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Analysis of the Operator A~ldiv
Arising in Magnetic Models

Dirk Praetorius

Abstract. In the context of micromagnetics the partial differential equation
div(—Vu + m) = 0 in R?

has to be solved in the entire space for a given magnetization m :  — R% and  C R,
For an LP function m we show that the solution might fail to be in the classical
Sobolev space WP(R?) but has to be in a Beppo-Levi class W} (RY). We prove
unique solvability in W7 (R?) and provide a direct ansatz to obtain u via a non-local
integral operator £, related to the Newtonian potential. A possible discretization
to compute V(Lam) is mentioned, and it is shown how recently established matrix
compression techniques using hierarchical matrices can be applied to the full matrix
obtained from the discrete operator.
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1. Motivation and introduction

Let Q C RY, for d = 2,3, denote the spatial domain of a ferromagnetic body.
In the classical model for stationary micromagnetics due to Weiss, Landau, and
Lifshitz [3, 11], an energy functional £ has to be minimized over an admissible
set A of magnetizations m : 0 — R?. The functional E comprises four terms,
which are known as exchange energy, anisotropic energy, exterior energy, and
stray-field (or magnetostatic) energy,

E(m):a/ﬂ|Vm|2dx—|—/ﬂgb(m)dx—/Szf-mdx+%/}Rd|Vu|2d:r. (1)
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Here, the exchange parameter o > 0 and the anisotropy density ¢ € C*®(R%Rx)
are given. Frequently, €2 is supposed to be a large body so that the exchange
contribution can be neglected, i.e. a = 0 in (1) [7]. The magnetic potential
v : RY — R and the magnetization m are linked through Maxwell’s equations
which imply the partial differential equation

Au = divm (2)

in the entire space R? (where m is extended by zero outside of Q). As usual,
Equation (2) is treated in the sense of distributions. By definition, we are
looking for a weakly differentiable function u which satisfies

(Vu ; Vo) = (m ; Vo) for all v € D(RY), (3)

where (- ; -) denotes the scalar product of L?*(R% R?) and D(R?) denotes the
vector space of all C*-functions with compact support.

The length |m| of the vector field depends only on the temperature and
is therefore usually assumed to be constant. In particular, one has m €
L>®(2;RY). Thus, it seems to be interesting to investigate the solvability of
(3) for m € LP(Q;RY).

For bounded  and d = 3 it is well known that, given m € L?(Q2; R?), there
is a unique solution u € H'(R?) which solves (3) [12, 14]. But, for unbounded
Q or d = 2, the solution u € H}, (R?) in general fails to be in L*(R% R?). In
particular, we show that, for d = 2, this is related to the fundamental solution
of the Laplacian.

The paper is organized as follows: Section 2 recalls the necessary definitions
and classical results applied in the following sections. In Section 3 the Banach
spaces WT(R?) are introduced, and it is shown that for a magnetization m €
L*(R4 RY) the Hilbert space WZ(R?) is the right space to be considered; there
is a unique solution u € WZ(R?) of (3). Section 4 recalls the definition of
Calderon-Zygmund kernels and states the main theorem on Calderén-Zygmund
convolutions which is applied in Section 5. We show that for m € LP(R% R?)
and 1 < p < oo the potential equation (3) has a unique solution v = £,m €
WF(R?). At least for a magnetization m € L*(R%; RY)NLP(RY; R?), the potential
L,m is given as a classical convolution

where GG denotes the Newtonian kernel and m; is the j-th component of m.
The extension of £, defines a continuous linear operator from LP(R%RY) to
WP(R?). Finally, Section 6 gives the application of the provided results for a
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Galerkin discretization with piecewise constant ansatz functions in the context
of computational micromagnetics. We show how the theory of H?-matrices can
be applied to the Galerkin elements to decrease computational cost down to
(almost) linear.

2. Preliminaries

For functions u,v : R — R we define the convolution u * v of u and v by

(uxv)(z):= /[Rd u(z —y)v(y)dy for all z € RY,

whenever the integral exists. As usual in the context of convolutions, functions
w: Q) — R, for Q C RY are identified with their trivial extension w : R — R,
ie. w(z) =0 for z € RAN\Q. We summarize some well-known facts about
convolutions [17, 20, 21, 22].

Proposition 2.1.
(i) For 1 < p,q,r < oo with % —l—% =1+ %, the convolution u * v of
u € LP(RY) and v € LY(R?) satisfies

Uu*v e LT<Rd) with ||U * UHLT(Rd) S ||u||LP(Rd)HUHL‘1(IRd)'

(ii) Forq= ;5 =:p/, the convolution uxv € C(RY) N L>(RY) is uniformly
continuous. Further, 1 < p < oo and q = p' imply u*v € Cy(R?), i.e.
u * v vanishes at infinity.

