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Well-Posedness and Asymptotics
for Initial Boundary Value Problems
of Linear Relaxation Systems
in One Space Variable

Shu-Yi Zhang and Ya-Guang Wang

Abstract. In this paper we study the well-posedness and relaxation limit for the
initial boundary value problem of a general linear hyperbolic system with a relaxation
term in one space variable. We mainly consider the asymptotic convergence and the
boundary layer behavior under the sub-characteristic condition and the stiff Kreiss
condition when the relaxation rate goes to zero, which generalizes the results of Xin
and Xu in [J. Diff. Egs. 167 (2000), 388 - 437] for homogeneous problems to the
non-homogeneous case.
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1. Introduction

In this paper, we study the following initial-boundary value problem (IBVP) in
the quarter plane {z > 0,¢ > 0} for the linear form of Jin-Xin [3] relaxation
system:

@UE + (92;1}6 = C]1(
O v¢ + adyuc (

I
(™)
1)

u(z,0) = wug(x) (1)
v(z,0) = vo(z),
B,uf(0,t) + B,v(0,t) = b(t),

where € > 0 is the relaxation parameter, a > 0 satisfies a sub-characteristic
condition which will be given precisely later, u®,v¢ € R"™ are vector-valued
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unknowns, B, and B, are n x n constant real matrices, and f(u) is linear, i.e.
f(u) = Fu

for a n x n real constant matrix F. Furthermore, we assume that F' has n real
eigenvalues and a complete set of eigenvectors, i.e. there are n X n matrices L
and R such that

LFR = A :=diag{\1, ..., \a}, LR=1I,. (2)

Our main purpose is to study the boundary layer behaviors of the solution
(u,v°) to the problem (1), and its asymptotic convergence to the solution of
the corresponding equilibrium system

{ Ou+ 0, f(u) = q(z,t),

U= f(u)7 (3)

when € goes to zero.

Till now, there exists a rich literature devoted to the qualitative behaviors
of solutions to the Cauchy problems of relaxation systems, e.g. refer to [1, 3 -
5, 8] and references therein. However, there are only a few rigorous theories on
the asymptotic behaviors of solutions to the initial boundary value problems
of relaxation systems when the relaxation parameter goes to zero, due to the
complicated behaviors of the boundary layers in the process of the limits. This
problem was studied by Wang and Xin in [6] for the scalar case of the limit
equation. For the system case, in [9] Yong proposed the generalized Kreiss
condition (GKC) for the well-posedness of both the relaxation system and the
corresponding limit system, and rigorously studied the existence of the bound-
ary layers without the initial layers. In the constant coefficient case, Xin and
Xu [7] have established the well-posedness, the asymptotic behavior of bound-
ary layers and initial layers for the homogeneous case of the problem (1). More
precisely, in [7], it is required that for problem (1) that

q(z,t) = @(z,t) =0

and
uo(0) = v9(0) = ugp(0) = vp(0) =0,  b(0) = ¥'(0) = 0.

Here, we want to study the well-posedness of the problem (1) and the asymptotic
behavior of the solutions (u¢,v¢) when ¢ — 0 without the above restriction of
Xin and Xu [7]. As usual, we impose the following compatibility conditions on
the problem (1):

v9(0) = Fug(0), v(0) = Fuy(0), Fgi(0,0) — ¢2(0,0) = Fuj(0) — auy(0)  (4)
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and
Buuy(0) + Bywg(0) = b(0) (5)
B,v(0) + aB,ug(0) = —'(0) + Buq1(0,0) + B,g2(0,0). (6)
We denote

e [ uf - 0 I, - 0 0
v=(v) a=(a 5) s=(r %)

Qz(‘q];) U0:<'Z§) B = (B, B,).

First for completeness, let us recall a definition on the L?-well-posedness of the
problem (1) from [7] as follows.

