Zeitschrift fiir Analysis und ihre Anwendungen
Journal for Analysis and its Applications
Volume 23 (2004), No. 4, 745-764
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Abstract. In 1967 R.P. Boas Jr. found necessary and sufficient conditions of
belonging of a function to a Lipschitz class. Later Boas’s findings were generalized
by many authors (M. and S. Izumi (1969), L.-Y. Chan (1991) and others). Recently,
L. Leindler (2000) and J. Nemeth (2001) have published two papers, in which they
have generalized all the previous results. The authors have considered the case, when
the order of modulus of smoothness equals one (L. Leindler) or two (J. Nemeth). In
this paper, we prove theorems of Boas-type for the modulus of smoothness of any
order. Furthermore, we solve the inverse problem. Also, we discuss some conditions
on a majorant which are equivalent to the well-known conditions of Bari-Stechkin.
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1. Introduction

In 1967, R.P. Boas Jr. [4] proved a series of theorems on the connection between
the behaviour of Fourier coefficients of a function f and its structural properties
described by the modulus of continuity. Namely, he investigated the function
class Lip @ (0 < a < 1) from this point of view. In 1969, M. and S. Izumi
[6] generalized his results. They introduced the following function classes. Let
©(t) be a positive and nondecreasing function defined on the interval (0,1). The
Lip o(t) and A(p(t)) classes are defined as follows:

() = {1 (LEED TN )

w: (1)
A(p(t)) = {f s (If(ar +t) - 2;"((;) + [z - t)l) _ OO} .
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Theorem 1.1. ([6]) Let A\, > 0 be the Fourier sine or cosine coefficients of
W(x). Let p(t) be a positive and nondecreasing function on (0, 1), satisfying the

condition
t

/(p(u)u_ldu < Ke(t) as t—0,
0
and
1

/w(u)u2du < Kot ( or /lw(U)u?’du < Kso(t)t2> as t — 0.

t

Then 1 € Lip ¢(t) <07° (NS A(gp(t))) if and only if

- 1
> )\kSKg0<—> as n— oo,
n

k=n/2

or, equivalently,
= 1
g /\kSKgp(—> as n — oo.
n
k=n

In 1990, Boas’s results were also generalized by J. Nemeth [12] who used the
so-called generalized Lipschitz and Zigmund classes and replaced the function
t* by a more general function w,(t).

Let' Q, (0 < a < 1) denote the set of nonnegative nondecreasing functions
w(d) = wa(d) on [0, 1], which have the following properties:

(Q&l)) for any o/ > « there exists a natural number 1 = p(a’) such that
21 o (277H) > 2wa(27™)  holds for all n (> 1),
(Qg)) for every natural v there exists a natural number N := N(v) such that
2% (27"Y) < 2wo(27") it n> N.

Theorem 1.2. ([12]) Let 0 < o < 1. Let w, € Q, be the modulus of continuity,
and, A, > 0 be the Fourier sine or cosine coefficients of 1(x). Then wy(,d) =

O [wa(9)], if and only if
= 2!
2 =0 ()]

or, equivalently,

~ e — O o (L
;kj}\k =0 _nwa<n)} .

!Note, that conditions (Q&l)), (Qg)) were introduced in [7].
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In the case of w,(0) = 6* (0 < a < 1), this theorem is reduced to the results
of Boas [4]. Further, L.-Y. Chan [5] proved the following Boas-type theorem.

Theorem 1.3. ([5]) Let ¢(-) be the positive function such that there exist cons-
tants 0 < cy < ap < 1 with the following conditions: p(t)t~*' is a nondecreasing
function and o(t)t~*2 is a nonincreasing function. Let X\, > 0 be the Fourier
sine or cosine coefficients of ¥(x). Then wi(¥,d) = O [p(9)], if and only if

S0l ()]
or, equivalently,

o — 1

;m -0 {W(n)] .

Recently, L. Leindler [9] and J. Nemeth [13] have provided the generalization
of all the previous results. The main concept both of them have used is the
concept of quasi power-monotone sequences.

We shall say that the sequence v := {7,} of positive terms is quasi mono-
tone increasing (decreasing), if there exist a natural number N := N(v) and a
constant K := K(v) > 1 such that

Ky 2 9m (Y0 < Kym) (1)
holds for any n > m > N.