(iii) For k € N, u € L} (RY), v € CH(R?), and multi-indices o € NI with
la] <k, we have

uxv € CHRY)  with 0%(u*v) = ux* (0™).

For d > 2, we define the Newtonian kernel G : R?\{0} — R by

L log |z| for d =2,
Gla)=1¢" ~ (4)
T, || for d > 2,

where 74 = [0B(0,1)| denotes the surface measure of the unit sphere, in par-
ticular 75 = 27, 3 = 47. The Newtonian kernel is the fundamental solution of
the Laplacian, i.e. we have the following well-known proposition [8].

Proposition 2.2. For any test function f € D(R?) the Newtonian potential
w = G * f satisfies w € C*°(RY) with Aw = f in RY. Moreover, for the partial
derivatives of w it holds that Ow/0x; = (0G/0x;) * f = G * (0f /0x;).
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Corollary. For any smooth magnetization m = (my, ..., mg) € D(R%R?),
a solution of Equation (2) is given by u := G x (divm) = ijl(aG/axj) * M.

For later use, we need the standard notation of Sobolev and Lebesgue
spaces. For 1 < p < oo and w C R? an open set, we denote with LP(w)
the Banach space of all measurable functions whose absolute value to the power
p is integrable. The inner product of the Hilbert space L?(w) is given by

(u;v) = / u(z)v(x)dz for all u,v € L*(w). (5)

For p = 0o, L*°(w) denotes the Banach space of all measurable functions which
are essentially bounded. For n € Ny, the classical Sobolev space W"?(w) con-
sists of all functions v : w — R which are n times weakly differentiable and
whose (weak) derivatives of order |o| < n satisfy 0“u € LP(w). The norm on
WmP(w) is given by

Julwescy = ( 32 10°ula)”
lo|<n (6)

||u||W"ﬂ°°(w) = maXH@O‘uHLm(W).
laj<n

In this sense we have LP(w) = W%P(w) and it is quite common to denote the
Hilbert space W™?(w) by H"(w). The subspace Wy (w) is the completion of
the test functions D(w) with respect to || - |[wn»@). The subscript floc, e.g.
in W,7P(w), indicates that v € W,.?(w) satisfies u € W™P(K) for all compact
subsets K C w. We write W™P(w; R?) whenever we are dealing with vector
valued functions. Finally, we point out that, for any 1 < p < oo, the conjugate
index is denoted with p’ := ~£5 € [1,00]. Further, B(z,¢) denotes the closed
ball with radius ¢ > 0 and center z € R? As usual, | - | denotes both the
absolute value of a scalar A € R and the (Euclidean) norm of a vector x € R?,
respectively. The scalar product of two vectors x,y € R? is written as x - .

3. The Banach spaces W/ (R?)

For 1 < p < oo, we define the vector space [15, 13]

LE(RGRY) = {f € LP(RYRY) | Tu € W P(RY) Vu=f} (7)

Loc
of all LP functions which are weak gradients.

Lemma 3.1. LY (R4 R?) is a closed subspace of LP(R% R?), whence a Ba-
nach space. Furthermore, L%(]Rd; RY) is reflerive for 1 < p < oo and a Hilbert
space for p = 2.
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Proof. Let (f,) be a Cauchy sequence in L% (R%; R?) with limit f € LF(R?%; R).
Further, let (u,) be a sequence in W,.*(R?) with f, = Vu,. For k € N, define

oM =, — fB(O,k) up, dz, where f, du = ﬁ [, dx denotes the integral mean

over B C RY. Since Vol = f,, a Poincaré inequality on B(0, k) yields that
(vgk))neN converges to a function v®) € WLP(B(0,k)) with Vo) = f|p ).
Now define u® := v®) — fo0.) v®) dz and observe u®) € W'P(B(0, k)) with
u®|pox-1) = u*~V. Thus, k — oo gives a function u € WP (RY) with Vu = f.
The remaining claims follow from principles of functional analysis [20)]. |

Now, we consider the vector space

WP(RY) := {u € W, P(RY) | Vu € LP(RLRY)}. (8)
Note that the natural definition
HUHW{'(Rd) = ||quLP(Rd;Rd) (9)

only induces a seminorm on this space. Two functions u,v € /V[vflp (R?) have the
same gradient, i.e. Vu = Vv, if and only if u = v + ¢ for a constant ¢ € R.
Factored out the piecewise constants from W7 (R?), i.e

WP(RY) .= WP(RY)/R, (10)

the quotient space equipped with || - [[y»ga) obviously satisfies the following
lemma.

