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Compression Molding II: Existence of the
Solution for a Hele-Shaw Type Model
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Abstract. We discuss an idealized model for compression molding, assuming a
compressible flow. Existence theorems are established for this system.
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1. Introduction

Compression molding is a manufacturing process where a material is squeezed
into a desired shape by the application of heat and pressure to the material.
Ideally this is done by placing the object between two parallel plates. The
pressures generated during a squeezing flow are often large [24, p. 504] and
give rise to the possible necessity of taking compressibility into consideration
as Cole, Batchelor, and many other scholars have suggested in the deep oceans
and other circumstances [8] [6, p. 56]. In this paper we study a model where
the flow is compressible. The resulting equations, only caricatures of the true
physics, nevertheless they allow a rigorous and detailed mathematical analysis,
which gives the essential properties of the flow.

Section 2 recounts the derivation of our model from [11], and in particular
clarifies the correction terms which rely on the equation of state and explains
some simplifying physical hypotheses. In sections 3 and 4, we prove the exis-
tence of weak solutions to the resulting problems 1 and 2:
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Problem 1. Find functions # and p defined in 2 such that
—A0 =EkO,\)|Vp|"+ k@, \)|p]"+ f in Q (
—div{k(0, )|Vp*Vp} + kO, Nlp Pp=9g in Q (
=0, on 0N (
p=po on Iy (
—k(6, )\)|Vp|r_2% =1l on Ty (

Problem 2. Find functions # and p defined in 27 such that

p=po on Tox(0,7) (1.10

0, — AO =k(0,\,0)|Vp" + k@, N )p"+f in Qp (1.6)
—div{k(0,\,t)|Vp|"2Vp} + kO, N\, D)|p|" *p=9g in Qr (1.7)
0=0, on 0Qx(0,T) (1.8)

0=¢ on Qx{0} (1.9)

1.10)

)

—k(@,/\,t)]Vp\’"Q% =1l on Ty x(0,7T). (111

The given functions g results from the forced deformation in the vertical
direction. A derivation is given in Section 2 (we leave aside the problem of the
free contact surface). Here we assume that (2 is a bounded domain in R™ with C"*
boundary and 052 is decomposed as 02 = Iy UT, where n is a natural number
that is greater or equal to 2, Iy and I'; are C'! manifolds with [y NT'; = (). The
outward unit normal of Jf2 is denoted by v. For a given time interval (0,T), let
Qr =Q x (0,7). We assume also that f, 0y, po, [, ¢, and k are given functions
and k(6, A, t) is continuous in time, while r is a given positive constant related
to the power law index n; p is the pressure of the flow and 6 is the temperature.
The value of A at which the shear stresses s, = s, = 0 vanish is not known
a priori. One can find A by satisfying the no-slip upper boundary condition as
suggested at the end of section 2.

Problem 1 is a model for a stationary flow and Problem 2 is a model for
the time-dependent flow. Although the physical models are two dimensional,
we generalize our proofs in the case of N dimension.

In this paper, for s > 1, let

H%OS(Q) = {v;v € H**(Q),v =0 on Iy}

denote the usual Sobolev space equipped with the standard norm. Let

E

ifl<r<n
ifr=n (1.12)

r if r>n.

)
I
33

* 3|+|
— =
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where 7" = —=. We assume that the boundary values 6y and p, for Problem 1
and 2 can be extended to functions defined on €2 such that

0o € H*°(Q) and py € H'(Q), (1.13)
where 7 is a fixed number that is greater than r. We further assume that
ferL (), gelL™®Q), and [e L), (1.14)

where 0;, 1 = 1,2, 3 satisfy

* -1 *
o>, o> (), and 03>(u) ifl<r<n  (115)
2 n-—r n—r

Otherwise, we assume that

f,g € L7(Q), 1 € L°Y(Ty), (o4 >1) ifr=n (1.16)
f,g € LYQ), 1€ LYT), if > n. (1.17)

Finally, we assume that there exist positive constants ks > k; > 0 such that
ki < k(&,)\) <ky, k< k(@,)\,t) < ko Vo € Rl, t>0 (118)

The principle diffculty of the proof lies in overcoming the critical growth |Vp|"
and nonlinear correction terms in both systems.

Remarks. Many of the subsequent calculations, both rigorous and formal, are
inspired by ideas originating with the injection molding problem, as studied
in [13, 10]. It is worthwhile to mention that compressibility has already been
considered in injection-molding (e.g. [7, 15]).

Some other related papers are Aronsson-Evans [3], Advani-Sozer [4] and
Jackson-Advani-Tucker [16].

