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Finite Truncations of
Generalized One-Dimensional
Discrete Convolution Operators and
Asymptotic Behavior of the Spectrum.
The Matrix Case.

I. B. Simonenko and O. N. Zabroda

Abstract. In this paper we study the sequence {An(a)}yen of finite truncations of
a generalized discrete convolution operator, which have matrices of the form

v (¢ (g7 53" )

geeey

where a is some function defined on [0, +00) X [0,+00), E(-) is defined on N and

E(N) — o0, % — 00 as N — oo. For this sequence we get a generalization of the

Szegd limit theorem.
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1. Introduction

The study of truncated convolution operators and the asymptotic behavior of
their spectrum was started by G. Szeg6 [22]. The results, that he had received,
were advanced subsequently by many authors. A thorough bibliography on this
topic is contained in [1], pages 165 — 172, and in [2], pages 243 — 253. However,
regular convolution operators were investigated in most cases. Generalized con-
volution operators have been studied in the papers [4], [5], [15], [18], [21], [23]
and [25 — 30].
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The investigation presented in this paper is a continuation of the research,
which the authors started in [26], [27] and [30] when studying the collective
asymptotic behavior of the spectrum of the operators Ay(a) (N € N), which
are given by matrices of the form

el )

Therein a : RT xRT xZ — C (where RT = [0, +00)) is some function, which is

n,k=1,....N

uniformly continuous in the first two variables. The function £ : N — (0, +00)
possesses the following properties:
N

E(N) T 00 , —E(N) R 00 .

This paper, as already stated, continues the previous research and generalizes
previous results to the case where @ : Rt x RT x Z — C,,xm. Here C,xm
(m € N) denotes the space of complex matrices of order m x m. In [25], [26],
28] and [29] the authors investigated also operators of another form, which are

given by a matrix
al\ =, 77> — 3
NN n,k=1,...,N

where a : [0,1] x [0,1] x Z — C is a function, which is continuous in the first
two variables.

The papers [4], [5], [15], [18], [21] and [23] contain other approaches to
deriving analogs of the classical theorems in more general cases. It should be
mentioned, that the probability theory and statistical mechanics are potential
areas of applications for generalized convolution operators.

2. Main results

Let us introduce the following notations:

N, Z, R, C are the sets of natural, integer, real and complex numbers,
respectively, R™ = [0, +00); S is the unit circle in the complex plane; p is the
Lebesgue measure on S.

I2(U), U C Z, is the Banach space of all complex-valued functions X defined
on U, with the norm

X2y = (Z IX(n)IQ)% < oo,

nelU
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12(0) = {0} (0 is the empty set). Especially, > = [*(Z), C,, = I*({1,...,m}),
m € N (and elements of this spaces will be considered as vector-columns),
I2.(U), m € N, U C Z, is the Banach space of all functions X defined on U with
values in C,,, and with the norm

1
Xl = (S 1X@I, ) <o

net
Analogously 2,(0) = {0} and 12, = I2,(Z), CN =12,({1,...,N}), Nym € N.

Hom(K7, K») is the Banach space of bounded linear operators from a Ba-
nach space Kj to a Banach space Ks; End(K7) = Hom(K7, K7).

Pyy € Hom(I2(UNZ),2,(VNZ)) for UyV CRand (VNZ) C(UNZ) is
the operator of truncation; Jyy € Hom(12,(V NZ),12,(UNZ)) is the operator of
continuation by zero and Q‘U/ = JvuvPuy.

E: N — RT\{0} is a function having the following properties:

N
E(N) N—oo o0 E(N) N—oo o0

Definition 1. Let us denote by © the Banach algebra of all functions a :
Rt x Rt x Z — C possessing the properties:
1) a(z,y,n) is uniformly continuous on R™ x R* for everyfixed n € Z;

2) the series ) _, a(z,y,n) satisfies the Weierstrass condition of uniform

convergence: Y, SUP(, ) er+xr+ A(T, Y, )| < 00.

The multiplication in ® is defined as follows:

(axb)(x,y,n) =Y alx,y,n —k)b(z,y,k) .
keZ
The norm in ® is defined by
lalo =) suwp Ja(z,y,n)].

tez (y)ERT XRF
Let C,,,xm be the space of all complex matrices of order m x m.

Definition 2. Let us denote by ®,,«.» the Banach algebra of all matrix-valued
functions a : RT x RT x Z — C,,,xm of the form

a’(l‘7 y’n) = (aZ](J;’y7 ))@ j 1 Y azj E @ ?

.....

with the usual definition of multiplication (for matrices whose entries are ele-
ments in a Banach algebra) and the norm

lall©pm = Z laisllo -

i,7=1
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Below we introduce some more notation. If a € ©,,,,,, then:

Ay(a) € End(CY) is a linear operator given by the matrix

(et z ™).

.....

(it should be emphasized that entries of this matrix are matrices of order mxm);
at: 7Z — Cppum for £ € RT is defined by

ag(n) =a(§,&n), nel;

L (a®) € End(I%) is the operator with the matrix representation

(a(n — k))n ez ;

Ly (a®) € End(12,(UNZ)) for U C R is defined by

LU (ag) = PZ,UL ((Ig) JU,Z .

We define

(Aa)(z,y,t) = Za(az,y,n)t” , T,yeR " te s
neZ

(Aa®)(t) = Zag(n)t” , tesS.

neL

Moreover, let the function ®; : End(K) — C be defined by

Pp(A) = Numb Zf Ak)

keB

where K is a finite-dimensional Banach space; f is a function defined on some
open domain in the complex plane; {\;} are the eigenvalues of the operator
A € End(K) taking multiplicities into account; B is the set of those indices &,
for which Ay belongs to the domain of the function f; Numb(B) is the cardinality
of the set B.

