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Boundary Data Smoothness
for Solutions of
Three Point Boundary Value Problems for
Second Order Ordinary Differential Equations

Johnny Henderson and Christopher C. Tisdell

Abstract. Under certain conditions, solutions of the boundary value problem,

y' = f(@,y,y), a <z <b,y(z1) = y1,y(x3) — y(22) = y2, a <21 < @3 <3 < b, are
differentiated with respect to the boundary conditions.
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1. Introduction

In this paper, we will be concerned with differentiating solutions of certain three
point boundary value problems with respect to boundary data for the second
order ordinary differential equation,

y' = f(z,y,y), a<z<b, (1.1)

satisfying
y(@) =y, ylzs) —y(z2) = v2, (1.2)
where a < 1 < 19 < x3 < b, and y1,y» € R, and where we assume:
(i) f(x,u1,us): (a,b) x R? — R is continuous
(ii) g—li(x, uy, uz) : (a,b) x R? — R are continuous, i = 1,2,
(iii) solutions of initial value problems for (1.1) extend to (a,b).
We remark that condition (iii) is not necessary for the spirit of this work’s

results, however, by assuming (iii), we avoid continually making statements in
terms of solutions’ maximal intervals of existence.
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Under uniqueness assumptions on solutions of (1.1) and (1.2), we will es-
tablish analogues of a result that Hartman [8] attributes to Peano concerning
differentiation of solutions of (1.1) with respect to initial conditions. For our
differentiation with respect to boundary conditions results, given a solution y(x)
of (1.1), we will give much attention to the variational equation for (1.1) along
y(z), which is defined by

2= g—jl (:c, y(x), y’(:c))z + 88_12 (:c, y(x), y’(:c))z’. (1.3)

Interest in multipoint boundary value problems for second order ordinary
differential equations has been ongoing for several years, with much attention
given to positive solutions. To see only few of these papers, we refer the reader
to papers by Bai and Fang [1], Gupta and Trofimchuk [7], Ma [14, 15] and Yang
22].

Likewise, many papers have been devoted to smoothness of solutions of
boundary value problems in regard to smoothness of the differential equation’s
nonlinearity, as well as the smoothness of the boundary conditions. For a view
of how this work has evolved, involving not only boundary value problems for
ordinary differential equations, but also discrete versions, functional differential
equations versions and smoothness versions concerning solutions of dynamic
equations on time scales, we suggest the manifold results in the papers [2] - [6],
[8] - [11], [13], [16] - [20].

One instance in which the three point boundary value problem (1.1), (1.2)
arises would involve the case when f < 0 and y; = y» = 0. Such a situation
could describe the path of a projectile fired from ground level at time x, then
later exiting the atmosphere followed by re-entry of the atmosphere at the same
level at the respective times x5 and x3. The projectile’s path smoothness with
respect to boundary data would be the same smoothness as that of f.

The theorem for which we seek an analogue and attributed to Peano by
Hartman can be stated in the context of (1.1) as follows:

Theorem 1.1 (Peano). Assume that with respect of (1.1), conditions (i)-
(iii) are satisfied. Let xo € (a,b) and y(x) = y(z, xo, ¢1, ¢2) denote the solution
of (1.1) satisfying the initial conditions y(xo) = c1,y' (xo) = co. Then,

(a) §—i and §—cy2 exist on (a,b), and o; = %, 1 = 1,2, are solutions of
the variational equation (1.3) along y(x) satisfying the respective initial

conditions,

ar(zg) = 1, of(xg) =0,
1

ax(z0) = 0, a(x) =
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(b) 88—50 exists on (a,b), and B = Tyo is the solution of the variational
equation (1.3) along y(x) satisfying the initial conditions,

B(xo) = —y'(20),
5/(%) = —y"(xo).

(©) 524(x) =~y (w0) 5 (x) — y"(x0) 5% (2).

In addition, our analogue of Theorem 1.1 depends on uniqueness of solutions of
(1.1), (1.2), a condition we list as an assumption:

(iv) Given a < 27 <o < w3 <b, if

y(z1) = 2(z1), y(3) — y(r2) = 2(73) — 2(72),

where y(x) and z(z) are solutions of (1.1), then y(z) = z(z).

