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On Representation, Boundedness

and Convergence of
Hankel-K{M,}’ Generalized Functions

Isabel Marrero

Abstract. Under opportune assumptions on the defining sequence {Mp};im Hankel-
K{M,}" generalized functions can be represented as

f=a""3(Da" o F (),

where k& € N and F is a continuous function on I = (0, 00) such that M, 'F € Li(I)
(1 < g < o) for some r € N. A corresponding characterization of boundedness and
convergence of Hankel-K{M,}’ generalized functions is given.
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1. Introduction

Let 11 > —4, and let {M,}>2, be a sequence of continuous functions defined on
I = (0,00), such that

1= My(z) < Mi(z) < My(x) < ... . (1)

We say that K,{M,} is a Hankel- K{M,} space (of order ;) if it consists of all
those functions ¢ € C*°(I) such that
_ 1k —h—3
el = JLax sup My(z)(z™ D)*z™" 2p(x)| < oo (p€N).

The linear space K,{M,} is endowed with the locally convex topology generated
by the sequence of norms {||-| We denote by K,{M,} the dual of
(M},

The space K,{M,} was introduced and studied by the author in [5], [3],
[4] as a Hankel transformation related version of the Gelfand-Shilov K{M,}

o0
wu,pJp=0-
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spaces [1]. It encompasses various classes of test functions arising in the theory
of the generalized Hankel transformation, such as the Zemanian spaces B, ,
(@ > 0) [6] and H,, [7, Chapter 5], which are obtained for special choices of
the defining sequence {M,}>2,. Additional examples are given in [5]. Thus the
consideration of a general sequence {Mp};io of weights allows one to unify the
treatment given to such a variety of spaces.

Let us consider the following conditions on {M),}22:
(A) To any r,p € N there correspond s € N and b,, > 0 such that
M, () My(x) < byMi(z) (€ 1),
(M) Each M, (p € N) is quasi-monotonic: there exists C, > 0 such that
M,(z) < C,M,(y) (x,yel, z<y).
(N) To every p € N there corresponds r € N, r > p, such that the function
My () = ]]\Zigg
lies in L'(I) and satisfies lim, o, m,,(z) = 0.

Under the assumptions (A), (M) and (N), the Fréchet space K,{M,} is
Montel and hence reflexive [5]. Therefore the weak and weak™ topologies of
K, {M,}" coincide, and the weak® and strong topologies of K,{M,}" share the
same class of bounded sets as well as the same class of convergent sequences.

(x €I

The following characterization of membership, boundedness and conver-
gence in K, {M,}" was obtained in [5]. From now on, |-||, will stand for the
usual L9(/)-norm (1 < ¢ < c0).

Theorem 1.1. Assume that { M, }32, satisfies the conditions (A), (M) and (N).
Then:

1. A functional T belongs to K,{M,}" if and only if, to every q, 1 < q < o0,
there corresponds p € N such that
p

T =272 Y (Da ) [My(x)gi(x)]
k=0
with g € LY(I) (k €N, 0 <k <p).
2. A set B C K, {M,} is (weakly, weakly*, strongly) bounded if and only
if, given 1 < q < oo, there exist p € N, C > 0 and, for every T € B,
functions g € LY(I) (k€ N, 0 < k < p) such that

p

T — p k3 Z(Das‘l)]’C (M () grr ()]

k=0
with 3 5 llgxrll, < C.
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3. A sequence {T};}32, converges (weakly, weakly*, strongly) to zero in the
space K, {M,}" if, and only if, to every 1 < q < oo there correspond
p € N and functions g ; € L(I) (k € N, 0 < k < p) such that

Ty =272 (Da ") [My(2)gri(2)] (jEN)

k=0

Our purpose here is to adapt to K,{M,}"-spaces the technique used by
A. Kaminski [2] for the Gelfand-Shilov K{M,}’ spaces in order to simplify and
improve the previous result as stated in the next.

Theorem 1.2. Assume that { M, }>2, satisfies the conditions (A), (M) and (N).
Then:

1. A functional f belongs to K,{M,} if and only if there exist k,p € N and
a continuous function F' on I such that

f=a"""5(Da ) F(z)

with M, 'F e LI(I) (1 < q < 00).