Lemma 3.2. WF(RY) is a Banach space which is reflexive for 1 < p <
oo, and W2(R?) is a Hilbert space. Moreover, the gradient V : WP(R?) —
LR (R%RY) is an isometric isomorphism.

Remark. The inclusion i, : W'P(R?) — WF(R?) which maps a function
u € WHP(R?) to the corresponding equivalence class in WF(R?), is continu-
ous and injective. Thus, W'P(RY) and D(R?) can be treated as subspaces of
WP (R?).

The following result can be found in [13, Appendix A] or easily be verified
by use of the Fourier transform.

Lemma 3.3. The test functions D(RY) are dense within W32(R?).

Proposition 3.1. Form € L*(R%RY), there is a unique u = uy, € W2(R?)
which satisfies (3). The operator £ : L*(R%:RY) — W2(RY), m +— uy, is linear
and bounded with operator norm |L|| = 1. The composition

P :=VoLc L(L*(R%,RY); LA(RE: RY)) (11)
is the L?-orthogonal projection onto L% (R% R?), and we have

LL(REG RN = {m € H(div;R?) | divm = 0}. (12)
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Proof. According to the Cauchy inequality and [|v|[y2ge) = V| L2 Ra;ra),
®(v) := (m; Vo)

defines a bounded linear functional ® € W(R%)* with norm || ®]| < |lm|| 2(ga ra)-
Now, (3) reads

(u; V) wersy = @(v) forallve D(RY). (13)

With respect to Lemma 3.3, D(R?) in (13) can be replaced by W2(R?) and Riesz’
theorem yields the existence of a unique v € W2(R?) satisfying the equality.
The estimation of the norm again follows from the Cauchy inequality,

”uH?/VlQ(]Rd) = (Vu; Vu) = (m ; Vu) < HmHL?(Rd;Rd)||u||W12(Rd)a

iLe. ||[Lmllyzgey < ||lml|2mepre). For m € L%(R% R?Y), we have m = V(Lm),
whence ||£|| = 1 and P is a projection onto L% (R%R?). From ||P|| = || £ =
1, we derive that P is orthogonal [20]. Equation (12) follows directly from
Lemma 3.3. |

Remark. Since the embedding iy : H'(R?) — WZ2(RY) is injective and (3)
has a unique solution in W2(R?), there is at most one solution in H!(R?). Later

we will investigate in which cases the unique solution u € W2(R%) is represented
by a function in H'(R?).

Remark. For the numerical treatment of P the latter proposition is mean-
ingless. However, in Section 5 an analytical representation of L is introduced
which carries over to the case 1 < p < oo instead of p = 2.

4. The analytical main result

The theorem we want to prove requires some preliminaries on the Calderén-
Zygmund kernels defined below. For any kernel h : RN\{0} — R we make
the convention to write i and h. for h(z) := h(—z) and h. := hxra\B(0,¢)
with arbitrary ¢ > 0, respectively, where xra\p(,) denotes the characteristic
function.

Definition 4.1. A measurable function » : R\{0} — R is called Calderdn-
Zygmund kernel if there is a constant ¢; > 0 such that for any x # 0 and
0 <r < R < oo there holds

[5(2)] < exla]™ (14)

/ ) )l < (15)

/ y R/ﬁ(y) dy = 0. (16)
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Theorem 4.1 (Calderén-Zygmund [22]). For a Calderén-Zygmund ker-
nel k, 1 <p<oo, e>0 and f € LP(R?), the convolution of k. and f satisfies

ke [ € Lp(Rd) with || ke * fHLP(]Rd) < Cpr”LP(Rd)a (17)

where the constant ¢, > 0 depends only on p and k but neither on € nor f.
Further, k. * f converges in LP(RY) for e — 0. Consequently,

5f += limne = f) € L/(R) (19

defines a bounded operator S, € L(LP(R?); LP(R?)) with norm ||S,|| < ¢,. Since
S, extends the convolution, we shall write kK f := S, f.

Remark. The notation & * f is independent of p in the following sense: For
1 <p,q<ooand f € LP(RY)NLYR?), one has S,f = S, f since LP convergence
for ¢ — 0 implies pointwise convergence almost everywhere [21].

The partial derivatives of the Newtonian kernel G, 2% (z) = L 4 oive rise
O Ya |zl
to the following definition.

Definition 4.2. A kernel h : RY\{0} — R is homogeneous of degree a € R
if h(Az) = A*h(z) for any A > 0 and = # 0.

