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Weighted Integrals of Holomorphic Functions
on the Polydisc

Stevo Stević

Abstract. We show that a holomorphic function on the unit polydisc Un in Cn

belongs to the weighted Bergman space Ap
α(Un), when p ∈ (0, 1], if and only if all

weighted derivations of order |k| (with positive orders of derivations) belong to the
related weighted Lebesgue space Lp

α(Un). This result extends Theorem 1.8 by Benke
and Chang in [Nagoya Math. J. 159 (2000), 25 – 43].
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1. Introduction

Let z = (z1, ..., zn) and w = (w1, ..., wn) be points in the complex vector space
Cn, U the unit disc in the complex plane C, D(a, r0) = { z ∈ C | |z − a| < r0 }
the open disk centered at a of radius r0 and r, ρ, δ ∈ (0,∞)n.

Let γ = (γ1, ..., γn) be a multi-index, γk being nonnegative integers, we write

|γ| = γ1 + · · ·+ γn, γ! = γ1! · · · γn!, zγ = zγ1

1 · · · zγn
n .

For a holomorphic function f we denote

Dγf =
∂|γ|f

∂zγ1

1 · · · ∂zγn
n

.

Let

P n(w, r) = { z ∈ Cn | |zj − wj| < rj, j = 1, ..., n }

be a polydisc in Cn , and let H(P n(w, r)) be the class of all holomorphic func-
tions f defined on P n(w, r). Let α = (α1, ..., αn), with αj > −1 for j = 1, ..., n,
and p ∈ (0,∞). The space Lp

α(Un) = Lp
α denotes the class of all measurable
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functions defined on the polydisc Un such that

||f ||pLp
α

=

∫
Un

|f(z)|p
n∏

j=1

(1− |zj|2)αjdV (zj) < ∞,

where dV (zj) is the normalized area measure on the unit disk U. The weighted
Bergman space Ap

α(Un) = Ap
α is the intersection of Lp

α and H(Un).

Weighted Bergman spaces of analytic functions of one variable have been
studied, for example, in [3 - 7], [12 - 14] and [19], while the weighted Bergman
spaces of analytic functions on the unit ball B ⊂ Cn have been studied, for
example, in [1], [8 - 11], [17] and [18] (see, also the references therein).

In [1, p.33] the authors proved the following theorem.

Theorem A. Let p ∈ [1,∞), α = (α1, ..., αn), with αj > −1 for j = 1, ..., n, m
be a fixed positive integer and let k = (k1, ..., kn) ∈ (Z+)n. Let f ∈ H(Un), then
f ∈ Ap

α if and only if[ n∏
j=1

(1− |zj|2)kj

]
∂|k|f

∂zk1
1 · · · ∂zkn

n

(z) ∈ Lp
α.

Moreover,

||f ||Ap
α
�

m−1∑
|k|=0

∣∣∣∣ ∂|k|f

∂zk1
1 · · · ∂zkn

n

(0)

∣∣∣∣
+

∑
|k|=m

∣∣∣∣∣
∣∣∣∣∣
[ n∏

j=1

(1− |zj|2)kj

]
∂mf

∂zk1
1 · · · ∂zkn

n

∣∣∣∣∣
∣∣∣∣∣
Lp

α

.

(1)

The above means that there are finite positive constants C and C ′ indepen-
dent of f such that the left and right hand sides L(f) and R(f) satisfy

C ·R(f) ≤ L(f) ≤ C ′ ·R(f)

for all holomorphic f.

In the proof of Theorem A the authors used the weighted Bergman projec-
tion Bα : L2

α → A2
α, which can be extended as a bounded operator from Lp

α

onto Ap
α. Closely related results on the unit disc and the unit ball in Cn or Rn

can be found in [1 - 3], [11], [13 - 17] and [19].

The main purpose of this paper is to generalize Theorem A in the case
p ∈ (0, 1). We prove the following theorem.
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Theorem 1.1. Let p ∈ (0, 1], α = (α1, ..., αn), with αj > −1 for j = 1, ..., n,
m be a fixed positive integer and let γ = (γ1, ..., γn) ∈ (Z+)n. Let f ∈ H(Un),
then f ∈ Ap

α if and only if[
n∏

j=1

(1− |zj|2)γj

]
∂|γ|f

∂zγ1

1 · · · ∂zγn
n

(z) ∈ Lp
α for all |γ| = m.

Moreover, the relationship (1) also holds.

2. Auxiliary results

In order to prove the main result we need several auxiliary results which are
incorporated in the following lemmas. In what follows we will use C to denote
a positive constant which may vary from line to line.

