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Delta Waves for a Strongly Singular
Initial-Boundary Hyperbolic Problem with
Integral Boundary Condition

I. Kmit

Abstract. We investigate the existence and the singular structure of delta wave solu-
tions to a semilinear hyperbolic equation with strongly singular initial and boundary
conditions. The boundary conditions are given in nonlocal form with a linear integral
operator involved. We construct a delta wave solution as a distributional limit of
solutions to the regularized system. This determines the macroscopic behavior of the
corresponding generalized solution in the Colombeau algebra G of generalized func-
tions. We represent our delta wave as a sum of a purely singular part satisfying a
linear system and a regular part satisfying a nonlinear system.
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1. Introduction

In the domain
IMI={(rt)eR*|0<z<L,t>0}

we study the following initial-boundary value problem for the first-order semi-
linear hyperbolic equation:

(O + Mz, t)0,)u = p(z, t)u + f(x,t,u), (x,t) €Il (1)
u(z,0) = a(z), z e (0,L) (2)
u(0,t) :/0 h(z,t)u(x,t) d, t € (0,00). (3)
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Mathematical models of this kind stem from mathematical biology and serve
for describing the age-dependent population dynamics (see [2, 3, 13, 23, 24]).
In particular, the linear case of the problem, when f(x,t u) does not depend
on u, arises in demography, where u(x,t) is the population density of age = at
time ¢, a(x) is the initial density, h(z,t) is the birth rate, —p(x,t) is the death
rate, and f(z,t) is the migrant density. Nonlinear models of age structured
populations are studied in [2, 3]. To model point-concentration of the initial
density and the birth rate, we consider the data a(z) and h(z,t) to be strongly
singular, of the Dirac delta type.

As well known, solutions to the classical initial-boundary semilinear hyper-
bolic problems in a single space variable are at least as singular as the initial
and the boundary data. We therefore can expect for the nonclassical prob-
lem (1)—(3) that the multiplication of distributions appears in the right-hand
sides of (1) and (3). Such multiplication in general cannot be performed within
the distributional theory and, by this reason, is usually defined in differential
algebras of generalized functions. In [14] we used the Colombeau algebra of
generalized functions G(IT) [1, 5, 16] to prove a global existence-uniqueness re-
sult for (1)—(3) with p(z,t) = 0 and smooth A and f (this is a special case
of the problem studied here). Nevertheless, the macroscopic behavior of the
Colombeau solution remained unclear.

We here show that the system (1)—(3) has a delta wave solution (shortly, a
delta wave) in the sense of [22], i.e., the sequence of approximate (or sequential)
solutions obtained by regularizing all singular data has a weak limit which does
not depend on a particular regularization. This determines the macroscopic
behavior (the singular structure) of the Colombeau solution to the problem (1)-
(3) with p(x,t) = 0 and smooth A and f. In the course of construction of the
delta wave solution we show interaction and propagation of singularities.

Note that a delta wave solution in general does not satisfy the system in
a differential-algebraic sense. Our paper brings one more example into the
collection of delta wave solutions which are not distributional solutions.

The advantage of using delta wave solutions lies in the fact that, due to the
procedure of their obtaining, they are stable with respect to regularizations. In
contrast with this, if we use a priori defined intrinsic multiplication of distri-
butions for obtaining distributional solutions, the result may be nonstable and
noncorrect [6]. The concept of a delta wave solution has also other advantages.
It serves us a solution concept for nonlinear systems and for linear systems with
nonsmooth coefficients, for which the distributional theory is not well adapted.
For the delta wave solutions of semilinear hyperbolic problems we refer the
reader to the sources [6, 7, 10] and [14 — 22].

We split a delta wave into the sum of a regular part satisfying a nonlinear
equation and a singular part satisfying a linear equation. The idea of nonlinear
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splitting goes back to [7, 18, 19, 22]. An important feature of the nonlinear
splitting suggested here is a quite strong interdependence of the systems de-
scribing the singular and the regular parts. A similar phenomenon is discovered
in [14] for a nonlocal problem with nonseparable boundary conditions, where
the singular part of the nonlinear splitting depends on the regular part.

Delta wave solutions for initial-boundary semilinear hyperbolic problems
were considered in [20, 14]. The paper [20] investigates the existence and struc-
ture of delta waves in a nonlinear boundary value problem for a second order
hyperbolic equation where the boundary condition is nonlinear and the nonlin-
earity is given by a bounded smooth function. Both in [20] and [14] the right
hand side of the differential equations is bounded, and in [20] it can be also
sublinear with respect to w.

The paper is organized as follows. In Section 2 we describe in detail our
splitting of a delta wave solution and state our main result. The proof is given in
Sections 3 — 8. In particular, in Section 5 we show that our splitting procedure is
correct. In Section 6 we are concerned with the regular part. Using the Cauchy
criterion of the uniform convergency, we prove that the family of approximate
solutions to the regular part uniformly converges on any compact subset of II.
In Section 7 we deal with the singular part and prove that the sequence of
approximate solutions to the singular part converges in D’ (ﬁ) to a function v.
We then show that v actually represents the purely singular part of the initial
problem and that it is the sum of measures concentrated on characteristic curves
(see Sections 7 and 8).

2. Interaction and propagation of strong singularities
and construction of a delta wave solution

We first list assumptions that will be made for the problem (1)—(3).

Assumption 1. a(z) = as(x) + a.(z), h(z,t) = b(z) ® c( ) = (bs(x) +
bo(z)) @ (cs(t) + c.(t)), where as(x), bs(z), cs(t ) and a,(x), b.(z), ¢.(t) are,

respectively, singular and regular parts of the functions a(zx), b(x), and c(t).

Assumption 2. a4(x),bs(z), and c4(t) are the finite sums of the Dirac
measures at points, whose supports are as follows:

supp as(z) = {z],23,..., 2z, },where0 < 2] < --- <z < L.
supp bs(z) = {x1, 22, ..., 2k}, where) < 27 < -+ <z, < L.
supp cs(t) = {t1,ta,...,t;}, where) <t; <--- <.

Assumption 3. b,(0) =0 and b,(L) = 0.
Assumption 4. a,(0) =0 and ¢.(0) = 0.
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Assumption 5. p, f,a,,b,, ¢, are continuous and A is continuously differen-
tiable with respect to all their arguments, f is continuously differentiable with
respect to u.

Assumption 6. A(z,t) > 0 for all (z,t) € IL.
Assumption 7. f and V,f are globally bounded with respect to (z,1)
varying in compact subsets of II.

Assumption 4 serves to ensure the 0-order compatibility between (2) and (3).
Assumption 6 is not restrictive from the mathematical point of view. Indeed,
if A < 0, we can replace the boundary condition (3) for the line x = 0 by this
condition for the line x = L. If A = 0, the boundary {(z,t)|z =0or x = L}
of II is characteristic. The condition of global boundedness imposed on V, f
means that f has at most linear growth with respect to u as |u| — oo. Note
that the assumptions are not restrictive from the viewpoint of applications.

T
7
I +/ /A
th=1, ¢ . I,
t§ =1 ¢ [
th=1, © °
T i
tT = {{1 P @
0 x] 1 L

Recall that all characteristics of the differential equation (1) are solutions
to the following initial problem for ordinary differential equation:

@ _

=M@, €=,
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where (z,1) € II. It is well known that, under Assumptions 5 and 6, for every
(x,t) € II this problem has a unique C'-solution which can be expressed in any
of two forms & = w(r;z,t) or 7 = ©(§; x, t).

Choose g9 > 0 so small that 7 — ¢ > 0 and ¢; — g9 > 0. Some additional
conditions on gy will be put below. We will consider € in the range 0 < € < &.

The following definitions are visualized in the figure.

Definition 1. Let I_ be the union of the characteristics w(t;z;,t;) passing
through the common points of the lines ¢ = x; and t = t;, wheres < kand j <.
Let I be the union of the tubular neighborhoods {(w(7;x;,t),7)|®(x;;x; —
g,tj+¢e) <t <w(x;x+e,t; —e)} around the characteristics contributing into
1.

Definition 2. Let I, = J,>,+[n] and, for ¢ < &g, I = U, I5[n], Where
I[n] and I% [n] are subsets of II defined by induction as follows.

e [,[0] includes the characteristics w(t; x},0) and w(¢;0,¢;) for all ¢ < m
and j <[ (i.e. [,[0] is the union of the characteristics issuing from the
singular points on OII caused by the initial data as(x) and the boundary

data c,(t)).

I%[0] includes the tubular neighborhoods {(w(7;2,0),7) |2} —¢ < 2 <
xf+¢e}t and {(w(7;0,t),7)|t; —e <t <t;+¢} around the characteristics
contributing into 7, [0].

e Let n > 1. If I [n — 1] includes the characteristic w(t; z;,%), then I [n]

includes the characteristic w(t;0, ).

If I¢ [n—1] includes the tubular neighborhood {(w(7; x;,t),7) |[{—e~ <t <
t+¢eT} around the characteristic w(¢; z;, 7), then I< [n] includes the tubular
neighborhood {(w(7;0,t),7) |&(z;—¢; x5, t—e7) < t < O(z;+e; 15, t+)}
around the characteristic w(t;0,1).

Note that the parameters k, [, m, and [, on which the construction of I_, I¢,
I, and I7 is based, are predetermined by the problem due to Assumption 2.
The set I, captures the propagation of all singularities. For characteristics
contributing into I, (respectively, I \ I.[0]), denote their intersection points
with the axis = 0 by #,t5,... (respectively, #;,,;,,...). We assume that
t; <t forj > 1andi, = pfor t;, = t>. Obviously, {t],#3,...} = {t1,....{;,}U

{ti;,tir, ... }. Let &; (¢) and &; (¢) be such that

I {(a,t) €Mz =0} = J{0.0)|t; — 7 (e) <t <t] +f ()}

If t; = t; for some j <[, then &; (¢) = & (¢) = e. Observe that lim._ge; () =0
and lim. e/ (e) = 0.
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Assumption 8. W(0;zi,t;) # ti, w(0;24,t5) # x) foralli <k, j <[, ¢g<m
and t} < 1.

This assumption means that no three different singularities caused by the
initial and the boundary data hit at the same point. In other words, neither
points (x7,0) and (z;,t;) nor points (0,¢%) and (x;,t;) are connected by any of
characteristic curves. As a consequence, there exists g such that I° NI =0
for each ¢ < gyg. Assume that (0,0) € I_. We choose ¢y so small that I° and
I7° do not contain the point (0,0). Clearly, (..,/; = I+ and (..o I2 = I_.