2. Formulation of the problem

This section provides a reconstruction of the derivation in [11]. Instead of
asymptotic analysis and general form of state equations, as done in [11], we
derive the systems from several simplifying asumptions and some restrictions
on state equations.

a. Notations. Indices with Greek letters range from 1 to 2 while indicies
with Roman letters range from 1 to 3. For example, we use (z,) := (21, x2) to
designate two coordinates and (z;) := (z1, 22, x3) to designate three coordinates.
In addition, the summation convention will be in effect.
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We suppose that at time t, the compressed plastic lies between two infinite
horizontal plates, the lower at height zero and the upper at height h(t) > 0. We
assume

h(t) <0 for 0<t<T, (2.1)

T < oo being the time when the two plates meet. {2 denotes the open subregion
in R? with a C' boundary above which the polymer lies.

b. Velocity, pressure, temperature, strain and stress. The full flow
equations read

D h
phTUt = div o" + ptf" (2.2)
DT" 0 oTh
h h h h gh
— K A 2.3
= (W) ot 23
D h
_l;; + phdiv " = 0, (2.4)
where D% denote the material derivative, v" = (v v} vl) is the velocity field,

oh = (afj) is the Cauchy stress tensor, p" is the density of the fluid, ]a1 is the
volume force density, ¢ is the specific heat, K" is the thermal conductivity, and

1 b ol
d' = (dy)  with di = (a”’ + UJ) (2.5)

8xj 8361

denotes the strain rate tensor. Repeated indices are used for the summation
convention.

The stress tensor is gorvened by the power-law model
o = —ploy+ sl with s =K (T, (2.6)

where s" = (SZ) is the viscous part of stress tensor o®, p” is the pressure, 7, is

the strain rate given by 4, = 24 /(dl:d®), and n is the power-law index, and k" is
a given positive function. The compressible power-law structure (2.6) has been
studied in both engineering and mathematics literatures (e.g. [19, 21, 20]).

c. Continuity. We simplify the continuity equation (2.4) by additionally
hypothesizing that the fluid’s density changes are very small, in accordance
with most of compressible fluids. In particular, convective term, v" - V", in
(2.4) can be neglected, (2.4) then reduces to

1 9p"

divoh = —— . 2.7

o ot (2.7)
This simplification is consistent with equations of injection-molding correspond-
ing to Chung and Hieber [7, 15] (see also [2]).
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We choose p” as a function of p" and T", p" = f(p"*, T"), as in the state equation
postulate [2] (see also [8, 6, 22, 18]). As an illustrative example, we set

)

(TP % ph %~ 1phds
f(ph’7Th> — poef() k(1) Ip"™| pd

where pg is the initial density. That is pih%if = k(T")~=|p"|=~'p". Therefore

the continuity equation (2.4) becomes
div o = —k(Th)_%|ph|%_1ph. (2.8)

Since we will assume 0 < h < 1, we expect the first two components of the
velocity vector v" to be physically most important. To eliminate the x5 direction
dependence, we integrate the continuity equation (2.8) in the x3 direction

ool h

—h 1 1
— L (T w|phniph 2.

where we have replaced T" by its average T" over the interval (0, h) and

h 1

h(x1,x2) N
To e /0 va(xq, 29, x3) dg

d. Hele-Shaw approximations. We next assume that viscosity effects and

pressure gradient effects predominate. In particular, we drop the inertial term

%”:, the body force f* in (2.2). Then (2.2) and (2.6) imply

Vp = div (K"(T")5p"dly). (2.10)

We further simplify by assuming the pressure p” does not depend on z3 and

that v2 may henceforth be taken to be zero in computing dfj Additionally,

the velocity components vary much more rapidly in the xs-direction than the
h

lateral directions and consequently g%(; may be ignored within the stretching

tensor {dfj} Incorporating all these simplifying hypotheses into (2.10) yields

the identities
ot 10 O\ T vt
— =___ KT @__a x5 2.11
0r, 20x3 { (") <6x3 0x3 0x3 (211)

h
As p", and so 2=, don’t depend on 3, we conclude
) 8$a )

n—1

oph e OV OulN T2 Ol
2 —AN)— =k(T @ _ o = 2.12
(3 =) O0xq K(T7) (8953 Oxs Oxs’ (2.12)



788 Ming Fang and R. P. Gilbert

where X is the value of x3 at which the shear stresses sk, = 0, that is, % = 0.
We shall find A by satisfying the no-slip upper boundary condition v = 0 on
x3 = h given at the end of this section. Summations with repeated indices are

used here. (2.12) implies

(8@2 81}2) T 225 — 2N

bl 2.13
Ox3 Ox3 k(Th)l—% Ve (2.13)

We insert this equality into (2.12) and integrate, to deduce

1 1
ot = _8_]7h| ph|%—1 (2>‘)"+1 - |2I3 - 2)I|"+1 (214)
“ 0zq 2 (2 +1)k(Th)n
Hence -
o = (TN )|Vl [ (2.15)
0z,
where

hy1-1 1 "o Ly L1

Recalling then the continuity condition (2.9) we conclude

m(T" M\ t) = [k(T

0

b 1_ 3ph h —h,_1 1_
g (@ AP ) = L@ 210

0x,, h

e. Rescaling time. For simplicity, we can change variables in time by writing
t=0(s) (0 <s < o0), 0 solving the ordinary differential equation

9’(5):—% if0<s<oo
6(0) = 0.

