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Grand and Small Lebesgue Spaces
and Their Analogs

A. Fiorenza and G. E. Karadzhov

Abstract. We give the following, equivalent, explicit expressions for the norms
of the small and grand Lebesgue spaces, which depend only on the non-decreasing
rearrangement (we assume here that the underlying measure space has measure 1):

Il =~ [ -y (/ t[f*(S)]”d8> Cd (1<p<oo)

A :
1l ~ sup (1 —Int)+ ( / [f*(s)]pd8> (1 <p< o).
o<t<1 t

Similar results are proved for the generalized small and grand spaces.
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1. Introduction

The goal of this paper is mainly to investigate further the properties of the
small and grand Lebesgue spaces, using the interpolation-extrapolation theory.
We also introduce some generalizations and analogs of these spaces, such as
generalized small (grand) Lorentz spaces of functions or sequences, or compact
operators. The grand Lebesgue spaces were introduced by Iwaniec and Sbor-
done ([21]) and they found many application in analysis, see [3, 13, 14, 16, 20,
21, 29, 30]. The small Lebesgue spaces were introduced by A. Fiorenza ([10])
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as associate to grand spaces. They have applications to some boundary value
problems, see [12], [28].

The small Lebesgue space ([10]) L consists of all measurable functions g on
a finite measure space (2, ) which can be represented in the form g = >~ | gk
(convergence a.e.) and such that the following norm is finite:

o0
. . __1
gl == ,f > o itf e 7 llgillgr ey
k=1

where ||g||, stands for the normalised norm in L space:

ot = (5 [ otopac)’

and 1 < p < o0, z% + ]lj = 1. The grand Lebesgue space ([21]) LP), 1 < p < oo is
defined by the norm

_1
19llpy == sup er==|g[lpc.
O<e<p—1

We give the following characterisation of these spaces (if p(£2) = 1):

e~ [ 0=y (f t[f*(s)]pds);dt/t

P

and
) 1
[fllz» ~ sup (1 —1Int)"? (/ [f*(s)]pds)
o<t<1 t

Analogous results are proved for the generalized spaces.

2. Background from extrapolation-interpolation theory

Our investigation is based on extrapolation-interpolation of quasi-Banach spaces.
Here we recall some definitions and results from this theory. Let A = (Ao, A1)
be (a compatible) pair of quasi-Banach spaces, i.e. we suppose that Ay and A;
are quasi-Banach spaces continuously embedded in some quasi-Banach space
Yuo For 0 <6 <1,0 <p< oo, we let fYQ’p denote the real interpolation spaces
of Lions and Peetre (see [2], [4]), provided with the K-method norm

115, ={ [ 0K oot}

where

K(t fi A0 ) = it {fllay + e}
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Let 0 < 0y < 6 < 1 be fixed, and let © denote the interval (6y,0;). The
K and J methods of interpolation give equivalent quasi-norms on /_1)9,]), 0 e 0o.
Moreover, if 0 < 0y < 6; < 1, the equivalence of the K and J quasi-norms is
uniform (see [2]).

It will be convenient to use also the normalised K-spaces ([18]):
- 1 -
(Agp) = [0(1 = O)p]» A p.

Note that ([2])
AgNA; C (Ay,) C Ao+ 44
and ([18])

(Aop) C(Aoq),  P<q (1)
uniformly with respect to 6. The characterization of extrapolation spaces as
interpolation spaces requires spaces that fall outside the classical Lions-Peetre
spaces. In particular, it requires the replacement of power weights ¢t~ by more
general continuous weights w. Note that given a weight w one can define in the
familiar way the fTw,p and ffwm’ J spaces associated with the K and J methods.
The corresponding K and J norms are then given (respectively) by

1
I3

I, = { [ oK 20 40 e}

and

[ee]

Hf||,zw,mzinf{{ > [w(z")J(z",uy;Ao,Al)}p}p; =Y u

V=—00 V=—00

=
8
~—

where

J(t, f; Ao, Ar) = max (|| fl| ao. tll.f]l4,) -
We assume that the weights w(t) satisfy the following condition: There exist
positive constants ¢y, co, such that

aw(2’) <w(t) < cw(2”) forall 2V <t<2"t veZ

Then we can “discretize” the A, norm (see [2], Lemma 3.1.3) and obtain

1z, ~ { > [wE)E, f; AO,AJ}”} :
From the strong fundamental lemma of interpolation (see, for example, [18])

it follows the following relation between K and J spaces. Suppose that A is a

Banach pair and let A¢ be its Gagliardo completion. Then (see [2, 4, 18])

— —

z‘fcw*,l;J = A1 = Ay, (2)



660 A. Fiorenza and G. E. Karadzhov

where

w*(u) = / min(1,¢/u)w(t)dt/t. (3)
0
The following remark will be useful in the sequel.