We will also make extensive use of a similar uniqueness condition on (1.3) along
solutions y(z) of (1.1).

(v) Given a < x; < 29 < x3 < b and a solution y(z) of (1.1), if
w(e) =0, u(zs) — ulws) = 0,

where u(x) is a solution of (1.3) along y(x), then u(z) = 0.

2. An analogue of Peano’s theorem for (1.1), (1.2)

In this section, we derive our analogue of Theorem 1.1 for the boundary value
problem (1.1), (1.2). For such a differentiation result, we need continuous de-
pendence of solutions on boundary conditions. Such continuity was established
recently in [12], which we state here.

Theorem 2.1. Assume conditions (i)-(iv) are satisfied with respect to (1.1).
Let u(x) be a solution of (1.1) on (a,b), and let a < c < xy < T <3 <d <b
be given. Then, there exists a § > 0 such that, for |z; —t;| <9, i =1,2,3, and
lu(z1) — 11| <0, |u(xs) —u(za) — yo| < 9, there exists a umque solutzon U5< )
of (1.1) such that us(t1) = y1, us(ts) — us(tz) = yo, and {u(S (x)} converges
uniformly to u)(x), as § — 0, on [c,d], for i =0,1.

We now present the result of the paper.

Theorem 2.2. Assume conditions (i)-(v) are satisfied. Let u(x) be a so-
lution of (1.1) on (a,b). Let a < 1 < x9 < 3 < b be given, so that u(x) =
u(x, x1, T9, T3, U1, Uz), where u(zy) = uy and u(zs) — u(xy) = ug. Then,
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Ju ou ; = Ou ) — )
(a) 5u and 5 exist on (a,b), and y; = S0 @ = 1,2, are solutions of

(1.3) along u(x) and satisfy the respective boundary conditions,

yi(wr) = 1, Yy1(w3) — y1(w2)
Y2(r1) = 0, Y2(73) — y2(72)

(b) g—;l, g—xz, % exist on (a,b), and z; = g—gZ, i =1,2,3, are solutions of

(1.3) along u(x) and satisfy the respective boundary conditions,

0
1.

Zl<x1> = —Ul(ﬂfl), Zl<x3) — 21(1}2) = 0
(1) = 0, 2(x3) — 22(w2) = U/(ZL“Q)
z3(z1) = 0, 23(x3) — 23(12) = —u'(x3).
(c) The partial derivatives satisfy,
ou , ou
a—xl(ﬂf) = —u (ml)a—ul(i’?)
ou ou ou

a—xQ(x) + a—mg(x) = (u(wp) — Ul($3))a—u2(l’>-

Proof. For part (a) we will give the argument for %, since the argument

for 88—;‘2 is somewhat similar. Let 0 > 0 be as in Theorem 2.1. Let 0 < |h| < ¢

be given and define

1
ylh(x) - E[U(I,[L’l,xg,.rg,ul + h7u2> - U(I,[EI,IQ,Ig,Ul,Ug)].

Note that u(zy, x1, T, T3, U1 + h,us) = uy + h, and u(xy, rq1, T2, T3, U1, Uz) = Uy,
so that for every h # 0,

1
yin(z1) = E[U1 +h—u] =1,

and
Y1n(23) — Yan(2) = ug — ugp = 0.

Let
52 = ul<$1,x17xg,$3,U1,UQ)
€ = €2(h) = U/ (21, 21, T, T3, U1 + h,uz) — Po.

By Theorem 2.1, €2 = e3(h) — 0, as h — 0. Using the notation of Theorem 1.1
for solutions of initial value problems for (1.1) and viewing the solutions u as
solutions of initial value problems, we have

1
Yin(r) = E[?J(l}ﬂfl, uy + h, Bo+€2) —y(x, 1, u1, B2)].
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Then, by utilizing a telescoping sum, we have

1
yin(z) = h {y(x,z1,u1 + h, Bo+ €) —y(z, z1,u1, B2 + €2) }
+{y($,$1,U1, 52 + 62) - y(x7l'1a ul)ﬂ?)}:| .