Our aim is to show that the generalized solution to the problem (1)—(3),
whose existence is shown in [14], admits an associated distribution or a delta
wave. The latter means that the family (u®).-o of solutions to the system with
regularized initial and boundary data

e>0 e>0

(O + Mz, )0 )u® = p(x, t)u® + f(x,t,u°) (4)
u(z,0) = al + a, (5)
w(0,4) = (& + o) /0 (6 + b da (6)

has a weak limit. Here
ag = Qs * ey by =bs ke, =5 e,

where mollifiers . are model delta nets, that is,

pe(x) = éw(f)

for an arbitrary fixed ¢ € D(R) with [ ¢(x)dx = 1. Note that

i=0(). w=0(). c=o() "

9 9 9

and

L L 00
[ @i [nwase [T ®
0 0 0
where C' does not depend on €. We will consider mollifiers ¢ with

supp ¢ C [—1,1]. (9)

This restriction makes no loss of generality, because if (9) is not true, then
suppe C [—d,d] for some d > 0. Therefore suppp. C [—de,de] and it is
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enough to replace IS by If to keep all arguments valid, with the result not
depending on d. It follows from (9) that for all € > 0

Let T be an arbitrary positive real, 17 = {(z,t) € 1|t < T}. We will
show that a delta wave splits up into the sum w + v of the following kind. The
function w corresponds to the regular part of the problem. More specifically,
for every T' > 0, the restriction of w to II* is the limit of w® in C(II?) as
e — 0, where w® for every fixed ¢ > 0 is a continuous solution (the concept of
a continuous solution will be defined below) to the nonlinear problem

(0 + M, )0, )w® = p(x, t)w® + f(x,t,w®) (11)
w(z,0) = a, (12)
w(0,t) = cr/ (b5 + by )w® + bv] dx. (13)

The function v corresponds to the singular part of the problem and is the limit
of v* in D'(II) as € — 0, where v° for every fixed € > 0 is a continuous solution
to the linear problem

(O + Az, 1)0,)v° = p(x, t)v° (14)
v°(x,0) = a (15)

L L
v°(0,t) = ¢ / (b5 + by )w® + byvt] dx + cr/ biv® du. (16)
0 0

Fix € > 0. Note that the problem (4)—(6) for a function u¢(z,t) € C*(II) N
C(II) can be transformed in an equivalent system of integral-operator equations
(see [14, p. 641]). We say that the problem (4)—(6) has a continuous solution
u® if uf is continuous in II and satisfies the corresponding system of integral-
operator equations. Similarly we define the concept of a continuous solution to

the problems (11)—(13) and (14)—(16).

Proposition 1. For every e < gg there exist a unique continuous solution u® to
the problem (4)—(6), a unique continuous solution w* to the problem (11)—(13),
and a unique continuous solution v¢ to the problem (14)—(16).
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Proof. From the proof of [14, Theorem 3] it follows that, if Assumptions 4 —
7 hold and ¢ is so small that (0,0) ¢ I%, this problem has a unique continuous
solution u°.

Fix ¢ > 0. The systems (11)-(13) and (14)-(16) are interdependent (v°
appears in (13) and w® appears in (16)). That is, we look for the unknown pair
(w®, v®) solving the system (11)—(16). Note that we have zero-order compatibil-
ity of (12), (13) and of (15), (16), the former by Assumption 4 and the latter by
Assumption 4 and the fact that (0,0) ¢ I5. From the proof of [14, Theorem 3]
it follows that under Assumptions 4 — 7 the problem has a unique continuous
solution (w®,v). |

We are now prepared to state the main result of the paper.

Theorem 1. Let Assumptions 1 — 8 hold. Let u®, for every € > 0, be the
continuous solution to the problem (4)—(6). Then

W —w+v n D) as —0,

where
o for every T > 0, the restriction of w to 11T is the limit of w® in C(IIT) as
e — 0 with w® being the continuous solution to the problem (11)—(13),

e v =lim._v® in D'(II) with v° being the continuous solution to the problem
(14)—(16). Furthermore, the restriction of v to II'\ I is identically equal
to 0.

Given u € D'(Q2), we define c-singsuppu as follows. A point (z,t) € Q
belongs to c-sing supp u if (x,t) does not have any neighborhoods on which w is
continuous.

Corollary 1. c-singsupp(w + v)=c-sing suppv = suppv C I,.

This means that v actually represents the purely singular part of the initial
problem. The proof of the corollary is straightforward. The proof of Theorem
1 consists of five lemmas whose proofs are given in Sections 4-8.

Lemma 1. Let Assumptions 1,2, 4 — 6, and 8 hold and v* be as in Theorem 1.
Then
v® — 0  pointwiseoff Iy as e — 0.

Lemma 2. Let Assumptions 1 — 8 hold and u®,v®, and w® be as in Theorem 1.
Then

ut —v° —w' — 0 in L, (II) ase— 0.
Lemma 3. Let Assumptions 1 — 8 hold and w® be as in Theorem 1. Then

w®  converges in CIIT) as e — 0

for an arbitrary fized T > 0.
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Lemma 4. Let Assumptions 1 — 8 hold and v¢ be as in Theorem 1. Then

v®  converges in D'(I1) as e — 0.

Lemma 5. Let Assumptions 1 — 8 hold, v be as in Theorem 1, and v =
lim._ov® in D'(II). Then v restricted to 11\ I is identically equal to 0.

Theorem 1 now follows from the embedding of L}, (IT) into D’'(II).

loc

3. Representation of the problems (11)—(13) and
(14)—(16) in an integral-operator form

The problem (11)—(13) is equivalent to the integral-operator equation

t

w(x,t) = (Rw®)(z,t) +/

0(x,t)

FEru) +puEn)|_ ar o (7)

E=w(T;z,t)

and to the corresponding linearized integral-operator equation

t

w®(x,t) = (Rw®)(x, t) +/

0(x,t)

[f(@a 0)

) (Vuf)Er out) do +p<£m>)] ‘ dr

E=w(Tz,t)
with boundary operator

a,(w(0;z,t)) if O(x,t) =0

(Buw®)(@,t) = { w(0,0(z, 1)) if O(z,1) > 0

Here

O(z,t)=  min T
(w(T;z,t),7)€EOIL

The boundary function w*(0,t) is given by (13).
The problem (14)—(16) is equivalent to the integral-operator equation

t

v (z,t) = (B (2, t) + /9( t)(pve)(w(T;x,t),T) dr (20)

with boundary operator

aE(w(O; x,t)) if O(z,t) =0 (21)

(Bv%)(x,t) = { ve(0,0(z,t)) if O(z,t) > 0.
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The function v°(0, ) is given by the formula (16). Note that in (20) the integral
operator is applied after the boundary operator. This allows us to rewrite (20)
in the form

v (z,t) = S(x,t)(B%)(x, t) (22)
with continuous function

t t

plw(T;x,t),7) d7+/( )p(w(T;x,t),T) dr
O(x,t (23)

X / plw(r;w(rse, t),7),7)dm + .. ..
0(x,t)

w%w:1+/

0(z,t)

Equation (22) plays an important role in the proofs following.

4. Proof of Lemma 1

By (22) it suffices to show for every (x,t) € II\ I, that, if € is small enough, then
(Bev®)(z,t) = 0. If (x,t) = 0, the latter is true by the equality (B.v®)(z,t) =
at(w(0;x,t)) and the fact that (w(0;z,¢),0) ¢ I;. Consider the case that

O(x,t) > 0. Since 0(x,t) ¢ <E NA{(z,t) |z = 0}), the proof will be complete
by showing that

supp v°(0,t) C <Eﬂ {(z,t) |z = O}), (24)

where v°(0, t) is defined by (16). Observe that (24) is true for the first summand
in (16). Indeed, by (9), Assumption 2, and the definition of I¢,

l

L
supp (ci/ (b5 + by)w® + b7 dx) C U[t, —&,t; + €]
0

i=1
C supp ¢ (25)
c (Bl {(0)|==0}).
To obtain (24), for the second summand in (16) we prove the inclusion
L ~ ~
supp <cr/ biv* d:v) C U [ti, —€i (e), i, + €7 (e)]. (26)
0

n>1

Recall that #;,, n > 1, are intersection points of I, \ I[0] with the axis z = 0.
Suppose (26) is false. Then there exists

n & |Jl, — e, (e). L, + &1 (o)) (27)

n>1
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such that

L L
/ b ()0 (2, ) dr = / b (2) (B ), 1) S (e, m) dx £ 0. (28)
0 0
We fix such 7, and set
Ji = supp b3 () N supp v°(x, 7). (29)

By (28)
mes.J; # 0. (30)

Assume that 0(xg, ) = 0 for some xy € J;. By (21) and (29),
(B (g, 1) = a5(w(0; 29, 71)) # 0.

This means that w(0;2,71) € suppas C IS N {(z,t) |z = 0}. We conclude

that (zo,7) € I5[0]. Furthermore, from (29) we have 2y € [x; — €, 2; + ¢] for

some i < k. From the definition of I it follows that, if (z,t) € I5[j] and
x € [z; —e,x; + €] for some ¢ < k, then (0,t) € I5[j + 1]. Hence (0,71) € IS[1].
This contradicts (27).

Assume therefore that 6(z, ) > 0 for all € J;. Then in (28) we have
(B-v®)(z, 1) = v°(0,6(x, 7)) and therefore

/0 bs(x)v°(0,0(x,m))S(x, ) dx # 0.

By (29) and (30) there exists 7 € 6(Jy, ) such that v°(0,72) # 0. It is clear
that 7 < 7. Assume that (0,72) € I5. Let x¢ be such that §(zy, ) = 7. By
the definition of I3, (z¢,71) € m for some j > 0. Furthermore, zy € J; and
therefore o € [z; — €, 2; + €] for some i < k. Hence (0,7) € I5[j + 1]. This
again contradicts (27).

Assume therefore that (0,75) € I7. On the account of (16) and (25), we
rewrite the condition v*(0,73) # 0 as

/L bi(z)v® (z, ) dx # 0.
0

Set
Jo = supp b (x) N supp v°(z, 7).
Note that mesJ, # 0. Similarly to the above, if 8(zg,7) = 0 for some zy €

Jo, then (0,7) ¢ I5[1], a contradiction with (27). We therefore assume that
0(&, ) > 0 for all x € Jy and continue in this fashion, thereby constructing
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sequences 7, € O(I* 1 7,_1) and Jj, = supp b5 (z) Nsupp v°(x, 1) for k& > 2 such
that v°(0,7;) # 0 and (0, 7;,) & I5. By Assumptions 5 and 6, for some

L < [Tmax o.1)eTT |)\]"

T1 —E&o

there exists zy € Jj such that 6(xg,7,) = 0. This implies (0,7;) € I5][1], a
contradiction with (27).
Thus (26) is true and the proof of Lemma 1 is complete. |

For the further reference observe that
suppv® C I5. (31)

This fact is true by (21), (22), (24), and the definition of /5.

5. Proof of Lemma 2

Choose £q so small that the number of connected components of I N I° and
17 N I coincide.

Definition 3. Given T > 0, let [T}’ = {(z,t) € " |w(¢;0,0) < 2} and [T =
I7\TIZ. Let n(T) and p(T) be the number of connected components of IT7\ TS
(and II{ \ Iy) and IIT N IS (and IIf N I.), respectively. We denote these
components, respectively, by II°(1), ..., II*(n(T")) (II(1), ..., II(n(7))) and
(), ..., I(p(T)) (I.(1), .., T (o(T)).