Remark 2.1. Let

{/000 [min(l,t)w(?ﬁ)}pdt/t}; <00, 0<p<oo.

If Ay C Ap, the quasi-norm of the embedding being 1, then

1z, = {/01 [w(t)K(t, f; Ao,Al)}pdt/t};,

(Use the formula K (¢, f) = [|f]| 4, for t > 1.) Analogously, if Ay C A, with
the quasi-norm of the embedding being 1, then K (¢, f; Ao, A1) = t||f[|4, for
0 <t <1, and so now

P

I, ~ { [ OK G g0 40}

Let M(f) be a positive continuous function on the interval © = (6, 6,),
such that ﬁe) is bounded. We define “one sided” ©(P) spaces ([22]):

SO~ (M(0)Ay,) = TP (M(0)Ay,)

0o,

—

F="Y_ 96, g(6) € Ay,

- f - EA . 96(90704

and Hme)f(M(e)Xe,p) < 0

where

k-t =18 {{ 3 MO, )7} 7= 3 a0},

96(90,0(] 96(00,04]

Remark 2.2. We are using the notation of summation over uncountable sets.
In this paper this should be understood as follows. Suppose that N(0) is a
continuous function on © = (6y,a], 0 < ) < a < 1, such that N(f) — 0 as
0 — 0y. We fix a discretization say 6,, = 0y + 27" if n > ny > 0. Then

> ON(@O) =) N(b), a:=0+27".

0€(00,0] n>niy
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Remark 2.3. In the same fashion the Z(p ) construction can be applied to other
compatible scales {Ay}gco of quasi-Banach spaces, where by “compatible” we
mean scales such that there exists a constant ¢ > 0 such that for all § € © we

have [|fllz, < e¢llfll4, -

Remark 2.4. When dealing with Banach pairs we can replace sums by in-
tegrals in the definition of the X"~ spaces. This corresponds to the famil-
iar equivalence between the so called “continuous” and “discrete” definitions
of the J and K methods of interpolation. For future reference we discuss in
more detail a special case of this equivalence. Suppose that A= (Ag, Ay) is
a Banach pair and moreover suppose that for some small positive € we have
{fOE[M(O')]_pldO'/O'}i < oo, where z% —1—% =1,if 1 <p < oo. Let us say that
fe fp707€(M (0)A,,) if and only if there exists a representation

fz/ogg(a)da/a with g(0) € A,
with .
[ @) 9@, Voo < oo

0
Let

e 1 e
111 i =08 { ([ M5t Vo) s £ = [ glorina).
Suppose that A; C Ag. Suppose in addition that M (o) is a positive, continuous
function such that for some ¢y, co > 0,

aM@2™) < M(o) <ceM(27") forall 27" <o <27 n>n.
Then

[ 010 dn) =505 00(0) ), =2

The proof is analogous to the usual proof of the discretization of the J—method
(see [2]).

In [22] the following characterization of the (P)~ spaces in terms of .J spaces
(see [18] for the case p = 1) is given.

Theorem 2.5 (Banach case ([22])). Let A = (Ag, Ay) be a Banach pair.
Suppose that 0 < 0y < o < 1, let © be the interval (6o, al, and furthermore let
1 <p < oo. Define the weight w* by

w*1<t> :{Z[z\ﬁeﬂp/}pl’ £>0, =t @)

0cO

Then
SO (M(0)Agps) = Ay sy p> 0.

6o,
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Now we recall the construction of the A® methods of extrapolation (see
[18],[22]). Let 0 < p < 00,0 < 6y <6y < 1,0 = (6y,6,), and suppose that
{fe[N(G)]de}% < oo, where N (0) is positive and continuous on the interval ©.
Then we let

—

AP (N(0)Ay,) = AP(N(6)Ap,)

{f S m Ae,p : ||f”A(p>(N(0)fTe,p) < OO}’

0cO

where )
o = { [ VOIS, Vs

Remark 2.6. We can apply the A®) construction to any scale {Ag}sco of
compatible quasi-Banach spaces, i.e., such that there exist quasi-Banach spaces
A4 and ¥4 such that Ay C Ay C X4, and the quasi-norms of the embeddings
are uniformly bounded with respect to 6 € ©. In this fashion it follows that
AP(N(0)Ag) D Ay