Theorem 1.4. ([9]) Let A\, > 0 be the Fourier sine or cosine coefficients of
¥(x). Let us assume that a given positive sequence {v,} has the following prop-
erty: There exists a positive €, such that

(Py) the sequence {n°vy,} is quasi monotone decreasing

(P_)  the sequence {n'~%v,} is quasi monotone increasing .
Then wi (), +) = O(v,) if and only if

Z Ay = O (’}/n) )
k=n

or, equivalently,

Z kA = O (nyy) .
k=1

Theorem 1.5. ([13]) Let A\, > 0 be the Fourier sine or cosine coefficients
of ¥(x). Let us assume that a given positive sequence {v,} has the following
property: There exists a positive €, such that
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(Py)  the sequence {n°v,} is quasi monotone decreasing

(P) the sequence {n*~~,} is quasi monotone increasing .

Then wy (1, L) = O(v,) if and only if

n

Z)\k:O(Vn)'

The aim of the article is to study different ways of defining the generalized
Lipschitz classes. For this purpose we shall consider conditions on a function
©(t) in the classes Lip ¢(f) and A(p(t)) introduced by M. and S. Izumi, conditi-
ons on a function w, € €1, and conditions on a majorant given by L.-Y. Chan
[5], L. Leindler [9] and J. Nemeth [13]. Further, we shall obtain the criterion of
belonging of a function to the generalized Lipschitz class. Defining this class,
we shall use the modulus of smoothness of positive order 3 of a function f, and
give the necessary and sufficient condition for this criterion to hold. All the
results mentioned above are the particular cases of our theorems.

The outline of this paper is as follows. Section 2 introduces the basic def-
initions. In Section 3, we consider some useful lemmas. In Section 4, we give
the interrelation between several known conditions on a majorant. Finally, in
Section 5, we write the criterion of belonging of a function to the generalized
Lipschitz class.

2. Definitions
Let f(x) be a continuous function and || f(-)|| = maxzcp2x | f(x)|. The modulus
of smoothness of order 3 (> 0) of a function f € C' is given by

[ee)

S0 () st 5 -0

v=0

wg(f,t) = sup
Ih|<t

’

where (f) = w for v > 1 and (f) = 1 for v = 0. We shall say that
a function ¢(0) (0 < 6 < 1) is a majorant (¢ € ®), if

a) p(0) #£0, 0<o0<1

b) p(d1) < p(d2), 0<6 < <1

c) p(6) = 0asd— 0.
We shall consider a function ¢ € ® that satisfies the following conditions?:

B) Y Lo(h)=0[p2)]

k=n+1

2The conditions (B), (Bg) were introduced in [2].
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B 5 = 0 el)]
A sequence v := {7, } of positive terms will be called

— almost increasing (almost decreasing), if there exists a constant K :=
K(7) > 1 such that (1) holds for any n > m,

— local almost increasing (local almost decreasing, if there exists a constant
K := K(v) > 1 such that

KVpi1 2% (s < K)

holds for any integer n (we shall write v € LAI or v € LAD, respectively),

— lacunary starting from some member, if there exist a constant A > 1 and
a natural number N := N(v) such that

ot > A>1 holds for any n > N,
Tn

— quasi geometrically increasing (quasi geometrically decreasing), if there
exist a natural number p = p(y), N := N(v) and a constant K := K(v) > 1
such that

1
’7n+u Z 2771 and Tn S K’Yn—l—l (/Yn—&-p, S 5771 and Tn+1 S K/Vn>

hold for any n > N,
— bounded by blocks, if the inequalities

ozlf‘?(f) < < Oégrg\];), O<ap <ag <o

hold for any 28 <n < 28! Lk =1,2,--., where

Fgf) = min(7ygk, Yor+1) and FS\]}) = max(Ygr, Yor+1).

Also, we shall say that a sequence v := {~,} of positive terms satisfies the
condition (SQ), if there exists ¢ € (0, 1) such that {n®y,} is almost decreasing.
And v satisfies the condition (SQg), if there exists ¢ € (0, 8) such that {n”~*~, }
is almost increasing.

A sequence ¢ := {c¢,} of positive numbers tending to zero is of rest bounded
variation, or briefly Rf BV'S, if it possesses the property

[e.e]
D e — o] < K(c) cm
n=m

for all natural numbers m, where K (c) is a constant depending only on c¢.?