Lemma 2.1. Let f ∈ H(Un), γ be a multi-index and p > 0. Then

|Dγf(w)|p ≤ C

rγp
∏n

j=1 r2
j

∫
P n(w,r)

|f |p
n∏

j=1

dV (zj), (2)

whenever P n(w, r) ⊂ Un, where C is a constant depending only on p, γ and n.

Proof. By the subharmonicity of functions of one variable we obtain

|f(w1, w2, ..., wn)|p ≤ 1

r2
1

∫
D(w1,r1)

|f(z1, w2, ..., wn)|p dV (z1),

whenever D(w1, r1) ⊂ U. Further, for a fixed z1 ∈ D(w1, r1) we have

|f(z1, w2, ..., wn)|p ≤ 1

r2
2

∫
D(w2,r2)

|f(z1, z2, w3, ..., wn)|p dV (z2),

whenever D(w2, r2) ⊂ U. Continuing this process and combining obtained in-
equalities we obtain

|f(w)|p ≤ 1∏n
j=1 r2

j

∫
P n(w,r)

|f |p
n∏

j=1

dV (zj), (3)

whenever P n(w, r) ⊂ Un.

On the other hand, by Cauchy’s integral formula we obtain

|Dγf(w)| ≤ γ!

rγ
max

y∈P n(w,r)
|f(y)|, (4)
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whenever P n(w, r) ⊂ Un. This inequality is obvious for γ = (0, ..., 0). From (4)
we obtain

|Dγf(w)|p ≤ 2|γ|pγ!p

rγp

(
max

y∈P n(w, r
2
)
|f(y)|

)p

. (5)

From (3), we obtain for y ∈ P n(w, r
2
) the estimate

|f(y)|p ≤ 22n∏n
j=1 r2

j

∫
P n(y, r

2
)

|f |p
n∏

j=1

dV (zj) .

Thus

max
y∈P n(w, r

2
)
|f(y)|p ≤ 22n∏n

j=1 r2
j

∫
P n(w,r)

|f |p
n∏

j=1

dV (zj). (6)

From (5) and (6) we obtain inequality (2).

Lemma 2.2. Let β be a multi-index and a ∈ Un. Then the point evaluations
Λa,β(f) = Dβf(a) are bounded linear functionals on Ap

α(Un), for all p > 0.

Proof. Choose P n(a, δ) ⊂ Un, and let m = minz∈P n(a,δ)

∏n
j=1(1−|zj|2)αj >

0. By Lemma 1 there is a constant C independent of f, such that

|Dβf(a)|p ≤ C

δβp
∏n

j=1 δ2
j

∫
P n(a,δ)

|f(z)|p
n∏

j=1

dV (zj)

≤ C

mδβp
∏n

j=1 δ2
j

∫
P n(a,δ)

|f(z)|p
n∏

j=1

(
1− |zj|2

)αjdV (zj)

≤ C

mδβp
∏n

j=1 δ2
j

||f ||pAp
α
.

which proves the assertion.

Lemma 2.3. Let Mp
p (f, rk) = 1

2π

∫ 2π

0
|f(..., rke

iθk , ...)|p dθk for 0 < p ≤ 1
and f ∈ H(Un). Then

Mp
p (f, ρk)−Mp

p (f, rk) ≤ C(ρk − rk)
pMp

p

( ∂f

∂zk

, ρk

)
where C is a positive constant independent of f, zj, j 6= k, ρk and rk.

Proof. We have

Mp
p (f, ρk)−Mp

p (f, rk) ≤ 1

2π

∫ 2π

0

|f(..., ρke
iθk , ...)− f(..., rke

iθk , ...)|p dθk

≤ (ρk − rk)
p

2π

∫ 2π

0

sup
rk<t<ρk

∣∣∣ ∂f

∂zk

(..., teiθk , ...)
∣∣∣p dθk

≤ C(ρk − rk)
pMp

p

( ∂f

∂zk

, ρk

)
.
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In the last inequality we have used the Hardy-Littlewood maximal theorem (see,
for example, [2, Theorem 1.9]).

Lemma 2.4. Let f ∈ H(Un), p ∈ (0,∞) and βk,j ∈ R, k, j = 1, ..., n. Then
there is a constant C = C(p, βk,j, n) such that

max
z∈Dn(0, 1

2
)

|f(z)|p ≤ C
(
|f(~0)|p +

n∑
k=1

∫
Un

∣∣∣ ∂f

∂zk

(z)
∣∣∣p n∏

j=1

(
1− |zj|2

)βk,jdV (zj)
)
.