By Theorem 1.1 and the Mean Value Theorem, we obtain

1

ylh(iﬁ) = Eal (x,y(x,a:l, Uy + B, 52 + 62))(U1 + h — Ul)

+%O‘2 (I7 y(l‘, Ti,Uq, 62 + E2))(52 + € — 52)7

where a;(x,y(+)), ¢ = 1,2, is the solution of the variational equation (1.3) along
y(-) and satisfies in each case,

ar(z) =1,  of(xy)
as(x1) =0,  ahy(z)

Furthermore, u; + h is between u; and u; + h, and 3y + & is between 3, and
(2 + €2. Now simplifying,

0,
1.

yin(x) = ar (2, y(@, 2w + by fr+6))
€

+ EQOZQ(I7y(I7x17u17 62 + EQ))

Thus, to show limj,_ y1n(2), exists, it suffices to show limj,_o ¢ exists.

Now as(z,y(+)) is a nontrivial solution of (1.3) along y(-), and as(z1, y(+)) =
0. So, by assumption (v),

a2 (w?”y()) - 042(332,y(')) # 0.

However, we observed that y;5(23) — yin(22) = 0, from which we obtain

€ —[a ($3, y(z, z1,ur + h, Ba+ 62)) — g (9027?J(957$1, uy + h, B+ 62))]

h o (3, y (2, w1, ur, B + €2)) — aa (2, y(2, 21,1, P2+ €2))]

As a consequence of continuous dependence, we can let A — 0, so that

lim €2 _ —[041($3,y(-75a$1,ul>52)) — o (3727y($,$1,ul,52))]

h—0 h s (5, y(z, 21, u1, ) — (o, y(, 21, w1 Ba))]
—[o (23, u(+)) — ai (22, u(+))]

[ (23, (")) — (w2, u(+))]
D.
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Let y1(z) = llllir(l) y1n(x), and note by construction of y,(x),

Furthermore,

yi(z) = }Lig(l)ym(iﬁ)
= Oq(x,y(:c,xl,ul,ﬁz))—l—Dag(:c,y(:c,xl,ul,ﬁg))
= &1<$,U(IL‘,.I'2,.’L'Q,ZE37U1,U,2)) +DO(Q(I,U(IE,$1,[L‘2,$37U1,U2>),

which is a solution of the variational equation (1.3) along w(z). In addition
because of the boundary conditions satisfied by (), we also have,

y1($1) =1, yl(ZES) — y1($2) =0.

This completes the argument for 8—

In part (b) of the theorem, we will produce the details for 7“2, with the

arguments for 6“ and 8“ belng somewhat along the same lines. So, let § > 0

be as in Theorem 2.1, let 0< |h| < & be given, and define

22h<x) - [U(ZL’, Ty, T2 + h7 I3, u17u2) - U([E, X1,T2,T3, u17u2)]-

==

Note that zop(z1) = £[uy — us] = 0, for every h # 0. Next, let

52 = ul(l‘laxl7$27$3aul7u2)a

€y = €2<h) - ul(xlax17x2 + h7x37u17u2)'

By Theorem 2.1, €5 = €(h) — 0, as h — 0. As in part (a), we use the notation
of Theorem 1.1 for solutions of initial value problems for (1.1) and viewing the
solutions u as solutions of initial value problems, we have

Zgh(l’) = %[y(xwrla ul?ﬁ? + 62) - y(x, x17u1762))]‘

By the Mean Value Theorem,

1

Zgh(l') = EOZQ(:E; y(x, Zy, ulaﬁQ + €2))(ﬁ2 + €2 — 62)7

where ao(z,y(+)) is the solution of (1.3) along y(-) and satisfies

042(1’1) = 0, Oél2($1> = 1,
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and moreover, [,+€; lies between (5 and fy+€o. As before, to show limy, g 2o, ()
exists, it suffices to show lim;, o ¢ exists.