Clearly, I1(i) = ..o II°(4) and I (z) = (.o I3.(2). Observe that p(T') does
not depend on ¢ and either n(T") = p(T") or n(T') = p(T') + 1. In the latter case,
if n(T) = p(T) + 1, we define IS (p(T)) + 1) = (. Given T', we choose ¢; so small
that for all € < g

supp by C (w(ty + £/ ();0,7 — &7 (e)), L]. (32)

From (4)-(6), (11)—(13), and (14)—-(16) it follows that the difference u® —
v® — w® satisfies the system

(O + Az, 1)0;) (uf — v° —w®) = p(z,t)(u° — v° — w®)

+ Fo(x,t)(u® — v° — w®) (33)
+ f(z, t,u®) — f(x,t,u® — %)
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(u¥ —v° —w°)|t=o =0 (34)
L
(U —v° — W) om0 = ci/ bi(u® — w®) dx
0
L
+ (cC + cr)/ br(u® — w® —v°) dx (35)
0

L
+ cr/ bs(u® — w® — %) du,
0

where

Fe(x,t) = /01 (Vuf) (x,t,0(u —v°) + (1 —o)w) do.

Claim 1. u —v° —w® — 0 in L}(IIY) as ¢ — 0.

Proof. The problem (33)—(35) on I reduces to the Cauchy problem (33)-
(34). By Assumption 7, f is globally bounded and, by Lemma 1, f(x,t,u®) —
f(z,t,u® —v°) — 0 as ¢ — 0 pointwise off I,. By Lebesgue’s dominated
convergence theorem, f(x,t,u®) — f(z,t,u® —v°) — 0 in L}(II}) as ¢ — 0.
Applying Lebesgue’s dominated convergence theorem to the functions u® — v —
w® defined by (33)—-(34), we obtain the claim. |

Claim 2. u® —v® —w® — 0 pointwise for (z,t) € II(1) as e — 0.

Proof. Taking into account Lemma 1, it is sufficient to prove that u® —w® — 0
pointwise for (z,t) € II(1) as ¢ — 0. Fix an arbitrary (z¢,tp) € II(1). If
¢ is sufficiently small, the point (xg,t) belongs to I1°(1), where we have the
following integral representation:

(uf — )2, ) = e, (0, 1)) [ / b2 () (0 — wf) (€, 7) de

+/0 (0 — ) (€. 7) de
/ O —wt —F)(E7) df} s (36)
+ [ e —wenfpen
/ (Vuf)er.ow + (1= ayu)da|
e o(1:0,0) i O(L.1) > 0,
() = { L i O(L,t) = 0. (37)
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Note that
w(t;0,7) < (t—7) max \(z,t). (38)

(z,t)en™

Since, for € small enough,

|(u® —w)(wo, to)| < max_|(u” —w)(z,t)],
(z,t)€TT=(1)

it is sufficient to prove that

max_|(u® —w®)(z,t)| = O(e).
(z,t)ell=(1)

We start from the evaluation of the third integral in (36). On the account
of (31), we represent it in the form

L
/ by(u® — w® —v°)dr = / by (u® — w®) dz

(20 LIx N T30 {(2.) | 2€RY)
(39)

+ / by (u® — w® —v°) dx.
[2(8), L]x{t}n (15 N{(x;t) |z€R})

If 6(L,t) = 0, this integral is equal to 0. Consider the case that 6(L,t) > 0.
To estimate the difference u® —w® on [2(t), L] x {t} \ (IZ N {(x,t) |z € R}), we
consider the corresponding problem

(O + Az, 1)0,) (u® — w°)
= (o) + [ (Fuplaston +(1 = o)) do) = w) (a0)

(u® — w®)|4=o = 0.

By Assumption 7 this problem has only the trivial solution. Therefore the
second integral in (39) is equal to 0. We now estimate the third integral. We
have the integral equation

(u —v° —w®)(z,t)
= [+ P)E I = =)D

t
+ / [f(f? T, ug) - f(£7 T u — UE)] ’{:w(r,x,t) dr
0
that corresponds to the Cauchy problem (33)—(34). Combining it with Assump-

tion 7, we conclude that

max |u® — v —w'| <Y (41)
(z,t) el NIE.
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for a positive constant C; not depending on . Therefore the absolute value of
the third integral in (39) is bounded from above by Cje. As a consequence,

L
/ by(u® —w® —v°) dx| < Cae. (42)
z(t)

In the rest of the proof, C; for i« > 1 are positive constants that do not
depend on €. We will distinguish two cases.

Case 1: suppb® C [w(t};0,0), L]. The first integral in (36) vanishes, since

L
/ bi(u® —w®)de = / bi(u® — w®) dx (43)
0
[2(8), LIx{t\(IL.N{(z,t) | z€R})

and u® —w® on [2(t), L] x {t} \ (I N {(z,t) |z € R}) satisfies the problem (40)
which has only the trivial solution. Taking into account (7), (36)—(38), and
(42), similarly to [14, p. 644] we obtain the following estimate that holds on

II5(1) N TT:

C
(0 — wf) (2, 1)] < 2,
1 —qomo
where
= max |[(V,f)(z,t,y)| + max |p(z,t)]
(z,t,y)elIT xR (z,t)ell”

+ max |c.(f)| max |b.(z)| max |A(x,1)], < .
te[o}ﬂ‘ Ubg[of}‘ ()’(M)E%‘( ), 10 <qo

Iterating this estimate at most [T'/7y] times, each time using the final estimate

for |u® — w®| from a preceding iteration, we obtain the following bound that
holds on II#(1):

|(u® — w®)(x,t)] < Cse. (44)
This completes the proof in Case 1.

Case 2: supp b ¢ [w(t};0,0), L]. We fix an arbitrary sequence 0 = ¢(0) <
t(1) <t(2) <--- <t(M) =t} such that supp b2° C [w(t(j);0,t(j—1)), L]. Since
supp b; C supp b2 for € < ¢p, we can choose the same sequence for all € < ¢.

Given this sequence, we devide I15(1) into a finite number of subsets

I15(1, 5) = {@,t) € (1) | @(x;0,4(j — 1)) < t < &(a O,t(j))}. (45)

We prove (44) with an appropriate choice of Cj5 separately for each of I1°(1, j).
Since supp b5 C [w(t(1);0,0), L], the conditions of Case 1 are true for I1°(1, 1),
and therefore the estimate (44) is true for this subset. The analog of (44)
for T1¢(1,2) can be obtained in much the same way. We concentrate only on
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changes. For the first integral in (36) we use the representation (43) with one
more summand in the right hand side

z(t)
/ bs(u® — w®) dx.

(£:0,t(1))

The absolute value of this integral is bounded from above by Cye due to (44)
on II°(1,1).

To derive (42) on II%(1,2) with w(¢;0,¢(1)) in place of z(t) and with new
constant Cy, we observe that in the analog of (39) there appears the third

summand
2(t)
/ by (u® —w®) dx
w(t;0,t(1))

that can be bounded from above by using (44) for I1°(1,1). Apply similar
arguments to all subsequent I1°(1,j). Thus the estimate (44) is true for the
whole II(1). The proof of Claim 2 is complete. |

Claim 3. The functions u® — w® — v° are bounded on 15 (1), uniformly in c.

Proof. Two cases are possible.

Case 1: (0,t1) € 1,.(1). We have
w(t;0,61—¢€)

(uf — 0% — W) |pmo = GE(t) + (< + cr)/ by(u® —w® —v°)dr  (46)
0

for t € [ty —e,t1 + €], where

z(t)
G =G+ [ (b ) da
w(t;0,t1—¢)
L

+(cC +¢) / bi(u — w®) dx (47)
z(t)

L
+ (¢ + cr)/ b (u® — w® —v°) dz.
2(t)

This representation follows from (32), (25), and (26). We now show that G°(t)
is bounded on t € [t; — e, + ¢]. Since [w(t;0,t; — ), 2(¢)] x {t} C II*(1) for
t € [ty — &,t1 + €], the estimate (44) on II5(1) applies for the difference u® — w®
under the first integral in (47). Using also (7) and (8), we conclude that the
first summand in (47) is bounded uniformly in e. Since u® —w® = 0 on II§ \ 15
(see (40)), the second integral is equal to 0. Applying (42) and (7) to the third

summand, we see that G*(t) are bounded on [t; — £, t; + €], uniformly in e.
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Observe that

(u® —v® —w)(x,t) = (v —v° —w®)(0,6(z,t))

+ /9(17,5) p(€7 T)(us —° — ws)(& T)|€=w(T;x7t) dt (48)

+ [ ) = s dr

(2,t) {=w(Tiz,t)

for (z,t) € I5(1), where the boundary function (u® — w® — v®)(0,?) is given by
(46). By Gronwall’s argument applied to |(u® —v® —w®)(x,t)|, we easily obtain
the estimate

|(u =" — w®)(z, 1)

< (4 [2T max |f(z,t,y)|+ max

[GE(T) + (¢ 4+ ¢)(7)

(z,t,y)elIT xR (a,t)€T% (1) (49)
(7;0,t1—¢)
[T o - - eenad| ]|
0 T=0(x,t)
for (z,t) € I5(1). By (38) we have
w(t;0,t7 —e7 (e)) < Cse (50)
for t € [tt — e (), t7 + & (¢)]. Given a mollifier ¢(t), let
q(e) = C3C5 max b, ()] <max lo(t)] + € max \c,(t)]). (51)
ve [0.w(tr+e] ()0, —<1 (2)] telo.7] telo.7)
By Assumptions 3 and 5,
1in(1) q(e) =0. (52)
We choose ¢ so small that
q(e) < 1. (53)
On the account of (49), (51), and (53), for sufficiently small € we obtain
max_ |(u® —v® —w)(x,t)|
(z,t)€1% (1) (54)

< -G [QT max r,t,y)|+ max |G(1)|].
= 1—q(e) (x,t,y)erTTxRM( ) te[tlfz-:,t1+s]| )

Case 2: (0,t;) ¢ I.(1). By (32), (25), and (26) we have the equality (46)
with ¢; — e and t; + € replaced by t; — €7 (¢) and ¢} + &1 (), respectively, and
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z(t)
G() = ¢, / (5 + b)) (0F — wF) da

(;0,t5—¢7 (€))

L L
+ cr/ bs(u® — w®) dx + cr/ by(u® — w® —v°) dx.
2(t) z(t)
To estimate the absolute value of the first integral in (55) we apply (44) on
[15(1) and (8). The second summand is equal to 0 (see (40)). For the third
integral we use (42). It follows that G(t) is bounded on [t} — ey (€),t; +¢&7 ()],
uniformly in €. The rest of the proof runs as in Case 1, the minor changes being
in using (49) and (54) with ¢} — e, (¢) in place of t; — ¢ and ¢} + €] (¢) in place
Of tl + €. l

(55)

Claim 4. For every j > 1:
1. u® —w® —v® — 0 converges pointwise for (z,t) € II(j), as e — 0.

2. the functions u® —w® — v° are bounded on I5(j), uniformly in .