Using Fubini and the definition of the K —method of interpolation, it is

readily seen that . .
AP(N(0)Ag,) = Aw,y, (5)

where the weight function W is defined by the formula

Wit - {/@[t_HN(H)]de}; for p < oo )

supt ' N(6) for p = oo .
0

3. Small Lebesgue spaces

We start with the basic definition given in [10], Proposition 2.4. The space L
consists of all measurable functions g on a finite measure space ) which can
be represented in the form g = Y ;| g, (convergence a.e.) and such that the
following norm is finite:

o
1
= inf inf ¢ ¥-= e, 7
lolo = 3t =, nt < ol o
where ||g||, stands for the normalised norm in L? space and 1 < p < oo, ]%—i-zl) =
1. Our goal is to characterise these spaces as X —extrapolation and interpolation
spaces. First we prove
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Lemma 3.1. It holds

0<e<eo

= _a
lgllp ~ inf Z inf e ¥ ||ggllppter, 1 <p<oo. (8)
9= 9k 1,

Here ILP", 0 < p < o0, 0 < r < oo are the usual Lorentz spaces with the
quasi-norm

gl = { / ) [tif*(t)}rdt/t}i- (9)

1 1
Proof. Since ¢ »—= ~ ¢ ¥, what means that the quotient of the two positive

quantities is bounded from below and from above, uniformly w.r.t. ¢, and since

(p) — €)' = p+ e for some v = 1, we see that the norm (7) is equivalent to
i 1
~ inf inf & ¥ . 10
I9lle =3 00 ;0<512p’16 " llgxllpe (10)

Further, using the fact that ||g||, < |lg|l» if p < r, we can replace the infimum
over 0 < ¢ < p/ — 1 by the infimum over 0 < & < g for any 0 < g9 < p’ — 1.
Indeed, we have

1 1 1
3 -7 _ v 3 -7
o e 7 llgllpre = | inf o7 [lglpee,

where geg = p' — 1, hence g > 1. Therefore, the above quantity is smaller than

1 1
i : -7
¢ nf o gllp+o.

and the assertion is proven. Thus we have the following equivalent norm:

0<e<eg

s _ 1
lgllp~ inf > inf & ¥ || gellpse. (11)
g= gkk:l

Here we can take £y small enough (smaller than p’ — 1 and 1).

Further, in the above definition we can replace the Lebesgue space LP*¢ by
the Lorentz space LP™®P. Namely, since £ > 0 we have (uniformly w.r.t. €)

pte,p pt+e
L C LPre |

and using Hoélder inequality we see that

Lpt2e c ppter,

Thus the lemma is proved. |
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Now we can state the main result in this section.

Theorem 3.2. It holds

_ 1
7

L® = (L7, L%y 1y = S50 (077 (L7, L®)51.4), 1<p<o0,

e
where w* is given by w*(t) = (sup0<5<50 tag?) .

Proof. We split the proof into several steps.
Step 1. Analogously to L we define the space S, by the norm

= ] f ] f 7§ p J00 . 12
lgll ,dnf ;051@05 19kl (ze.Lov). .5 (12)
We have
S, =L (13)
To prove this we need the formula
1 1-46
07 (L7, L®)g, = L, = = . (14)
q r

Indeed, by the Holmsted formula ([2]):

K"(t, f; L™, L*™) %/O [f*(s)]"ds.

Hence the definition of the K method (using Fubini and calculating an integral)
gives (14). Applying this formula, we get

LPYP — v (L7, L%),e (15)
for some v &~ 1. According to formula (1)
er (L, L)ep D (I, L%)scn (16)
and according to (2)
e(LP, L) yen = (LP, L) e (17)

Using (8), (15), (16) and the definition (12), we conclude that S, C L.

Conversely, let g € L. Then g = 3 gz, gr € LP**P. On the other hand,
analogously to (12) of [22],

e7 (L7, L)sepy C (L7, L) oz + (17, L¥)31c1. (18)
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Hence, using also (15), we can choose an appropriate decomposition,
gk = gli + gl%a gli € (Lp’ Lw)%,l) gl% € (LP’ LOO)Qva,la

so that the series Zgi are convergent (j = 1,2). Let ¢/ = Zgi (7 =1,2).
Then g = g' + ¢g* and using the definition of S, we see that g/ € S,, hence
g € Sp. Thus (13) is proved.

Step 2. Here we prove

1
S, C (LP, L)y 1.7, = sup tev. 19
P C WAL iy = 2, 1)

It is not hard to see that
wi(t) ~ (1—Int)? if0<t<l. (20)

To prove (19), we remark that for some ¢, (depending in general on g;) we have

®© 1
~ inf g ? oy 21
loll =t > e lawloror (21)

Let g € S,. Then g = > gi, gr € (LP,L*°)., 1,;. Hence, by definition, we
can find u,, € LP N L* such that g = > u,;, and
lgill o ooy s Y270 T(27, k)
Then g = > u,, where u, = > u,,. We have

1

Y 1
J(2",u,) < Z J(2" uyg) < Zé‘k POTVER J(2Y uy) sup 27%kel

1<k<oco
hence )
w(2)J(2% uy) <Y e 27T (2, u),
therefore
1
D w2072 w) < e e lgell ey, 1o
or )
g zr.zoynns < €Y e Ngrllwrzm)e, v
or

9llczr.2o<) o1y < €llgll-
Formula (19) is proved.