If we reinterpret the derivative "= < and h = h(f(s)), the partial differential

equation (2.16) now becomes

0

0 "
0,

—h 1_ —=hy_1 1_
(@ AT ) =1 KT 2an)
f. Energy equation. We now switch to the energy equation (2.3) by assuming
that the temperature change in the zs-direction is insignificant compared with
the lateral directions. This amounts to saying that

oTh 9 [ oTh ol b\ T
h — K Th [ 222 e — M divo™ . 2.1
P50 T Dra ( axa) T )(8y3 axg) prdive (2.18)
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We now assume that the surface of the mold is insulated. This translates to

Th
9T 0 at 25=0 and h(t). (2.19)
8I3

Taking the average on both sides of (2.18) and making use of (2.13) and (2.19),
we obtain
ot o [ oT" ; )
= K T M k(T R (2.2
i m( axa)“m( AV KT R (220)

. =h .
for a constant x. Here we have replaced 7" by its average T over the interval
(0, h).
Next, let us transform notation, so as to be consistent with the mathematics
references. We introduce the parameter r according to

_n+1
on

r

and then write § = T'" to denote the average temperature. Dropping superscript
“h” from all variables, it is easy to see that (1.6) and (1.7) are non-dimensional
forms of (2.20) and (2.17), with the non-homogeneous extension f and 1 replac-
ing by g.

Once the pressure and temperature distribution is known, A may be found

from (2.14) by one of no-slip boundary conditions, i.e. v, =0 at x3 = h(t) can
be used to find A.

3. Problem 1

This section consists of two subsections. We will study the existence, unique-
ness, stability, and continuity of solution p to the nonlinear equation (1.2) in
the first subsection. The second subsection is devoted to Problem 1 based on
the results of the first subsection.

3.1. A mixed boundary value problem. We study the following mixed
boundary value problem:

—div{k(0, )|V *Vp} + k@, N)|p| Pp=g inQ (3.1)
p=po only
—k(0, )\)\Vp\TQ% =l only. (3.3)
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Definition 3.1. We say that py — py € H%’OT(Q) is a weak solution to (3.1) -
(3.3) if
0 € Hy () + 6o, (3.4)

and for all £ € H%;)T(Q)

/kwaW@N*vag+mw*m@mwy/
Q T

lﬁds:/gfdx. (3.5)
. Q

Remark. We define |[Vp|"2Vp = 0 on the set where Vp = 0 and |p|"?p =0
on the set where p = 0.

Theorem 3.2. Assume that the given g, o, 0y, I, and k(0,\) satisfy (1.12) -
(1.18). Then there exists a unique weak solution py to the mized boundary value
problem (3.1) - (3.3) in the sense of Definition 3.1. In addition, the solution py
satisfies the following properties:
1) It holds
ol 1y < C, (3.6)

where C' is a constant independent of 0 and py.

2) Suppose that k(0pm, \) — k(0, ) a.e. in Q if 0,, — 0 a.e. in 2 where
Om, 0 € Hy" () + 0o. Then when 6,, — 0 a.e. in 9,

po, — Do strongly in  H'(Q). (3.7)

Proof. First we prove the existence and uniqueness of the solution. It is easy
to see that the weak solutions of the mixed boundary value problem (3.1) - (3.3)
correspond to critical points of the functional

I(p) = /Q [k(@,A)('vmr + @r) —gp] d:c+/rl Ipds. (3.8)

r

According to the remark before Theorem 3.2, the functional belongs to C*.
Cateaux derivative exists for all € € Hy"(Q). From (1.14) - (1.18), the Sobolev
imbedding theorem and Young’s inequality with €, we have

10) = pllseiay — Ngllzoallples gy — Mlosn ol o
> %Ilp!\?p,r(g) = Cllgllzm2@ Pl arr @) = ColllllLos oy [Pl o)
> (% 2) Il — 80O
when r < n. We leave the estimate of the other cases, namely, r > n, to

interested readers. Therefore I(p) is coercive. Thus there exists at least one
critical point py of I(p) which satisfies (3.5).
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For a given 6, assume that there exists another solution pj. Then we have
that

/Qk(ﬁ, ) [(vael“QVpe — Vgl Vi) VE + (Ipal ™ 2pe — Ipélr‘%)ﬁ] dx = 0.

If we take & = py — p, in above equation, then we obtain py = p, from the
well-known inequality (see, for example, p. 550 in [13])

alr —y|” if r>2
r—2 r—2
(2] = |y[y) (@ —y) = alz —y?
(b+ ||+ ly))>~

(3.9)

ifl<r<2,

where a > 0 and b > 0 are certain constants.