Let W(S) be the space of complex-valued functions on S which can be
expanded into an absolutely converging Fourier series; let W+ (S)(C W(S))
be the subspace of those functions which allow an analytical continuation to
{t € C,|t|] < 1}; let W(S)(C W(S)) be the subspace of functions that allow
an analytical continuation to {t € C,|t| > 1} and having at infinity a finite
limit.
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It is known (for references see, e.g., [9]), that a nonvanishing function g €
W (S) can be represented in the form

g(t) = g+ ()tXg_(t) ,

where y € Z; the function g, € W7(S) has no zeros for |t| < 1; g- € W(S5)
has no zeros for |t| > 1 and g_(o0) # 0. This representation is called the
factorization of the function ¢g. In this case the number Yy is equal to the winding
number of the function g (i.e., the increment of its argument when going round
the unit circle in positive direction, divided by 27):

, 1
x = wind g(t) = arg g(t) .

Let C(R* x RT x S) be the normed space of all bounded uniformly contin-
uous complex-valued functions ¢, defined on R x R* x S, with the norm

lello@txr+xs) =  sup  |o(z,y,t)] .
z,yeRt teS

Definition 3. We denote by i the set of all functions ¢ from C'(RT x RT x
S), which are uniformly continuous on Rt x RT x S and satisfy the following
conditions:

1) the function (¢, &,t) belongs to the space W(S) for each fixed £ € RY;

2) the closure of the image of the function p(£,,t) for all £ € R, t € S
does not contain zero;

3) the function ¢(0,0,t) has winding number zero.

Let us remark, that (by Definition 3) the function ¢(&,&,t) (¢ € U) has the
winding number zero for every £ € RT.

By Wisxm(S), Wi, (S) and W, ,..(S) we denote the spaces of all matrices
of order m x m whose entries are functions from W (S), W*(S) and W~ (S),
respectively. By a right factorization of a matrix-valued function g € Wy, xm(5)
having a nonvanishing determinant we mean a representation of the form

txt 0 ... 0
0 e ... 0

9O =g . . | a(t),
0 0 ... ton

where g, € W, . ..(S), grr € W,5,,.(S), the determinants of their conti-
nuations into the corresponding domains and also the determinant of g,_ at
infinity do not vanish. The integer numbers y; < y2 < ... < Xy, are called the
right partial indices. It is a well known fact, that Y~ x, = wind g det g(¢).
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By a left factorization of an invertible matrix-valued function g € W, ()
we denote a representation of the form

tr 0 ... 0
0O t= ... 0

s =g . . L e,
o 0 ... tm

where g, € Wb ..(S), g_(t) € W,,,,(S), the determinants of their conti-
nuations into the corresponding domains and the determinant of g, at infinity
do not vanish. The integer numbers 1, < 15 < ... < v, are called the left
partial indices. In this case also >, | v, = wind g det g(t).

It is also important to mention (see [2], [9]) that right and left partial indices
are uniquely determined.

Let ¢ be a matrix-valued function on Rt x R™ x S of the form

¢<x7 Y, t) = (901] (.CI?, Y, t))i,j:l,...,m ’

where ¢;;(z,y,t) are bounded complex-valued functions defined and uniformly
continuous on R* x R* x §. We denote by Lim,(S) the set of all matrix-valued
functions ¥ on S, which have the form

w(t) = <wij<t))i,j:1 ..... m

where the 1;;(-) are defined on S and continuous, and for which there exists such
a sequence {Z,}nen, T, € RT, that 2, — 400 as n — oo and every function
©ij (T, Ty, t) converges uniformly to 1;;(t) as n — 0o. Let Cryum(RT X RT X .S)
be the normed space of all matrix-valued functions of the form

gD(l’, Y, t) = (QD@J (SU, Y, t))@j:l,...,m )

where ¢;; € Cryxm(RT x RT x ), with the norm

Pl G (BF xRFx5) = Max sup |z, y,t)] -
LI=Leme g R+ teS

Definition 4. Let us denote by i« the set of all functions p(z,y,t) from
Crxm(RT x RT x S), which satisfy the following four conditions:

1) for every fixed £ € RT the matrix-valued function ¢(, &, ) belongs to the
space Wixm(S);

2) the closure of the image of the determinant of p(§,&,t) for all £ € RY,
t € S does not contain zero;

3) »(0,0,t) allows a right factorization with zero partial indices;
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4) every matrix-valued function ¢ (¢) € Lim,(S5) allows a left factorization
with zero partial indices.

Let us introduce another important notation Bsy(a). Let 6 > 0, a €
Dxm and Aa € U, «m. Let us remark, that because of the last condition of
Definition 4 and the stability criterion for partial indices (see [16]), there exists

such an Ny € N, that for each N > N; the matrix-valued function (Aa%) (1)
allows the left factorization with zero partial indices (therefore, the operator
L oo, (a%) is invertible). For all N € N such that N > max{30E(N), Ny}

(in this case the following expression has a meaning), we introduce

Bsn(a) = Jipwvien), 1,8 P oo 1, 5e) L ooy (@°)
X I, B(N)€).[1,400) PN L E(V)E2)
n(N)
+ 3 B0 B, LN P p v Bonen L (a)
— (1)
X JB(N)g,—2,B(N)gx1), 2PN BN g0, E(N)g41)
_1 N
= TIBNYE 0 NN P 00, NLIE(NE (0N Loy (67 )

X BNy (0)-1,N1 (=00, NTHEILNL BN vy -1,N]
where &, = ko for k =0,1,2,.... Therein n(/N) € N satisfies the condition

