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Weighted Integrals of Holomorphic Functions
on the Polydisc II

Stevo Stevié

Abstract. Let £5(U™) denote the class of all measurable functions defined on the
unit polydisc U™ = {z € C"| |z] <1, i = 1,...,n} such that

W im = | 7P [J0 = 5P <o

where a; > —1,7 = 1,...,n, and dm(z;) is the normalized area measure on the

unit disk U, H(U™) the class of all holomorphic functions on U", and let Ab(U") =

LA (U™ N H(U") (the weighted Bergman space). In this paper we prove that for
€ (0,00), f € AL(U™) if and only if the functions

S|
jlgq(l — ‘Zj‘2>l_[f€S];Zj(XS<1)Z1’ xs(2)z2, ..., Xg(n)zn)

belong to the space L5 (U™) for every S C {1,2,...,n}, where xg(-) is the characteristic
function of S, |S| is the cardinal number of S, and Hjes Ozj = 0zj, -+ - 0zj 4, Where
Jjr € S, k =1,...,|5]. This result extends Theorem 22 of Kehe Zhu in Trans. Amer.
Math. Soc. 309 (1988) (1), 253 — 268, when p € (0,1). Also in the case p € [1,00),
we present a new proof.
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1. Introduction

Let z = (21, ..., 2,) and w = (wy, ..., w,) be points in complex vector space C",
U the unit disc in the complex plane C, U™ the open unit polydisc in C" and
let H(U™) be the class of all holomorphic functions f defined on U™.
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Let v = (71, ...,7,) be a multi-index, ~; being nonnegative integers, we write
M=mnttrm  A=nleml =2
For a holomorphic function f we denote

ol f
oz* -0z
Let o = (oq,...,ap), with o > —1 for j = 1,...,n, and p € (0,00). The

space L2 (U™) = L denotes the class of all measurable functions defined on the
polydisc U™ such that

Df =

11z, = /n FEP LT =157 dm(z;) < oo,
j=1
where dm(z;) = %rjdrjdej is the normalized area measure on the unit disk U.
When o = 0 we denote the space by LP(U™). The weighted Bergman space
AP (U™) = AP is the intersection of £2 and H(U™).

Weighted Bergman spaces of analytic functions of one variable have been
studied, for example, in [3 — 6] and [11, 12, 16, 19] while the weighted Bergman
spaces of analytic functions on the unit ball B C C™ have been studied, for
example, in [1], [7 — 10] and [15, 17, 18] (see, also the references therein).

Throughout the rest of the paper S denotes a subset of {1,...,n}, xs(-)
is the characteristic function of S, |S| denotes the cardinal number of S, and
[ljcs 025 = 0zj, -+ 0z, where ji € S, k=1,...,|S].

In [1, p. 33] and [15] the authors proved the following theorem.

Theorem A. Let p € (0,00), a = (a1, ..., ), with o > —1 for j =1,...,n, let
m be a fized positive integer and k = (ky, ..., k,) € (Z4)". Let f € H(U"), then
f e Av if and only if

|n| 2\k; —8|k‘f p k, |k| =m
(1 - ’Z]" ) 8Zkl Ozkn (Z) S ‘Ca v ) | | — e
B Ozk

j=1
Moreover,
-1
m oIkl ¢ - ot f
L= 0)| + 1— .ij]— 1
Il = 3. |50+ X | [T = 5P| 5| - )
|k|=0 n |k|=m [l = 7=1 "ol

The above statement means that there are finite positive constants C' and
(" independent of f such that the left and right hand sides L(f) and R(f)
satisfy
CR(f) < L(f) < C'R({)
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for all holomorphic f.

In the proof of Theorem A, when p € [1,00), G. Benke and D. C. Chang
used the weighted Bergman projection B, : £2 — A2, which can be extended
as a bounded operator from £ onto AP. Case p € (0, 1] was considered by quite
different method by author of this paper in [15].

Using also a Bergman type projection K. Zhu in [17] proved the following
result.

Theorem B. Suppose 1 < p < oo and f € H(U?), then f € AP(U?) if and
only if the functions

1 0) = 8 Zl,“
lf(Zl, ) (1 — |21|2)f<—21>
2f(0722) = (]_ _ |Z2|2)f<—z’222)

82f(21, Z2)

Tyf (o1, 2) = (1= [af) (1 = [2a?) =5

are in LP(U?). Moreover, || - ||.4» and

11l = 10,00 + 0 fller + 1 T2f 2o + (1 T5 ] v

are equivalent norms on AP(U?).

Closely related results on the unit disc and the unit ball in C™ or R" can
be found in [1 — 3] and [10 — 18]. The purpose of this note is to generalize
Theorem B in the case p € (0,1). We prove the following theorem.