3This definition was introduced by L. Leindler (see [10]). It is clear that the class of
monotonic sequences M = {y: v, | 0} C Rg BV S, but the class of quasimonotonic sequences
QM = {v: 37 >0 such that v,n~" | 0} is not comparable to the class R BV'S (see [10]).
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Now, we recall the following definition by Matuszewska (see [3, p. 68]). Let
f(-) be positive on (0, X], X > 0. Its upper Matuszewska index M(f) is the
infimum of those «, for which there exists a constant C' = C'(«) such that for
any 0 < A < 1,

f(Az)
f(x)

its lower Matuszewska index m(f) is the supremum of those [ for which, for
some D = D(f) > 0 and for any 0 < A < 1,

f(Az)
[ (x)

Let E,(f) be the best approzimation of a function f by trigonometric polynomi-
als of order no more than n, i.e.

> CA*{1+o0(1)} (x — 0) uniformly in A € [A, 1];

< DN {1+ 0(1)} (x — 0) uniformly in A € [A, 1].

n

E.(f)= inf |f(x) = (o coskz + B sinkz)|.

ag,BrER =0
Finally, we shall say that the continuous function f(x) with Fourier series

Qo

5+ Z (a, cosnx + by, sinnx) (2)

n=1

belongs to the class Ct, if the sequences of Fourier coefficients {a,} and {b,}
satisfy the following condition: a,a,, > 0 and b,b,, > 0 holds for any integers
n and m.

3. Auxiliary results

We shall need the following lemmas.

Lemma 3.1. ([8]). Let v = {y.} be a positive sequence. Then the inequalities

k=1

or

k=n

hold if and only if the sequence 7y is quasi geometrically increasing or decreasing,
respectively.
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Lemma 3.2. Let v = {v,} be a positive sequence. Then v is almost decreasing
(or increasing) if and only if v is quasi decreasing (increasing).

Proof. It is trivial that if 7 is almost decreasing (or increasing) then v is quasi
decreasing (increasing).

On the other hand, let v be a quasi decreasing sequence, i.e. there exist
N = N(v) € N and K; = Ki(y) > 1 such that v, < Ky, holds for all
N <m <n. Then v, < K7, holds for any n > m with

-1
K = Ky max v, < min %) )

1<v<N 1<v<N
The proof is similar for quasi increasing sequences. |

By Lemma 3.2 we can write Proposition 3.3 and Lemma 4.2 from [9] in the
following way (Lemmas 3.3 and 3.4).

Lemma 3.3. Let v = {7y,} be a positive sequence bounded by blocks. Then
the sequence {n°vy,} is almost increasing (decreasing) with a certain negative
(positive) number € if and only if the sequence {yan} is quasi geometrically
increasing (decreasing).

Lemma 3.4. Let v = {7y} be a positive sequence and A\ = {\,} be a non-
negative sequence and 0 > 0. If there exists € > 0 such that the sequence
{n=%v,} is almost increasing and the sequence {ne—(s%} 15 almost decreasing,
then

> =0 (n"") (3)
k=n
18 equivalent to

D> KN =0 (). (4)

Lemma 3.5. Let v = {v,} be a positive sequence and ¢ € R. If we define a
function v(t), t € (0;1], in the following way:

Vns if t=1neN
v(t)Z{

. . 1 1
monotonic, if g <t<s,ne N,

then the sequence {n°v,} is almost decreasing (increasing) if and only if the
function t=°y(t) is almost increasing (decreasing) on (0,1), i.e. t7°y(t1) <
Kt;s’)/(tg) (Z) fO?" 0<t; <ty <l
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Proof. It is clear that if t%7(¢) is an almost increasing function, then {n°~,}
is an almost decreasing sequence.

Let {n®v,} be an almost decreasing function, i.e. there exists a constant
A > 1 such that [5y; < As®y, for any s <. Let 0 < t; <ty <1, n+r1<t1§%
and —= <ty < L (n,m € N). If n = m, then we have t;*y(t;) < Lt;*y(t2) with
L := A -4l Indeed, if 7,11 < 7n, then y(t1) < y(t2) and ¢, 5y(t1) < Lty *y(ts).