Step 3. Here we complete the proof of Theorem 3.2. First, from the
definitions it follows

20 (077 (L7, L®)41.y) C L.
The reverse embedding follows from (13), (19) and Theorem 2.5. |



666 A. Fiorenza and G. E. Karadzhov

As a corollary from Theorem 3.2 and (2), taking into account that (L?)¢ =
LP, we get the following characterization of the small Lebesgue spaces (for
simplicity we suppose that p(Q2) =1).

Corollary 3.3.
L@ = (L7, L®),,, w(t) = (1—Int)"», 0<t<l, (22)

and

1l ~ /01<1_1nt>—; (/Ot[f%s)]pds)’l’dt/t, l<p<oo.  (23)

Moreover, ||f|| e is equivalent to the following norm:

|yf||m%/0 (1—Int) (/0 (7 (s)] ds) dt/t, 1<p<oo, (24)
where f*(t) =L [ f*(s)ds.

Remark 3.4. The result of Theorem 3.2 can be written in the form
L = )= (o77 1rt7). (25)
Indeed,

1
v

T(LP, L)) = 500 (07

1
ol

L = Z&g_ (o v (LP, L) ,10) .

According to [22, Theorem 2.10] this equals

_ 1
7

S0 (077 (LP, L)y p07)

which is according to [22, Theorem 2.13] equal to
D—( —% 00 L -y —% o
S (5} (0, L o) = 5 (0 1),

Remark 3.5. We can show, by using a direct argument, that if p > 1 then
L® C [Pt Assume u(Q) = 1. Since

1 1
o(LP,L®),, C o' v [P0l C g [P

we have )
YWeTv (P, L®), 1.y € ZW P = [P

Remark 3.6. We can define L(! using the result of Theorem 3.2:
Lt = E((fg_((Ll, LOO)U,I;J)

Then we see that LU = (L', L®)y.; = L',
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4. Grand Lebesgue spaces

The grand Lebesgue space ([21]) LP), 1 < p < oo is defined with the norm

1
Hng) = o sup €7 ||g[,—e. (26)

<e<p—1
Analogously to Lemma 3.1 we have

Lemma 4.1. If the measure of Q) is finite, then

1 1
gllpy = sup er{|gllLr—= = sup ev|lgllLr—es. (27)

0<e<eg 0<e<eg

Hence the grand Lebesgue space is a A extrapolation space ([22]):
P =AY (or LP77) = AL (o7 L), (28)

where € > 0 is small enough. Note that this formula defines the grand Lebesgue
space for all 0 < p < oo and for any o—finite measure space (€2, u).

We can characterise the grand Lebesgue space as an interpolation space.

Theorem 4.2. Let 0 < p < oo and choose any q, 0 < g < p. Then
IP) = (L9, L)y o, w(t) =t 1(1 —Int) >, (29)

Moreover, if u(2) = 1, then

Il sup (-t ( 1 [f*<s>}pds)'l’ . (30)

Finally, for 1 <p < oo, ||fll.» is equivalent to the norm

-1 ' Hok v
| fllow = sup (1 —Int) > (/ [f (s)}pds) . (31)
0<t<1 t
Proof. We need the formula
1 1—-60 0

(1= 0)r (L9, L)y, =P, —="""4" 0<fp<0<1, (32
Do q p

uniformly on 6.

Indeed, we write

P

1 1-
LP = (L9, L) )
p



668 A. Fiorenza and G. E. Karadzhov

and use the Holmsted formula ([2]):

KP(t, f; L9, LP) =~ tp/loo u PKP(u, f)du/u, K(u,f):= K(u, f; LY, L*).

tn

Then straightforward calculation shows that

_1
[ Fllza,zeyo, = [0 =) # [ fllwa,Loo),,-

Thus formula (32) follows.
Now we can continue the formula (28) as follows

A (0w L7y = AP (07 (L9, L)y 22 ), am 1,
and according to Theorem 3.3 of [22] this is the same as
A(()?:)<O% (Lq7 Lp)l—mw)'
Hence )
L7 = AG (7 (L7, L)1) (33)

and (29) follows using also (5).
To prove (30), we use the Holmstedt formula ([2]):

Kt sz~ ( [ i [f*(s)]"dS); ve /t:[f*(S)]pdsy el

We have
1 p
I fllza,ryu = sup (1 —1Int)"» (/ [f*(s)]pds) )
t

0<t<1 o
It suffices to see that

1

o : o) < sup o1 - ()