2. A set B C K, {M,}' is (weakly, weakly*, strongly) bounded if and only if
there exist k,p € N, C' > 0 and, for every f € B, a function gy continuous
on I, such that

f=a"""3(Da rgs(x)
with HMljlngq <C (1<qg< ).

3. A sequence {f;}32, converges (weakly, weakly®, strongly) to zero in the
space K,{M,} if and only if there exist k,p € N and functions g; contin-
uwous on I such that

fi =273 (Dz Yegi(z) (j eN)
with limy o || M, gl|, =0 (1< g < 00).

Theorem 1.2 summarizes our main results, to be proved in Section 2 (see
Theorems 2.4, 2.5 and 2.6). An example is exhibited in Section 3. Throughout
the paper we shall assume that the defining sequence { M, }>2, fulfils conditions
(A), (M) and (N). Moreover, we shall adopt the practice of denoting by the
same letter, usually C, suitable constants whose values need not coincide at
different occurrences.
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2. Main results

Under the conditions (M) and (N), to every p € N there correspond s € N,
s> p, and C' > 0, such that © < CM,(z) (x € I). Indeed, associate s € N to a
given p € N as in (N). In view of (1) and (M), we may write

x—/d§</M dg/M £)d¢

and hence

x < CMy(x) /000 ]\]ZZES s(x) (xel).

The preceding observation will be useful in the sequel. We begin by proving
three auxiliary results.

Lemma 2.1. Let F' be a continuous function on I such that there exists p € N
for which MJ'F € LYI) (1 < g < 00). Then, to every k € N there cor-
responds pr € N with pr > p, and a continuous function Fy on I such that
(Dz= ") Fy(x) = F(x) (z € I) and M, 'Fy, € LY(I) (1 < ¢ < o0).

Proof. The result is obvious for £ = 0. Arguing by induction, fix k € N,
k > 1. Choose pr € N, pr > p, and a continuous function Fj on I such that
(Dz™")fFy(z) = F(x) (¢ € I) and M, 'F, € LY(I) (1 < q < o0). Using (A),
(M) and (N) we may find n,r,s,t € N, n >r > s>t > pg, such that

> M’Pk (1]) T 00
/O () @) dr < (2)
x < CMy(x) (xe€l) (3)
M(z)My(z) < CM,(x) (x€1) (4)
and
* M, (x
/0 M, () dr < oo (5)

A

) and

Our induction hypotheses, jointly with 2), yields

w70 < o] g
i) ‘Mm

C'sup
el

510, %

pk(
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and hence .

M,(z)

Fi(§)
Mpk (5)

The function F(z) = .75/ Fi(§) d§ (z € 1) is continuous with
0

/I Fr(§) dg‘ < C'sup
0

el

‘ (x €. (6)

(Dz™ Y Fy(z) = (D2 Y)*Fy(z) = F(z) (z €1).
By (3) and (6),

= F; dé¢| < CM,(x)su b ‘ rxel
i) = T |, O < oM@ || wen
Using (4) and (1) we get
: Fi.(6) ‘
Fip(z)] < CMy(x)M;(x)sup
(@) (M) sup | 7o
Fi.(6) ‘
< CM,(x)sup (7)
sel | My, (€)
Fi,(8) ‘
< CM,(x)sup xel).
) sel | My, (€) wel)
Thus we find R
Fi(x) Fi ()
S <Cs < 0.
o | M) | = T |0, <5> >
Moreover, for every 1 < g < oo, with the aid of (7), (1) and (5) we obtain
~ q ~
de = dx
/0 My () 0 M (:c M )
< (C'sup Fi() / (z)
gel | My, (§) (x)
(8 |
= (C'sup < 0.
gel Mpk(g)
To complete the proof it suffices to take pry1 = n and Fypyq = Fy. |