Proof. Items 1 and 2 of the claim follow from the bounds

max_|(u® — w®)(z,t)] < Aje
(2,t)€TI=(j) ’ (56)

" (0 o — ), 1) < A
max u —v —w)(x,t)| <A,

(2.)€T5.() ! (57)
respectively, where A; are constants depending only on j. We prove (56) and
(57) by induction on j. The base case of j = 1 is given by Claims 2 and 3.
Assume that (56) and (57) are true for all j < 4,4 > 2, and prove these estimates
for j =1.

To prove (56) for j = i, we follow the proof of Claim 2 with the following
changes. We use the formula (36) with w(7;0,t; ; + ;" ,(¢)) in place of z(7).
To estimate the third integral in the analog of (36), we represent it in the form

z(t) L
/ by(u® —w® —v°) dx + / by (u® — w® —v°) dx,

(0,67, +e; 1 (e)) 2(t)
and apply the induction assumptions and (42). As a consequence, we obtain
the estimate (42) with z(¢) replaced by w(t;0,¢5 | + &5 ,(¢)) and with a new
constant Cy. Similarly to Claim 2, we distinguish two cases.

Case 1: suppb C [w(t5;0,t7 ; —¢e; 1(20)), L]. On the account of (40), we
can rewrite the first summand in the analog of (36) in the form

L
/ b (u® —w®) dx = / bs(u® — w®) dx.
0

[wt] —ei ():0:t7_1 —&;_1 ()2 {EI\(IT N{(2t) [2€R})
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Applying (7) and (56) for j < 4, we conclude that the absolute value of the
integral is bounded from above by Cre. The rest of the proof for this case runs
similarly to the proof of Claim 2 in Case 1.

Case 2: suppb? ¢ [w (t* 0,tf 1—;_1(c0)), L]. We fix an arbitrary sequence

tr,=1(0) <t(l) <t(2) <--- <t(M) = tf such that supp b C [w(t(5);0,t(5—
1)), L]. Given this sequence, we devide II¢(7) into a finite number of subsets
(3, 5) = { (2,8) € TE@) | @(w;0,4( = 1) <t < G(@;0,4() }. (58)

Observe that the partition of I15(¢) is finite for every ¢ > 0 and the number
of subsets does not depend on €. We further apply arguments similar to those
used in the proof of Claim 2 for Case 2.

To prove (57) for j = i, we follow the proof of Claim 3 with the following
changes. Similarly to Claim 3, we distinguish two cases.

Case 1: (0,t) € I (i) for some k < [. We use the formula (46) with ¢ in
place of t; and with

GE() = (& + o) / (6 + b)) (uf — w) da
[w(t:0,t7 =& (), LIx{tI\(I5 N{(z,t) [z€R})
R (59)
+ (¢S +¢) / by (u® —w® —v°) dx.

[w(t:0,t7 —¢; (), LIx{t}n(ILN{(z,t) | z€R})

The estimation of the first summand is based on the inclusion
[w(t; 0,87 —&; (), L x {t} \ (I3 N{(x,t) |z € R}) C UHE U (g \ I5)

and on (56) which is given for j < ¢ by the 1nduct10n assumptions, and for
j =1 it is just proved. The estimation of the second summand is based on the
inclusion

(w(t;0,t7 —e; (), L] x {t} n(IZ N{(z,t) |z € R}) C U@l nTe),

for t € [t; —e,t1 + €], and on (57) for j < i.
Case 2: (0,tg) ¢ 1.(7) for all k < 1. We use the formula (46) with ¢; —e; (¢)
and tf + &/ (¢) in place of t; — & and t; — &, respectively, and with

GE(t) = o / (6 + b) (i — w') da
w(t;0,tF —e; (€)), LIx{t}\(IEN{(x,t) | z€R
[ DRYES AN CaAnN ) (60)
+ ¢, / (b5 4 by)(u® — w® — v°) du.

[w(#;0,t5 —; (), LIx{t}N(ILN{(z,t) | z€R})
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In order to prove the boundedness of G*(t) we apply (56) for j < ¢ and (57)
for j < i. The rest of the proof for both cases runs similarly to the proof of
Claim 4 in Case 1. |

From Claim 4, (56) for 7 < n(T"), and (31) we conclude that the family

(uf — w® — v%).~p is bounded on H_IT uniformly in € and converges to 0 almost
everywhere in II7. By dominated convergence theorem this family converges to
0 in L*(TIT)-norm. On the account of Claim 1, (u® — w® — v°).~( converges to 0
in L*(TT7)-norm. Since T is arbitrary, this is precisely the assertion of Lemma 2.

6. Proof of Lemma 3

Given T > 0, we choose g so small that, for all £ < g, the conditions (32) and

a(e)exp{T max_|p(z.1)|} <1 (61)

(z,t)ell™
are fulfilled. Here ¢(¢) is defined by (51). The condition (61) follows from (52).

Claim 1. The family of functions w® converges in C(H_OT) as e — 0.

Proof. For w® on I} we use the representation given by (18) and (19). Since
(Rw®)(x,t) = a,(w(0;2,t)) on II¥, the function w® for each e > 0 satisfies the
same Volterra integral equation of the second kind. This means that w® does
not depend on ¢, and for each € > 0 it is equal to the same continuous function
w(x,t) that can be found from the integral equation (18) by the method of
sequential approximation. The claim follows. |

Therewith we are done in H_g. Since T = H_OT UTIT and w* is continuous
for each € > 0 on 7 (see Proposition 1 in Section 2), it remains to prove the
convergence of w® in C(ITT). We will check the Cauchy criterion of the uniform
convergence of w®. Given § > 0, we have to show for some €5 = £5(§) and every
g1 < &9 that

] (wal - w€2> (z, t)) < (62)

for all (z,t) e II7.

Because of so strong interdependence of the problems (11)—(13) and (14)—
(16), in the course of the proof of (62) we will need in parallel to prove some
properties of v°. Let

t]’;—f—az'(e)
e = [ o) (63)
ty—e (€)
t,t—i—sz(esg)
Ki(er,29) = / (051 — 0)(0, ) dt. (64)
ty—e (e2)
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We will prove by induction on j the following 5 assertions for 1 < j < n(7)
(n(T") as well as II(k) below are defined by Definition 3). Recall that n(7T") does
not depend on e5. Throughout this section C' is a large enough constant that
does not depend on ¢.

Assertion 1. For every § > 0, if 5 is small enough and €; < &5, then (62)
is true for all II°2(j) U IZ2(j).

Assertion 2. The functions w® are bounded on II¢(j) U I5(j), uniformly
ine>0.

Assertion 3. The estimate M;(¢) < C is true for all € > 0.

Assertion 4. If 5 is small enough and e; < €9, then |Kj(ey,2)| < Ces.
Assertion 5. w®(x,t) converges in C(|J]_, TI(k) U H_OT) as e — 0.

_Assertion 1 implies the Cauchy criterion of the uniform convergence of w*
on I, Indeed, given ¢ > 0, let 5 be so small that (62) is true for every £, < &9
on each IIe2(j) U I3?(j) for j < n(T'). Recall that, for any 5 > 0,

U (T UTPG)) =TT

It follows that (62) is true on H_lT for all £ < 5. By the Cauchy criterion, w*®
uniformly converges on IT7.

The proof of Assertions 1 — 5 for 7 = 1 will be given by Claims 2 — 10. The
induction step will be carried out by Claims 11-19.

To prove Assertion 1, we split I1I2(j) U I52(j) into four subsets:

T=()UTE(G) =TEG) U (TG NTEG) VEG) U (ZGI TR+ 1)),

where each two neighboring subsets have common border. We will prove As-
sertion 1 separately for each of the four subsets.

Claim 2. The functions we(z,t) are bounded on 11(1), uniformly in e.

Proof. We use the representation of w® by (17) and (19) restricted to IT5(1).
In this representation, on the account of (13), (21), and (22), we have

(o) = a0y [ (4 0) (e 0w 0) e

L

s o) [

w(f(z,t);0,0)

(054 0.) ©wie. )

dg,

T=0(x,t)

+ S(&,T)as(w(0:€,7))]
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where w(z,t) = wi(z,t) for all (z,¢) € IIT and for all € > 0 (see the proof
of Claim 1). Taking into account (38) and the fact that 0(x,t) < ¢, similarly
to [14, p. 646] we obtain the global estimate

1 [=1
max_ |w(z,t)] < ( ) 1 P(E)(1+ max |a,(z)]
(w,t)€TT=(1) I—qgm z€[0,L]

(65)
+ max |Sxt\max/ |las(z \dx)

(z,t)ellT
where

= o ()] g 10,0 +mgx/0L|b§<x>|da:)

t€[0,T] €[0,L

q1=<1+LE>( max  |(Vuf) (@t y)] + max|p<x,t>|) (6)

z,ty)eldT xR z,t)elT
(z,t,y) ,

+ £ max_|A(z,t)],

(z,t)ell™
71 18 a real so small that
1< (67)
and
supp b5 C (w(km;0,(k —1)m), L] for all 1<k <[T/m]. (68)

P(FE) is a polynomial of degree [T'/7| with positive coefficients depending on
f(z,t,0), L, and T. The claim now follows by (8) and Assumptions 5 and 7. 1

Claim 3. Provided 5 is small enough, then
1. the estimate

‘(wg/l — w5/2> (x, t)’ <0 (69)

is true on 1122(1) for all €}, < ey and for all €} < &,
2. the estimate (62) is true on I152(1).

Proof. Recall that I1°2(1) C II¥(1) and II=2(1) C II%(1). To represent wei
and w2 on II=2(1), we will use the system (11)-(13) restricted to IT¢2(1). For
the difference w®t — w® we will employ the corresponding linearized integral-
operator equation. We distinguish two cases.

Case 1: suppb?® C [w(t];0,0), L]. Using the fact that w®(x,t) = w(z,1)
on ITJ" for € > 0, we obtain the integral equation

, , w(0(z,t);0,0) , ,
(0 = 0t)@.0) = 0.0 | bo(€)(wh — wh) (€, O, 1)) de

+ 51 (2, 1) + Sy (8(x, 1)) + Ss(8(x, 1)),

(70)
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where
1

Si(z,t) = / |:[p(£,7’) + [ (Vuf)(E 7 00 + (1 — 0)w™)do
0(x,t) 0
X (W — w?) (¢, 7'):| ’ dr
5 E=w(T;z,t (71)
S:t) =cr(t) [ (= ) e)ute 0 do
z(t)
L
Ss(t) = ¢, (t b, S — % ) (z,t) du,
0 =a) [ bt o)
and z(t) is defined by (37). We now estimate |Sy(t)| and [S3(t)|. Since the

function w is uniformly continuous on II¥, the properties (10) and (8) hold, and
supp b C U?:ﬂxj —¢,xj + €], we have

L
S:(0)] < max e (0] [ (058 + 12
z(t)

t€[0,T]

Z’TU(CL’, t) - X[Ij*&é,xj+€/2](x)w(‘rju t)’ dx

j=1 (72)
xj+eh
+tr€n(z)i>T<] e (t) Z max |w xj,t)|‘ / <b —b 2>(x) dx
- (L’j—EIQ
S CEQ.