Proof. Without loss of generality, we may assume that n = 2. Since

f(z1, z2)− f(0, 0) =

∫ 1

0

f ′(tz1, z2) dt +

∫ 1

0

f ′(0, tz2) dt,

by some well-known inequalities we obtain

|f(z1, z2)|p

≤ cp

(
|f(0, 0)|p + |z1|p max

|ζ1|≤ 1
2

∣∣∣ ∂f

∂z1

(ζ1, z2)
∣∣∣p + |z2|p max

|ζ2|≤ 1
2

∣∣∣ ∂f

∂z2

(0, ζ2)
∣∣∣p)

≤ cp

(
|f(0, 0)|p + max

|ζ1|≤ 1
2

∣∣∣ ∂f

∂z1

(ζ1, z2)
∣∣∣p + max

|ζ2|≤ 1
2

∣∣∣ ∂f

∂z2

(0, ζ2)
∣∣∣p)

(7)

for all z1, z2 ∈ D(0, 1
2
), where cp = 1 for 0 < p < 1 and cp = 2p−1 for p ≥ 1. On

the other hand by (3) we obtain

|f(z1, z2)|p

≤ C
(
|f(0, 0)|p +

2∑
k=1

∫
D2(0, 3

4
)

∣∣∣∣ ∂f

∂zk

(ζ1, ζ2)

∣∣∣∣p 2∏
j=1

dV (ζj)
)

≤ C
(
|f(0, 0)|p +

2∑
k=1

∫
D2(0, 3

4
)

∣∣∣∣ ∂f

∂zk

(ζ1, ζ2)

∣∣∣∣p 2∏
j=1

(
1− |zj|

)βk,j dV (ζj)
) (8)

for all z1, z2 ∈ D(0, 1
2
), as desired.

Using the change r → 1+r
2

we can easily prove the following lemma.

Lemma 2.5. Let g(r) be a nonnegative continuous function on the interval
[0, 1), and let a > −1. Then there is a constant C = C(a) such that∫ 1

0

g(r)(1− r)adr ≤ C
(

max
r∈[0, 1

2
]
g(r) +

∫ 1

0

∣∣∣∣g(1 + r

2

)
− g(r)

∣∣∣∣ (1− r)adr
)
.
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3. Proof of the theorem

In this section we prove the main result in this paper.

Necessity. Let γ be a multi-index, such that |γ| = m. Let f ∈ H(Un) and
z = (z1, ..., zn) ∈ Un. By Lemma 1 we have

|Dγf(z)|p ≤ C

rγp
∏n

j=1 r2
j

∫
P n(z,r)

|f |p
n∏

j=1

dV (ωj), (9)

whenever P n(z, r) ⊂ Un, where C is a constant depending only on p, γ and n.
Taking z = r = (r1, ..., rn) in (9) and replacing r by ρ − r, where ρj ∈ (rj, 1),
j = 1, ..., n, we obtain

|Dγf(r)|p ≤ C

(ρ− r)γp
∏n

j=1(ρj − rj)2

∫
P n(r,ρ−r)

|f |p
n∏

j=1

dV (ωj), (10)

Applying (10) to the functions f(z · eiθ), z · eiθ = (z1e
iθ1 , ..., zne

iθn), where
θj ∈ [0, 2π), j = 1, ..., n, we get

|Dγf(r·eiθ)|p ≤ C

(ρ− r)γp
∏n

j=1(ρj − rj)2

∫
P n(r,ρ−r)

|f(ω·eiθ)|p
n∏

j=1

dV (ωj). (11)

Integrating (11) over [0, 2π]n and then using Fubini’s theorem, we obtain∫
[0,2π]n

|Dγf(r · eiθ)|pdθ ≤ C

(ρ− r)γp
∏n

j=1(ρj − rj)2

×
∫

P n(r,ρ−r)

∫
[0,2π]n

|f(ω · eiθ)|pdθ
n∏

j=1

dV (ωj).

(12)

Here dθ denotes dθ1 · · · dθn. Since f is holomorphic,∫
[0,2π]n

|f(ω · eiθ)|pdθ =

∫
[0,2π]n

|f(|ω1|ei(θ1+arg ω1), ..., |ωn|ei(θn+arg ωn))|p dθ

is nondecreasing in |ωj|, j = 1, ..., n. On the other hand, it is clear that∫
[0,2π]n

|f(|ω1|ei(θ1+arg ω1), ..., |ωn|ei(θn+arg ωn))|p dθ

=

∫
[0,2π]n

|f(|ω1|eiθ1 , ..., |ωn|eiθn)|p dθ

Hence, from (12) it follows
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(ρ− r)γp

∫
[0,2π]n

|Dγf(r · eiθ)|p dθ

≤ C

∫
[0,2π]n

|f(ρ1e
iθ1 , ..., ρne

iθn)|p dθ.