Next we prove 1). Taking & = py — po, we can rewrite (3.5) as

/ 5O, (Yol + pol") da
Q
= / k0, \)(IVpa|"">Vpe - Vo + |pel” *popo) da
Q

_/Flg(pg_po)ds+/g(pe—po)dl"

Q

Rel. (3.6) follows from (1.12) - (1.18), the Hélder inequality, the Sobolev imbed-
ding theorem and Young’s inequality with e.

Finally, we prove 2). From (3.5), we know that

/ k(s N) (IV98,, " 2V o, VE + [pa,. " 2ps, €) da
N (3.10)
- / K0, 2) (IVp0l™2VpaVE + [pol™?pac) da
Q

Recall that 6,, — 6 a.e. in Q. From (3.6), there exist p € H(Q) and a
subsequence in the sequence {pgmj} such that

Po,,, — p weakly in H%OT(Q)

as j — oo. We choose in (3.10) the test function £ = py,, — p to obtain
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[ 660, N[(Fp0,, 10, = 1951 9)V s, 1)
(190, I 2Po, = 1PI"20) (P, — )| o

_ /Q (K0, X) = k(. M) [ |99 V(py,,, — 1)

(3.11)
+ [pI"*p(pe., —p)]dx
+ [ KON [(Vpal>Vp0 = 9515 - V1o, - »
+ (Ipol™2po — IpI"~*p) (Po, —p)] dx
Since k(0p,;,A) — k(0,A) ae. in Q as 0, — 0 ae in Q and {pgmj} are

bounded in H'" (), the right-hand side approaches zero as j — oo due to
Egoroff’s theorem and the fact that Db, — P and Vpgmj — Vp weakly in
L™(Q2) as j — oco. Hence

lim [ e,,dr=0 (3.12)

i—o Ja
where
em, = k(O N) (Vo "2 Vps,,, = [V 2VD)V (py,,, — )
+(Ipo,., I"*po., — 1pI" D) (Po,., — P)| -
Using (3.9) and the Hélder inequality we obtain

Do, — P strongly in H"(Q).

This allows us to pass to the limit in the equation

[ 50, N1, P40, 96 + [, e+ [
Q T

lfds:/gfdx
1 Q

to obtain that p = py, where £ € H%OT(Q) Since p is independent of the choice
of subsequence, (3.7) is proved. Theorem 3.2 is thereby proved. |

3.2. Problem 1. In this subsection, we study Problem 1.

Definition 3.3. We say that {0, p} is a weak solution to Problem 1 if

0— 00 € Hy"(Q), p—po€ HE(Q)
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and for all v € C§°(2)
/ VOVudz — / (0, VIVpI" + kO, N[p" + flode,  (3.13)
Q Q
and for all £ € H%;)T(Q)

/ K0, 0) (VP 2V p - VE + [p~2p€) da + /
Q T

I£ds = / g& dx. (3.14)
1 Q

Next we shall bound the critical growth of |Vp|™ and the non-linear correc-
tion term k(0, A)|p|” on the right-hand side of (3.13).

Lemma 3.4. Suppose that (1.12) - (1.18) hold. Suppose that 0 and p satisfy
0 — 0o € Hy"(Q), p—po € Hy (Q)
and (3.14). Then for all v € C*(Q)
[ K60V + o da
= /Qk(ﬁ, )| Vp|" "2Vp - Vpov dz
—/Qk(e, N (p = po)|Vpl"*Vp - Vuda (3.15)
+[2k(9,A)|p\r_2ppov dx

—/FIZ(P—po)de‘i‘/Q(P—po)vdx-

Q

Moreover, there exists a polynomial F' that is independent of 6 and p such that

/Qk‘(@, A (IVp[" + [p["vdz < F([[pll @) 0]l a0 - (3.16)
Proof. We first show (3.15). Letting £ = v(p — po) in (3.14), we obtain
| HONITo - (09— )+ (= po) Vel
+ [ HONP 2= de+ [ lp—m)ds = [ golp—p)dr
This yields exactly (3.15) after straightforward computation.

We now show (3.16). We denote the five terms on the right-hand side of
equation (3.15) by I, II, III, IV, and V, respectively. We shall use a general
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Holder inequality [14, p. 146] and Sobolev inequalities to estimate I, II, 111, IV,
and V.

For I we get

1] < k2l Vol o IV Poll 10| s

where (; = == satisfies % + % + Cil =1.

T—T

We estimte II in three different cases:
Case 1: 1 <r<n.

111 < kallp = poll 2 g V015 |70 0

Case 2: r=n.

(11| < Kallp — poll premsn ) VP 27(19)HVUHLH+1(Q)-

Case 3: r>n.
11| < k2CHVp||2:(19)HVUHL’"(Q)'

We estimte III in two different cases:
Case 1: 1 <r <n.

L] < Fallpoll 25 o P17y 0 0.
Case 2: r > n.

(11| < Clpll @IVl @-

We estimte IV in three different cases:
Case 1: 1 <r<n.