Here xq(z,t) denotes the characteristic function of a set ).
Taking into account (22) and changing coordinates (z,t) to (w(0;x,1t),t),
we estimate |93(¢)| in the following way:

155(8)] = |e (1) /; (bTS>(a:,t)<a§/1 —ag’z)(w(o;x,t))daz

SR (b, 9)(€, 1) : (73)
= e (t NN T €1 _ 482 d
e )/0 (0,w)(0;&, 1) ‘5=w(t;z,o)( s s )(x) o
< M + My + Ms,
where
Ttz y
My = mac e (0] [ (i 1)
m(t)
b,.S)(w(t;x,0),t (0-9)(w(t; 23, 0),)
S oS0 00 |
(0.w)(0; w(t; 2,0),1) R (0:w)(0;w(t; 23, 0),1)

Jj=1
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m(t)

My = max |, (t \Z max

t€[0,7] w(ta?,0),)eN]

xfn(tﬁ% R
(asl - a;) () dx
0

w(0;L,t) , , b t: t
My = mas [e,(1) / ,ail,ﬂa?o' (6-9) w(t:7,0),1) ‘ .
€[0,7] s o e (0,w)(0;w(t; 2,0), 1)

(b,5)(w(t; 27, 0), 1) ’
(0:w)(0, w(t; 27, 0), 1)

Y ]7

X

Here, m(t) denotes the number of indices j < m such that x}+¢5 € [0,w(0; L, 1)].

Similarly to [14, p. 644] we obtain the estimate for |(w®* — w®2)(z,t)| on the
subset I1e2(1) N 117

082

1—qmn’

‘(wsll — w5/2>(a:,t)‘ < (74)
where ¢; and 7 are defined by (66) and (67). Indeed, the second summand
in the right-hand side of (73) is equal to 0 by (10). To estimate the first

summand, we use (8) and the uniform continuity property for b,, S, and A on
TT". To estimate the third summand, we observe that the integral is equal to 0 if
w(0; L, t) < 7,y €5 and is actually from z;, ), —€5 to w(0; L, t). In the latter
case w(0; L, ) =}, ), +€5 < Ceh. Combining this bound with the continuity of
A and the condition w(t;w(0; L,?),0) = L, we obtain L —w(t; x;, 4y, — €2,0) <

C¢). Since b,(L) = 0 by Assumption 3, we conclude that

max ‘ (bTS> (w(t;x,0),t)| = max ‘ <bTS> (x, t)’
xe[x;“)lefs’Q,w(O'L,t)] z€[w(t; xm(t>+1 €5,0),L]
< max ‘ <bTS> (x, t)‘
(2,t)€[L—Cel,L]x[0,T]
S 082.
It follows that
|Sg(t)| S 062. (75)

Using (70), (72), and (75), we derive (74) by Gronwall’s argument applied
to |w®t — w®2|. Iterating this estimate at most [T/7;] times, each time using
the final estimate for |(w® — w2 )(z,t)| from a preceding iteration, we obtain

the bound
. 1\
F1 — 2 t P(E,)C 76
‘(w w )(IL’ )’ (1—q17'1> (E1)Cey, (76)

where
By = max_|e(t)b(x)]

(z,t)ell”
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and P(F}) is a polynomial of degree [T'/7] with positive coefficients depending
on L and T

Case 2: suppb?®* ¢ [w(t};0,0), L]. We devide II¥2(1) into a finite number
of subsets I1°2(1, j), j < M, defined by (45) with ¢ replaced by 5. Note that,
if 7 < M, then I1°2(1, j) actually does not depend on €. We prove an analog of
(76) with an appropriate choice of 71, P, and C, separately for each of I1°2(1, j).
Since supp b2 C [w(t(1);0,0), L], the conditions of Case 1 are true for 11¥2(1, 1),
and therefore the estimate (76) is true for this subset. Thus, provided &, is
small enough, the estimate (69) holds on I1°%(1, 1).

The analog of (76) for I1°2(1, 2) can be obtained in much the same way. We
concentrate only on changes. On I1°2(1,2) we use the integral equation

(wg/l - waé) (x,t)
w(0(x,t);0,t(1))
~ al0(e.) [ () (™ — w)(E,0(, 1)) de (TT)
+ Si(z,t) + S2(0(x, 1)) + S3(0(,t)) + Su(0(x, 1)),
where
z(t)
Su(t) = . (t) / o [bg’l(x) (wf’l - w6’2> (1) + (b;i - b§'2> (2w (z, t)} d.

We now bound |Sy(t) + S4(t)|. Observe that [w(t;0,t(1)), z(¢)] x {t} C II°2(1,1)
if t € [t(1),¢(2)]. By Proposition 1, Claim 1, and the estimate (69) on I1°2(1, 1),
we conclude that w® converges in C(I1%2(1,1) U TIZ) to a continuous function
w(z,t). Using the equality w® (z,t) = w®(z,t) = w(z,t) on 117, similarly to
(72) we derive the bound

[Sa(t) + Sa(t)]

< max |e(t)] max |w — 62|/ |be|dx
t€[0,77] (,t)€T1(1,1) £0,6(1

el [ (1)
t€[0,T] w(t;0,t(1))

k
- Z Xlzj—eh,zj+eb] (x)w(:z:j, t) dx
j=1
b xj+8/2 / /
+ max |, (1) Z max lw(xj,t)] / (bil — bi2>($) dx
t€[0,T] 1 (@ )enfuIl(L) zj—e)

< CEQ.
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Now, using (75), we conclude that (76) holds for I1°2(1,2) with new 7y, P,
and C'.

Similar arguments apply to the subsets [1°2(1, j). Thus the estimate
‘(well — w5/2> (x,t)‘ < Cey (78)

is true for the whole I1¢2(1) in both cases. The estimate (69) follows from (78),
where €5 is chosen small enough. The proof of Item 1 is complete.

Item 2 is a straightforward consequence of Item 1. |

Claim 4. Provided €5 is small enough, (62) is true on IT*1(1) N I$(1).

Proof. The functions w®' (z,t) and w®*(x,t) on II¥1(1) N I$?(1) are represented
by (17) restricted to II¥1(1) and I5?(1), respectively.

Proposition 1 together with Claims 1 and 3 (Item 1) imply, for each fixed
g2 > 0 as small as in Claim 3, the Cauchy criterion of the uniform convergece

of w® on TI§ UTIe2(1). Therefore

w®(z,t) converges in C(H_OT U H52(1)> as € — 0. (79)

As above, the limit function will be denoted by w(z,t). Now, using (32), we
have the representation

(w9~ )0
~[en [ (02 n =) ) ]

w(T;0,t5—€] (e2 7=0(x,t)
L
+ ot | (b3 2@
w(T;0,t5—€] (e2))
k
X <w€2 (I, t) — Z X[.Z‘j—€2,l'j+52] (m)w(xj, t)) d§:|
j=1 T=0(x,t) (80)
k L
# o) Lt [ (12 - 1) € e
j=1 w(7;0,t1 —e7 (2)) T7=6(x,t)
+ S5(0(z,1))
w(T;0,t7—e7 (e2))
+ ot | (1w =) €
0 T=0(x,t)

+ S1(x,t) + S5(0(x, 1)),
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where
w(t;0,t7—e7 (€2))
Ss(t) = c,,(t)/ (b,v°?) (2, t) d.
0

For the absolute values of the first four summands in (80) we obtain the upper
bound Cey by the following argument. Note that [w(t;0,t] — e (e2)), L] x {t}
C IIT UTI=(1) for t € [t7 — &7 (e2), 17 — 7 (¢1)]. For the first summand the
bound now follows from (76), (8), and Claims 1 and 3 (Item 2). For the second
summand we apply (79) and (8). For the third one we use the properties (10).
For |S5(t)| we use the estimate (75).

To prove the upper bound Cey for |S5(t)| we need an estimate for v° on
Iz (1). To obtain it we consider two cases.

Case 1: (0,¢;) € I;(1). Taking into account (32), we represent w® and v°
on /5 (1) in the form

wt (2, 1) = [cr(sg n S;)] Oz, 1))

t ¢ (81)
+ (w(T;z,t), 7, w) dr + / pw(T;x,t), T)w® dr
0(x,t) 0(x,t)
and .
vi(x,t) = [CS(SE + S?)] (O(x,t)) + / p(w(T;x,t), 7)v° dr, (82)
0(z,t)
where
L L
Sg(t) = / (b5 + b)) (2)w (z, t) dz + / (byv°) (2, t) dz
w(t;0,t5—e7 (2)) 2(t) (83)

w(t;0,t7—e7 (€))
Sz(t) = / by (x)(w® 4+ v°)(x,t) de.
0
Summing up, we have

w (e, 1) + (2, 1) = [(e+ )55 (0w, 0) + [ (e + )5 ()

+ w(T;x,t), 7, w")dr
SRR ”

t
+ / plw(r;z,t), 7)(w® + v°) dr.
0(x,t)

By (21), (22), (8), Proposition 1, and Claim 2, Sg(t) is a continuous function
and satisfies the uniform in ¢ estimate

SsOI<C, telt]—er(e), 1 +e7 ()] (85)
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By Proposition 1, S5(¢) is continuous. We now derive an upper bound for |S5(t)|.
Applying the method of sequential approximation to the function w® 4 v given
by the formula (84), we obtain the estimate

max |(w + %) (z, 1)
()15 (1)

<[T max  |f(ety) 4 max le(t) + ()

(z,t,y) €T xR teft1—e t1+e]
X (C’—i— max S?(t)|>1 exp{T max7|p(:c,t)\}.
teft1 —e,t1+e€] (z,t)ell”
By (61),
max__|w® + v
(x,t)€I5 (1)
C
<
1 qe)Cexp{T max |p|} (86)
(z,t)ellT

[ max  [fty) - max e (t) + 0]
(z,t,y)eNIT xR teft1—e,t1+e]

From (50), (86), (7), and Assumption 3 we conclude that
1S:(t)] < C max  |b.(z)| < C max |b.(z)] <Ce (87)

z€[0,w(t;0,t1 —¢)] x2€[0,Cse]

for t € [tt — e (¢),t] + & (¢)]. Combining (20) and (22) with (82), we obtain

V(i t) = E(B(z, 1) (Sg + S;) (O(z,1))S(x, 1), (88)

where the functions |(S§ + S5)(6(x,t))| on I5(1) are bounded uniformly in e.
The latter is true by (85) and (87). The formula (88) implies

v = 0(%) (89)

for (z,t) € I5(1). Taking into account (88), (50), (7), and Assumption 3, we
derive the bound

|S5()] < C max |b,(x)] < C max |b.(x)] < Cey. (90)

o 2€[0,w(t;0,t1—€e2)] 2€[0,Cse2]

Case 2: (0,t1) € I,(1). The proof is much the same as for Case 1. The
only difference is in evaluation of |S5(t)|, where v® on 5 (1) is now given by

S(z,t).  (91)

T=0(x,t)

) =[om [ r@sEnaeoen

(730,0)
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Hence (89) in this case is true by (7) and continuity of A. Therefore for |S5(t)|
the estimate (90) holds.