Definition 1.1. The IBVP (1) is stiffly well-posed if there exists a positive
constant Kt independent of € such that

T oo T
/ / |U5(x,t)|2dxdt+/ \U<(0,t)|* dt
o Jo 0

< Kr (/OT\b(t)FdH/OOOyUo(x)EdH/OT/OOO\Q(x,t)Fdxdt)

for all Uy € L2(RT),b € L*(RY) and Q € L2(R* x [0,T)) with Rt = {z > 0}.

We shall denote by || - ||s the classical H®* norm, by O(1) some absolute
constants independent of ¢, ¢, b(t), Up(x) and Q(z,t), and by Cj some absolute
constants depending only on Uy(0), U}(0) and Q(0,0). Our main results are as
follows.

Theorem 1.1. (IBVP, n=1.) For the scalar case n = 1, let f(u) = Au,
A € R, assume that the constant a satisfies the sub-characteristic condition

a> N\ (7)
and the boundary condition satisfies the following stiff Kreiss condition (SKC):

B,=0 or %gzl—\/a,fﬂﬂ. (8)

2
Then the IBVP (1) is stiffly well-posed. It holds:
1. Assume (7),(8) and b € L*(R"),Uy € H'(RT),Q € H*(RT x R") satis-
fying the compatibility condition (5). Then there exists a unique solution
U = (u,v) to the IBVP of the equilibrium system (3) such that

/ / \U¢ — Ul?e **dxdt — 0
o Jo

as € — 0 for any a > 0.
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2. If we further assume b € H*(RT),Uy € H*(R"),Q € H'(RT x R")
satisfying the conditions (5) and (6) then

/ / \U€ — U*e™ " dg dt
0 0

< O(W)ellvo — f(uo) 2 + O(1)| U
ome (bl + QI +co) x>0 O
+4 O (bR + Q2+ Co)  ifA=0 -
OW)e(lbllz + IQIE + Co)  if A <0

3. There exist an initial layer

L — it <x, f)

€

and a boundary layer

0 if A >0
UBL = ¢ UPL(%t)  ifA<0

e’

UPH(Zt) ifA=0

with 't = 0, vBL = 0 such that

/ / ’UG —_U— UIL o UBL|267204t dax dt
0 0

< O(1)e||U2
+{OOWNW%WQM+%) iFAA£0
O ]2 + O()e([QI2 +Co) i A=0

(10)

Theorem 1.2. (IBVP, n > 1.) Assume that the constant a satisfies the
following sub-characteristic condition

a> max A (11)

and the boundary condition satisfies the following stiff Kreiss condition

|det(B,R + B,RG(€))] > C (12)
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for some C' > 0 and all £ € C with Re& > 0, where

A+ \/Ag. + 4ag(1 +€)

then the IBVP (1) is stiffly well-posed. It holds:
1. Assume (11), (12) and b € L?*(RT),Uy € HY(RT),Q € H'(RT x RT)

satisfying the condition (5). Then there exists a unique solution U = (u,v)

to the IBVP of (3) such that

/ / \U¢ — UPPe **dxdt — 0
0 0

as € — 0 for any a > 0.
2. If we further assume b € H*(RT),Uy € H*(R") and Q € H*(RT x R")
satisfying (5) and (6), then

/ / \U€ — UPe™ " dg dt
0 0

< O (b2 + QI2 + Co) (13)
LM+ O(W)ellun — Flun)ll2

3. There exist an initial layer Ut = UL (x, E) and a boundary layer UBL
with ' = 0, vBL' = 0 such that

/ / |U6_U_UIL_UBL‘2672atdxdt
0 0 (14)
< OM)e([Ibll3 + QNIF + Co) + OM)E||Uoll5-

Remark. From the stiff Kreiss condition (12), we can easily derive the
boundary condition for the equilibrium problem. Without loss of generality, we
assume that F'is diagonal:

F= 0 ,

where Ay = diag{ 1, -, N}, Ao = diag{ \piq+1, s Aprqr} With A; > 0
(1<i<p), i <0(p+q+1<i<ptqg+r)andp+qg+r=n,pqreN,
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p,q,r > 0. Correspondingly we set
B By
B By

u v

and u = (uy, up,u_)T, v = (vy,v,,v_), b= (by,b,,b_)T with same block size
of F. By setting £ = 0 in (12), we have

Bf + BfA.
det B!