0<t<1
) 2t 3
<csup (1 —Int)"» (/ [f*(s)]pds) :
0<t<1 to

The second inequality follows from the monotonicity of f*, while the first one
1
can be proved as follows. Let b(t) := (1 —Int)”#». Then for small € > 0,

o ([ [f*(S)]qu); <o ([ s e)ts ras)

< c sup tob(t)f (1),
o<t<1

which completes the proof. |
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Remark 4.3. We have the following embeddings. Let p(2) = 1and 0 < p < oc.
Then

P c P ¢ IP*®(log L) 1 (34)
LP(logL) 1 C LP) € LP(logL)_1_5, & >0, (35)

where LP"(logL),, 0 < p < 00, 0 < r < 00, —00 < a < oo are Lorentz
logarithmic spaces with the quasinorm

T —— { / Tl Ilntl)“t;f*(t)}rdt/t}T . (36)

Proof. The first three embeddings follow using the equivalent quasinorm (30).
To prove the fourth one, we use (28) and obtain

1f17) = sup ol fllm-on
O<o<e

€
>c [ 1o
0

m/o (1 —Int) 2 [f*(1)]Pdt,

as desired. [

Remark 4.4. We can provide simple examples showing that inclusions (34)
and (35) are strict. Moreover, inclusions (34) are optimal in the scale of
Marcinkiewicz logarithmic spaces LP*(log L), (a > 0). For simplicity, we con-
sider the spaces on the interval (0,1). The function f;(t) = t~'/? € LP> C LP),
and f1 ¢ LP(log L)_1,. The function fo(t) = ¢t~/?|Int|*, 0 < o < §/p is such
that fo € LP(log L)_1/p—s and f ¢ LP). In [15] there is an example of a function
fs € LP(log L)1/, C LP)| f3 & LP>°. Finally, consider fy(t) = t~1/P(1 —Int)*/P.
It is true that f; € LP*(log L)_a/p, a > 0, but fy & L.

5. Abstract small and grand spaces

The result of Theorem 3.2 suggests the following

Definition 5.1. Let A = (Ao, A1) be a compatible pair of Banach spaces. By
definition, abstract small spaces are the Y-extrapolation spaces

Eé}g_ (M(O')</TU’T>), 1 <r < oo,
where M is tempered on the interval (0,¢), 0 < ¢ < 1 such that 1/M is

bounded. By definition (see [18]), M is tempered on the interval (0,¢), if it is
continuous and

M(o) ~ M(%) 0<o<e. (37)
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We can characterize the abstract small spaces as interpolation spaces.

Theorem 5.2.
ST (M(0)(Ay,)) = Ay ny = A, (38)

where

= sup (39)

U)*(t) 0<o<e M(U)
and w is given by (3). (Here we suppose that w* is sufficiently reqular, say, has
continuous first derivative and locally integrable second derivative.)

Proof. Using Theorem 2.10 of [22] and Theorem 2.5, we obtain

o0 (M(0){As,)) = 02 (M(0){Ar 1))

g

as desired. [ |

Example 5.3. If M(0) =07 a > 0, then w*(t) ~ (1 —Int)* for 0 <t < 1
and w(t) ~ (1 —Int)?! for 0 < ¢t < 1. Thus the small Lebesgue spaces L
correspond to a = ]% and A = (LP, L*™).

Now we introduce the abstract grand spaces.

Definition 5.4. Let A = (Ag, A1) be a compatible pair of quasi-Banach spaces.
By definition, the A-extrapolation spaces

AT (N (o) (A,,)), 0<r < oo,

are called abstract grand spaces. Here N is a tempered function on the interval
0,¢], 0 <e <1

We have the following characterization of the abstract grand spaces as in-
terpolation spaces.

Theorem 5.5. . B
A (N(0)(A,,)) = Ao, (40)
where
W(t) = sup tN(o). (41)
O<o<e

Proof. Using Theorem 3.3 of [22] and (5), we obtain
AGY (N(0)(Ayy)) = AT (N (0) A o) = A,

as desired. [
1

Example 5.6. The grand Lebesgue spaces LP) correspond to N(o) = o7 and

—

A= (LP,L?) for any q < p.
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6. Duality

We start with the duality of abstract small and grand spaces. First, Proposi-
tion 3.1 of [22] gives

Theorem 6.1. Let A = (Ao, A1) be a pair of Banach spaces such that the

intersection Ay N Ay is dense in Aj, j = 0,1 and let A = (Ay, A)) be the dual
pair . Then

If AgnA; € A C Ap+ Ay we denote by A° the completion of the intersection
Ao N Ay in the space A.