To give first examples of Calderén-Zygmund kernels and to see that the
second order partial derivatives of the Newtonian kernel x := 0°G/(0z;0xy)
are of Calder6n-Zygmund type, we cite the following lemma from [1].

Lemma 4.1. For h € C*(R*\{0}) homogeneous of degree 1 —d, any partial
derivative k := Oh/0x; is a Calderon-Zygmund kernel.

Theorem 4.2. Let 1 < p < oo and h € C1(RI\{0}) be homogeneous of de-
gree 1—d such that the first order partial derivatives of h are Calderén-Zygmund
kernels. Then, there is a unique bounded operator T, € L(LP(R®); WP(R?)) with

T,f =hxf forall f € DRY. (19)
For f € LP(RY), the weak derivative of T,f is given by

0 ~
%(Tpf) =rj* [+ N f, (20)

j
where k; = 0Oh/0x; and \; = faB(o,l) h(z)x;ds,. The operator T, has the
following mapping properties:

(@) T,f = hx f for f € LY(R?) N LP(RY),

(b) T,f = hx f for f € LYRY) N L"(RY) with1 < qg<d<r < oo and

q<p=r,
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(c) T,f = h* f € WWP(RY) for f € LY(RY) N LP(RY) and d > p' (i.e.
pd>p+d).
Further, if Q is bounded, the restriction to LP(Q)) satisfies
(d) T, € L(LP(Q); WEP(RY)) for d > p'.
Finally, for 1 < p,q < oo we have
(e) T,f =T,f for all f € LP(R?) N LY(RY).

Remark. The equalities in Theorem 4.2, e.g. (19), have to be understood
in the sense that h* f € WP(RY) (resp. h* f € WIP(RY)) exists and is a
representer of the equivalence class 7),f. Since the operator 7, extends the
convolution with h, we write h* f := T,f for f € LP(R?). Due to (e) this
notation is independent of p.

Remark. For the first order partial derivatives h := 0G/0x) of the New-
tonian kernel G, \; from (20) can be computed,

\ - 0 for j # k, (21)
! for j = k.

-

With the unit sphere S := 0B(0,1) this follows from \; = ‘§1| Js ik ds, for
j # k by symmetry and from [S| = Z?Zl Js m? ds, = d [z} ds, for j = k.

The proof of the theorem needs the following elementary lemma which can
be derived directly from Proposition 2.1.

Lemma 4.2. For a measurable function h : RN\{0} — R which is of degree
1 —d and hy := hxra\p(0,1), the following holds:

(i) hy € LY(RY), h—hy € L*(RY) for 1 <s<d <t < oo,

(ii) hx f e LY (RY) for f € LP(R)NLYRY), 1 <p<oo, and 1< q<d,

(iii) hx f € L(R?) for f € LP(RY) N LY(R?) and 1 < g < d < p < oo,
(iv) (hxf: g) = (f : hxg) for f asin (iii), g € L*(R?), and h(z) := h(—=z).

Proof of Theorem 4.2 (main part). For f € D(R?), we have hxf € L>(R?).
To verify h* f € WP(R?) it remains to show that

(h* f;00/01;) = —(rk; % f+ N\jf ; ¢) for all p € D(R?). (22)

For the notation, we use the conventions introduced above. Let ¢ € D(R?) and
choose r > 0 with supp(f) Usupp(¢) € B(0,r) and note

(hx f500/0x;) = (f ; h+(9¢/0x;))

) 0o
[ s e —y) 5 () ddy
supp(f) =V JB(0,7)\B(y.e) L
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For fixed y € supp(f) and small € > 0, the inner integral reads with partial
integration

hz —y)=—(x)dx
/Bw,r)\B(y,e) Ox;

= —/ ki(z —y)o(x)de + / h(z —y)o(x)n;(x) ds,
B(0,7)\B(y,) a(B(0,r)\B(y,¢))

— e )~ [ bl = o) Y ds,

OB(y,e)

where the Calderén-Zygmund kernel &; is defined by &;(z) = x;j(—z). Recall
that according to Theorem 4.1, K. * ¢ converges to k; * ¢ in LP(R?) for € — 0.
(This allows us to exchange the limit and the integration with respect to y.)
With transformations, the surface integral reads

/ h(x — y)¢(x)mj — Y s, = / h(z)x;p(y +ex)ds,
) oB(

B(y,e) € 0,1)

= \ly) + / h@)z; (6(y + e2) — 6(y) dsa,

8B(0,1)

and the second term in the sum vanishes for ¢ — 0. Combining both equations,
we end up with