1 N 1 N
s S SE

For N € N, for which N < max{3JE(N), Ny}, we define Bs y(a) = 0.
It is necessary to mention that this notation is correct. The invertibility

of the ”extreme” operators Lii to0) (a”) and L(_oo n] (a%) in the scalar case
(if Aa € U is fulfilled) is shown in papers [6 — 8], [11 — 13], [17] and [19]. The
corresponding results for the matrix case (if Aa € i,%,,) can be found for
example in [2] and [9]. The invertibility of the “middle” operators L (a%-1) is

obvious:
L (o) = L( (aék_l)—1> ’
where (ag'ﬁ*l)f1 are the Fourier coefficients of the function (Aa&*l)*1 (+).
Here is a theorem about the almost inverse operator.
Theorem 1. Let a € ®,,x,m and Aa € U, xp,. Then:

1) sup [Byw(a)] < oo;
6>0,NeN
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2) for an arbitrary € > 0 there exists such a dy > 0, that for every § < &y
there is a corresponding N(9) € N satisfying the following condition:

sup || Bsn(a)An(a) — En| <e,
N>N(9)

where Ey is the identity operator inCX .

The completed proof of Theorem 1 is contained in Section 6. In Section 5
we prove first a special case of this statement for so-called truncations of the
function a, which have the form

a(z, ) = a(z,y,n), x,y€RT, |n|<q,
i 0, z,y € R, |n| >q,

where ¢ € N is large enough. Then, in Section 6, we derive the proof for
the general situation while using the approximation of the function a by its
truncations a,.

Before we formulate the main result it makes sense to explain one important
fact (see [3]). Let T be a linear bounded operator acting in a Banach space K;
let o(T') be its spectrum; let f be an analytic function on a neighbourhood of
o(T); let U be an open set, whose boundary I' consists of a finite number of
rectifiable Jordan curves (positively oriented). Let us suppose that U D o(T)
and that UUT is contained in the domain of analyticity of the function f. Then
the operator f(T') is defined by

1
T)=— AR, T)dA
A1) = 5= [ FOROTI,
where R(\,T') is the resolvent of the operator 7. By trT" we denote the trace
of the operator T

Theorem 2. Let a € D5, let G(a) be the set of all N € C, for which
(Aa)(x,y,t) — AMonsm € Yhnxm, where Ly, is the unit matriz of order m x m;
let F(a) = C\G(a); let D be an open subset of C containing the set F(a); let f
be an analytic function on D. Then:
1) the spectrum of the operator Ay(a) is contained in D for N € N large
enough;
2) the following limit relation holds:

P i(An(a)) — @ /OEfVN) {L /Stl“ [ [(Aa)(x, z,t)] d,u} dr —— 0 .

2mm N—oo

Theorem 2 is proved in Section 7 first for a case, when f is a rational
function, and then for a function f, which can be approximated by rational
functions.
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3. The uniform boundedness of the operator B;y(a)

This section contains the proof of the first statement of Theorem 1.

Definition 5. Let us denote by 5me the subalgebra of such functions in
D mxm, which do not depend on x and y, i.e., ©,,«, is a Banach algebra of
functions ¢ : Z — C,,,xm-

Lemma 1. Let a € Dy, Aa € . Let also ag € Dipyxr for ¢ € N be
defined as
a(z,y,n), x,y€ R |n]<q
aq(xayan) =

0, z,y €ERT |n| >q.

Then there is such a qy € N, that for all ¢ > qo and & € Rt the operator L (ag)

is invertible and the family of operators {L‘1 (ag) }€€R+7q>q0 1S precompact.

Proof. It is obvious, that we can find such a gy € N, that the closure of the set
of all values of det (Aag) (t) for ¢ > qo, £ € RT, t € S does not contain zero.

The sequences {ag(n)}nez, £ € RY, ¢ > qo, form a precompact set in the

algebra ©,,x.,. We denote its closure by B. Clearly, det(Ab)(t) for b € B does
not vanish.

The convolution operators L(b), b € BB, form a compact set and are inver-
tible. In this case the set of the inverse operators L™ (b), b € B, is also compact.
The statement is true, since

(L7 (@) Yeemr o € {27 O}y - "

Lemma 2. Let the conditions of Lemma 1 be fulfilled. Then there exist qg,
Ny € N such that for all ¢ > qo and N > Ny

_N__
E(N)

the operator L(_u 1 (aq ) 1s invertible and

N
the family of operators {L(:loo 1 (afm)} is precompact.
’ N>No, q>qo

N
Proof. Analogously, the sequences {af ™ (n)}nGZ for ¢, N € N form a precom-

pact set in the algebra ©,,xm. By By, (¢, No € N) we denote the closure
N

E(N)

of the set of the sequences {aq (n)}nez for ¢ > qo, N > Ny. Using the
properties of the space Uy, x,, and the stability criterion for partial indices (see
[16]), we can show, that ¢y and Ny can be fixed so that every matrix-valued
function (Ab) (t), b € By,.n,, has a nonvanishing determinant and allows the left
factorization with zero partial indices.

The set of operators L(_s11(b), b € By, n,, is compact and they are inver-
tible. The set of the inverse operators L(_loo,1} (b), b € By, Ny, is also compact,
and the statement is true. [
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Let Numb(B) be a number of elements in the set B. If B is infinite, then
we put Numb(B) = +oo. By the overlapping rate of a family of sets u,, o € U,
where U is some index set, we mean the value sup,¢, 7(x), where v = J, o Ua
and r(z) = Numb{a € U| x € u,}. In the case u = () we put the overlapping
rate to be equal to zero. (Obviously, if the overlapping rate is equal to 1, then
the sets u, are mutually disjoint.)