If v < Y41, then

t t
v(t) <2y in+1)° <A 26y nf <A 4I8|M‘
ty t5
In fact, we have for k € N
1 < e . 11
E%H(k: +1)° <t7°y(t) < Ly k® for any t € (k:——l—l’ E]’

that implies for any t1,ty (0 < t; <ty <1)
t75y(t) < Lnfy, < AL(m + 1) 941 < ALt 5y(t2),

i.e. t7°7(¢) is an almost increasing function on (0,1). The proof for an almost
increasing sequence is analogous. |

Lemma 3.6. Let v = {7,} be a positive sequence and = {p,} be a nonnega-
tive sequence, and (3 > 0.

(A) If y € SQ and v € SQg, then the following conditions are equivalent:

D K =0 (3un”) (5)
> k=0 () (6)

(B) Let v be a nonincreasing sequence. If for any sequence of nonnegative
terms {p,} conditions (5) and (6) are equivalent, then v € SQ and vy €

SQs.

Proof. (A). Let v € SQ and v € SQs. Then the sequence {n”v,} satisfies all
conditions of Lemma 3.4 with § = 3, and we have equivalence of (5) and (6).

(B). Let the conditions (5) and (6) be equivalent for any sequence of non-
negative terms {u,} . We define {1, := Ay, },, oy Where Ay, = 45 — Ypqr. It s



On Lipschitz Classes 753

clear that {u,} satisfies (6), therefore {u,} satisfies (5). Then
n 2m
27N "My < 0270y TPy,
k=0 k=1
2n 2n
SRl O W TR
k=1 I=k
N ~ oo (7)
<277y A DK ) + 0 ()

=1 k=1
2n

=0 (2—"5 S Py + %n)

=1
= O (’}/Qn) .

Then by Lemmas 3.1 and 3.3 we have that the sequence {2”572n} is quasi
geometrically increasing, and there exists € € (0, ) such that the sequence
{nﬂ’e%} is almost increasing, i.e. 7 € SQg. Therefore,

DT =) Kk = O(nﬂ—m > ka—l) =0 (n"m)
k=1 k=1 k=1

i.e. the sequence {y, = 1v,} satisfies (5) as well as (6). Then

2k+1

Z%k SCZ%’C Z ¢!
k=n

k=n £=2k41

<C i k!

k=2n+1

=0 (72") )
and by Lemmas 3.1 and 3.3 we have v € 5Q. |
Lemma 3.7. ([3, p. 72]|). For positive f(x) on (0, X], X > 0 we have

m(f) = sup{a € R : z7*f(x) is almost increasing }

M(f) = inf{B€R : 27 f(x) is almost decreasing } .

Lemma 3.8. ([1]). Let f(z) € CT and f(x) = i a,cosnz, a, > 0. Then
n=1
D hon @k < AEL(f).
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Lemma 3.9. ([16]). Let 3 > 0. If f(z) € C, then E,_1(f) < C(B)ws(f, ),
n € N.

Lemma 3.10. ([15]). If f(x) € C such that )" >, n ' E,(f) < oo, then the con-
jugate function f(x) is continuous and Ey(f) < C(En(f)+ > penis K Er(f)).
n € N.

4. Results on majorants

N.K. Bari and S.B. Stechkin proved? two following lemmas.

Lemma 4.1. ([2]) Let o(-) € ®. Then the following conditions are equivalent:
(B) 2 r(3) =0 ()]

:n+
(S)  There exists a constant o (0 < o < 1) such that the function t~*¢(t) is al-

most increasing in the sense of Bernstein 5, that is t;7%p(t1) < Cty“o(ty)
(t1 < ty).

Lemma 4.2. ([2]) Let ¢(-) € ®. Then the following conditions are equivalent:
(Bs) 3k e(3) = O [n7e(3)]

(Sg) There exists a constant a (0 < o < 3) such that the function t* Pp(t) is

almost decreasing in the sense of Bernstein, that is tS "o(ts) < CtS P o(t)
(t1 < ty).

We shall obtain the conditions that are equivalent to the conditions of the
first and the second group. First, for the sequence v := {7, } of positive numbers
let us define the following conditions of lacunarity®:

(A') The sequence v satisfies the condition Y ,_, 7 < Cv, (n € N,C > 1).

