22).

From (15) - (20) and Lemma 4 the result and an inequality in (1) follow, for

1. Using induction we obtain the result for m > 2. B

Remark. Note that we did not use the condition p € (0,1] in the proof of
the necessity, and so we proved the result also for p > 1.
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