Lemma 2.2. Let M denote a family of continuous functions on I with the
property that sup g HMp_lFHq <A (1<qg<o0) for somep e N and A > 0.
Then, given k € N, there exist pp € N, pr > p, Cx > 0, and for each F' € M a
function gy r, continuous on I, such that (Dxz=")* gy p(z) = F(z) (z € I) and
suppen | My, 9|, < Ck (1 < ¢ < 00).
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Proof. The result holds trivially for £ = 0. Proceeding by induction, fix £ € N,
k> 1 Letp, € N, pp > p, Cp, > 0, and for each F' € M let gpr be
a continuous function on I such that (Dz ')fgp r(z) = F(x) (v € I) with
SUD pre A HMgﬁlgk,FHq < Ck (1 € g < ). As in the proof of Lemma 2.1, for
each F' € M we may construct a function g , continuous on I, satistying

(Dx_l)ngk,F(x) =F(z) (zel)

Gr,r () gr,r(§) '
M, () e ()

< C'sup
¢el

sup
zel

=

and

q

[ e

for some n € N, n > p;, where the positive constant C' does not depend on F'.
To complete the proof it suffices to pick pyy1 = n and gx41.p = Grr, and to
take into account the induction hypotheses. [

Gr,p(z) |

dx < C'sup
tel

(1<g<o0)

The next result can be analogously established.

Lemma 2.3. Let {F}}32, be a sequence of continuous functions on I such that
there exists p € N for which lim;_, Hszle”q =01 < g < ). Then,
p, and continuous functions
Fi(z) (j e N, x € I) and

to every k € N there correspond pr € N, pg
F.; on I (j € N) such that (Dz=)*F}, ;(x)
lim; oo || M, Fr gl =0 (1 < ¢ < o0).

IV

At this point we address to the characterization of those elements in the
dual of the space K,{M,}.

Theorem 2.4. The following statements are equivalent:
1. The functional f lies in K, {M,}' .
2. There exist k,p € N and a continuous function F on I such that

f=a"""35(Da"")F(x) 8)

and
M;lF e LY(I) (9)
forany q, 1 < ¢ < cc.
3. There exist k,p € N and a continuous function F' on I satisfying (8), such
that (9) holds for some q, 1 < q¢ < c0.

4. There exist k,p € N and a continuous function F' on I satisfying (8), such
that (9) holds for ¢ = oc.
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Proof. If f € K,{M,}' then Theorem 1.1 yields p € N and g, € L>(I) (i €
N, 0 <i < p) satisfying

p
f=a772) (Da ) (M, (w)gi(x)).
i=0
Hence f = #7230 (Da~')iG;(x), where Gy(x) = M,(x)gi(z) (i € N, 0 <
i < p; x € I) are measurable functions such that Mp_lGi (1€ N, 0<i<p)are
bounded. Apply (A), (M) and (N) to choose n,r,s,t e Nyn >r > s>t > p,
in such a way that

i Mt(x) dr < oo (10)
x < CMy(z) (zel) (11)
M(z)My(z) < CM,(z) (x€) (12)
and
/00 ]\A;[T(m) dr < 0. (13)

Fixie N, 0<i<p. By(M)and

CLE 0/ |
)| [ M)
o M(&)

‘ (x €1).

< C'sup
el

Gil¢
AG d¢ (14)
Gi(§)

ARG

56]

The function .
= G;i(&) d. 1
n=s [ Giea wen
is continuous and satisfies
(Dx’l)éi(x) =Gi(x) (zel).
By (11), (14), (12) and (1),

Gi(:zc)‘ < OM,(x)My(x) sup

EGI

Gi(§) ‘
My(§)

& (15)

IA

CM,(z)sup
gel

(
il

IN

CM,(x)sup
gel

| @D



738 |. Marrero

Consequently,
Gi(x) Gi(§) ‘
su < (C'su < 00.
vt | My(@)| = et [ M,€)
Moreover, using (15), (1) and (13), we get
~ q
| Gy(x) Gi(§) q/°° M, (x) Gi(§) |
dx < C'sup ——~ dx = C'sup < 00
/0 My (x) cer | Mp(§)| Jo  Mn(x) sel | My(8)

whenever 1 < ¢ < oco. With the aid of Lemma 2.1 we obtain a continuous
function F; on I and a nonnegative integer s; > n for which

(Dz YW Fy(x) = Gy(x) (xel), MI'Felil) (1<q<o0).

i

Set

0<i<p

P
F = g F;, m = max s;.
i=0

Then F is continuous on I, f = z~#2(Dx )P F(z), and M;'F e Li(I)
(1 < ¢ < o0). Thus we have established that 1. implies 2.