(A?) There exist natural numbers u := p(y) and N := N(v) such that the
inequality v,4, > 27, holds for any natural n > N.

(A%) The sequence 7 can be presented as a union of finite number of sequences
N which are lacunary starting from some member, i.e., v € (J._, N,
(A') The sequence 7 satisfies the condition > ro 4% < Cv, (n € N,C > 1).
A?) There exist natural numbers p := u(y) and N := N(v) such that the
inequality v,4, < %'yn holds for any natural n > N.

4Here we recall only a part of their results, which we shall use further.

°See [2].

SNote that the similar conditions were considered by L. Leindler [8], S.B. Stechkin [14]
and V. Totik [17].



On Lipschitz Classes 755

(A%) The sequence k = {%ﬂ} can be presented as a union of finite number
of sequences N which are lacunary starting from some member, i.e., kK €

Uiz N

Lemma 4.3. Let v = {v,} be the sequence of positive numbers. Then the
following statements are true:

(@) yeEANl = yeA2= 7y A}

(b). ye Al <= vy e A2NLAI < v A>*N LAI
() yeEAN =y N2 =y A®

(d). ye Al <=~y € A’NLAD < v € A*NLAD.

Proof. (a). Lety € A;. Then by Lemma 3.1 it is quasi geometrically increas-
ing and so v € Ay, i.e. there exist natural numbers p := p(y) and K := K(v)
such that the inequality % > 2 holds for any £ > K. Following [14], we define
the following subsequences of v: ’y,(f) = Vk—Dpts: = 1,-+-,p. Then

(s)
Trt1 9
e

holds for k starting with some number K, s =1,--- , pu, i.e., {’y,(:)} eN® s=
1,---,pand vy € J'_ N®,

(b). By Lemma 3.1, we have v € Ay = v € LAI. Then it is sufficient to
prove that if v € LAI, then v € Ay => v € A;. Let v € [J._, N©¥, i.e., there
exist natural numbers K, such that the inequalities

'Y(S)

ML > A\,>1, s=1,---.r
(8) ) ) )
Tk

hold for any k£ > K. Put

K := max {lEN:fyl:fyg, s=1,---,r}
* . ~1

Then for any M < K the following is true 21]‘11 v < C*vyyy. Further, let us
consider a fixed integer M > K. It is clear, that each member of the sequence
{%}i\iK belongs to some sequence N, i.e.

d
{vic,- oyt CUNED 1 <d <
=1
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Define
Msl::maX{ZEN:/yl(Sl)E{/ij...77M}}’ i:l)...,d.

Then (i =1,---,d)

My,
oA = Z i —’YMSZ Z = O, (8)

1=K, =K, Msz =K,

and therefore

M,
Z% < Z Yo < 0127

=1 l= K,

Without loss of generality, let us denote by s; the number of the sequence such
that 7](\21 = vy. Ifd =1, then A = ~,; if d = 2, then we shall use the condition

v € LAI and the inequality (8) to get

Ms,

A=y 77 <C<v +Z%‘“)§Cw.

1=K,

Similarly, if d > 2, then

d
A=+ 1 §C<7M+Z/>,

=2

where Y contains d—2 terms. Repeating the reasoning, we shall get A < Cy,;.
In such a way, for any M > K we have the inequality

Z% (C*+1) Z%<OWM,

I=K

ie.,y € Ay.

Statements (c ) and (d) follow from (a) and (b). Indeed, if we define the
sequence = { } we obtaln that v € A} <— %y € A' (this follows from
Lemma 3. 1) v € AQ =2 L e A? (trivial), v € A3 < % € A® (trivial). |

Remark 4.4. There are examples of sequences 7, and 7., which are not local
almost increasing and such that 4, € A% but v, ¢ A and 75 € A? but v, ¢ A%
There exist similar counter examples for the item (c) of sequences ~y3 and 7y,
which are not local almost decreasing.
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Proof. Let us consider v = (7, 4®), where v {% =2} and 4 =

{7(2) 921 If the members of the sequence v are placed in the following way:
for n = 2m: ~, = %(11 ,and for n = 2m + 1: ~, = %2 , then it is clear that
v € Ay but v ¢ Ay. On the other hand, let the elements of the sequence v be
placed i 1n the following order: if n = 2% then {v, = 7n } and if n # 2%, then

{7 = A2 } Then v € Ag, but v ¢ As. |
Now we provide the interrelation between several conditions on positive
functions. In particular, we study conditions on majorants of moduli of smooth-

ness from Theorems 1.1 - 1.5.