VI < lillzesnllp = poll ezne lollzcomy.

’L n—r

Case 2: r=n.
[LV] < Clll][zeary llp _pOHL"Z(Fl)'

Case 3: r>n.

IV < Clltllzrry)

1 1 n—r __
where st ot oo = 1.
We estimte V in three different cases:

Case 1: 1 <r <n.

V] < lgllzeaon llp = poll 2 o I lscsn

1 n—r 1 _
Wherea—2+ﬁ+4—4—1.
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Case 2: r =n.
VI < Cliglli@llp = poll o3 g
Case 3: r > n.
VI < Cllgllie-

These estimates together with Sobolev imbedding theorems lead to
[+ LI+ [T+ IV 4 [V] < F(llpllzr@)l[oll ges @
for some polynomial F. |

Theorem 3.5. Assume that (1.12) - (1.18) hold and k(0,,, A) — k(0,\) a.e. if
0,, — 0 a.e. in Q. Then there exists a weak solution to Problem 1 in the sense
of Definition 3.3.

Proof. We will construct a mapping A whose fixed points will be solutions to
the problem. Here we only present the proof for the case where 1 < r < n.
For r > n, the same proof goes through with slight modification. Recall that
~= in this case.

Let z € H(Q) 4 6y, and let p, € H%;)T(Q) + po be the unique solution of

the problem

g =

/ k(e N (IVpa 2V p.VE + [pal~2p.€)de + /
QO

l&ds = / gédzx,
I Q
for all £ € H%Z(Q). Theorem 3.2 implies that
2| rr ) < C. (3.17)

Next, using Lemma 3.4, we can define a linear functional F, € (HY (Q))*
determined by

(F,,v) = —/ kO, \)((p. — po)\VpZV_ZVpZ -Vou + |Vp]’”_2Vp - Vpov) dx
Q

4 / k(0 \) o™ 2ppov da — / (p — po)v dz (3.18)
[¢) I

+/Qg(p—p0)vdx+/gfvd:c

for all v € HY" (). By virtue of (3.16), F, is well defined, and there exists a
constant C' > 0 independent of z such that

[(F2,0)| < Clloll o (- (3.19)
Thus, we defined a mapping
F,=MNz:z€by+Hy'(Q) — F, e (H* (Q))". (3.20)
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Let w, — 6y € Hy 7 (), the Poisson equation
/ Vw,Vudz = (F,,v) Yo e HY (Q) (3.21)
Q

exists a unique solution w, for any given F, € (H% (Q))*. So, we can define
an isomorphism between H(Q) and (HY7"(Q))* :

w, = Ao F, : (HY (Q))* — H(Q). (3.22)
Next we show that the composition
A= ANz s HY(Q) + 0y — HY(Q) + 6 (3.23)

is continuous under the weak topology of HY7 ().
Our investigation is achieved in two steps.
Step 1: Weak continuity of A;. Let z,, € 0y + Hé’U(Q) with

Zm — 2z weakly in H" () (3.24

Zm — 2 a.e. in €. 3.25)
From the proof of part 2) in Theorem 3.2, we see that
Dm — D> strongly in H""(Q), asm — oo . (3.26)
The standard argument, after passing to the limit, obtains

lim (F,, ,v) = (F,,v) Yve H"(Q). (3.27)

J—o0

Step 2: Weak continuity of A,. Suppose F,, — F, weakly in (HY (Q))*.
Suppose w,, and w, are the unique solutions of the equations

/ Vuw, Vvdr = (F, ,v) Yo € HY" ()
0

and
/ Vw,Vudx = (F,,v) Yo e Hy? (),
Q

respectively. It is easy to see that
/ V(w,,, —w,)Vode =(F, — F,,v) —0
Q

since (3.21) is linear. Thus the weak continuity of A is proved.
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Invoking (3.19) and (3.21), it follows that
A2 fr0@) < ¢
for some constant ¢ independent of z. This proves that A maps the ball
B={z:2¢€ Hy’(Q) + by, 2| o) < c}
into itself. By Tychonoft’s Fixed Point theorem, there exists a z such that
z=Az,
that is,
/ VOVvdx = / k@, N)(IVp|" + |p|")v dx + / fodz.
Theorem 3.5 i: completed. ' ’ |

In the next section we shall use the extension of Theorem 3.5 which we state
below.