(13)

Putting ρj = rj + 1
2
(1− rj), 0 ≤ rj < 1, in (13), we obtain

n∏
j=1

(1− rj)
γjp

∫
[0,2π]n

∣∣Dγf(r · eiθ)
∣∣p dθ

≤ C

∫
[0,2π]n

∣∣∣∣f(1 + r1

2
eiθ1 , ...,

1 + rn

2
eiθn

)∣∣∣∣p dθ.

(14)

Multiplying (14) by
∏n

j=1(1 − r2
j )

αjrj and using the fact that 0 < rj < 1,
j = 1, ..., n, we obtain

n∏
j=1

(1− r2
j )

γjp+αjrj

∫
[0,2π]n

∣∣Dγf
(
r · eiθ

)∣∣p dθ

≤ C

∫
[0,2π]n

∣∣∣∣f(1 + r1

2
eiθ1 , ...,

1 + rn

2
eiθn

)∣∣∣∣p dθ
n∏

j=1

(1− r2
j )

αjrj.

Integrating this inequality over r ∈ [0, 1)n and making the changes sj =
1+rj

2
,

j = 1, ..., n, we obtain∫
[0,1)n

∫
[0,2π]n

|Dγf(r · eiθ)|pdθ
n∏

j=1

(1− r2
j )

γjp+αjrj drj

≤ C

∫
[0,1)n

∫
[0,2π]n

∣∣∣f(1 + r1

2
eiθ1 , ...,

1 + rn

2
eiθn

)∣∣∣p dθ
n∏

j=1

(1− r2
j )

αjrj drj

≤ C

∫
∏n

j=1[ 1
2
,1)

∫
[0,2π]n

∣∣f(
s1e

iθ1 , ..., sne
iθn

)∣∣p dθ
n∏

j=1

(1− s2
j)

αj dsj

≤ C||f ||pAp
α
,

as desired. Let β be a multi-index. By Lemma 2 we know that the linear
functional L(f) = Dβf(0) is bounded. Hence |Dβf(0)|p ≤ C ||f ||pAp

α
for all

f ∈ H(Un) and for some C = C(p, β, α) > 0 from which it follows an inequality
in (1).
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Sufficiency. Without loss of generality, we may assume that n = 2. Let

Mp
p (f, r1, r2) =

1

(2π)2

∫ 2π

0

∫ 2π

0

∣∣f(
r1e

iθ1 , r2e
iθ2

)∣∣p dθ1 dθ2,

then

||f ||pAp
α

=

∫ 1

0

(1− r2
2)

α2

∫ 1

0

Mp
p (f, r1, r2)(1− r2

1)
α1r2r1 dr1 dr2.

It is easy to show that

||f ||pAp
α
�

∫ 1

0

(1− r2)
α2

∫ 1

0

Mp
p (f, r1, r2)(1− r1)

α1 dr1 dr2.

By Lemmas 3 and 5, and since Mp
p (f, r1, r2) is nondecreasing in r1, we obtain∫ 1

0

Mp
p (f, r1, r2)(1− r1)

α1 dr1

≤ C

(
Mp

p

(
f,

1

2
, r2

)
+

∫ 1

0

∣∣∣∣Mp
p

(
f,

1 + r1

2
, r2

)
−Mp

p

(
f, r1, r2

)∣∣∣∣ (1− r1)
α1 dr1

)
≤ C

(
Mp

p

(
f,

1

2
, r2

)
+

∫ 1

0

Mp
p

( ∂f

∂z1

,
1 + r1

2
, r2

)
(1− r1)

α1+p dr1

)
.

Hence

||f ||pAp
α
≤ C

(∫ 1

0

(1− r2)
α2Mp

p

(
f,

1

2
, r2

)
dr2

+

∫ 1

0

(1− r2)
α2

∫ 1

0

Mp
p

( ∂f

∂z1

,
1 + r1

2
, r2

)
(1− r1)

α1+p dr1 dr2

)
.