(s[5 0¢/0xj) = =l (f 5 &jc @) = (f 5 A0)
= —lim(rjex f50) = (f 5 Njo) = (i [ = A f 5 0)

and derive (22). In particular, we obtain with Theorem 4.1

IV (R )l r@aray < 2l fllLrray,

where ¢y > 0 only depends on d, p, h, and its partial derivatives. Considering
D(R?) as a subspace of LP(RY), we have shown that T),f := h x f defines a
bounded operator T, € L(D(R?); WF(R?)). Density provides a unique extension
T, € L(LP(RY); WF(R?)). Equality (20) carries over from D(R?) to LP(R?) by
continuity. |

The remaining claims of the theorem follow from classical density argu-
ments, which can be applied according to the additional assumptions on f &€
LP(RY).

Proof of Theorem 4.2 (a—e). Part (a). We have to show that h* f €
LY (R?) is weakly differentiable with weak derivative x;* f + A;f. To this end,

Loc

choose a sequence (f,) in D(RY) that converges to f in L'(R?) and LP(RY)
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(for instance a sequence of mollifications of f). For all ¢ € D(R?), a Holder
inequality shows

[(hx |5 00/0w;) = (hx fu s 06/0x)| < I f = fallpr eIl (06/05) | e (rey

and the right-hand side vanishes for n — co. Hence, we obtain

(hx f;00/0x;) = 7}520<h  fn 3 09/0x;)
= lim <"€j:|:fn + )\jfn ; ¢> = <’fj;‘:f+)‘jf 3 ¢>7

n—oo

where we have used the convergence in LP(R).

Part (b): W.lo.g. we may assume f > 0. Define f, := min(f,n)Xxpon)
and note that f, converges to f in L*(R%) for s = p,q,r. According to Propo-
sition 2.1,

b (f — fn)||Loo(Rd) < b * (f = fn)HLOO(Rd) +[[(h = h1) * (f — fn>||L°°(Rd)
< ||h1||Lq’(Rd)||f - fn“Lq(Rd)
+ b= Pl g ey | f = fullor ey

i.e. hx* f, converges to h* f in L>°(RY). The application of (a) yields

(h* f;0¢/0x;) = nh_)n;@(h* fn; 09/0x;)
= lim (kj* fo + Njfn; &) = (ki fF+ N f 5 @)

n—~oo

for any test function ¢ € D(R?).

Part (c). According to (a) it remains to show that h x f € LP(RY).
With Lemma 4.2 we have (h — hy) € LY(R?) and h; € LP(RY) since p > d'.
Proposition 2.1 yields hy * f, (b — hy) x f € LP(R?).

Part (d). Assertion (c) yields that the restriction 7' : LP(Q) — WHP(RY)
from T}, to LP(€2) is well-defined and linear. Since the inclusion i, : W1P(R?) —
WP (R?) and the composition T}, = i, o T are continuous, Banach’s closed graph
theorem implies that T is also continuous.

Part (e). The claim follows directly from (20) since the right-hand side is
independent of p, ¢. It defines a function in LP(R?)NL4(R?) by Theorem 4.1. 1

5. Unique solvability of the potential equation (3)
In the subsequent section we show that also for 1 < p < oo and m € LP(R% R?)

(instead of p = 2) the potential equation (3) has a unique solution u € W} (R?).
We provide a representation of the operator £ which was introduced for p = 2
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in Proposition 4.2. Recall from Corollary 2.2 that, for any arbitrary smooth
magnetization m = (my, ..., my) € D(R% RY),

u = Om = Z aﬁL'] (23)

is a solution of Equation (2). In particular, u solves the weak form (3).

Proposition 5.1. Given 1 < p < oo and m € LP(R%R?), Equation (3)
has at most one solution u € WP(R?).

Proof. Assume that uj,us € WF(R?) solve (3). Then e 1= uy — u; €
WP (R?) satisfies Ae = 0 in a weak sense. In particular, any derivative f :=
Oe/Ox; satisfies Af = 0 and f € LP(R?). For any ¢ € D(R?) it follows that
A(pxf) = ¢pxAf = 0 and ¢* f € C(RY)NL>*(R?) by Proposition 2.1. But then
Liouville’s theorem implies ¢ * f = 0. Since this holds for any test function ¢,
Lebesgue’s differentiation theorem yields f = 0, whence u; = uy € WP(R?). &

Since the kernels h; := 0G/0x; satisfy the assumptions of Theorem 4.2,
we obtain the following result which states, in particular, the unique solvability
of (3) for m € LP(R% RY) in WF(R?) for 1 < p < oo.