Problem 3. Find functions  and p defined in €2 such that

al — AQ = k(0,\)|Vp]" + k@, N)|p|"6 + f inQ, (3.28)
—div{k(8, \)[Vp"?Vp} + k(@ Npl Pp=g inQ, (3.29)
0 =0, on 0, (3.30)
p=po only, (3.31)
r—2 ap
—k(0,\)|Vp|""=— =1 only. (3.32)
v
where a > 0 is a constant.
Definition 3.6. We say that {6, p} is a weak solution of Problem 3.2 if
0 — 90 < Hé’o-(Q), P —Dpo € HIlw;)r<Q)
and for all v € C§°(Q)
/ VHVvdx—l—a/ Ov dz
Q Q
(3.33)

:/k(@,/\)|Vp|Tvdx+/k(&,)\)\pl%dw—i—/fvd:c
Q Q Q
and for all £ € HI{;)T(Q)

/ k(0 N (IVpl">Vp - Ve + [plpe) de + /
Q

r

I£ds = / g€ dx. (3.34)
) Q



798 Ming Fang and R. P. Gilbert

Theorem 3.7. Assume the conditions of Theorem 3.5 hold. Then there exists
a weak solution to Problem 3.2 in the sense of Definition 3.6.

The proof is only a slight modification of the proof of Theorem 3.5. We
leave the details for the interested readers.

4. Problem 2

Here we study initial-boundary problems of type 2. We shall show that Prob-
lem 2 has a weak solution for 1 < r < n and n = 2. For purposes of exposition,
we simplify the assumption about the data as specified in (1.12) - (1.17), namely
we make it time independent, although it is only a technical argument to ex-
tend our methodology to the case where it is time dependent. As a further
assumption, the initial temperature ¢ is to satisfy

o€ H(Q) . (4.1)

Definition 4.1. For 1 < r < n and n = 2, we say that {6, p} is a weak solution
of Problem 2 if

0 — 0y € L*(0,T; Hy*(R), p—po € L™(0,T; Hy () (4.2)
and for all v € C°(Qr) with v =0 o0on 92 x (0,T)UQ x {T},

—/ (Ovy — VO - Vv)dz dt
Qr

= / k(@,)\,t)|Vp|rvdmdt—|—/ k@O, A t)pl"vdedt  (4.3)
QT QT

—1—/ fvdxdt+/cpv(m,0)dm,
Qr Q

and for all £ € L"(0, T H%OT(Q)) and for almost all ¢ € (0,7,
/k(e,A,mvpr?vp.vgdx
Q

+/k(9,A,t)|p|T_2p§dx+/ lgds:/gfdx.
Q r Q

We use Rothe’s method of time discretization to prove the following main
result of this section.

Theorem 4.2. Assume that (1.12) - (1.18), (4.1) hold and k(0,,) — k(0) a.e.
if 0,, — 0 a.e. in Q. Then there exists a weak solution to Problem 2 in the
sense of Definition 4.1.

(4.4)
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4.1. Notations and Preliminary. The time step is 6 = T/N where N is
some suitably large integer. For each fixed m = 1,2,..., N, {6 pN} are weak
solutions to the stationary problem

07]7\5 - 0%—1 N N 1 N
- A(gm - k(9m7>\7 (m - _>5)|vpm‘r
5 2 X (4.5)
- k<er]x’ /\7 (m - 5)5)|p%|r - f
~div (k{8 X, (m — )6) Vo )}
(4.6)

RO (m = )0l =
0N =60y on o)  (4.7)
PN =py onTy  (4.8)
ROV A, (m — %)5)|vpgv23§;§ 1 onTy. (49)
To start the time marching procedure, set
0) =¢ . (4.10)

It follows from Theorem 3.7, for each m the problem (4.5) - (4.9) has a solution
in the distributional sense of Definition 3.6. Note that for 1 < r < n and n=2,
ON € H'2(Q) since ¢ = 2 from equation (1.12). Let Oy and ky(0y, A, t) be the
function defined by

On(z,t) = 0N (2) if (m—1)0 <t<mo, (x,t)€Qr

_ 1
En(On, M\ 1) = KON, X, (m — 5)6) if (m—1)0 <t < md.
To recover a solution to the time dependent problem, we define {6y, py} on Qr
via
O — O N
On(x,t) = T[t —(m=19]+06, , if(m—1)0<t<md (4.11)
pn(z,t) = p~ if (m—1)8<t<md. (4.12)

Next we state a compactness lemma which we shall use.

Lemma 4.3 (Aubin-Lions-Simon). Let X, B, and Y be Banach spaces with
X Cc BCY. X is compactly imbedded in B. Let 1 < q < oo and F' be a
bounded subset of L1(0,T; X). Moreover, the set

OF  (Of
E—{W“F}
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is bounded in L*(0,T;Y), where the partial derivative is a distributional deriva-
tie for vector valued functions. Then F' is compact in L1(0,T; B).

For the proof see [5, 17] and [23, Corollary 4, p. 85].