Therefore, we have
|det(B} + BfAy)| > C > 0.

Then the IBVP of the equilibrium system is given by

Owu+ Foyu q,
v Fu,
(By + By Ay )us(0,1) b+ (1),
wz,0) up ().

It is easy to see that the IBVP of the equilibrium system is well-posed.

Remark. In contrast with [7], here we have established some more general
results which remove the restrictions of [7]. Moreover, we extend the results in
9] to the inhomogeneous systems.

The remainder of this paper is arranged as follows: In Section 2, we will
decompose the oringinal problem into two partial problems and give the solution
in the scalar case. In Section 3, we will prove the asymptotic convergence of
the solution of the relaxation system towards the solution of the corresponding
equilibrium problem in the scaler case. In Section 4, we will calculate the
boundary layer and establish the convergence rate in this case. In Section 5, we
will prove Theorem 1.2.

2. Solution of the problem: the scalar case

In this section, we decompose the oringinal problem into two ones by a change
of variables and give the solution of the problem. We rewrite the problem (1)

as follows:
QU + Ad,U* 15U+ Q

U¢(x,0) = Uy(x) (15)
BU<(0,t) = b(t).
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2.1. Decomposition of the problem. The first step we take is to make a
change of variables

wC=u—1u, 2°=v°—7, (16)

where 4,7 € H3(R' x R") are to be specified satisfying the conditions
u(0,0) = uo(0) 9(0,0) = v9(0) 17
0,1(0,0) = uy(0) 9,9(0,0) = vy(0) 18

— — —— ——

(

(
8,1(0,0) = —v}(0) + @1 (0,0)  9,0(0,0) = —auh(0) + g2(0, 0) (19

(

) w=(¥)

and rewrite system (15) with the above change of variables as

W+ AQ,We = 1SWe— (9,U + A, U) + Q

We(z,0) = Uy(x)—U(x,0)
BW<(0,t) = b(t)— BU(0,t).

N
I
7N
S~

The above problem does not change the form of the problem (15). We still

denote it by
oW+ AQ,We = ISWe+ N

We(z,0) = Wy(z) (21)
BWe(0,t) = c(t)
where N = ( nl ) and

no

N = @ - (8tU+A8zU)

Wo(x) = Up(z) —U(x,0)
) = b(t)— BU(0,1).

The compatibility conditions (5) and (6) of the problem (1) are equivalent to
that (21) admits the following compatibility conditions:

Wo(0)=0  ¢(0)=0 (22)
Wi0)=0 d0)=0  N(0,0)=0. (23)

Remark. The precise construction of (@, v) in (17)-(20) was based on the
compatibility conditions (5) and (6) hold simultaneously. In the case that one
only has the zero-th order compatibility condition (5) for the problem (1), we
can choose the functions (u, v) satisfying (17) and (20) only, and the transformed
problem (21) admits the zero-th order compatibility condition (22) as well.
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Now, we begin to deal with the problem (21). Note that with the compati-
bility condition (22), we can decompose problem (21) into the two problems

QW+ AD,We = LS
We(@,0) = Wa) (24
BW0,t) = c(t)

and
OWe+ Ao,We = L1SW+ N

We(z,0) =
BW<(0,t) = 0.

)

(25)

If (21) admits the compatibility conditions (22) and (23), the compatibilty
conditions of (24) and (25) up to order one are satisfied as well. The first
problem (24) is a homogeneous one which has been studied in [7]. We only
need to focus on the second one (25).

In the end of this subsection, we show the structure of U. With Taylor’s
series, it is easy to give a C°(R?) function V(z,t) satisfying the condition
(17)-(20), namely

Vot = (0 ) (| 20 (0.0 o
) / T !/ N
If we set ;

- x

Ul,t) = 6(5. %)V, t),
where ¢(z,t) € C5°(R?) is a truncation function satisfying

1 0<at<g
Qb(l',t)—{ 0 l‘,tZl )

then it is easy to verify that
T2 < O1)8°>(|Us(0)]” + |UG(0)]” + b°(0) + b"*(0)).