Theorem 5.1. For any 1 < p < oo, there is a unique bounded operator
L, € L(LP(R:RY); WP(RY)) (24)

which extends Lo from D(R%GRY) to LP(RYGRY).  For a magnetization m €
LP(R%GRY), u:= L,m is the unique solution of (3). Further, L, has the follow-
mg mapping properties:

(a) L,m = Lom form e L' N LP

(b) Lm=Lom forme LINL" withl <g<d<r<ooandq<p<r

(¢) L,m = Lom € W'P(RY) form € L' N LP and d > p'
where L,m = Lom, in particular, states that the convolution Lom exists in the
classical sense. Further, for a bounded open set  C RY, the restriction of L,
to LP(Q; RY) satisfies

(d) £, € L(LP(Q;RY); WHP(RY)) for d > p'.
Finally, for p = 2, the extended convolution operator Lo coincides with the

operator L introduced in Proposition 3.1 and we remark that (¢) and (d) hold
ford > 3.

Proof. According to Theorem 4.2, £, is given by
Lm = Z 0C s, form — (my,...,mq) € LP(RGRY) (25)
aIJ i ) ) ) )
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and this extension is unique since the test functions are dense within L”. The
mapping properties (a)—(d) carry over from the corresponding statements in
Theorem 4.2. It remains to show that u = £,m solves (3) for arbitrary m €
LP(R%RY). Let (my)ren be a sequence of test functions which converges to m
in L” and recall that (3) has already been shown for all my. By definition of
WY (R?) we infer that ||£,(m —my)|lyrre) = [V(L,m) — V(Lymyg)|| o @ara)-
Combined with the Holder inequality, this yields for all v € D(R?)

(=V(L,m)+m ; Vv)| = [(-V(L,m) + V(L,my) ; Vv) + (m —my ; Vo)

< HVUHLP'(Rd)(HEP(m - mk)wa(Rd) + [Jm — mkHLP(Rd;Rd));
and the right-hand side vanishes for £ — oo since £, is continuous. |

Remark. Theorem 5.1 yields a constructive proof of Lemma 3.3: Write
W2(RY) = H @ H* with H the closure of D(R?) in W2(R?). For u € H* we
have (Vu ; Vo) = 0 for all v € D(R?), whence u is the potential of the zero
magnetization, i.e. u = 0.

6. Application to computational micromagnetics

Let 2 be a bounded Lipschitz domain in R?. For a magnetization m € L?(Q; RY),
let u := Lom denote the corresponding (unique) magnetic potential. According
to (3) and Proposition 3.1, the stray-field energy from (1) reads

|Vu|? de = / m - Vudz . (26)
Rd Q

On the right-hand side, the continuous bilinear form
a: L*(REGRY x LA(RERYD) — R, a(m,m) := (V(Lym) ;m) (27

appears. For the discretization of which, let 7 = {77, ..., T} be a triangulation
of 0, i.e.
(i) every T € 7 is a (bounded) Lipschitz domain which satisfies 7' C Q
(i) Q=U{T|T € T}, where T denotes the closure of 7' C R?
(iii) for different Tj, Ty € T, we have T; N T}, = 0.
Further, let S°(7") denote the vector space of all 7-piecewise constant functions.

Then, for piecewise constant magnetizations m,m € S°(7)¢, the following
proposition gives a formula to compute a(m, m) analytically.

Remark. At least for the large body model of micromagnetics due to DeS-
imone [7] the consideration of piecewise constant functions is reasonable, cf. [5]
for a discrete relaxed model and the corresponding numerical analysis.
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Proposition 6.1. For bounded Lipschitz domains w, C R? and vectors
m, m € R?, we have

a(xom, Toi) = — / /8~G<x—y><n<x>-m><ﬁ<y>-rﬁ>dsydsm, (28)

where x,, and Xz denote the corresponding characteristic functions and n, n
denote the outer normal vectors on Ow and 0w, respectively. Further, we have
the symmetry properties

a(x.m, xgm) = a(xzm, x,m) = a(x,m, xzm). (29)
In particular, Bjj, == a(x.€j, Xzex) defines a symmetric matric B € R‘j;n‘i such
that
a(x,m, xzm) = m - Bm. (30)
In the case dist(w,w) > 0, the coefficients of B can be computed by
B =/w : afjaik (z —y) dy dz. (31)

Proof. Since V o L, is an orthogonal projection, the bilinear form af(-,-)
is symmetric [20]. This shows the first equality in (29). To obtain the other
claims of the proposition, note that the bilinearity of a(-, ) leads to

d

a(x,m, yzm) = Z m;my, a(Xwej, Xo€r) = m - Bm.
k=1

Therefore only the special case m = e; and m = e, has to be treated. To abbre-
viate notation, we write hy := 9G/0z, and k), := 0°G/(0x;0x)). Theorem 4.2
and Remark 4 yield