Theorem 6.2. Let A = (Ag, A1) be a pair of Banach spaces such that the
intersection Ay N Ay is dense in A;, j =0,1. Then

(c0) o\ _ 1 r oAt
{ [AO,E (N(U)(AO7 Al)a,oo)} } = \/1'7075 (—N(O‘) (A07 A1)071;J> .
Proof. We argue as in the proof of Proposition 3.1 of [22] and use [4]

{[Anel®Y = AL
_ 1
where h(t) = O |
As an application we can give another proof of the following theorem about
duality of small and grand Lebesgue spaces.

Theorem 6.3 ([10]). We have
{(L¥y = P (42)

and

/

{ILPPy = LW, (43)

Proof. We want to apply the above abstract duality results. Let 1 < ¢ < p <
oo be fixed. Then we can write

L = (Lq7 Loo)n—cw,p—cn

Lpura — (Lq/’ Ll)nfﬂa,p’+aa

where



672 A. Fiorenza and G. E. Karadzhov

Hence, by Remark 3.4,

- Zé}gf(a—%Lp’Jra)
-, -1 /
= Zé,s (o7 »(L" aLl)n—Bo,p’ﬁI)
1)— _1 ’
= E((),E (U p(Lq aLl)n—ﬂU,p’)
(2) 285_(0-_%(qu7 Lpl)l_ﬁl p,O’i) :
"7 9.

Using Theorem 2.10 of [22] and (2) we get

1N—, 1 / ’ L 1)—, -1 / /
Eé,) (0- p(Lq ’Lp )1_377]07]7/0-? ) == E(()’g (U p(Lq ,Lp )1_%710)

/

1)—, -1 /
- Eé,g (0 p<Lq 7Lp )1—%,%])7

thus

/

LV = EE,L)_(J‘%(L(J/,LP Ji—o1:0) (44)

and using Remark 2.4, we can write

/

L :/ (077 (LY, L)1 p10)- (45)
1,0,e

"y

Now the first part of the theorem follows from (33) and (45), applying Theo-
rem 6.1. To prove the second part, we apply Theorem 6.2. |

7. Generalized grand spaces

7.1. Generalized grand Lorentz function spaces. In order to define the
generalized grand Lorentz function spaces, we first recall some definitions.

Let b(t) be a positive continuous function on the interval [1,00). We say
that b is slowly varying on [1,00) (in the sense of Karamata) if for all e > 0
the function t°b(t) is equivalent to a non-decreasing function and the function
t7¢b(t) is equivalent to a non-increasing function. By symmetry, we say that a
positive continuous function b on the interval (0, 1] is slowly varying on (0, 1] if
the function ¢ — b(1/t) is slowly varying on [1, c0). Finally, a positive continuous
function on (0, c0) is said to be slowly varying on (0, 00) if it is slowly varying
on both (0,1] and [1,00). Let (€, ) be a o-finite measure space and let b
be slowly varying on (0,00). Then the Lorentz-Karamata function space L}",
0<q<o0, 0<r<oo (see [26]) is defined with the quasi-norm

£l g = ( / ) [tib(t)f*(t)]”chf/t)i . (46)
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Note two particular cases. If b = 1, then we obtain the Lorentz space L?"; if
b(t) = (1 + |Int|)* then we obtain the logarithmic Lorentz space L™ (log L),.

Definition 7.1. By definition, the generalized grand Lorentz space Lg)’r, 0 <
p, T < 00, is the extrapolation space

L))" = A (N(0) L"),
where N is tempered on the interval (0,¢) and

b(t) :=b.(t) = sup N(o)t°. (47)

O<o<e

Remark 7.2. The function b, defined by (47), is slowly varying on the interval
(0,1).

Proof. Note that the function b is increasing. On the other hand, b.(t) =~
bea(t), 0 < t < 1, for bo(t) = supy_,.. N(0/2)t7 = supg_,. ;o N(0)t* <
SUPg<y<c/o N(0)t7 = bepa(t) < bo(t). Let @ > 0 be arbitrary and choose an
integer k so that 27%¢ < «. Then t~%b.(t) =~ c.,(t), where, by definition,
Cea(t) == SUPgcyeeo—r N (o)t and this function is decreasing. |

In the particular case r = p we have the definition of the generalized grand
Lebesgue space Lf):

LY = AT (N (o) LP=%) = ATO (N (o) LP0).

Spaces of this type (namely, the case N (o) = ¢?, § > 0) have been considered
in [16].

Analogously to Theorem 4.2, we have the following characterization of the
generalized grand Lorentz spaces.