By setting 6 = 1, we get
1Tl < Co. (26)

2.2. Solution by the Laplace transform. In this subsection, we study the
problem (25). We denote the Laplace transform by

We(x, &) = LW = / e SWe (2, t)dt,  Re€ >0,
0



Well-Posedness and Asymptotics for Relaxation Systems 615

Therefore, the problem (25) becomes
o, We =
BW<(0,¢) =

M(€) = A7 (S — €D).

The general solution W¢(z, £) of the equation in (27) can be represented as

M(eé’)ﬁ/E + A_IN(x,f) (27)

S o=

where

e, €) = M2 (Vmo, O+ [ MOATN g dy)
0

where MO — it (¢) 4 it _(£)
with
e At /N2 ;jaﬁ(l + &) LR = a{‘j? , g8 = afi(?
and
20 = 75 - G ( k<1€> ) Lol
o_(§) = g@ik(g) (9(15) ) (—H0. 1)

Therefore W€ can be rewritten as
We(x, &) = e+ Ded, (&) (W(0,€) +/ e MO ATIN(y, £)dy)
0

DT (V0. + [ e DAy €y
0

The boundary value WE((), €) remains to be determined. From the boundary
condition

BW<(0,£) =0

of the problem (25) and a natural boundary condition

D (e6) (W(0,€) + /0 O ARy, €)dy) = 0,

0.9 =g ( 5 ).

we have
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where - )
(= [ e O (.6~ Lo(nalu.€)) dy
0
The solution of problem (25) is given by

<. B 1
Wi @.8) = S — e

X K k(ig) )/:o ot (e§) 22 (m(yaf) - ég(ef)m(y,gw dy

B §§$§%%§§F@”“&@f(gé®:ﬂ‘

(28)

We denote by W¢, W5 and Wy the three items on the right side of the above
equality respectively.

Remark. Since the uniform Lopatinski condition is just a consequence of
the stiff Kreiss condition, the stiff well-posedness is easily established. We shall
only focus on the asymptotic convergence and the boundary layer.

3. Asymptotic convergence: the scalar case

In this subsection, we show the convergence of W€ towards the solution of the
corresponding equilibrium system. It is easy to verify the following relations:

. O(1)e A>0 ) O(1)e A>0
—— =0 O(1)ye A=0, ={ O)(H): A=0 (29)
Repuy (€€) { O(1) A<0 11+ (€€) { O(l)|§|ﬁ"_1 N <0

. O(1)e A<0 . O(1)e A<0
—— =0 O(1)ye A=0, ={ O)(H): A=0 (30)
Fey-(et) {<xn A>o () {<xn§1 A>0

O(l)e  A>0 O(1)e A<0

M%){(XU«E A=0, m@>{<xn¢z A=0 (31)

O(1) A<0 O(1) A>0
as well as
1 [ o) A#0
%@@—M@ﬂ‘{Ouk* A= (32)
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and
le* — 1| < O(1)|z| for Rez < 0. (33)

In the following discussion, we shall always set £ = a + i (a, 5 € R).
First, we deal with W§. Thanks to the stiff Kreiss condition (8), we have

for all £ with Re£ > 0. On the other hand, we have the following simple estimate
on 7¢(&):
2

) < /Ome—“+<ff>1’< (5:6) ~ ~g(e€)a(y,€)) dy

oo o0
</ |6_“+(€§)Z|2dy/
~—Jo 0

€ *®
SOl—/ N(y,€)[*dy.
W Reyiy(€€) Jo VO
When A # 0, noticing (29), (32) and (34), we have

//|met —2ot do dt
= [ (] Wite.opas) ao

< O~ s T | ea/ / Nz, ) dpds

< / / N(z,t)]* dx dt.