Lemma 3. Let {Ay}?_, be a family of operators from End(12,(U)), U C Z; ¢ =
maxy, |Agl|; let {v*}r_,, {wk}i_, be families of subsets of U with overlapping
rates 1 and r, respectively. Then the following estimate is true:

n
§ Jv’“,UPU,UkAkak,UPU,wk
k=1

<re.

Proof. This Lemma is proved in [20] (page 27). |

Proposition 1. Let the conditions of Lemma 1 be fulfilled. Then there exists
such a qo € N, that Aay, € Ly, for every ¢ > qo and

sup || Bswla,)| < oo
6>0, NeN, g>qo

Proof. This statement follows from Lemmas 1, 2 and 3. |

4. The local estimate of the operator Ay(a)

This section deals with the local approximation of the operator Ax(a) by the
regular convolution operator. Let aM = {ax /x € M} for some set M C R
and some a € R. For £ € RT we denote Ug(d) = (§ — 9,& + 0), where § > 0.

Lemma 4. Let the function a € ®,,x.m be of the form

p

a(z,y,n) =Y f(w,y)a"(n) ,

r=1
where p € N, f1 ... fP are complex-valued functions defined and uniformly
continuous on RY x RY, al, ... a? € D,um. Then for every e > 0 there exists

a 6y > 0 such that for any 6 > dy and N € N the following inequality holds:

sup
EERT

E(N)U¢ (8)N[1,N E(N)U¢ (§)N[1,N
Q[l,(N]) (LA (AN(G) — Lp,n (ag)) Q[l,(N}) “on ]H e
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Proof. Let a” € D,pxm (r =1,...,p) have the form a"(n) = (aw(n))m:l
n € Z. Let also ¢ € Dyxm, c(n) = (¢ij(n))ij=1,...m, Where c;(n) = >0, |aj:(n)| I
Let us fix ¢ > ¢; > 0. Because of the uniform continuity of the functlons

fi, ..., fP there exists a §y > 0 such that for any § > &, the following inequality
is fulfilled:

p

r r &1
sup > sup [ fT () = 19 < =
EERT T x,y€Ue (5)NRT
where C = [c|z . Then

sup
£eERT

E(N)Ue (§)N[1,N E(N)U (8)N[1,N] ||
Q[l,(N]) (O)N[ ](AN<a)_L[1,N} (&g))Q[( YUe (8)N[ ]H

1,N]
= sup sup Z

2.

SERTIIXI=L e (VYU O)NLNIAN =1 | ke B(N)Ug (8)N[1,N]NN
& n k 2
> [f’"(é,é) - f’"(m, W)]a;}(n — k)X, (k)
=1 r=1

<o Y Z(M)z >

[X1=1 neE( YUe (8)N[1,N]NN i=1 N)U(8)N[1,NINN  j=1

supz 1768~ 1" (s )

P 2 N) BV)
<3 3 (XD ket - >r)

neZ 1=1

DI WPE}

/AN
QU
n
5
]
HNgE
=/~
WE
. 'MS
§
H/—’
——
=
2Nh
é‘:
i

Lemma 5. Suppose that for the function a € ®,,xm there exists ¢ € N such
that a(x,y,n) = 0 for every |n| > q. Then for every ¢ > 0 there ezists such a
do > 0, that for every § > oy and N € N the following inequality holds:

sup

E(N)Ug(8)N[1,N] YUe (8)A[1,N]
¢eR+ Q[lN] ¢ (AN( ) — L[laN]( ))Q[IN] ‘ H



262 I. B. Simonenko and O. N. Zabroda

Proof. The matrix-valued function a(x,y,n) = (a;;(x,y,n))i j=1...m can be re-

presented in the form

a(z,y,n Zzauasy, )o**(n)

k=—q1i,j=1

.....

where %/ (n) = 0 for n # k, and for n = k it is a matrix with entry 1 on the
crossing of the j-th line and j-th column, the other entries of which are equal
to zero. In accordance with Lemma 4 we get the necessary result. [

Proposition 2. Let a € D,,xm. Then for every € > 0 there exists such a
do > 0, that for any 6 > g and N € N the following inequality holds:

Ve (§)N[L,N E(N)U¢(8)N[1,N
sup Q[lN ()N ](AN( ) — Ly (CLE)) Q[L(N}) ()N ]H <

£ERT

Proof. Let us take an arbitrary ¢ > 0. For a(z,y,n) = (a;j(z,y,n))ij=1
us denote

.....

m

R, = Z Z sup |a;i(z,y,n)| .

S +
Inf>q ij=1"YR

We take such a qo € N, that R,, < ¢/3. Let also for z,y € RT

a(x,y,n), |TL| < qo
a‘Io(:E7y’n) :{ -

07 |TL| > qo -

By Lemma 5 there exists such a g > 0, that for any 6 > dg, NV € N the following
inequality is fulfilled:

E(N)Ue(6)N[1,N]

£
Qﬁ(}l\\;] Ue(0)N(1, (AN(a'qo) L[l N] ( )) Q[l N] ‘ < § .