Theorem 7.3. Let N be tempered and let b be defined by (47). Then
LY = (L9, L)oo, w(t) = t7'b(t). (48)

Moreover, if u(2) = 1, then

£l = s b0 ([ [s?uf*<s)]7“ozs/s)i . (49)

The proof is analogous to that given for the case of the grand Lebesgue
spaces, but now we use the formula
1 1-6

1 0
(1 - 6>;<Lq; Lp’r>0,r = LPo", p—0 = T + 5, 0<by<B<1, (50)
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uniformly on 6. Thus we obtain (using Theorem 3.3 of [22] and (5))
LY = AGD (M) (L7, L)1 00) = (L L),

where w(t) = t'b(t). In order to simplify this formula, we use the Holmstedt
formula ([2])

zm¢MJMz(K1mm%f+([$wmeﬁ BNEN

o

S

where é = % — %. Since b is slowly varying we see as in the proof of Theorem
4.2 that (49) is valid.

Analogously to Remark 4.3 we can prove the following embeddings.

Remark 7.4. Let () = 1. Then
Lo~ c LY ¢ L™, (52)
where ¢(t) ;= b(t)(1 —In t)%, and
LicLycLi, §>0 (53)
where bs(t) := supy.,.. N(0)o’t°.

7.2. Generalized grand Lorentz sequence spaces. Let b(n),n > 1 be a
sequence of positive numbers. We say that b is slowly varying (in the sense of
Karamata) if for all € > 0 the sequence n‘b(n) is equivalent to non-decreasing
and the sequence n~b(n) is equivalent to non-increasing. Let 0 < ¢,r < oo.
Then the Lorentz-Karamata space of sequences I is defined with the following
quasi-norm:

11l = { 3 oo}

n>1

The results and proofs here are similar to those in the previous subsection. The

generalized grand Lorentz spaces of sequences li’)’r (0 < p,r < c0) are defined
by
=AY (N (o)),

where N is tempered and

b(n) := sup N(o)n™°. (54)

O<o<e

We can characterise lf)’r as an interpolation space.
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Theorem 7.5. Let N be tempered and let b be defined by (54). Then
7 = (IP7 1)} o (55)
Moreover, 1
Il = sup o (S 1 6))
> o
Proof. The procedure is similar to that used in the previous subsection. We

need the formula

1 1-96
07 (1P, 1), = 1P, S = 0 0 <0, <1, (56)
6

in the sense of equivalent quasi-norms, the equivalence constants being uniform
with respect to 6. To see this, we write

7

1
P = (19,1 S=
W e

and use the Holmstedt formula

to
K" (t, f;1P71°) ~ / uw K" (u, f)du/u, a=1-—n.
0
where K (u, f) = K(u, f;19,1°°). Then routine computations show that
AL =)} 7 (1 oo
and (56) follows. Now we can write

ASI(N(o) o) = AZY (N(0)ar (17 ,1°) =) |

p+o

1A W g2,

T (1—m)8+n,r’

and by Theorem 3.3 of [22] this is the same as
Aéf) (N(U)(lp’r, loo)cr,oo) _ (lp,r7 loo)b,oo;

as desired. [ |

7.3. Grand spaces of compact operators. Let T': By — By be a linear
bounded operator between two Banach spaces B; and By. We denote by R the
space of all such operators with the operator norm ||T||. If a,(T), n > 1 are
the approximation numbers of T (see [2, 9, 17]), we consider the space SI" with
the quasi-norm ||T[gpr := |[[{a,(T)}||pr. The spaces SP, 0 < p < oo have the
quasi-norm [|T'||se := |[{@n(T)}iw-

We define the grand spaces of compact operators Sf)’r, (0 <p,r <o0) by
ST = AS (N (o) SPHor),

where N is tempered and b is given by (54). We can characterize Sf)’r as an
interpolation space. Analogously to Theorem 7.5 we have
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Theorem 7.6. Let N be tempered and let b be defined by (54). Then
S = (877, 5% (57)

and moreover,

3=

HT||S€),T ~ sgli b(n)(Z [j;_vl«aj(T)]T) .

j=1

Indeed, we only have to apply the procedure from the previous subsection
and use the formulas:

K(n,T;5,R) =~ K(n,{a,(T)};1%,1*),

hence ] ]
SPT = (SqaR)n,m - = n'
p

8. Generalized small spaces

8.1. Generalized small Lorentz function spaces.

Definition 8.1. By definition, the generalized small Lorentz function space
L,(f’r, 1 < p,r < o0, is the extrapolation space

. E((ﬁ)* (M(O.)LerO',r),

w

where M is tempered on (0, ) such that 1/M is bounded and w is defined by
(3) and (39).

In the particular case r = p we have the definition of the generalized small
Lebesgue space LE{?:

LE =30 (M(0)LPor) = 507 (M (0)LP*0).