When A\ = 0, due to (32), we can’t derive a estimate similar to (36), if N(x,t) €
L*(R* x R*Y). Therefore, if N(x,t) € HY(RT x RT), by integration by parts we
have

o 1\ OB, + Bk(et))
Wi = ( 9(€€) ) % (B + BMeE) |

M .6) — o). 6)] dy (39

(36)

1(0,6) = = (e6)l0,€) — 5(6))

where
(€)= / OO (D11 (3, ) — (), ma(y. €))dy

Similar to (35), we can prove

/ / e~ 2 \We [2dxdt < O(1)e|| N3 (37)
0 0

Next, we establish the covergence of Wy + W} towards the solution of the
corresponding equilibrium system. For this we consider two cases.
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3.1. The case of non-characteristic boundary. When A > 0, the corre-
sponding problem of the equilibrium system is as follows:

ow + \No,w = m

z = Aw
w(z,0) = 0
w(0,t) = 0.

By a simple calculation, we get the solution

W= (1) [ S nwomn

By using (31) and (32), we have

/_Z/Om\W;\zdxdﬁgO(l)/_i/ooo</x e (22 7 §)|dy) da B

Denote the item on the right side of the above inequality by I. By integration
by parts, we have for

I = W(/m (/:oeRe’“‘* O NG o)ldy) | as
”/ / o/ ([ emm™e 5,0 ) dxdﬁ)
/ / Reu+ 65 N, §>|> (38)

x (5 [ e @ N ) dy) dad

1
< )P dxd 1
N R€M+€§ // Nz, )" dedg +
Therefore by using (29), we have
|| Wikds <o
—o00 J0
/ / (2, €)[*dzdp (39)

< O(Me[IN1g-

IN
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When considering Wf,, we need to use the following estimates:

w00 g Salmowe @
S opyge | — +§‘ —O(l)e.  (41)

We write Wj — W as

1 1
S Y eI R I CI DY
Wip—W= ( b(ct) )
9(e6)—k(<0)

e (= (e, dy

0

|
R
[ e L

) / S @ Ly, ) ay
0 a

) / (eu_<e5>“?’) — e_g(x_y)/)‘)ﬁl(y?@ dy.
0

Denote the three items on the right side of the above equality by I, I and Il
respectively. Similar to the proof of (36), we can prove the following estimates
for I and I:

+

VR
— >

/ / [Pdzds < OL)E|N|?
—00 JO0
[ [ mpasas < oweni
—00 J0

If N(z,t) € H(RT x RT), we have for Il by integration by parts

€ )\ _ € )L )\ _¢T ~
M| < ‘M—(EQ * E) (@, )+ ‘,u—(é)eu( 7%+ Ee 3] 17 (0.6)
€ T A ¢ v €)Y -
g @ | e ot

A ’ LX),
0

< O)e s (2, )] + (1 + )=

ﬁl (07 f)‘

‘ e, € (—y) ~
+(1+$)/ eften= =0, 7y (y, )| dy
0

* _Re (z—y) ~
+ﬂf/ e TS |3yn1(y,£)\dy]-
0
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Therefore, we have

/ / |IT|2dzdB < O(1)

o0

(,€) !2dxdﬁ+/ 171(0,€)|*dB

— 00

AL
// /Re# 0% |3n1(y£)\dy> dr df
IS

Reu

11 (Y, S)ldy) dz df

n
+/_Z /OOO (/ R0, (y, f)!dy) da:dﬁ].

Denote the four items on the right side of the above inequality by Iy, I, I3 and
I, respectively. By using the trace theorem we have for I

L < O],
Similar to the proof of (38), we can prove for I, the estimate
L < O[N],

Considering I3, by integration by parts we get

fgzm/‘:[(m/o e (c6)
2 " een-(e0 / " ren-
_9 / ~ xeReMeﬁ)f( /0 Y Ren.
/ / Reu ) / e
3 / weltr A (y,€)| dy) de s (12)
/ / Reu )|8 2 (1, 6)|
g, e i (y,€)| dy ) da d

§18(

10,7 (y, S)Idy) ’OO

Vi, dy) d

in (. s>|dy)|a fir (2, €)| x| d

n1(y, €)| dy

€ 2
o (5)) I+ Sy

o) ~ ) 9
#18(7) [ i oPands+ S
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Therefore, with the estimate of Iy, we get
I, < O()||N 2.
Similar to (42), we can establish the estimate
L < O(1)|IN][3.