We now return to (80) and, taking into account (90), estimate |w® — w®?|
following the proof of (76). As a result, the bound (62) is true for sufficiently
small e5. |

Claim 5. Provided €5 is small enough, (62) is true on I$*(1).

Proof. Note that w®' and w® on I$'(1) are defined by the same formula (81).
Therefore

(wal — w”) (z,t)
(92)
= [ = 5] 0. 0) + [en(57 = 5] (0. 0) + Su.0).

The upper bound Cey for the absolute value of the second summand follows
from (87). To estimate the first summand, we use the equality

(S5 — 53) (1)

L
= / [(bil + b )w — (b3 4 b )w™ + b, (v — v”)} (x,t) dx

(0,67 —¢q (e2))

w(t;0,t7—q (e2))
+ / (byws)(z,t) da.

(0,87 =1 (e1))

The absolute value of the first summand is already estimated in the proof of
Claim 4. For the second summand we can apply Claim 2, since

w(t:0,7 — o5 (20)), (60,85 — =1 (2))] % {t} € T (D
for t € [t7 — &7 (e2),1; + & (e2)]. As a consequence,

(st = 587) () < Ces. (93)

Applying the method of sequential approximation to w® — w®* given by (92),
on the account of (93) and the upper bound Ce, for the second summand in
(92), we derive the bound

‘ (wsl — w52> (, t)‘

SC&QGXP{T< max |[(Vuf)(z,t, ) + maX|p(m,t)|>}, (64)

z,t,y) €T xR z,t)ell”
(z,t,y) ,

This implies (62), provided &5 is chosen small enough. |
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Claim 6. Provided €5 is small enough, (62) is true on I5*(1) N II51(2).

Proof. We follow the proof of Claim 4 with the following changes. On the
account of (32), for w® —w*® on I5?(1) NII#1(2) we have the representation (80)
with ¢} — 7 (e2) replaced by ¢} + €7 (¢1) in the fifth summand, with

w(t;0,t7—e7 (1))
S5(t) = ¢,.(t) [/ (byv°t) (2, t) dz

w(t;0,t5+ef (1))

(95)

w(t;0,t7—e7 (e2)) b

— / (b,v72) (2, 1) dz |,
0 i
and with one more summand

w(7;0,t7 —€7 (2)) T

o [ (b (0™ — w)) (6.7) de (96)
w(T0,t5 47 (1)) J1r=0(z,t)

To estimate the absolute value of the latter expression, we use Claims 4 and 5.

To estimate |S5(t)|, to both integrals we apply the same argument that was

used for evaluation of |S5(¢)| in the proof of Claim 4. |
By Claims 3 — 6, Assertion 1 is true for j = 1.

Claim 7. The functions w® are bounded on 15 (1), uniformly in ¢ > 0.

Proof. The claim follows from (81), (89), (50), and Assumptions 5 and 7. 1

By Claims 2 and 7, Assertion 2 is true for j = 1.
Claim 8. The family of functions w® converges in C(H_OT UII(1)) ase — 0.

Proof. Since, by Proposition 1, each w*® is continuous, it suffices to prove the
convergence separately on II" and H( ). On the former domain the convergence
is given by Claim 2. The convergence on the latter domain follows by the Cauchy
criterion which holds by Claims 3-5, and the fact that II1(1) C II#2(1) U I3?(1)
for every g5 > 0. |

Thus, Assertion 5 is true for 7 = 1. In the sequel the limit function will be
denoted by w(z,t).

Claim 9. The estimate M;(e) < C is true for all € > 0.
Proof. Case 1: (0,#;) € I.(1). Then

t1+ef ()
M(e) = /

tf—ey (s)

e (t) / b (2)S (2, )0 (w(0: 2, £)) d| dt

L
£ < .
ﬁtw Oxt ‘/ |dx/ b (2)] dz < C

< max
(a:,t)GHT
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The estimate follows from (8) and Assumptions 5 and 6.
Case 2: (0,¢1) € I (1). Then
t14+e
ME) = [ a0+ sl < c
t1—e
This estimate follows from (85), (87), and (8). |

Thus, Assertion 3 is true for j = 1.

Claim 10. If g5 is small enough and €1 < €9, then

|Ki(e1,62)] < Ces.

Proof. We will consider €5 as small as in Claims 3 — 6. We will use (16)
restricted to [t} — &7 (€2), 1} + & (2)] and (22).

Case 1: (0,%;) € I,(1). By (25) and (26) we have ¢ = 0, and therefore

L

ti+ey (e2)
Ki(e1,€9) :/ c,,(t)/ (b?vel - bi%”)(x,t) dx dt.
t z(t)

T—e; (e2)

Applying (22) restricted to H_OT and changing coordinates (z,t) — (z,§) =
(x,w(0;z,t)), we obtain

ahten a:q-i-az
Ki(en,e2) = E/ [ re o ware -]

where

2S) (2, t
72,6 = LB

(0w)(0; 2, 1)
is a continuous function in z and £ and E is the set of pairs of indices ¢ < k
and d < m such that w(0;z,, %) = 2. Evidently, if (0,#;) € I, (1), then there
exists at least one pair (g, d) that satisfies the latter condition. Then

[Ki(er,e2)] <) max T(x, &) = T(xg, 73)]

(z,8)€[rg—e2,7qte2] X [T)—E2,7)te2]

Tgteo x2+52 Tqtea m;-}—&‘z
X [/ |b§1|dx/ |a§1|d:1:+/ |b§2|d:v/ |a§2|dx}
Tg—E2 Th—e2 Tq—E2 xTh—€2

:tq-i-&‘z I:l-i-az
e ) [ e [ -
q,d Tq—E2 Th—e2

1724-62 Tqte2
£2 1 €2
+/ a; dm/ (b5 —bs)dx}.
Th—€2 Tq—E2

t=0(2:€,0)
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The last two summands are equal to 0 by (10). The first summand is bounded
from above by Ceq by (8) and the continuity property for T'(x,t). This completes
the proof in Case 1.

Case 2: (0,t1) € I,(1). Then the second summand in (16) is equal to 0,
and therefore

Kifernes) = [ (s s - eo(se s w]d @)

1—€2

We hence have

Kzl =| [ (s - asz)wa
" / (¢ =) (830 - 520)) e
t1+e2
+ S8 () /t_ (2 — )y
t1+e2
n /t_ cgz(t)(sgl —552)(15) dt‘ (98)
< [ (i1 e se) e

[ (et ) s 0 - s a

1—€2
t1+e2

+ / 52| (sgl —ng?)(t)‘dt.
t1—e2

Combining (87) with (8), we obtain the upper bound Cey for the first sum-
mand in the right-hand side of the inequality (98). The same bound for the
last summand follows from (93) and (8). It remains to estimate the second
summand. Without loss of generality we assume that ¢ > ¢;. By (32) we have
the representation

S5'(0) - S5t () = [

w(t;0,t1—€1)

L

(bil + br> (x) <w51 (x,t) — w(z, t1)> dx

w(t;0,t1—€1)
+ / by (z)w® (z, 1) dx

(t1;0,t1—€1)

+ /Za)(brS) (, t)ag (w(0; 2, 1)) d

(99)

w(t1;L,t)
- / (bﬁ) (2, t1)as (W(0; 2, 1)) dar

(t1;0,0)
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_/wL <brs><I’t1)a§1(W(0;x,t1))da;.

(tl§L7t)

Changing coordinates x — w(0; x,t) in the third integral and x — w(0; x,¢;) in
the fourth integral, after simple computation we have

Sg' (1) = S5 (1)

L
< (/ |b5| dz + L max ]br(a:)]> X M
0 IE[O,L}

L
+ My + [M3 + M4} / laSt| dx (100)
0
S 082.
with
M, = max H (w‘Sl - w) (q:,t))
\t—tl\gal,(x,t)eHg“Uﬁ
+w(z, ¢) — w(e, m\ + (w(:p, t) — ' (z, tl)H
My= max |w(z,t)| max |br(x)|‘w(t; 0,t1 — 1) — w(t; 0,4 — 51>‘
(z,t)€lleL (1) z€[0,L]
Mo — (0:5) (w(t;z,0),)  (b:S)(w(t;2,0), 1)
5T @nel Lixlt et te]| (Oow) (0;w(t; 2,0),8)  (0pw)(0: w(ty; 2, 0), 1)
M, = max b, ()] max |S(z,t)]|.

:ce[w(tl —El;L,tl—l-El),L} (.T,t)EHT

The latter estimate in (100) is true by Claims 2, 7, and 8, estimates (8), and
Assumptions 3 and 5. Claim 9 follows. |

Therefore, Assertion 4 is true for j = 1.

Induction assumption. We assume that Assertions 1-5 are true for j <i—1,
1> 2.

Claim 11. The functions w(z,t) are bounded on I15(i), uniformly in € > 0.

Proof. The proof is similar to the proof of Claim 2. The function w*(z,t) on
I1#(4) is defined by the formula (17), where

) = )| [ 1) et o

N / ' (b2 + b0 ) €y (€, 7)

w(T;0,t7_4 +5:r_ 1()

2(T)
" / (b.5) (€. 7)07(0,0(¢. 7)) de

(150,t7_, —‘rz—:;.‘—_ 1(e)



+/ZL (bTS)(ﬁ,T)ai(w(o;&T))dg}

T=0(z,t)

Taking into account (8) and Assertions 2 and 3 for j < i, we conclude that the
last three summands are bounded uniformly in e. Similarly to [14, p. 646], we
obtain the global estimate

1 (1
max__|w(z,t)| < ( ) P(E)
(w,t)€TI5 (3) l—qmn

(101)

X (1+ max |w8(m,t)|),
(z,t)€ (U§;11 @) UIs (i—1und

where ¢, 71, and E are defined by (66), (67), and (68), and P(E) is a polynomial
of degree [T/ | with positive coefficients depending on f(z,¢,0), L, and T'. The
claim now follows from Assertion 2 for j <1 — 1. |

Claim 12. Provided €5 is small enough, then

1. for alley, < ey and for all €] < &), the estimate (69) is true on 11(7) \ I2(4),

2. (62) is true on I1%2(7).

Proof. We fix an arbitrary sequence ¢;_; = t(0) < p; <t(2) < --- <t(M) =
tr—e; (2) such that M > 2,¢(1) > t;_;+¢;,(€2), and supp b2 C [w(¢(4);0,t(i—
1)), L]. We can do so due to (32). Given this sequence, we devide I1(¢) \ I$?(7)
into a finite number of subsets

12 (i, ) = {(e,8) € T(0) \ [2(0) | &(30.8 — 1)) <t < @(a:0,4(7)) .

Note that, if 7 < M, then 11%2(¢, j) actually does not depend on .
To obtain (69) for 11°2(i, 1), we first derive (62) for II°2(i,1). Doing this,
we follow the proof of Claim 3 (Item 1) for Case 1 with the following changes.