EER+

We have to show the correctness of the estimates

E(N)Ug(6)N YUe(5)N[1,N €
sup C%ﬁNfg )N, }(A.( ) — AN(%mncﬁlN (@)N[ ]’<:§ )
¢eR+
E(N)U¢(8)N[1,N] Ve (8)N[1,N] €
sup [QF N (L (0) = L (@) QRO < 5

Let us prove the inequality (2). It holds

N)Ue (B)A[LN E(N
HQ N}g(m[ %ANUQ—“%Wa%»QU%f

S Yy

[X1=1 neE(N)Ug(8)N[1,N]NN i=1

Z |:aij <%, %,n — k) — (aqo)ij<%, %,n — k:)}X](k‘)

Jj=1

Ue(8)n[1,N] |2

k€ E(N)Ue (8)N[1,N]NN
2
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S SR %Zl (Z

> suplag (o= k) = (g - DX )

=17 JYERT

< sup ZZ(ZZ sup |aij(x7y7n_k>_(a’tIo)ij(xay’n_k)O

I X11=1 neZ i=1 k=1 j= 1xyeR+

X (ZZ sup |ag;(z,y,n — k) — (aq,)ij(z,y,n — k)|’Xj(k)‘2>

k=1 j—1 TYER

< Ry, sup ZZIX

IXI=1 oS

Thus the correctness of inequality (2) is shown. Inequality (3) can be proved
similarly. [

5. The function ¢[A]

Let p(Fy, Fy) for Fy, F; C R be the quantity defined by

p(Fl,FQ) = inf ‘Zl — 22| s

z1€F,20€F,
and if one of the sets Fy, F; is empty, then we put p(F, F») = +00.

Definition 6. Let U C Z, A € End(I2,(U)). By ¢[A] : [0, +00) — [0, +00) we
denote the function, which is defined as follows:

(o[A])(d) = sup Qv AQe?| -

F,FoCU, p(F1,F2)>d

The function ¢[A] was first introduced in the paper [14] as an auxiliary
notation for obtaining necessary estimates. Propositions 3 and 4, which are
given below, were proved in the same paper in the scalar (multidimensional)
case, but they can easily be generalized to the case of matrix-valued functions.

Proposition 3. The function ¢[A] possesses the following properties:

1) (olAD(d) < [lAll;

2) if di < dy, then (¢[A])(dr) = (9[A])(d2);

3) (¢lA+ B))(d) < (o[A])(d) + (4[B])(d);

4) (¢[AB])(d) < | Al(2[B])(Ad) + [ B (S[A]((1 = A)d) for every A € [0,1];
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5) if the operator B is invertible, then for any n € N

VLU 1 457 o181 (15

(BB~ )(d) < — T

Proposition 4. If the families of the operators {A;}ier and {A; '}icr, acting
in the space 12,(U;) (U; C Z), are bounded and if ($[A;]) (d) — 0 uniformly in
i €1 ford — oo, then (¢[A;']) (d) — 0 uniformly ini € I for d — cc.

Proof. This statement follows from the property 5) of Proposition 3. |
Proposition 5. Let a € ©,,xm. Then:

1) (¢p[An(a)]) (d) — 0 uniformly in N € N;

2) (¢ [Lv (a®)]) (d) — 0 uniformly in U C R and £ € RT.
Proof. Let us prove the first statement. Let a € D,,x,,, have the form a(x,y,n)
= (aij(z,y,n))ij=1,. m and ¢ € D,y such that c¢(n) = (¢;;(n))ij=1...m, Where

cij(n) = sup, yeg+ |aij(w,y,n)| for n € Z. Let also Fy, F> C ([1, NJNN) such
that p(Fy, F») > d. If one of this sets is empty, then ¢[Ay(a)](d) = 0. Otherwise

¢[An(a)l(d)

= ||@fimAn(@Qfy|
i 2
= sup ZZ ZZ%( N)’n_k>Xj(k)
IXI=1 per =1 | kem j=1
2
< sup ZZ (chz] k)|>
IXI=1 nelF; i=1 kel j=1

< sup Zz(zzcw >)(Zicﬁ<n—k>|xj<k>|2)

IXI=1 perm i=1 \ker, j=1 keFy j—1
< R; sup E E | X, (k
B W

where Rg = 37, 5,0 72 ¢ij(n) — 0 for d — oo, and the first statement is
proved. The second statement can be proved analogously. [

The correctness of the following important statement follows from Proposi-
tions 4, 5 and Lemmas 1, 2.

Proposition 6. Let a € D,,xm and Aa € U, »,. Then:
1) (¢ [ ( )D (d) — 0; uniformly in & € Rt
N

2) (o[L 1001]( ﬁ)})(d) HO uniformly in N € N.
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6. A special case of Theorem 1

At the beginning of this section, the following remark should be made. Let
-y € Hom(l%((—o0, N] NZ),12,((—00,1] N Z)), N € N, be a shift operator
acting like
(T-nX)(n) =X(n+N—-1).
Obviously
N 1 N
Lo} (a") = (7-5) " Li-oo) (aP) 7

and if Aa € U, 4, then there exists such an Ny € N, that for every N > N,

the operator L(_o n (a%) is invertible and
N PR N
N N)) = (ron) 'Ly (@) Ty

Therefore the norms of the operators L(_joo,l]( <7) and L ! 50 N] (a%) for
N > N, are equal.
The following result is the special case of Theorem 1.

Proposition 7. Let a € D,,«m and suppose there is a q € N such that
a(x,y,n) = 0 for any |n| > q. Let, moreover, Aa € WUpxm. Then for every
e > 0 there exists such a 09 > 0, that for every 0 < 0y there is an N(J) € N
satisfying the following condition:

sup ||Bsn(a)An(a) — En| <e.
N>N(6)
Proof. Let us take an arbitrary ¢ > 0. By Lemma 2 we can find such an
N
Ny € N, that the operator L(_q 1 (aE<N>) is invertible for each N > Ny and the
family of operators {L(_—loql] (aENN>)}N> No is precompact. In accordance with

Proposition 2, the number dy > 0 can be chosen so that for any § < dp, £ € RT
and N € N the following estimate holds:

HQ?ZJ\\;] Ve(ENILN] (AN(OL) — Lp,n (&g)) Q[l(]]\\;])Ug SN H 18.,4’ , o (4)
where
A = max{HL[1+ ) (ao) , sup HL‘1 (a ) , sup HL( 1 %)H } .
> €ER+ N>No o