Combining all the estimates of I, (k = 1,2,3,4) in the above, we have
[ [ i = wpdsas < owe (43)
—o0 J0

Therefore, we get the asymptotic convergence of Wy + W7 towards the solution
W of the corresponding problem of the equilibrium system via

/ / e MW+ W5 — WAdzdB < O(1)é|N||7 — 0 (44)
o Jo

as € — 0.

When X\ < 0, the corresponding problem of the equilibrium system is given
by
ow + Ao, w = ny
z = Aw
w(z,0) = 0.

The solution of the above problem is

LN o e
W= ( f‘ )/ e >ﬁ1(u,§)dy.

Similar to the case of A > 0, we can prove that the following estimates are true
in the case of A < 0:

[ [ W panas < oe:
—o0 /0

and

/ / (W2 dzdt < O(1)e?||N||3.
—00 J0

Here we omit the details of the derivation of the above estimates. Therefore,
we can prove that (44) is also true in this case.
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3.2. The case of uniform characteristic boundary. When A\
corresponding problem of the equilibrium system is given by

= 0, the

dw = m
z =0
w(z,0) = 0.

The solution of the above problem is
ni
o€
0
If N(z,t) € H'(RT x RT), then by integration by parts we have
Wi+ Wy —W

- () - buosi)

n < k(ig) )/:o ot ()

0
+ aens(z,€) .
1+€€

Denote the four items on the right side of the above equality by Iy, I5, I3 and
I, respectively. By direct calculation and using (31), we have for I; and I, the

estimates o e
| [ impasas < owen:
oo JO

|| ik dsds < omen

, we can establish the following estimates for I, and Ij:

(@) om0 O) dy

Similar to (

/ / | 12| dwdﬁ<0(>(ReM+€§)/ / 0,N (z,€)|* dz dfs
<

O(L)e|INJ,

/ / |13 d:cdﬂ<0(>(ReM 65)/ / 0,N (z,€)|* dz dfs
<

O(L)e|| V5.
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Therefore, we get the convergence of Wi + W} towards W according
/ / e W + Wy — Wdadt < O(l)e%HNHf.
o Jo

Thus combining all the convergence results in this section, together with
the results in [7], we have proved the asymptotic convergence and the estimate
(9) for the convergence rate.

4. Boundary layers and convergence rate: the scalar case

In this section, we will study the boundary layer in the problem (25) and estab-
lish the convergence rate when the compatibility conditions (22) and (23) hold.
For this we consider two cases.

4.1. The case of non-characteristic boundary. In the non-characteristic
boundary case, namely A # 0, we propose the following well-known expansion:
w(z,t) = w(z,t) +wPl(y,t) + O(1)e (46)
2(x,t) = z(z,t)+ 2By, t) + O(1)e
where wPE(y,t), 2PX(y,t) are the boundary layers decaying exponentially fast
in y = £ when y goes to infinity. By plugging (46) into (25) and matching the
expansion, we get the boundary layer equations
{ 9,2t = 0

adywPl = IwBL — BL,

We now specify the initial and boundary data in order to determine the
boundary layer. When A > 0, we have

ad,wbl = XwBl — BL
0,28 =0
wBL(0,t) = 0
2PE(0,t) 0.
It is easy to get wBl = zPL = 0. No boundary layer develops in this case.

Considering the convergence rate, noticing (30), we have the following estimates
for 7(§) by integration by parts:

2 } /0°° b () (3yﬁ1(y,§) — %g(ef)@%(%é)) dy

€

i+ (€€)

()P = |

‘ 2

+711(0,8) — ég(ES)ﬁz(Oaf)

<OmE(IF0.9F+ [ 10,80 dy).