Throughout the proof €| and &}, are replaced by €1 and g9, respectively. We use
the formulas (70) and (71) with w(t; 0,7 | + & ;(g2)) in place of z(t) and with

So(t) = ¢,(t) /w ’ [(bil — 2w + b (w — wez)] (,t) do

(t§0,tf,1)

+ ¢ (t) /wL b, () (w“ — wEQ) (x,t) dz.

(40,67 +ei, (e2))

To estimate | S|, we use Assertions 1, 2, and 5 for j < i. To estimate the analog
of |:S;], we use Assertions 4 and 5 for j < i. As a result, (62) is true on I1°2(7, 1).
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Note that I1°2(4, 1) does not depend on £ and e5. By Assertion 1 for j = i—1
and (62) for I1°2(4, 1), that we have just proved, we conclude that w® converges
in C(I1%2(4,1)). The estimate (69) is hence true on I1%2(7, 1).

The estimate (69) for I1°2(i,2) follows similarly to the proof of Claim 3
(Item 1) for Case 2 (see the proof of (69) for I1°2(1,2)). The minor change is
that we estimate |Sa(t) + S4(t)| using Assertion 5 for j = ¢ — 1 and (69) for
I1°2(4, 1), that we have just proved. Similar arguments apply to the subsets
11%2(, ), 7 < M. As a result, (69) is true for the whole II(7) \ I32(¢).

Item 1 follows. Item 2 is straightforward consequence of Item 1. |

Claim 13. Provided ¢4 is small enough, then (62) is true on II*1(i) N I (4).

Proof. The proof is similar to the proof of Claim 4. We concentrate only on
the changes that here appear. We choose €5 so small that the condition (32)
with 7 + €] (g2) replaced by t; + € (g9) and ¢} — &7 (g2) replaced by tf — & (&2)
is true. As in Claim 4, we distinguish two cases.

Case 1: There exists j <[ such that (0,;) € I,(i). We use (80) with ¢} in
place of t7, where z(t) in S5(t) is replaced by w(t;0,t; — €2). For the first four

summands in the analog of (80) we use Assertions 1 — 4 for j < i and Claim 12.
The upper bound for |S5(t)| follows from the bounds

SO C telr —e (o) f 4 ()] (102)
S50 < Ce, te [t —er ()t +f (o), (103)

where Sg(t) and S5 () are defined by (83) with ¢} —¢; (¢) in place of t] — &7 (¢)
and w(t;0,t7 | + &5 ,(g)) in place of z(¢). The estimate (102) is true by the
arguments used for obtaining (85), Assertions 2 and 3 for j < 4, and Claim 11.
The estimate (103) is obtained similarly to (87). The estimates (102) and (103)
imply (89).

Case 2: (0,t;) & I.(i) for j <. On the account of (32), (25), and (26),
on I% (i) we have the equality

ve(x,t)

— |:CT(7') /wz(r) bi(g)S(f,T)U‘E(O,@(S,T))d{}

(130,65 +e 1 (22))

S(z,t)
T=0(x,t) (104)

S(z,t).
T=0(x,t)

o [ s naeoe

(1)

For the second summand we apply the same arguments as in the proof of Claim 4
for Case 2. For the first summand we apply (7), Assertion 3 for j < ¢ and the
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inclusion

{0.06,0)|t € lti— e (0) i+ ()2 € [wl(t:0, 8, + 24 (e2)), 2(0)] |

i—1
cU(EG n i@ ol =0}).
j=1
Therefore (89) is true on /5 (i) . The claim follows. |

From what has already been proved we conclude that (89) holds on I% ()
for every j < n(T). Since v*(z,t) = S(x,t)as(w(0;z,t)) for (z,t) € 1T, (89)
holds on H_OT.

By (31), suppv® C Ti. Therefore

vE:O(l) on II7. (105)

We will need this property in the sequel.

Claim 14. Provided €5 is small enough, then (62) is true on I (i).

Proof. We follow the proof of Claim 5 with the following changes. We use (83)
and (92) with ¢} — 7 (¢) and z(¢) to be replaced by tf —¢e; (). To estimate the
absolute value of the first summand in the analog of (92), we use Assertions 1
— 3 for j < i and Claims 11 — 13. As a consequence,

](sgl . 5;2) (m,t)‘ < Ceyy  tEftr—er(e), i +eH (). (106)

To estimate the second summand, we use (103). |

Claim 15. Provided 4 is small enough, then (62) is true on 13 (1)NII#1 (i + 1).

Proof. We follow the proof of Claim 6 with the following changes. For w®! —w*®?
on I2(7) NII51 (4 + 1) we use (80) with ¢7 — €7 (e2) replaced by tf — &; (e2) in
the fifth summand and with one more summand (96), where ¢} + & (¢1) and
tr — e (e2) are replaced by tf + & (1) and t; — &; (g2), respectively. In the
representation of S3(t) we now have w(t;0,t;_; — e, ;(e2)) in place of z(t). For
S5(t) we now use the formula (95) with t; —&; (e1), tf + &/ (1), and tF —&; (&2)
in place of t§ — &7 (1), t7 + &7 (1), and ¢} — &7 (£2), respectively.

To estimate the absolute value of the analog of (96) we use the Claims 13
and 14. [

By Claims 12 — 15, Assertion 1 is true for j = 1.

Claim 16. The functions w®(x,t) are bounded on I5 (i), uniformly in € > 0.



Delta Waves 65

Proof. Note that the function w®(x,t) on I5(7) is defined by (81) and (83) with
tr —&; (¢) in place of t; — &7 (¢) and w(t;0,¢7_; + & ,(¢)) in place of z(t). The
claim follows from (102), (103), and Assumptions 5 and 7. |

Assertion 2 for j = ¢ follows from Claims 11 and 16.
Claim 17.  The family of functions w® converges in C(U;:1 (5) UIY) as

e — 0.

Proof. Since, by Proposition 1, each w*® is continuous, it suffices to prove the
convergence separately on ITJ and U I1(7). On the former domain the con-
vergence is ensured by Clalm 2. The convergence on the latter domain follows
by the Cauchy criterion which holds by Assertion 1 for j < ¢, and the fact that

U;Zl I1(5) C U;Zl(HEZ(j) U I%(4)) for every g5 > 0. |
By Claim 17, Assertion 5 holds for j = 1.
Claim 18. The estimate M;(e) < C is true for all € > 0.

Proof. Case 1: (0,%;) € I, (i). We have

t;.*-l—az—(s)
My(e) = /
t

e o)

z(t)
() /o bs(x)S(x,t)v°(0,6(z,t)) dx

+ ¢ (1) o bi(z)S(x,t)as(w(0; x,t)) dx

dt

i1 t*+e.+(s)
(z,t)ell? (5 0)(x t) — Je—e o)
4+ max ( dx/ b ()] di
(@,pyerT | ( 3tw 0 xt / jas(@)] |05 ()]
<,

where z(t) is defined by (37). This estimate is true by (8) and Assertion 3 for
g <.
Case 2: (0,t;) € I.(i) for some j <. We have
tj+e
M) = [ je)(s; + Sl de <
tj—e
This estimate is true by (102), (103), and (8). |

Claim 18 implies Assertion 3 for j = 1.

Claim 19. The estimate |K;(e1,e2)] < Cey is true for e so small that
Assertion 1 holds for all 7 < 1.



66 I. Kmit

Proof. We follow the proof of Claim 10 with the changes listed below. Similarly
to Claim 10, we distinguish two cases.

Case 1: (0,%;) € I.(i). We have K;(e1,e2) = K} (e1,62) + K2(g1,€2), where

tr e (e2) 2(t)
Ki(e1,62) = / cr(t)/ (bilvsl — b?v”)(x,t) dx dt
¢ ) 0

i (e
t;‘+sj(52) L

K}(e1,29) = / cr(t)/ (bilv“ - b§21}52>(l‘,t) dx dt.
tf—e; (e2) z(t)

If 2(t) < L, then [2(t), L] x {¢} C II¥. Therefore |K?(ey,&5)| can be estimated in
the same way as |K(e1,2)| was estimated in the proof of Claim 10 for Case 1.
The minor change is that now E will denote the set of pairs of indices ¢ < k
and d < m such that w(0;z,,¢;) = 2. It remains to estimate |K}(e1,¢e9)|.

Applying (21) and (22) restricted to IT7 and changing coordinates (x,t) —
(x,€) = (z,0(x,t)),we obtain

Tqtea

1 _ $d+€d 62) €1 £2 €1
Ki (61,82) = Ql x, t b b )( ) (O,t)
t

— €
<d> a@) I

bR () (0 — 072 0, t)} dz dt,

where

(cr5) (2, 7)
(0.0)(x,7)

and J is the set of pairs of indices ¢ < k and d < ¢—1 such that w(z,;0,t}) = t;.
Obviously, at least one of the sets E or J is nonempty. To estimate | K} (g1, e9)],
in addition to the arguments used for estimation of |Ky(e1,2)| we apply Asser-
tions 3 and 4 for j < 1.

Q1(z,¢) =

T=0(x;0,t)

Case 2: (0,t;) € I.(i) for some j < [. We use (97) and (98) with ¢,
replaced by t;. To estimate the first and the third summands in the analog of
(98), we apply (8), (103), and (106). To estimate the second summand, we use
the representation

L

S50 - S5t (t) = [

w(t;0,tj—e1

)(bil + br> () (wal(x, £) — w (a, tj)) dz

(t;0,t;—e1)
+ / by (z)w ™ (x,t;) dz
(

w(t;;0,t; —£1)
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n l / ’ (0,5) (2, t)as (w(0; 2, ) da

(®)

z(t)
+ Uw (b,5)(x, t)v" (0, 0(, 1)) dz

(t;0,t5—e1)

(107)

_ /:m-) (b,5) (@, £;)0° (0, Q(x,tj))dx].

(t;;0,t5—e1)
The absolute value of the first three summands are estimated similarly to es-
timation of |Sg'(t) — Sg'(t1)| in the proof of Claim 10 (see (100)). In addition
to the arguments used for (100), we apply Assertion 2 for j < ¢ and Claims 11,
16, and 17. We now concentrate on the last summand. Let us rewrite it in the
(br5) (, £5)

form
ti=er 1(b,9)(z, )
/e(z(t),t) {(@c@)(l’a ) | ym(i:0.m) (0.0)(x,t5)
-/ PO (b,8) (. 1)
o(:(ty)t) (0u0) ()

The absolute value of this expression is less than or equal to

} v (0, 7) dr

x=w(t;;0,7)

v (0, 7) dT.

z=w(t;0,7)

[ (br5) (. ) _ (0:S)(x,t)
(z,t)€[0,L]x[tj—e1,tj+e1] (aie)(x7t) z=w(t;0,T) (axe)(x7tﬂ) z=w(t;;0,7)
max b, ()] maX|S(:v,t)|]
zefw(tj—er;z(tj+e1)tj+e1),2(tj—1)] (z,t)ellT
il ptrdef (e1)
« Z/ w71 (0, 1)| dt
r—1 tr—e, (€1)
S 062.
The latter bound is true by Assertion 3 for 7 < ¢ and Assumption 3. |

We conclude that Assertion 4 holds for 5 = ¢. Thus the induction step is
done and the proof of Lemma 3 is complete.