Now we fix some § < dy and such an N’ € N, that every N > N’ satisfies the

inequality N > max{30F(N), No}. Let us consider three families of subsets
of R*:
1) {ug}ren, where uy, = [(k — 1)d, k) N (0, +00);
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2) {vk }ren, where vy, = [(k—2)0, (k+1)d) N (0, +00) (obviously, the overlap-
ping rate of these sets is equal to 5);

3) {wk}ren, where wy, = [(k — 3)4, (k +2)d) N (0, +00) (the overlapping rate
is equal to 9).
It is useful to note that u, C vp C wy. Let us denote for convenience A =
@l Dyim-
We have to consider the following two products Jy and J as N > N”:

jN = B57N<G)AN(CL)
= Je()un, 11,8 P00, BV Lt o) (07) T, 11,400) Pt N, 2 (VY0 A (@)
+ Z e 1.8 P2 (v L (Clé’“’l) JE(N)yv, 2P N, E(N Yo AN (@)
P L1 %
+ JBN)E 0 NN P 00, NIV Ey 0y, ML g (7 )
X JIEN)y -1, (=00, NI PN IE(N)E )1 N AN (@)
and

Iy = JBV)ur, 1,0 Pl +00), E(N)u L[_l (v %) Jenyon1,4+00) Pl B(vye Ly (a”)
n(N)
+ Z JE(N)uk,[l,N]PZ,E(N)ukL_l (afk_l) JE(N)i,Z
k=2

X P ey Lo (askfl) Qﬁ(]f\\;])wk

—1
+ TNy 0y N LN P00, NLEBV ) 0y N D s g (709

_N
X TN Ye o)1 N1 (—00N PN LB ) oy -1 N L1, (@ P00 )

Let us denote oy = ||In — Ty ||, ae = ||Ty — En||-
Case 1: We consider first as and get
Ty =J J2 Lt (@) QTN Ly oy ()
N E(N)U1,[1,N] [17+OO)7E(N)U1 [1,-"-00) [1,-"-00) [17+OO) [LN]v[l""‘oo)

n(N)

+ Z JENY w1,V Prpvyu L (a1)
k=2

x Qg ™™ L (a%) Tp(yun 2P v B
Ji P Ll (gF®
_'_ E(N)gn(N)uN} [1 N] (—OO,N],[ ( )gn(N)’N] ( ooN]( )

)€ N _N
< QU Mo (a79) i oo
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and hence

j?v =FEy —JE (N)uy,[1,N] P[l,—l—oo),E(N)ul L[_LlJroo) (ao)

1,4+00)\E(N)v
X QTN L 4y (0°) Jin i reo)

n(N)
N Z JE(N)Ukv[LN]PZ,E(N)ukL_l (af’“—l)

k=2
% Qé\E(N)vkL (aﬁk—l) JE(N)wk,ZP[lvN]vE(N)w"’

_ _N__
— TNy 0y N[N P00, NLTE )0y N Lo v (@700

—oo,NJ\[E(N)& _1,N _N_
x Qoo ML L (aP) S oo

Applying Lemma 3 (to the middle items) we get the following estimate for ay:
as <A <¢[L[11+oo) ( 0) ]> <p (B(N)uy, [1,+oo)\E(N)v1)>
+9A4 max <¢ (L7 (a8) ]) <p (B(N)uy, Z\E(N)vk)>

2<k<n(N)

+A <(I5[ (- ooN]( W)]) (,0 ([E(N)gn(N%N]’(_OO’E(N)gn(N)_1>)) ’

It is clear, that

p (E(N)ur, [1, +00)\E(N)v1) ——— 00

p (E(N)ug, Z\E(N )vg) EOO (k=2,....,n(N))
p ([E(N)&yv), N, (=00, E(N)&yv)-1)) ——— 00 -

Hence, in accordance with Proposition 6 there is such an N” € N (> N’), that
for every N > N” the inequality as < £/2 holds.

Case 2: Let us consider now «;. We have oy < o) + Y, where

oy = HJE Ny (LN P oo), 20V Ly oy (@°) i1, 400)
E(N)v 0 E(N)w
X Q. Nj 1( v(a) = Ly (a ))Q[I,N] '
n(N)
+ Z ey 1N Pz, vy L (Cl&'“’l) JiNz
k=2

E(N)v E(N)w
% Q[l(N]) k( v(a) — L (a&g—l) >Q[1,(N]) k

_N
+ JIBNYE 0 NN P 00, NLIEOE (0 N D5 (07 ) J11,8) (—00,V]

N N N\ [E(N)E N
Q[uv] B (AN(G)—L[l,N}<aE(N))> {15\/})7” - ]H
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and
af = HJE(N)ul,[LN]P[1,+oo),E(N)u1 L[E}Jroo) (GO) J11,N1,[1,400)
E(N)v LNN\E(N)w
X Q[L(N]) 1 (AN(G) — Ly (a”) )Q{LN}\ (o
n(N)

3 e Pl 65 Q@ A g

- By VULV Pl N LB 0008 L o 1 (0500 ) T, (o0,
é N 1,N\[E(N)¢ N
XQ = ]<AN( ) — L,y (a™ ))QLN}\ S ]H :

With the help of inequality (4) and Lemma 3, we get o) < /2. Further the
following estimate holds:

of < A(¢[An(a) = Ly (a®)] ) (p(E(N)vr, [1, N\E(N)w:))
n(N)

+ AN (¢ [An (@) (PEW oy, [1, N\E(V )

k=2
N

+ A (¢[AN(G) — L w (CLET’)}) (P([E(N)&yny-1, NI, [1, E(N)&yn)—2))) -

Since a(x,y,n) = 0 for |n| > ¢, then there exists such an N(J) € N (> N”"),
that o =0 for N > N(0).