4.2. Proof of Theorem 4.1. First, we extend Ox to Q x [=4,T] by setting
Oy = if =6 <t < 0. Using Theorem 3.7, {0y, py} satisfies the weak form

On — 0o € L*(0,T; Hy* (),  py —po € L*(0,T; Hy (), (4.13)

and for all v € C3°(Qr) with v =0 on 02 x (0,T)UQ x T

%/ (On(z,t) — On(x,t — 8))vdwdt + VO (z,t)Vode dt

QT o (4.14)
= [ k@ ATl + ol 0 odede+ [ foded,

Qr

Qr

and for all ¢ € Hy'(Qr) and 0 <7< T

/ kN(§N7/\7t)(|va(l’,t)‘r_2va(:L’,t) - V¢
" (4.15)
+ [pn(, O Ppn(, 1)) da dt + /

Fl X (0,7’)

[£dsdt = / g& dx dt.
Q,

where Q, = Q x (0,7). Let t =t — §, we have
/ On(x,t —d)vdedt = / /HN(x,f)v(:IJ,Z—l—&) dx dt
Or 5 Jo

75
= / /gN(x,t)v(x,t+(5)dmdt
-5 Ja

which implies

1 — —_
- /QT[QN(x,t) —On(z,t —0)|vdedt

)
IR 10
:—/ /GNvda:dt——/ /gov(a:,t—l—é)d:rdt (4.16)
0 Jr_sJa 0J s5J)a

+%/0T6/Q§N(v(x,t) (e, t+6)) dudt

Considering integrations in € and I'; instead of 2, and I'; x (0, 7), respectively,
and setting £ = py — pp in equation (4.15), similar to part 1) of Theorem 3.2,
we obtain

PN || oo 0,1 () < € (4.17)
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We combine inequality (4.17) and Lemma 3.4 to obtain

/ kO, A t)([Vox]" + o] dx| < F(llpw [l @) vl a2
0 (4.18)
< F(o)llollmr2@),

where F is a polynomial that is independent of {fx,pn}.
Next we show an analog of Lemma 3.4. Setting £ = (py — po)v in (4.15),

we obtain

/kN(éN,A,t)yva\%d:cdt
Qr
= En(On, M\ )| Vo] "2Vpy - Vpov dz dt
Qr
- / kn(On, N 1) (pn — po)| Vx| 2 Vpy - Vo dz dt (4.19)
Qr
_/ kN(gNa)Mt)‘pN‘T_sz(pN_po)Ude’dt
Qr

- / l(pn — po)v dsdt + / g(pN — po)v dx dt.
FlX(O,T)

Qrp

Using the Cauchy’s inequality and (4.18) we obtain
3 T
/ kN(HN, A, t)’VpN|TU dx dt‘ < / F(C)HUHHOl,z(Q) dt
Qr 0

< FVT( [ ol o)

S CHUHLQ(QT;HI,Q(Q)).

S (4.20)

This allows that the test functions in (4.14) can be taken from the space
L*(0,T; H“*(Q2)). In particular, set v = Oy(x,t) — 6. This leads to

1 — — _ _ _
5/ (QN(Q?,t)—HN(ZL‘,t—(S))(QN —eo)diﬂdt—F V&NV(QN —Go)dxdt
QT QT

_ / k@ M) (Vonl” + ol + £) (B — 8) dedt.
Qr
(4.21)

Using the inequality

205 (O — 1) = (07)" — (0, 1)°
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we have
/Q |V§N|2dxdt§/g kn(@n, A1) ([Vpn]" + [pn|" + ) (On — 6) dx dt
r T
+/Q véN-veodde/Q?N(x,T—%5)00@;
- [ etnda 5 [ [0 - @R da

The estimate (4.18) with v = f — 6y and Young’s inequality with e yield
/ \VOy|?dz dt < c, (4.22)
Qr

where c is independent of N. Therefore there exists a subsequence {@Nj} such
that

Oy, =6 weakly in L*(0,T; H"*(Q)) as j — oo . (4.23)

In order to pass to the limit in (4.14) - (4.16), we need to show that (use the
same subsequence notation again)

pn, — p strongly in L"(0,T; [H""(Q)]") (4.24)
Oy, — 0 strongly in L*(0,T; L*(Q)) (4.25)

as j — oo. In fact, the proof of (4.24) is only a slight variation of the proof of
part 2) of Theorem 3.2 in that

(i) instead of (3.5), we begin with (4.15) with 7 =T
(ii) integrations and inequalities are considered in 2 instead of €.

Next we show the compactness result (4.25) via . Squaring both sides of
(4.11) and integrating the results over (0,7) we obtain

IVOy|? dr dt

Qr
N
=53 [ e - Ve ve - Ve
m=1 Q
1
+5Ive - VO [2| do (4.26)
= / [(V@v(x, t) — VOy(z,t — 0))Vln(z,t — 0)
Qr

+ |VOy(z,t —6)> + %W?N(x,t) — VOn(z,t —6)|*| drdt .
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Hence
1 _ _
/]VHN\2da:dt:—/ [1V8n (2, ) + V8.t — )
QT 3 QT

+ VOn(z,t —08) - VOx(z,t)| dzdt

1 (4.27)
< §/ (VO (2, )2 + [V (2t — 6)[2) da dt
Qp

<c+ ||V(,0||L2(Q) <c.