Lemma 4.5. Let ¢(-) € ®. Then the following conditions are equivalent:

(B) % wel)=0[e()]
(A)  The sequence 6 = {0, = ¢ (%)}VeN satisfies any of the conditions (A?)
fori=1,2,3.

(SQ) There ezists a constant o € (0,1) such that the sequence {n%p (%)}
18 almost decreasing.

neN

Proof. Step 1: ¢ € B < § € A, where § = {(5 =0
( p—t

the monotonicity of ¢ we have p € B < >
Lemma 4.3 we have ¢ € B < § € A’ for any i = 1,2, 3.

Step 2: ¢ € B < ¢ € 5Q. Indeed, if p € &, then p € B < ¢ € S by
Lemma 4.1, and we write ¢ € S < ¢ € SQ by Lemma 3.5.

Step 3: p€ B ¢ € M. By Lemma 4.1, if ¢ € B, then there exists € > 0
such that t~°¢(t) is almost increasing function on (0,1). Then Lemma 3.7
implies m(p) > ¢ > 0, i.e.,, ¢ € M. Conversely, if ¢ € M, then from Lemma 3.7
we have that for any ¢ € (0,m(¢)) the function ¢t=°p(t) is almost increasing
and, by Lemma 4.1, p € B.

Step 4: p € B = p € Q¥ = Ua>0§2&2). Let ¢ € B, then ¢ € SQ, i.e.,
there exists a constant a € (0, 1) such that [“p ( ) < As® 4,0( ) holds for any
s <l.Put s = 2" [ = 2" then for any n, u it holds 2+*p (Qnﬂ) < Ap (5)-

If A <2, then p € QF c UJ,., Q8.

Let A > 2. Put ¢/ = min{p € N: A <2t} Tt is clear that p/a > 1, and
if we define o := 1/, then we shall have A < 2> < 21+r(@=a) for all integers

pu > g/ and 24" < 2 for all integer 1 < /. Then the following two conditions
hold:
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(%) For any integer pu > 1 the following inequality is true:

/ 1 2 / ! 1 1
po wla—a)opa
2 @(Qn u)<_2 2 <p<2n u><2ap<—2n>, n € N.

(%) For any integer pu < p’ the following inequality is true:

/ 1 1 1
o (o) <20 (1) 220 (L) me

Then, ¢ € Qf,) U, 0P,

Step 5: ¢ € Q® = ¢ € B. Let there exist a x > 0 such that ¢ € Qg),
i.e., for every natural u there exists a natural number N := N(u) such that

1 1
UK
2 gp(2n u) < 2p <_2n) for all n > N.

Then there exists an integer ;1 = p(k) such that the inequality

1 1 1
© (an) < 2% (2—n> forall m > N

holds. Therefore, the sequence § = {6,, = (2%) }VGN satisfies the A% condition,
that implies ¢ € B (as we have already proved). |

a>0

Remark 4.6. For any x > 0 we have 0P NdcBNdC Q(()Q) Nno.

Proof. By Lemma 4.5 ¢ € B & ¢ € [, Qg), and for any x > 0 we have

Q¥ ¢ B. On the other hand, B C 982) since for any integer u there exists an
integer N = N(u) such that

1 1 1
® (2n+u) < 2%y (2%“) <2p (27) for any n > N.

We write the examples: ¢;(6) =02 ( € B but ¢ Qg)) and ¢5(6) = (In3)
(e but ¢ B). N

-1

Lemma 4.7. Let ¢(-) € . Then the following conditions are equivalent:

(Bs) 2K el(p) = O [0 ()]

(Ag)  The sequence § = {6, =2"%¢ (5)}
(A) fori=1,2.

(SQgp) There eists a constant a € (0, B) such that the sequence {n~*p (%) }nGN
15 almost increasing.

e satisfies any of the conditions
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(Mg) M(p) <P
~(1 1
(Q(ﬁ)) ve U Qg,).
0<8'<p

Proof. Step 1: ¢ € By < § € Ag, where § := {5, =2"% (2%)}1161\!. First,
by ¢(-) € ® and by Lemma 4.3, we have ¢ € Bg & Y. 2%p(5) =
O[2°r¢(5£)] & 6 € A' = § € A% Now let 6 € A% Then, by monotonicity
of ¢, ¢ is local almost increasing and Lemma 4.3 implies ¢ € Bg.