5 w w
8a:j

with Kronecker’s d;;. Further, we have Lo(xw€j) = Lo(xwe;) = hj * xo. With
the definition of the Calderén-Zygmund convolution ;i * X,,, we obtain

~ Ok
By = (Vo L(xw€5) ; xa€r) = (R ¥ Xe 5 X&) + = (X 5 Xa)
The symmetry sji(x) = rj(—2x) shows (Kjk* Xw ; X&) = (Xw ; Kjk* Xz) and
therefore Bj, = By;, i.e. we obtain the second equality in (29). To prove (28)
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note that Theorem 4.2 in particular states hy * x5 € W,o2(R?). Thus, partial
integration on the bounded Lipschitz domain w yields

/w ng—;X&) dz = /&u(hk * Xz) (2)n;(x) ds,.

For fixed € Jw another partial integration for G € We (Rd) gives

(hi % x2) () = [S—Z@—y)dy
oG
= 8—%@ —y)dy

= — /~ G(x —y)ni(y) ds,.
ow

Combining this with L£(xzex) = hx * xz we infer

O(h * X3
G(Xaek,xwej)Z/ (g X) /a/a (z—vy ”J x) (Y )dSdex

Finally, (31) follows by simple convolution properties. We have hy * x5 €
CY(RN®D) with d(hy, * xz) = (Ohy/0z;) * Xz, whence

h b
a(Xg,ek,Xwej):/a( g*X )d /ﬁjk*xwd:c—//ﬁjk r —y)dydz.

This concludes the proof. |

Remark. Equation (28) was also proved by Hackbusch and Melenk [10] for
d = 3 by direct calculation. Although their proof does not use the result due
to Calderéon and Zygmund, this is what is behind when they use the Fourier
transform to show the continuity of the bilinear form af(-,-).

Remark. Obviously, the given proof of Equation (29) carries over to ar-
bitrary functions ¢, » € L*(R?), i.e. the characteristic functions x,,, xz can be
replaced by ¢, @.

Computing the stiffness matrix A for a(-,-). For a Galerkin discretization
of (26) with piecewise constant ansatz and test functions, one has to compute
the matrix

A € RIVXIN  with Ay := a(p;, ¢r) (32)

sym

and a fixed basis {1, .., pan} of S°(T)?% A reasonable choice for a basis is

©j = XT,€1, @n4j = Xxree ete for 1 <j <N, (33)
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as is shown in the following: This basis gives rise to the definition of the matrices

AP e RYXN - for fixed 1 < v, 3 < d, Aj‘,f = a(X1,€a, X13.€8), (34)

sym

where the symmetry of A®® (i.e. an additional symmetry of A) follows from
(29). Note that — again by Equation (29) — we have A’ = AP®. Therefore,
A is a symmetric (d x d)-block matrix with the symmetric blocks A% = AP
of dimension N x N,

All A12 All A12 A13
A A A13 A23 A33

for d = 2 and d = 3, resp. As a first consequence we obtain that one has only to
compute and store 1d(d+ 1)N(N + 1) instead of (dN)? coefficients of the fully
populated matrix A. Provided the geometry of the elements T} € 7 is simple,
the entries Ao‘kﬂ can be computed exactly: Assume that the boundaries of 7}

and T} are ﬁnlte unions of pairwise disjoint affine boundary pieces I'y, ..., T
and Ty, ... FL,, respectively. Then, Equation (28) reads, for m = e,, m = eg,
¢ 7
Ajof = ZZ nalr,)(Msls ) / / (x —y) dsyds,. (35)
p=1 v=1

The double boundary integrals are well-known in the context of boundary
integral methods being the Galerkin elements of Symm’s integral equation
discretized by piecewise constant functions. Note that analytic formulae are
known, cf. [4, 16] for d = 2 and [9, 16] for d = 3, respectively.

Remark. Equation (31) of Proposition 6.1 motivates panel clustering tech-
niques to obtain an approximation A of A such that assembling, storage, and
matrix-vector multiplication of A are of (almost) linear complexity although
the error, for instance, in the Frobenius norm can be controlled [2]. To apply
these techniques to each of the matrices A € RV*YN note that the kernel

0*G
O0x,0x3

(z —y)

Jop (T, y) =

is asymptotically smooth and use the representation (31) for the entries A;‘,f on
admissible blocks. Numerical experiments for a blockwise H2-matrix approach
will appear in [18].