Thus, ||Bsn(a)An(a) — En|| < € for every N > N(§), and the statement is
proved. |

7. Proof of Theorem 1

In the previous section we have proved Proposition 7, the special case of the
Theorem 1. Now we can prove Theorem 1 applying this auxiliary result.

Proof. Let ¢ > 0. Let us denote for ¢ € N and z,y € RT

<
S

0, In| >q.

We can fix now such a ¢o € N, that Aa, € U« for every ¢ > ¢qo. Let
B = SUPswo nen, ¢>q0 || Bs.n(ag)|| (this quantity is finite by Proposition 1) and
A = |a||s,,,,,- It is easy to show, that ¢ € N(> ¢p) and Ny € N can be fixed
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such that for all N > Ny and £ € R* the following inequalities hold:

HAN(%) Av(a)ll < 55

7 ) - 71 6] < 155 5
HLI(a) L (@) < 1o 9
1 @) L@ < 125 0

In accordance with Proposition 7, there is such a o > 0, that for every
d < &g one can select N(J) € N(> Ny) satisfying the condition:

€
sup || Bsn(ag) An(ag) — En|l < 3 -
N>N(5) 3
In consequence of Lemma 3 and inequalities (5), (6), (7) with ¢ as above, we
get || Bsn(ay) — Bsn(a)|| < e/3A. Finally we have:

|Bsn(a)An(a) — En|| < [[Bsn(a)An(a) — Bsn(aqg) An(a)|l
+ || Bs,n(ag) An(a) — Bsn(aqg) An(aq)||
+ | Bs.n(ag)An(ag) — Ex|.

It is clear, that the inequality ||Bsy(a)An(a) — En|| < ¢ is fulfilled for every
N > N(3). N

It can be helpful for the subsequent part of this paper to remind the defini-
tion of the sets G(a) and F(a). For a € ©,,x,» we denote by G(a) the set of all
A € C, for which (Aa)(z,y,t) — Mumsm € Ynxm, where I, is the unit matrix
of order m x m. We set F(a) = C\G(a).

The next result follows from Theorem 1 and Proposition 1, which have been
already proved.

Corollary 1. If a € D,,xm and Aa € U, <, then there exists such an Ny € N,
that for all N > Ny the operator Ay(a) is invertible.

Let us denote the unity in ®,,,.,, by the symbol e. It is useful to note the
fact, that Ax(a — Xe) = An(a) — AEy, where Ey is the identity operator in
CN MeC.

Corollary 2. If a € Dxm and X € G(a), then there exists an Ny € N such
that for all N > Ny the operator Ax(a — Xe) is invertible.

Corollary 3. Let a € Dpxm, A € G(a). Then for an arbitrary e > 0 there
is a 09 > 0 such that for each 6 < oy one can find an N(J) € N satisfying the
condition

sup ||Bsn(a—Xe)An(a— Xe) — Enl|| <€ .
N>N(6)
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The following Corollary 4 can be obtained from the Corollaries 2 and 3.

Corollary 4. Let a € ®,,5m, A € G(a). Then for every € > 0 there is such a
do > 0, that for each § < g one can find an N(J) € N satisfying the condition

sup ||Bsn(a—e) — Ayt(a—e)|| < e .
N>N(6)

8. Proof of Theorem 2

In this section we prove Theorem 2 firstly for the case when f is a rational
function. Then we prove the general case applying the well-known statement
about the approximation of an analytic function by rational functions.

Proposition 8. Let a € D ,,4m, Aa € WU wm. Moreover, let the function f be
defined on C\{0} by f(z) = z=1. Then the following limit relation holds:

@AANm»——EEY?AE%){—i—zgmeAwﬁaxjndu}dx———»o.

N 2mm N—oo

Remark. The quantity ®;(A) for any operator A € End(CY) is the matrix
trace of operator A divided by mN.

Proof. Let us denote for brevity

sz:@/OE%{ﬁ/gtrf[(Aa)(x,x,t)}du}dx.

Here we also use the notation introduced in the proof of Proposition 7. Let us
fix some £ > 0. We have to show that there exists such an N” € N, that for
every N > N” the inequality |®;(An(a)) — Tn| < € holds. It is clear, that
0;(An(a)) = 01 (A3 (a)).

Let us consider the almost inverse operator Bsn(a) (for N € N large
enough). As a consequence of Theorem 1 there is such a ¢y > 0, that for
each § < 0y one can choose N () € N satisfying

e |, (Bs(a)) — @y (Ax'(a))] < % . (8)

The integral [ tr f[(Aa) (z,z,t)] dp is uniformly continuous as a function of
x. Thus, one can fix § < Jy and N(d) € N such that inequality (8) and the
condition

‘AHHWM%LMW—LUMMWWLMW<17 )
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are fulfilled for any 2/,2"” € R*, |2/ — 2”| < 0. Let us estimate the term
|®1(Bsn(a)) — Tyl It holds

|®1(Bs,n(a) — T
= ‘q)l (JE(N)ul,[l,N]P[1,+oo),E'(N) L[_l +o0) (a”) JE‘(N)m,[1,+oo)P[1,N],E(N)v1)

+ Z o, <JE Nyue 1N Pz L (a%1) JE(N)vk,ZP[LN],E(N)vk>

N

o <J[E(N)§"<N)’N M P oo MBI )M L o (477

X J[E(N)gnm)fl,zv],(foo,zv]P{LNHE(N)fﬂN%I,N]) —In| -

It is clear, that the matrix trace of the first and the last term of the construction
of the almost inverse operator is o(N) as N — oco. Then there is such an N € N
(> N(9)), that for N > N’ the following estimate holds:

|®1(Bsn(a)) — T

n(N)