By the lemmas 4.4 and 4.5 below, we can achieve strong convergence of {0, }
in L?(0,T; L*(Q)).

By virtue of (4.23), (4.25), and (4.24), we can now pass to the limit as
j — oo in (4.14) - (4.16) and conclude that the limit functions {6, p} satisfy
Definition 4.1. Thus, Theorem 4.2 is proved. [

Let us now prove the following lemmas.
Lemma 4.4. A subsequence of {0x} converges in the norm of L*(0,T; L*(Q)).

Proof. Equation (4.14) can be rewritten in the form

/ %v dx dt + VO (z,t)Vodr dt
Qr 8t Qr

_ /Q ke @, M) (Vo (2, O + [pw (2, ) Yo dedt (4.28)

+ / fodxdt.
Qr

Next we show that there exists a constant ¢ > 0, independent of N, such that

00N
/QT 5 Y dxdt‘ < C”UHB(O,T;H;'?(Q))' (4.29)

Using the Cauchy’s inequalities and inequality (4.17), we obtain

r ; )
/ Vo (z,t)Vodrdt < / (/ |VON|? dx) </ Vo[ dw) dt
Qr 0 Q Q

1

_ 3 3
g(/ |V0N|2dxdt> (/ |Vv|2dxdt) (4.30)
QT QT

< C||U||L2(0,T;Hé’2(ﬂ))'

The estimate (4.29) then follows from (4.28), (4.30) and (4.18). Note that

Ceo([0,TT; Hy*(2)) is dense in L*(0,T; Hy*(2)). Hence, 2% can be extended
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uniquely as a bounded linear functional on L*(0, T} 012(9)) Using duality
pairing between L2(0,T; Hy*(Q))* and L*(0,T; Hy*()), (4.29) then implies

a0
‘<a—fv>’ < cllvll o rmiagy Vo € LP(0,T; Hy* (). (4.31)

Introduce the notations
X=H*(Q), B=IQ), Y=H"%)

and let
F:{QN—Q(),N:L2,3}

Clearly X € B C Y, and X is compactly imbedded into B. Inequality (4.27)
states that I is a bounded subset of L?(0,T; X). Moreover, from (4.31) it fol-
lows that OF /0t is a bounded subset of L?(0,T;Y). By applying Aubin-Lions-
Simon’s lemma (see Lemma 4.3), we know that F is compact in L?(0,T; X).
Consequently, Lemma 4.4 is proved. |

Lemma 4.5. {0y} converges to 6 strongly in L*(0,T; L*(Q)) if and only if
{On,} converges to 6 strongly in L*(0,T; L*(Q)).

Proof. Setting v = Oy(z,t) — On(z,t —J) in (4.14) and multiplying both sides
by &, we obtain

/ (On (1) — On (2, t — 5))2 dx dt

+5/ VO (2, )V (On(2,t) — On(z,t — ) dudt

= N _N ~N(z, )] (4.32)
[ i@ r 0090t )
+ I D) (e, t) = Ot = 9)) | dodt

+0 [ flz.t)(On(z,t) — On(z,t — 6)) dzdt.

Qr

Using the Cauchy’s inequality and the estimates (4.18) and (4.22), one can show
that

'5/ VOn(x, )V (On(z,t) — On(2,t —6))de dt‘
Qr
< 5[2/ (VOy(z,1))* do dt + /(V@N(x,t —6))*dx dt
Qr Q

Qr
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and

‘5/9 kn (O, A 0) (Vo (2, 8)]" + [pn (2, 0)]7) (On (z,t) — On (2, t — 0)) dx dt

< 26F(0)||0n || 2012 () + 5”90”%{13(9) :

Hence

/ On (@, t) — On(z,t — 6))2dudt = O(VS). (4.33)

Using Cauchy’s inequality and the definitions of 85 and 8, it is easy to establish
the following relations:

/ (Ox — 0)2 du dt
Qr

:%/ (Ox (2, t) — Oyt — 6))° dedt
s (4.34)
—|—/0 /Q(GN_H) dl’dt
H;N/ﬂ (@”_Tgml) (t— (m—1)8)(ON_, — 0) du dt
< %/ (Ox(e,t) — Oyt — 6)) dodt
(4.35)

<5/
T-5
+2/ /(GN—9)2dxdt,
0 Q

where we have used
md 53
/ (t— (m—1)0)2dt = &
(m—1)5 3

in the last term on the right-hand side of (4.34). Thus, (4.33) implies that
{6, } converges to 6 in L*(0,T; L*(Q2)) provided {fy,} converges to 6 strongly
in L2(0,T; L*(Q)).

From Cauchy’s inequality, Young’s inequality with e, and relation (4.34),
we have

T—6 .
/ /(9]\[ — (9)2 dx dt
0 Q

< C’/ (On — 0)? dxdt + C’(E)/ (On(x,t) — On(x,t — 0))* dz dt.
Qr Qp

Therefore, Lemma 4.5 follows from (4.33). |
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