7. Proof of Lemma 4

Given an arbitrary test function ¢ € D
(v¥(z,t), p(x,t)) as e — 0. Fix T = T(

E

), we have to show the convergence of
> 0 such that supp ¢ C II7. Let

.Mg E/

Il
o

v (z,t) =y vi(w,t), (108)

(]
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where

supp vg(z,t) = supp{vs(x,t) }, Iy = {(x,t) ell|z > w(t; 0,0)}

supps vi(x,t)|__ ¢+ = suppi v°(z,t
(2 HT

Hoﬂfi

booi<am),

=00

and p(T) is as in Definition 3. Clearly, vf(z,t) for i > 1 is supported on one
of the connected components of (II'\\ Ilp) N I5. The representation (108) is true
because supp v® C I% by (31). Since

(v¥(2,1), ¢ <qu (2, 1), )>,

it suffices to prove that (vi(z,t), p(x,t)) converges as € — 0 separately for each
0<i<p(T).
Claim 1. (v§(z,t),p(z,t)) converges as e — 0.
Proof. By (21) and (22),
0i(.1) = (., 1)az(w(0: 2, 1). (109)

Let us compute the action
(vh(z, 1), p(z, 1)) = /HT S(x, t)ag(w(0; 7, 1)) p(x, 1) d(z, 1)

S(€. D)plé, 1) -
/—( S| d ),

where T} = {(x, t) € R? | (w(t;z,0),t) € HOT}. It follows easily that

m

=0 S t)e(€ 1)
vg(x,t), p(x,t)) — / e dt,
6. 1). el 1) Z ATA{(e0) |a=a7} We(0;6,1)  le=w(tar 0)

=1

Here we used a simple change of coordinates Fy : (z,t) — (w(0;z,t),t), where
Fy maps IT¢ to II7. Since 17 is a bounded domain, the claim is proved. |

Claim 2. (vj(z,t),p(z,t)) converges as e — 0.

Proof. Two cases are possible.

Case 1: (0,%1) € I (1). Let

L
Sg(t) = / (6 + b)w® + bv°] da.
0
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From (13) we conclude that ¢, (t)S5(t) = w®(0,t). By Lemma 3, the family of
functions w®(0,t) is uniformly convergent on [0,77]. Since ¢, () is an arbitrary

continuous function, the same assertion is true for the family of functions S§(t).
Hence there exists a continuous function Sg(t) such that

lim S§(t) = S9(t) in C[0,T].
Therefore, if [t — t;| < Ceq, we have

S5(t) — Sg(t)

< |(85 - s8) )| +|80) — S8t < =

Note that S§(t) = Sg(t) + S5(t) whenever ¢ € [t; — &,t; + ¢]. Using the repre-
sentation (88), we conclude that

(vi(z, 1), p(z, 1)) —/ ;(0(x,1))S5(0(x, )5 (x, 1)p(x, 1) d(, 1)

17°(1)
Sz, T)e(z, 7)

= [ GOt d(z,1)

/fi°(1> T OD)0:2,7) | a0

=9 §0(t) / S, m)¢(@,7)
10 {(t) | 1=t} (O@)(0;2,7)

dz.

T=0(x;0,t1)

Here
Fo(1) = {(:v,t) € R?| (z,@(z;0,1)) € 13(1)}

is a bounded domain. This implies that the latter integral is finite, and therefore
the claim in this case is true.

Case 2: (0,t;) ¢ I,(1). Using the representation of v§ given by (104),
consider the action

<Ui($7 t), 90(357 t)>
— (a0t [ b:()as (w(0: €, 00, 1))
w(0(z,t);0,0)

X S(€,0(x,1)) dé S(z, 1), go(x,t)>

— /E / cr(ﬁ(x,t))bi(f)ai(w(o;g,Q(x,t)))
190(1) Jw(0(2,£):0,0)
x S(&,0(x,t)S(z,t)p(x,t)dEd(z,t).

Changing coordinates (¢, z,t) — (&, z,w(0;€,0(x,t))), we convert the latter
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expression into

/Qbi(f)ai(t) [Cr(e(xﬁ))s(&@(%T))S(JJ,T)sD(%T)

d(gﬂ x? t)’

T=&(z;0,0(&;t,0))

006,00, ) @) w.7)] |

where
Q= {(g,x,t) [t =w(0;£,0(x, 7)), (z,7) € I15°(1),w(0(z,7);0,0) < £ < L}

is a bounded domain. Let us denote by J(7) the set of those pairs (j,7) that j <
k, r <m, and w(0;z;,t;) = x. It is now clear that, as ¢ — 0, (v5(z, 1), p(,1))
converges to

Sz, t] S(x,t t
Cr(f{) Z (xﬁ 1) . / (1:7 )gp(a:, ) dr.
(jyr)ed (1) (atw)(oﬂ Ly, tl) QN{(&,x,t) | {=xj t=a}} (ate) (33', t) t=0(z;0,t7)
Since the sum is finite, the claim follows. |

Claim 3. lir% v5(0,t) = C1(t — t7) in D'(R,), where Cy is a real constant.

Proof. Take a test function ¥ (t) € D(R,) and compute the action (v5(0,1),
¥(t)). Similarly to the proof of Claim 2, we obtain that

(0,¢1) € I, (1) : v5(0,¢) =2 8%(¢1)5(0, ¢1)5(t — t1)

L e e—0 * S(xﬁtT)
(0,t1) & (1) : v1(0,) — ¢ (t7) {J; (0w)(0; 25, £7)

(4r)eJ(1),r<m}

which proves the claim. |

Claim 4. (v5(z,t), ¢(x,t)) for 1 < j < p(T') converges as e — 0.

Proof. We prove the claim, using induction on j. The base case of j = 1 is

given by Claims 2 and 3. We make the following assumptions for j <7 — 1.

Assumption 1. (v§(z,1),p(z,t)) converges as e — 0.

Assumption 2. llir(l] v5(0,t) = Cj6(t—t;) in D'(Ry ), where Cj is a real constant.
Prove the claim for j = i. Similarly to Claim 2, we distinguish two cases.

Case 1: (0,t;) € I.(i) for some j < [. The claim follows similarly to the
proof of Claim 2 for Case 1.
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Case 2: (0,t;) & I:(i), for j < I. We use (104), (21), and (22), and
represent v5 in the form

2(T)
i (o) = [cm / b ()0 (0, 6(¢. 7)) S (€, 7) ds} S(a.1)

w(T;0,tF_ +€zt1 (20))

+—{Cr(r)j6i0<b§vg)(§,7)d§]

where z(t) is defined by (37). The convergence of the second summand follows
from Claim 1. We now prove the convergence of the first summand. Consider
the action

T=0(z,t)

S(x,t),
T=0(x,t)

2(0(x,t))

(e0a0) [ b0 (0.6(¢. 0z, 1)) S (€. 6(x. 1)) d

w(0(x,8);0,t7_,+e 1 (e))

xS@oW@ﬁ>

(6(z,1))
/50 / b3(¢) [CT(T)UE(O,9(5,7))5(5’7)}
(i)

0(x,t);0,t7_ +e; ,(€0))

T=0(x,t)
X S(z,)p(x, £) dE (i, )

x5 t4eo t*-&-s;(ao) C(&,8)
= X [ [ Pesteteatmoatn.)
()EN(i ti=ea (
_X[xj —e,xjtelX[th—eq (€),t] +5q+(a (§ t) (:Ejv‘x?t;)sp(x’@(x;oatn)]

X bE(€)ve (0, ) da dt de

x; +€0 t;—ke;’ (e0)

+ E:l/ vE(0,1) dt

(4, Q) EN(i) t3—2q (20)

¢&:0)
< [ Dl )l owi0,1) do
0
where N (i) is the set of pairs (j, ¢) such that w(z;;0,t}) = t7,

L if O(L,T) > &(€;0,1)
C(&,t) = i _ i (110)
w(T;0,0(&0,t)) if O(L,T) < ©(&;0,1)
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and

D(& x,t) = {cr(ﬁ(x,T))S(f,0(9{;,7))5(3:,7)

1
< [@oeot. o] | -
7=0(x;0,0(&;0,t))

It is immediate now that

Clay,tf )

(4,9)EN(4)

This convergence is true due to the second induction assumption, the condition
(10), the continuity of ¢,,p, A, and ¢, and the uniform in ¢ boundedness of

fOT |v°(0,t)| dt, that is proved in Lemma 3.

Take a test function ¢ (t) € D(R,) and consider the action (v$(0,t), ¥(t)).
Computation similar to the above shows that

s~>0 S(.x],t*)
0,1 Lt L 5(0,t)8(t — t*
HODE ,Z B SO 1)
(eI (9)
S(x;, t7)
- C 28 g0, 42)6(t — 1),
+C Z atw ZE],O t*) ( z) ( Z)
(J q)EN(4)
thereby proving the required convergence. |

Lemma 4 is proved.

8. Proof of Lemma 5

To prove the lemma, it suffices to show that every point of IT'\ 7, has a neigh-
borhood on which u = 0. As soon as this is done, the lemma will follow from
the standard argument of the elementary distribution theory (see [12, 2.2.1]).

Let us fix an arbitrary (z,t) € II'\ I, and show that there exists a neigh-
borhood Y C II'\ I} of (z,t) such that the restriction of v to Y is equal to
0. We choose Y such that 9Y NI, = (. This is possible because 1T\ I is
open. We now prove that v = 0 on Y. By the definition of convergence in D', if
v = lim._ov® in D'(I), then v = lim._o v* in D’(Y’). On the account of Lemma
4, it suffices to prove the convergence of v° to 0 in D'(Y"). For this purpose we
use Lebesgue’s dominated convergence theorem (see [9, 1.5.1]) which extends

in an obvious way to the families of functions (f.).so € Lj,..

The function v is in L}, (V') by Proposition 1. By Lemma 1, v® converges

to 0 pointwise on Y as € — 0. By the conditions imposed on A, each component
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of IT'\ I, is bounded. Since Y is included in one of the components, Y is
bounded. Clearly, there exists 7' > 0 such that Y C II”. Since Neso 15 = 14,
oY NI, =0, and suppv® C I5 (see (31)), there exists & such that v* =0 on YV
for all e > €. By (105), that was proved in Section 6, it follows that v* = O(2)
on II”. This implies the uniform in € estimate

v < &
e

on Y. Premises of the Lebesgue’s dominated convergence theorem hold for v*
on Y. Therefore v* — 0in D'(Y) and v =0 on Y.

Since (z,t) € IT\ I, is arbitrary, the lemma is true.

Remark. From the proofs of Lemmas 4 and 5 it follows that v is indeed a
measure concentrated on 7.

From the construction of I, (see Definition 2) it follows that in general the
density of singularity curves increases as time progresses.
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