Step 2: ¢ € Bg & ¢ € SQp. This follows from The Lemmas 4.2 and 3.5.

Step 3: ¢ € Bg < ¢ € Mp. The proof of this fact is similar to the proof
of p € B4 p € M in Lemma 4.5.

Step 4: p € Bg& p € Q(ﬁl). We divide the proof into the following parts:

a) If 7' < f, then Q) c Q).
b) If §' < 3, then By C Bg.
¢) By C QY
d U 9 c B

0<p'<p

0<p'<p

Hn U BYc U 9

0<B'<B 0<B'<B

1
0<p'<p

Now we shall prove a) - g).
a): It is evident from the definition of Qg) .
b) : It results from SQz C SQj for 5/ < f.

c): Let ¢ € Bg. Then there exist 0 < o < 1 and C' > 1 such that ¢ (2%) <
02"~y (+4) (v,n € N). Let us define ¢ := min{v € N: 2"* > 2C'} . Then
we have for all 5’ > 3

, 1 1 1
iz ot -
s () =20 () 22 ()

: 1)
holds for all n, i.e., ¢ € Q5.

d: Let ¢ € Upcnes Q. 1t follows from the fact that there exists an

a (0 < a < ) such that ¢ € Q,(ll), i.e., for any o/ > « there exists an integer
= p(a’) such that

/ 1 1
o'
2%Fp (2%“) > 2p (2#) VnelN.
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Then

/ 1 / 1
o' (p+n) 1+a'n -
2 So(zn-&-u) =2 g0<2n)’

and by definition § = {6 = 2% <2_”>}VEN € A2, and therefore ¢ € B,. So,
there exists o/ (0 < o < 3) such that ¢ € B,. By part b), ¢ € Bs.

e): By part b), U0<B’<6 Bg) C Bg. On the other hand, if ¢ € Bg, then
p € SQp, i.e., there exists a constant a (0 < a < ) such that the sequence
{nﬂ @ (—) }neN is almost increasing. Then the following condition is true:
there exists an a (0 < o < ) such that for all &/ (0 < o < «) there exists
a k(0 <k < f—da) such that the sequence {n(ﬁ_“')_“go (%) }neN is almost
increasing (as k we can take a—a’). So, there exists an « (0 < o < 3) such that

for all « (0 < o/ < a) we write p € Bs_o and, finally, ¢ € Uy o5 B(l) -
UO<B’<ﬁ ﬁ’ :

f) - g): It is clear that part c¢) implies f) and parts e) and f) imply g).
Therefore, we have ¢ € Bg <= ¢ € U0<a<5 Q) from d) and g). [

Remark 4.8. For any x,e > 0 we have Q((Jl) neconadc B...N®.

Proof. By definition, we can write Q(()l) Ne c Ol Nd. And by Lemma 4.7,
ol ne c B..i- N ®. On the other hand, there are the following examples:
02(0) = 0% (€ QY but ¢ OfY) and @3(8) = 675 (€ By but ¢ Q). 1

Remark 4.9. There exists ¢(-) € ® such that the sequence § = {4, = 2"%p (%) }
satisfies the (A®)-condition but ¢(-) does not satisfy (Bg). However, for any
¢ € ® we have that ¢ € B implies § € A>.

Proof. Fix v > 0. We can define

_ — < — — 14 _ .
© (21/) 52" for 2 v<2. keN and 0 {(5V 2P v .

Then one can represent the sequence § in the following way: § = {6, 6@, 5},
where

={0,, 2% ' <v<2* 1 eN}
=15, v=2,1eNuU0}
={6,,2" <v <2 1 eN} .