(15)

Since Mp
p ( ∂f

∂z1
, 1+r1

2
, r2) is nondecreasing in r2 and applying the changes ri →

1+ri

2
, i = 1, 2, we obtain∫ 1

0

(1− r2)
α2

∫ 1

0

Mp
p

( ∂f

∂z1

,
1 + r1

2
, r2

)
(1− r1)

α1+p dr1 dr2

≤
∫ 1

0

(1− r2)
α2

∫ 1

0

Mp
p

( ∂f

∂z1

,
1 + r1

2
,
1 + r2

2

)
(1− r1)

α1+p dr1 dr2

= C

∫ 1

1
2

(1− r2)
α2

∫ 1

1
2

Mp
p

( ∂f

∂z1

, r1, r2

)
(1− r1)

α1+p dr1 dr2

≤ C

∫
U2

∣∣∣ ∂f

∂z1

(z)
∣∣∣p(1− |z1|2)α1+p(1− |z2|2)α2 dV (z1) dV (z2).

(16)
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Using again Lemmas 3 and 5, and since Mp
p (f, 1

2
, r2) is nondecreasing in r2 we

get ∫ 1

0

(1− r2)
α2Mp

p

(
f,

1

2
, r2

)
dr2

≤ C

(
Mp

p

(
f,

1

2
,
1

2

)
+

∫ 1

0

(1− r2)
α2

∣∣∣∣Mp
p

(
f,

1

2
,
1 + r2

2

)
−Mp

p

(
f,

1

2
, r2

)∣∣∣∣ dr2

)
≤ C

(
max

|z1|≤ 1
2
,|z2|≤ 1

2

|f(z1, z2)|p

+

∫ 1

0

(1− r2)
α2+pMp

p

( ∂f

∂z2

,
1

2
,
1 + r2

2

)
dr2

)
.

(17)

It is clear that there is a constant C independent of f such that∣∣∣∣ ∫ 3
4

0

(1− r2)
α2+pMp

p

( ∂f

∂z2

,
1

2
,
1 + r2

2

)
dr2

∣∣∣∣ ≤ C max
z∈D2(0, 7

8
)

∣∣∣ ∂f

∂z2

(z1, z2)
∣∣∣p. (18)

By (3) we have∣∣∣∣ ∂f

∂z2

(ζ1, ζ2)

∣∣∣∣p ≤ C

∫
P 2((ζ1,ζ2),( 1

16
, 1
16

))

∣∣∣∣ ∂f

∂z2

(ζ1, ζ2)

∣∣∣∣p 2∏
j=1

dV (ζj)

for some C independent of f, and for all ζ1, ζ2 ∈ D(0, 7
8
). Hence

max
z∈D2(0, 7

8
)

∣∣∣ ∂f

∂z2

(z1, z2)
∣∣∣p

≤ C

∫
D2(0, 15

16
)

∣∣∣∣ ∂f

∂z2

(ζ1, ζ2)

∣∣∣∣p 2∏
j=1

dV (ζj)

≤ C

∫
U2

∣∣∣ ∂f

∂z2

(z)
∣∣∣p(1− |z1|2

)α1
(
1− |z2|2

)α2+p
dV (z1) dV (z2).

(19)

On the other hand, using the change 1+r2

2
→ r2 we obtain∫ 1

3
4

(1− r2)
α2+pMp

p

( ∂f

∂z2

,
1

2
,
1 + r2

2

)
dr2 = C

∫ 1

7
8

(1− r2)
α2+pMp

p

( ∂f

∂z2

,
1

2
, r2

)
dr2

for some C > 0. Since

Mp
p

( ∂f

∂z2

,
1

2
, r2

)
≤ Mp

p

( ∂f

∂z2

, r1, r2

)
,
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for r1 ∈ [1
2
, 1) we obtain that there is a constant C independent of f such that

1

(α1 + 1)2α1+1

∫ 1

7
8

(1− r2)
α2+pMp

p

( ∂f

∂z2

,
1

2
, r2

)
dr2

=

∫ 1

1
2

(1− r1)
α1dr1

∫ 1

7
8

(1− r2)
α2+pMp

p

( ∂f

∂z2

,
1

2
, r2

)
dr2

≤
∫ 1

1
2

(1− r1)
α1

∫ 1

7
8

(1− r2)
α2+pMp

p

( ∂f

∂z2

, r1, r2

)
dr2 dr1

≤ C

∫
U2

∣∣∣ ∂f

∂z2

(z)
∣∣∣p(1− |z1|2

)α1
(
1− |z2|2

)α2+p
dV (z1) dV (z2).

(20)

From (15) - (20) and Lemma 4 the result and an inequality in (1) follow, for
m = 1. Using induction we obtain the result for m ≥ 2.

Remark. Note that we did not use the condition p ∈ (0, 1] in the proof of
the necessity, and so we proved the result also for p > 1.
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