It is apparent that assertion 2 implies assertion 3.

Let us prove that assertion 3 implies assertion 4. Suppose that there exist
k,p € N and a continuous function F' on [ satisfying f = x_“_%(Da:_l)kF(x)
and M 'F € L(I) for some ¢, 1 < ¢ < oo. Using (A), (M) and (N), choose
n > s >t > p such that

= My(x)
) dxr < oo (16)
x < CMy(z) (zel) (17)
and
My(z)My(z) < CM,(z) (x€). (18)

Then the function

Fla) =z / "R d©) (ze)

is continuous with f = z7#~2(Da~ ¥ F(z). A combination of (17), (18) and

(M) yields
up || < Comp| 55 [ e a
M;(x) My(z) v
O S |, FO dg‘

< o[ |rd| 32 (19)
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In case ¢ = 1, it follows from (19) and (1) that

<[ [ipigl <=

F(z)

sup
zel

If ¢ = oo, conditions (19) and (16) lead us to
F(x) F(§) ‘ * M)
M, z) W@ o<
Finally, if 1 < ¢ < oo then (19), the Hélder inequality, (1) and (16) give
| F@ | }é (r (Mp@))q’ 3
C d —==] d
< oA i ] Gig) =
)

1 1
|1 FE) | }"{ > M,(€ }‘I'
< C / d. P2 q < 00.
< o [Tl e U e«
Here ¢’ denotes the exponent conjugate to g. Thus, (8) and (9) hold for k + 1
instead of k, F instead of F', n instead of p, and ¢ = co. This establishes 4.

< C'sup
el

sup
zel

=

F(z)
M, (x)

sup
zel

To complete the proof, assume there exist k,p € N and a continuous func-
tion F on I such that f = z~#~2(Dz " )*F(z) and M;'F € L>(I). Such a
representation of f ensures that f € K,{M,}’. This follows from the estimate

(f.)] = \(—1)'“ | P Dot da

M(z)

L)

Mr(x)(xle)kx’“’ip(x)‘ /000 ]\]\ﬁi—gxg dx

< sup sup

zel

valid for all ¢ € K,{M,}, where r > p has been chosen according to (N). Thus
assertion 4 implies assertion 1 and we are done. [ |

Next we characterize boundedness in K, {M,}".

Theorem 2.5. The following four statements are equivalent:
1. The set B C K, {M,} is (weakly, weakly™, strongly) bounded.

2. There exist k,p € N, C > 0, and for every f € B a function g5 continuous
on I such that )
f = a3 (DaYYegy(a) (21)

and
M, gsl|, < C (22)

for any q, 1 < q < oc.
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3. There exist k,p € N, C > 0, and for every f € B a function g5 continuous
on I such that (21) holds and (22) is satisfied for some q, 1 < g < 0.

4. There existk,p € N, C' > 0, and for every f € B a function g¢ continuous
on I such that (21) holds and (22) is satisfied for q = occ.

Proof. If B is a bounded subset of K,{M,}’, then Theorem 1.1 yields p € N,
A >0, and for every f € B functions g; r € L>(I) (: € N, 0 < ¢ < p) such that

p

f =272 (Da ) [My()g: ()]

=0

with 327 |lgisll. < A Hence f = 27#72 320 (Da )Gy f(x), where Gy f(z) =
M,(x)gif(x) (i € N, 0 <i<p; x e l)are measurable functions satisfying

p
DM Gl < A

1=0

Fix: € N, 0 < < p. Arguing as in the proof that 1. implies 2. in Theorem 2.4,
we may find n € N, n > p, A > 0, and continuous functions G; y on I such that

(Dz71)Giy(z) = Giy(z) (x € 1),

Gi () Gif(ﬁ)‘ 7
su : < Csu : <A,
ver | Mo(@) | = et | M,(6) |

and . .
> | Giy() GisO|" _ <
: dx < C'sup : <A,
/0 M, (x) cel Mp(f)

where A does not depend upon f € B. By virtue of Lemma 2.2, there exist
si € N, s; >n, C; > 0, and for every f € B a continuous function F;  on [
such that