,€

Analogously to Theorem 3.2, we have the following characterization of the gen-
eralized small Lorentz spaces.

Theorem 8.2. Let M be tempered and let w be defined by (3) and (39). Then
Lg?ﬂ” - (Lp,r’ Loo)w,ly (58)

and

e =~ [ uto (| ) (00 s/ ) “a (59)

Moreover, if () = 1, then the above integral can be taken only over the interval
(0,1).
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Proof. Analogously to (56) we have

1 1-16
0%(LP’T7LOO)9,7‘ = Lpg,r’ - =, 0<b< 01 < 1. (60)
Po p

Hence

LT = S (M@, L%)a)
and then (58) follows from Theorem 5.2. Finally, (59) follows using the Holm-
stedt formula for the K —functional ([2]):

T

tp
Kt g vy ([ as) (o1)

0
which completes the proof. |

8.2. Generalized small Lorentz sequence spaces.

Definition 8.3. By definition, the generalized small Lorentz sequence space

l,gp’r, 1 <p<o0,1<r<o0ois the extrapolation space
1P =27 (M(o)P=o), 1< p < oo, (62)
and
oo,T 1)— L,
1> = (M(o)l="), (63)

where M is tempered on (0, ) such that 1/M is bounded and w is defined by

(3) and (39), and
1
h(t) == t’1w<¥) (64)
In the particular case r = p we have the definition of the generalized small

Lebesgue space lﬁLp :
17 =250 (M(o)1P=o#) = 5007 (M (a)P~7), 1<p<oo
and )
[e’s) 1)— 1
lé = Eéﬁ) (M(0)l7).
We have the following characterization of the generalized small Lorentz sequence
spaces.

Theorem 8.4. Let M be tempered and let h be defined by (64). Moreover, let

h(t) = t7'b(t), where b(t) is slowly varying on (1, 00). (65)
Then
B = (18 1P (66)
and

1
T

Il ~ Son (X [ 6)") (67

= Jj=n
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Proof. Analogously to (50) we have

1 6
(I, 1P, = 1P, = 1—0+ > 0<6y<0<l. (68)
0

1
p-

(1-10)
Hence )
P07 = or (P 1N oor, 1<p< o0,
where o &~ 1, and ) 1
157 = o (17 1M aor-
Therefore, using Theorem 5.2 we get

I = S0 (M@, 1)6,)) = (7, 1y = (117 1.

Thus (66) is proved. To prove (67), we use (51) for 1 < p < oo:

t 0 , S 1
K gt s [ peisee ([T re)ass) st
0 to (e} p
where f*(t) is the step function f*(t) = f*(n) for n —1 <t < n. Hence
£l g T+ 7,
where . .
I = / —ib(t)/ F(s) ds dt/t
0 0
and )
J= / b(t) ( / [+ f*(s)]%s/s) ")t
0 t
It is sufficient to prove
I <clJ (69)
Using Fubini and the fact that b is slowly varying, we get
I<c / “ab(t) f*(t)dt. (70)
0

On the other hand, the Minkowski inequality gives

J > c{/loo (/OOO t_ib(é)f*(t)dt)Tds/s}i.

Since b is slowly varying, we have b(t/s) > c¢.s7°b(t), s > 1, therefore

J > c/oo £ ab(t) f*(t)dt.
0

From this and (70) we get (69). The theorem is proved. |
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8.3. Small spaces of compact operators.

Definition 8.5. By definition, the generalized small Lorentz spaces of compact
operators S,(lp’r, 1 <p<oo,1 <r<oois the extrapolation space

S}(me = 286)_ (M(U)Sp_”), 1 <p<oo, (71)
and
ST = n)T (M(a)Se), (72)

where M is tempered on (0,¢) such that 1/M is bounded and w is defined by
(3) and (39), and h is given by (64).

In the particular case r = p we have the definition of the generalized small
Lebesgue spaces of compact operators S,(Lp:

S,(lp = 281)_ (M(0)SP=77) = 282_ (M(0)SP77), 1<p<o

€

and

S,(ZOO = 28)7 (M(O’)S%).

We have the following characterization of the generalized small Lorentz

spaces of compact operators, the proof of which is completely analogous to that
of Theorem 8.4.

Theorem 8.6. Let M be tempered and let h be defined by (64) and satisfies
(65). Then

ST = (81, 8P ) (73)
and
171 g ;h(n)(; [j# " a;(T)] ) . (74)

Note the particular case M (o) = o~'. Then h(t) = t~! for ¢t > 1, hence if
we put S = S,(LOO we get

IT (|5 = > n~tan(T),
n=1

which is the Macaev class (see [17, 19]).
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