Theorem 1. Let p € (0,00), o = (v, ..., 0,), with aj > —1 for j = 1,....n,
and f € H{U™). Then f € A2(U™) if and only if the functions

2 OIS
Tsf =[] - Il )W(Xs(l)%)(s(?)zm s Xs(1)2n) (2)
jes Je J

belong to the space LP(U™) for every S C {1,2,...,n}. Moreover, | - ||a» and
| - ||+« are equivalent norms on AP(U™), where

I =15 @1+ > I Tsf e

SC{1,....n},S#0

Remark 1. Since ) C {1, ...,n}, we can consider that Ty f = f(0,...,0), that is,
Ty f can be considered as one of the functions in (2). If we accept this notation,

then || fll = 2scqr,.my 175 fll ez
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Remark 2. To be more suggestive we explain here what condition (2) exactly
means when n = 3. In this case it means that the following eight functions are

in LP(U?):

82f(21, 22, O)

£(0.0,0), (1= )1 = |y L2222

I e Rt )
D R R I SE e

(1- pﬂ?)%ﬁz’zﬁ, (1= |21 = 21 - I%W%-

2. Proof of the main result
To prove the main result we need an auxiliary result which is incorporated in
the following theorem.

Theorem C. Suppose 0 < p < oo and o« > —1. Then there is a constant
C = C(p,a) such that

Lv&wu—m%wmasc(mmv+Luvwa—vmmwm@)

for all f € H(U).

This theorem is a special case of Theorem 1 in [10]. Another proof of this
theorem can be found in [14].

Proof of Theorem 1. Necessity. The proof of this part of the theorem is a
special case of the proof of Theorem 1 in [15].

Sufficiency. First, assume that n = 2. Let 2 be, for a moment, fixed.
Then by Theorem C we have

t/ma@wu—mﬁ%mm>
U

19)
<c <|f<o,m)|p+/U o

p
(Z17 ZQ)

u—mm“%m@ﬂ.

Multiplying this inequality by (1 — |22|%)®2dm/(z2), integrating over U and ap-
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plying Fubini’s theorem we obtain

U2|f(Z1, 2)[P(1 = [z [*)™ (1 = |2f*)**dim(21)dm(z)

sc(éuuawu—mm”mwa 3)

AV

a—zl(zh 22)

(L= s dm(z0) (1= i) ).

On the other hand, for a fixed z; by Theorem C we have

J

(1= [z2]*)**dm(z2)

+/

I = /[]2 £ (21, 22)|P(1 = |22 [2)* (1 = |29]?)*2dm(21)dm(z,).

0
8_i(zl’z2)

) (4)
u—v%vmwmmo.

2

821822

(21, 22)

of
S C (’8—21(21,0)

Let

From (3) and (4) and Fubini’s theorem, we obtain

r<o( [ 170.P0 - lap)dn()

+ [ gt 0| (= laltyoim(a @
% b
8 /Uz &zlgzg(zl’ 2)| (L= [z (1 - |Zz|2)p+a2dm(z1)dm(zQ)).

Applying Theorem C to the function f(0, z2) we obtain
[ 1£0:2P 1 = afydm()
U

SC(V&®P+A

From (5) and (6) the result follows in this case.

(6)

p

(0, 2z2)

of
822

(L= Py dm(z)).

For n > 3 we use induction. Assume that we have proved the theorem for
k < n — 1, where k is the number of variables. Let 2’ = (z1,...z,_1). Then by
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inductive hypothesis we have

[P TT0 - s fyintzy

-1

-/ ( [ ap IO Prdn(e) ) 0 - oy dne)

J=1

< [ (e ™

5IS’|f p
Xl e s D
S'C{l,.., vis' | [Ljes 92
< - rsz)%*pdm(zj)) (1= |zaP)ondim(z).
jes’
On the other hand we have
/ o) (- Vs 2| T~ a2 dimz,)
XS’ 21y X5\ — 1)z, 2 — |2n Taml zn,
U H]ES’ az] jes’
oIl p
< (i O (Wt sl = D010
H]ES/ Zj (8)
P

oIS f
H 82 . aZ (XS/(1)21, ey XS/(TL — 1)271—1, ZTL)
jes =g n

“h

x (1— |zn|2)an+pdm(zn)).

Applying Fubini’s theorem in (7), then substituting (8) in the obtained inequal-
ity, using the inequality
o (0/7 Zn)

[ mpa-tapre<c (5@p+ [ |2L0w0)] @ - apredn)

and the fact that every S C {1,..,n} can be written as S = S’ U {0} or
S = S5"U{n} where S’ is a subset of {1,...,n — 1}, we obtain the result. |

p

of

Remark 3. Throughout the proof we use the letter C' for a constant which
may vary from line to line.

Corollary 1. Let p € (0,00) and f € H(U™) be such that f(z) = 0 whenever
H’L 2j = 0. Then, for some C > 0 independent of f it holds

n pTL

H 1—|2[*) dm( ZJ)<C/n 071 -0z, H — |z P dm(z;).

j=1 J=1

’I’L
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By Theorem A and Theorem 1 we see that the following result is true.

Corollary 2. Letp € (0,00), a = (o, ..., ), with o > —1 for j =1,...,n,

let m

be a fized positive integer and k = (ky,...,k,) € (Z4)". Let f € H(U™),

then the following conditions are equivalent:

(a) fe A

(b)

n ) k|
[T = |58 | 2l (z) e 7 ¥k, K =m

k k
zll---azn”

(c) For every S C{1,2,...,n}, the functions

o8I f
Tsf =[]0 - |Zj|2)W(XS(1)ZhXS(2)Z2a ey X5(10)2n),
jes jES J
are in L2(U™).
Moreover,
e <5 |52 Lo+ 3 (110 - 1] 5
S gl s 0 ]
Aq =0 azfl Ce 82,,].2" ‘klzm ey J azlfl e az”’in P
= |1
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