Since as(x, y(+)) is a nontrivial solution of (1.3) along y(+) and as(x1,y(+)) =
0, it follows from assumption (v) that

ag(r3,y(-)) — 222, 4(-)) # 0.
Hence,

€9 Z2h($3) - Z2h(562)
h aoxs, y(x, 1,u1, B2 + €)) — as(we, y(z, 21, u1, B2 + &))

We look in more detail at the numerator of this quotient. In particular, by the
Mean Value Theorem for integrals,

2on(x3) — zon(z2) = [{U(l‘& T1,To + h, 23, U1, u2)

SRS

—U([E27 T1,T2 + h? T3, Uy, u2>}

—{u(xs, x1, 29, T3, U1, Ug) — u(Ta, 1, Ta, T3, Uy, U2) }
1
= _|:{U($371'1,CC2+h,[[‘37u1,u2)

h

—U(IQ, T1, T2 + h) T3, U, U’Q)}
—{u(ws, 1,29 + h, 23, U1, Uun)
_u('xQ + ha X1, T2 + h7 Zr3, Uy, Ug)}
1

= 7 |:U(.T2 + h,x1, 29 + h, x3, U1, Uus)

—U(xQ, X1, T2 + h’7 T3, Uy, u2)

1 xo+h
— E/ U (s, 21, T + h, 3, U1, uz)ds

1
= Eu’(ch, T1, T2 + h, 3, U1, uz) (22 + h — x2)

2

/
= u (chaxlal? + ham37u1au2)7

for some ¢, inclusively between x5 and x5+ h. By Theorem 2.1, we can compute
the limit,

}Li 0(752}1(353) — zon(12)) = }lbli% u'(cn, x1, T2 + hyuy, us)

= u'(z2).
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As a consequence, when we return to the quotient defining $?, we can now
compute the limit,

i 2 — (e
h—0 h 042(563,34(%951,%,52)) - 042($2>y(33a$1,u1,52))
u'(x2)
a2(x3,u(-)) — a2(x2,u(-))
= F.

From the above expression,

€9

Z2h<x) = EOQ ($, y(‘r7 Ty, U, 52 + €2))7
we can evaluate the limit as h — 0, and if we let zp(x) = limy,_g 225 (x), we have
2o(x) = g—;;, and we obtain
—
2() lim Zon ()

= Eay(z,y(x, 1, u, 0))
= EO-/Q (-’L', U(IE, £1,T2,T3, U1, U’2>)’

which is a solution of (1.3) along u(x). In addition, from above observations,
zo(x) satisfies the boundary conditions,

22(1‘1) = }lllir(l) Zgh({lfl) = O

zo(x3) — 29(x2) = 1111£>r(1) (zgh(:cg) — zgh(:cg)) = u'(x3).

This completes the proof of part (b).

Part (c) of the theorem is immediate given by verifying that each side
of the respective equations are solutions of (1.3) along u(z) and satisfy the
same three point boundary conditions, and then assumption (v) establishes the
equalities. [ |

Remark. A result broadly extending Theorems 1.1 and 2.1 can be proved
within the context of linear nonresonant multipoint boundary conditions for n-
th order differential equations with smooth right hand sides. It suffices to start
with assumptions on the equation 4™ = 0 along with the multipoint boundary
conditions, and then transform the problem into an integral equation of the

form
u= N(u,a), (2.1)

where « is a vector of parameters involving the boundary conditions. We sup-
pose:
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(A) Equation (2.1) has a unique solution for some fixed parameter .

(B) The linear operator E — N, (u(), o) is invertible (in other words, the
variational equation has a unique solution along u(ay)).

Then by the implicit function theorem, the equation (2.1) can be solved with
respect to u. Thus we will obtain a smooth function u = u(«) defined in some
neighborhood of «ag. Finally, additional properties of du(«)/0a can be deduced
from the given boundary conditions. In fact, Ehme [3] has obtained some very
nice results for n-th order boundary value problems by utilizing assumptions
like (A) and (B) in conjunction with the implicit function theorem.
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