604

Dirk Praetorius

Acknowledgement. Parts of the paper have been written when the author
was a member of the DFG Graduiertenkolleg 357 ” Effiziente Algorithmen und
Mehrskalenmethoden” at the Christian-Albrecht-Universitat zu Kiel, Germany.
He thanks W. Hackbusch (Max Planck Institute, Leipzig) and C. Carstensen
(Humboldt-Universitédt Berlin, Germany) for valuable discussions. Financial
support by the FWF project P15274 ” Reliable and Efficient Numerical Algo-
rithms in Computational Micromagnetics’ is thankfully acknowledged.

References

[1]

2]

ESES)

Agmon, S.: Lectures on Elliptic Boundary Value Problems. Princeton: Van
Nostrand 1965.

Borm, S., Grasedyck, L. and W. Hackbusch: Introduction to hierarchical ma-
trices with applications. Engin. Anal. with Boundary El. 27 (2003), 405 —
422.

Brown, W. F.: Micromagnetism. New York: Interscience 1963.

Carstensen, C. and D. Praetorius: A posteriori error control in adaptive qualo-
cation boundary element analysis for a logarithmic-kernel integral equation of

the first kind. SIAM J. Sci. Comp. 25 (2004), 259 — 283.

Carstensen, C. and D. Praetorius: Numerical analysis for a macroscopic
model in micromagnetics. To appear in SIAM J. Numer. Anal. (2004).
Preprint at http://www.anum. tuwien.ac.at/~“dirk/download

Carstensen, C. and D. Praetorius: Effective simulation of a macroscopic model
in micromagnetics. To appear in Comput. Meth. Appl. Mech. Engrg. (2004).
Preprint at http://www.anum. tuwien.ac.at/~“dirk/download

DeSimone, A.: Energy minimizers for large ferromagnetic bodies. Arch. Ra-
tional Mech. Anal. 125 (1993), 99 — 143.

Gilbarg, D. and N. S. Trudinger: FElliptic Partial Differential Equations of
Second Order (Grundlehren der Mathematischen Wissenschaften: Vol. 224).
Berlin et al.: Springer-Verlag 1977.

Hackbusch, W.: Direct integration of the Newton potential over cubes includ-
ing a program description. Computing 68 (2002), 193 — 216.

Hackbusch, W. and M. Melenk: H-matriz treatment of the operator VA~ div.
In preparation 2003.

Hubert, A. and R. Schifer: Magnetic Domains. Berlin - Heidelberg -
New York: Springer-Verlag 1998.

James, R. D. and D. Kinderlehrer: Frustration in ferromagnetic materials.
Continuum Mech. Thermodyn. 2 (1990), 215 — 239.

Lions, P. L.: Mathematical Topics in Fluid Mechanics. Volume 1: Incom-
pressible Models (Oxford Lecture Series in Mathematics and its Applications:
Vol. 3). Oxford: Clarendon Press 1996.



Analysis of the Operator A~!div 605

[14] Luskin, M. and L. Ma: Analysis of the finite element approzimation of mi-
crostructure in micromagnetics. STAM J. Numer. Anal. 29 (1992), 320 — 331.

[15] Ma, L.: Analysis and Computation for a Variational Problem in Micromag-
netics. Ph.D. Thesis. University of Minnesota 1991.

[16] Maischak, M.: The analytical computation of the Galerkin elements for the
Laplace, Lamé and Helmholtz equation. Technical report ifam48: 2D BEDM.
Technical report ifam50: 3D BEM. Inst. Angew. Math., Univ. Hannover 1999
and 2000.

[17] McLean, W.: Strongly Elliptic Systems and Boundary Integral Equations.
Cambridge: Univ. Press 2000.

[18] Popovié¢, N. and D. Praetorius: Applications of H-matriz techniques in
micromagnetics. To appear in Computing (2004). Preprint available at
http://www.anum.tuwien.ac.at/ dirk/download

[19] Praetorius, D.: Analysis, Numerik und Simulation eines relazierten Modell-
problems zum Mikromagnetismus. Doctoral Thesis. Vienna Univ. of Technol-
ogy 2003. Thesis at http://www.anum.tuwien.ac.at/ dirk/download

[20] Rudin, W.: Functional Analysis (2-nd ed.). New York: McGraw-Hill 1991.

[21] Rudin, W.: Real and Complex Analysis (3-rd ed.). New York: McGraw-Hill
1987.

[22] Stein, E. M.: Singular Integrals and Differentiability Properties of Functions
(Princeton Mathematical Series: Vol. 30). Princeton: Univ. Press 1970.

Received 11.11.2003; in revised form 13.04.2004