(Dajfl)pfiFi’f(x) =G,s(r) (v €l
and
HMs:IFz‘,qu <C (1<qg< o).
Setting

0<i<p

g5 = zp:Fi,f, m=maxs;, C= ZC’i
i=0 '

we encounter that gy is continuous on I, f = x_“_%(D:U’l)p“gf(x) and that
1My, gll, < C (1 < g < 00) where neither m € N nor C'> 0 depend on f € B.
Thus we have established that 1. implies 2.

It is apparent that assertion 2 implies assertion 3.
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To prove that assertion 3 implies assertion 4, assume there exist k,p € N,
A > 0, and for each f € B a continuous function gy on I satisfying f =
2" (Da~V)kg,(x) with HMp—lgf”q < Afor some ¢, 1 < ¢ < 0o. The argument
in the proof that 3. implies 4. in Theorem 2.4 allows one to find n € N, n > p,
A >0, and for any f € B a function gy continuous on I such that

with
gs(x) 95(8) ’ i
sup < C'sup <A
vel | Mn(z) ger | My(€)
if ¢ =00, or
1
9r(x) {/OO ' 9@ " " 4
sup <(C d& <A
vel | My() o | Mp(&)
if 1 < ¢ < oco. This establishes 4.
Finally, assertion 4 and (20) with g, instead of F' (f € B) yield 1. |

Convergence in K, {M,}  is described next.

Theorem 2.6. The following statements are equivalent:

1. The sequence {f;}32, converges (weakly, weakly*, strongly) to zero in
K { My}
2. There ezist k,p € N and continuous functions F; on I (j € N) such that

fi=x" 3 (De YeF(x) (jeN) (23)
and
Jim [[M1E, =0 (24)

forany q, 1 < q < 0.

3. There exist k,p € N and continuous functions F; on I (j € N) such that
(23) holds and (24) is satisfied for some q, 1 < q < 0.

4. There exist k,p € N and continuous functions F; on I (j € N) such that
(23) holds and (24) is satisfied for g = cc.

5. There exist k,p € N, C' > 0, and continuous functions F; on I (j € N),
such that (23) holds,

|t El <0 Gen)

and lim;_, F;(z) =0 for almost all x € I.
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Proof. Parts 3. and 5. follow trivially from 2. and 4., respectively. It follows
essentially by the arguments in the proof of the corresponding results in Theo-
rem 2.5 with the aid of Lemma 2.3 in place of Lemma 2.2 that 1. implies 2. and
3. implies 4. (we omit the details). Finally, (N) and the Lebesgue dominated
convergence theorem applied to the integrals

Ui = (0 [ B@G D et de (€N, p € Ku{My))
0
show that 5. implies 1. |

3. An example

Theorems 2.4, 2.5 and 2.6 characterize membership, boundedness and conver-
gence in the dual of a wide range of spaces arising in connection with the
generalized Hankel transformation (see [5]). Let us record the following spe-
cial case of Theorem 1.2 for the Zemanian space H,, = K,{(1 + 2%)} (see [T,
Chapter 5]).

Corollary 3.1. Let H;, denote the dual of H,. Then:

1. A functional f belongs to 'H,, if, and only if, there exist k,p € N and a
continuous function F' on I such that

f=a"3(Da ) F(2)

with (1 + 2?)PF(z) € LI(I) (1 < ¢ < o).
2. A set B CH,, is (weakly, weakly*, strongly) bounded if, and only if, there

exvist k,p € N, C' > 0 and, for every f € B, a function g; continuous on
I, such that

f =2 (D) gy ()
with ||(1+22)Pgp(z)||, <€ (1 < g < o0).
3. A sequence {f;}32, converges (weakly, weakly™, strongly) to zero in H,, if,

and only if, there exist k,p € N and functions g; continuous on I such
that

fi =2 3(Da Vg (z) (j €N)
with lim; o [[(1 + 22) g;(z)]|, =0 (1 < ¢ < oo).
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