0
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Therefore, the above estimate yields

/OOO /Oo e 2 Wy (x,t)|* do dt
=[] e apasa

< owe( [ Woopas+ [ [loNwopasd) (7

- owe( / =20t N (0, 1) dt + / / e=210,N (. 1) dy dt)
0 0 0
< O(1)e||N(z,1)|]7.

When A\ < 0, the problem of the boundary is as follows:

ad,wbl = IwBl — BL
0,28 =0
B,wBE(0,t) = —(B,+ AB,)w(0,t)
ZPL(0,t) = 0.

Noticing (8), which implies B, # 0 for A < 0, we give the boundary layers by

B, +)B, x [
~BL . Zuw U e f
(2,) e /

M

n1(y, &) dy

3BL — .

To consider the convergence rate, we write

~€ ~BL

Bu+ka(€£)_ g(6§)eu_(€£)% > —p4(e§) 2 > d
BB ad k) ), ¢

)
+< B 1 Bu+Bik(c§)  Bu+ ABU)BM(ES)ZE
g(€§) — k(e§) By + Byg(€) AB,

< [T ety ¢) dy
0

Bu+)\Bv )L > € ﬁ
+Teu-(£)é/ (e~ p() e _ o ) (y, €) dy
u 0

B +)\B Az > Yy
+“—(u (es)e_ew)/ X (y, €) dy
B, ;
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Denote the four items on the right hand side of the above inquality by [y, I, I3,

and I, respectively. We estimate the four items separately. By using (29) - (32)
and (34), similar to (36), we can prove for Iy

/ / L dBdz < O(1)E||N|2.
0 —0o0

From (30) and (31), we have

‘ - 1 Bu+ Buk(c€)  Bu+AB,
g(€€) — k(e€) By + Bug(ef) AB,

< O(1)e.
Thus, similar to (39), we have for I,

/ / IL2dBdz < O(1)| L.
0 —00

To deal with I3, the following estimate works:

€ n é
pe(e€) €

<o)

Together with (33) we have

)\Eﬁ

e_p‘Jr(ES)% _|_ —eSX %

< O(1)e(1 + y)e 2BRen+ (O

1+ (€€)

Therefore, by integration by parts, we have for I3

[ impasas < owe( [ .opas
0 J-oo .
+/Z ’ /0"0(1 +y)e—#+(e§)%ayﬁl(y’§) dyfdﬁ)

< OMe|N]y

According to the estimate

‘u(ﬁﬁ) — 2 < 0)ex|¢]

€ ae

and by integration by parts, we have for I,
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0 —o0
<o [ [ i e

<(m0.0+ [ oo )| s

0(1)/00062“93 d;c/m (m(o,g)

—00

o0 y R 2
+/ e*X 0, (v, f)dy‘ dg
0

IA

< O()e|INS.

Combining all the estimates for I, k = 1,2, 3, 4,we get

[ [ et —w— P P ana < oNg:
0 0

The same analysis can be carried out as above on z¢, and we obtain
= OO —2at| € 2 2 2
/ / e M2 — 2|7 (z, t)dxdt < O(1)e*||N||7. (49)
o Jo

4.2. The case of uniform characteristic boundary. In the case of uniform
characteristic boundary, namely A = 0, the asymptotics is a little different from
the non-characteristic boundary case since the width of the boundary layer is
of O(1)y/€ order. The asymptotics (46) cannot catch the boundary layer in this
case. Alternatively, we propose the following expansion:

{ w(z,t) = w(z,t)+wP(y,t) + VewPL(y,t) + O(1)e

(50)
2(z,t) = 2(x,t) + 2Py, 1) + Ve (y, 1) + O(1)e,

where wPE(y,t), 2B (y,t), wPl(y,t), and 2PL(y,t) are the boundary layers
decaying exponentially fast in y = x/1/e when y goes to infinity.

Plugging (46) into (25) and matching the expansion, we have the boundary
layer problem

( dwPt = ad2Pt
0,28 =0
wB(y,0) = 0
Py, 0) = 0
(| B,wPL(0,t) = —B,w(0,t).
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Therefore, the boundary layers are

1
wBL _ —567‘/£/a€$ (0 é-)
FBL = 0.