If 5 > 3y, it is clear that §¥) € N,j =1,2,3, i.e., § € U§:1 NG e, 6 € A3
On the other hand, we write
Sop P2k g2t 20

621671 = 272k+125(2k_1) - 272k —_— O as k — 0.
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Thus, the sequence ¢ is not local almost increasing and, by Lemma 4.3, we have
¢ ¢ Bg. Finally, we can define the function ¢(-) to be linear over (37, 5+) . B

Corollary 4.10. If p(-) € ®, then for any s, > 0 we have ¢ € B < ¢° € B,
1.€.,

S D) =o[(B)] = (S b)) —o[o)].

and ¢ € Bg & ¢° € B, i.e.,

Se(f) =o[re(D)] @ (e (2) =o[weld)].

Proof. The proof follows from ¢ € B & § € A> & §° € A3 & ¢° ¢
B (foré,=¢(3)) and ¢ € Bg & § € A? & & € A & ¢° € Bg

(for 5, =2"Pp (2%)) |

5. Results on a Boas-type problem

Now we prove the theorem on belonging of a function to the generalized Lips-
chitz class.

Theorem 5.1. Let v = {~,} be the positive sequence and 3 > 0. Then:

(A). If v € SQ and v € SQg, then for any function f € CT with Fourier
series (2) the conditions

i(!ak! + |ka> =0 () 9)
i kﬁ<|ak’ + |bk|> =0 (n’v,) (10)
ws(£.2) = 0w) )

are equivalent.

(B). Let v be a non-increasing sequence. If for any function f € CT with

Fourier series (2) the conditions (9), (10) and (11) are equivalent, then
v € SQ and v € SQ;.

Proof. (A). Let v € SQ and v € SQs. Then, by Lemma 3.6, the conditions
(9) and (10) are equivalent. Now we shall prove that the conditions (9) and
(11) are equivalent.
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Let function f € CT satisfy (9), and so, (10). Note, that if the 27-
periodic function f(z) has a Fourier series 300 ¢,e™ then AP f (x — —) ~

. . EkR\B ik .
%{CEZ (22 sin ?) cpe™™. For given h one chooses n according to n_+1 <h<li -
en

kh\”
Z (22' sin 7) cpet®

k€EZ

_ knl|? >
251117‘ || + 2 Z

k=n+1

2sin —
sin 2‘ |k |

<23
k=1
= J1+’Jj

Then, (10) and |sin 2| < & imply J; < Ch® S0 kP (lak| + |be]) < Cn; and
(9) implies Jo < CY 77 (Jag| + |bk|) < C’% Therefore, for any f € Ct we
have }Aﬁf (x — —)} < Oy, with == < h < L and so wg(f, 2) = O(v,). We
have proved that (9) implies (11)

Further, we shall prove that (11) implies (9). Let & € C* have a Fourier
series Y > (al cosnz + b, sinnz) and ¢ satisfy (11). Define the functions
i) = M Note, that ws(&x, 1) < ws(€, L) = O(v,). Using Lemma 3.8,
Jackson’s 1nequahty (Lemma 3.9) and property of modulus of smoothness, we

write
o0

, 1
> lail < CEpy(6:) < CBwa(8rr) = O (). (12)
k=n
Consider {_(x) ~ Y 2, b, sinnz and the conjugate function ¢_. The Fourier

series of £ is — Y >° | b/, cosnz, and in a similar manner as for (12) we shall use

the Lemmas 3.8, 3.9, 3.10 and the condition v € S@Q. Then

o0

™Il < OB (€)

: <ofpger+ 3 ae)

k=[5]+1
< C(g){wﬂ(g, %) + i %wﬁ(f, li) + i%wﬁ<§= /1;)}
=[g]+1
< C(ﬁ){wﬁ (5—7 %) * i %wﬁ (5" %)}
=0 <% + ny, i’: F
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Thus,

S (14l + 1) = Ot

and (9) and part A of the theorem are true. The proof of part (B) follows from
the equivalence of (9) and (10) by Lemma 3.6. |

Remark 5.2. We see from the Lemmas 4.5 and 4.7 that part (A) of Theorem 5.1
for 5 =1 and g = 2 implies all the theorems 1.1 - 1.5.

Remark 5.3. In part (B) of Theorem 5.1, the condition that v is a non-
increasing sequence can be replaced by the condition v € R BV'S.

Proof. It is enough to show part (B) of Lemma 3.6. Indeed, we consider the
sequence {u, = |A~v,|} and repeat the reasoning of Lemma 3.6. To prove the
inequality (7) we shall use the following fact: if the sequence v is RT BV'S, then
~ is almost decreasing. |
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