In this case, the boundary layer is different from that in the case of non-
characteristic boundary. We can found its effect both in W; + W} and Wj.
First we consider Wy + Wj}. By integration by parts, we have

- ~ < 1. J
WIE+W]6[—W—EWBL:(]l—EWBL)+IQ+]3+I4

where I, (k = 1,2,3,4) denote the same items as in (45). According to the
results of the asymptotic convergence in Section 3.2, we have

/ / L+ I, + L d dB < O(1)el|N |12
—o0 J0O

By using the estimate

1 -~
1= WPH < 0()(1 + )ezer= (DN (0,€)],

we get
| |n= 5w dwds < oty
So far, we have established the result
/:/OOO\W;+W;—W—%WBL\dedﬁgou)enNni (51)
Next we consider Wj;. By integration by parts, we write

e (1) 9B, + Boh(et)
Wi =W = <g<e£>) 26(B. + Bog(c€)

) VeI (0, 6)

(o
(e ) “pea it B a0,
(e

ﬁl (07 6)

+

+

2@5( v+ Bug(e€)

) O (By + Buk(e€)) .
g(e 2¢(By + Byg(€f))

5(8)-
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We denote the two items on the right hand side of the above equality by Iy, I,
and I3, respectively. Noticing

I+ L] < O(1)e2 (1 + z)e (D% N(0,6)),

we get
/ / | + L*dv dB < O(l)e%HNH%.
—o0 J0

Similar to (37), we can prove that the following inequality holds for I3:

/OO /OOO |I3]* dwdB < O(1)e|[N|1?
Therefore, we have
/0°° /000 e W - %WBL\Q(W) dadt < O(1)e|| NIy (52)
Combining (51) and (52), we can establish the result
/ooo /ooo W W WP t) de dt < O NIF. (53)

Remark. If N(x,t) € H*(R* x R"), we can achieve a higher convergence
rate by two times of integration by parts as follows.

/ / e W — W — WEL (2, O)dzdt < O(1)ez||N|2. (54)
0 0

It is easy to verify the following relation between U€ of the solution of (15)
and W€ of the solution of (21):

UE—U:WE—W, UIL :WIL, UBL :WBL.

Therefore, combining the results in [7] and the above arguments, we have the
estimate

/ / U — U — U™ — UBL (2, t)e > da dt
0 0

OMe(llellz + [IN1F) - if A#0 (55)

< 0(1)62HW0H3+{ . :
O)e*lell + e N|IF if A =0

Together with (26), we have proved that (10) is true.
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5. Initial Boundary value problem: n > 1

In this section we briefly give the idea of the proof of Theorem 1.2. For the case
n > 1, first we take the change of variables according to (16) and (17) - (20).
Thanks to [7], we only have to deal with the following system:

oW+ AQ,We = ISW +N
W(z,0) = 0 (56)
BW(0,t) = 0.
By using the Laplace transform in (56), we get

W = (e ) (Gl — ()

" / ol (6) @78

+( glee ) (e€) — K(e)) "

y / O (LN (,€) — K (€)LNs(y,€)) dy

(LN (y,€) — —G(6§)LNz(y £)) dy

< (Glel) — K (€)W (©)
where
,u:i:(f) = diag{“it(f)a M%t(g)’ T 7:“7:5(5)}7
G(&) = dlag{gl(g)a 92(€>7 T 7gn<€>}
K(&) = diaghs(€).ka(E). - ha(6))
R = [ e O LN 6) - LN (5,) dy
with
0 = 5o (v D+ e+ 0) 00 = o =8

Since all the components of W€ can be treated seperately, similar to the scalar
case, we can prove that (13) and (14) are true. Here we omit the details.

Remark. As we can see that the convergence rate in this case is lower
than that in the scalar case. It is because that the non-characteristic boundary
layers and the uniform characteristic boundary layers are mixed up, therefore
the best convergence rate we can achieve is the rate of the uniform characteristic
boundary case.
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