-1
Z 51 (JE(N)uk,[l,N]PZ,E(N)ukL ((a&“’l) > JE(N)vk,ZP[l,N},E(N)vk>
k=2

_w/:m {ﬁ/strf[(Aa)(m,x,t)] du} de| + S

Y

where

®, (JE Nyue 1N P2 By L (Clgk’l)_l )JE(N)Uk,ZF)[l,N],E(N)vk)
~ Numb(E(N)uyNZ) 1

1 /S tr [(Aa®) (8] " du

mN 2

We note that |[Numb(E(N)uy NZ) — E(N)(& — &—1)] < 1. Let us denote
K = supysy o= [ tr [(Aa%—1) (15)}_1 dpi. Then

o, <JE NPz BNy, L ((agk’l)A) JE(N)vk,ZP[l,N],E(N)vk>
E(N) (& — &—1) 1 / -1
— _ A Ek—1 N
— o Str [(Aa™ ) (1)]  dp+ ax(N)
where |ag(N)| < K/mN for every k > 2, and therefore Zk 5 Ja(N) = 0 as

N — co. Hence, there exists such an N”(> N'), that | Z”( Y a(N)| <e/8 for
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every N > N”. Taking into account (9), we obtain

|[®1(Bsn(a)) — Tx|

n(N)
N — — _
S ; EV)(§k27TfT]Z 1)/S‘JEI' [(Aagkﬂ) (t)} 1 d/L
E(N) En(N) 1
N s {%/ﬁf{maﬂxw,tndu}daz <
n(N)
B k=2 EE\][V) 2mm Je, 1/trf [(Aa) (€1, &1, 1)) dudz
n(N)
E(N)
=t % - I/tff (Aa)(z, z, 1)) dpdz| +
€
< 5 .

Thus, |®(Bsn(a)) — Tn| < e/2 for every N > N”. Finally we obtain, that for
every N > N”

|©s(An(a)) = Tn| < |@1(Bsn(a)) — @1 (Ay'(a)| + [@1(Bsn(a) — Sn| <,
that proves the proposition. [ |

Corollary 5. Let a € ©,,5m, A € G(a). Moreover, let the function f be defined
on C\{A\} by f(2) = (2 — A\)~'. Then the following limit relation holds:

O (An(a)) — w/j% {L/Strf [(Aa)(z, 2, 1)] du} dr —— 0 .

2mm N—00

Lemma 6. Let M be a closed bounded subset of the complex plane C, and let
f be an analytic function defined on M. Then for each € > 0 there are r € N,
c;jeCandz e C\M (j=1,...,7) such that

r

-1
su Z—E ci(z — z; <e.
zeJ\B f(2) < i ( 7)
Proof. The lemma is a corollary e.g. from Theorem 8 in [24, page 28]. [

Now the proof of Theorem 2 follows.

Proof of Theorem 2. We note, that the first statement of Theorem 2 is a
direct corollary of Theorem 1. We have to prove the second statement.
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Let ¢ > 0. We are going to show that there is such an Ny € N, that for
each N > Nj the following inequality is fulfilled:

s (x(a) - 23 [ o (o [0 1080) (o0 o

<e. 10
2mm ¢ ( )

Let D; be such an open subset of C, that F(a) C Dy, D; C D, where D is
a closure of the set D;. Then in accordance with Lemma 6 we can find such a
function g(z) = Y.'_, ¢;(z — z;) 7!, where r € N, ¢; € C, z; € C\ Dy, that

sup [£(2) = 9(:)] < 5
sup |tr f[(Aa)(x,x,t)] — trg[(Aa)(x,z,t)]| < % :
zeRT teS
Hence
osav) - S [T [ oo o) o

< [@5(An(a)) = @4(An(a))]

#ey(av@) - 2 [T [aglaae el do

2mm

; @/” {ﬁ/gtrg[mam,x,w]du}dx

_ﬁfoﬁ’“ {ﬁ/@trf[(Aa)(:c,x,t)]du}dm .

By the @rollaries 2 and 8 there is such an Ny € N, that for N > N, and each
z; € C\Dy (j =1,...,r) the operator Ay(a — z;e) is invertible and

E(N) BN 1 €
y(ania) - S [T [ngiae oo dnfas| < 5.
Finally, for every N > Nj it follows (10), and the statement is proved. |

References

[1] Bottcher, A. and B. Silbermann: Invertibility and Asymptotics of Toeplitz Ma-
trices. Berlin: Akademie-Verlag 1983.



274

2]

[10]

[11]

[12]

I. B. Simonenko and O. N. Zabroda

Bottcher, A. and B. Silbermann: Introduction to Large Truncated Toeplitz
Matrices. New York: Springer 1999.

Dunford, N. and J. T. Schwartz: Linear operators. Part I: General theory.
New York-London: Wiley 1959.

Ehrhardt, T. and B. Shao: Asymptotic Behavior of Variable-Coefficient
Toeplitz Determinants. J. Math. Anal. Appl. 7 (2001), 71 — 92.

Fasino, D. and S. Serra Capizzano: From Toeplitz matriz sequences to zero
distribution of orthogonal polynomials. Contemporary Math. 323 (2003), 329 —
339.

Gohberg, I.: On the number of solutions of homogeneous singular equa-
tions with continuous coefficients (in Russian). Dokl. Akad. Nauk SSSR, 112
(1958)(3), 327 — 330.

Gohberg, I.: The factorization problem in normed rings, function of isometric
and symmetric operators, and singular integral equations (in Russian). Uspekhi
Mat. Nauk 19 (1964)1, 71 — 124.

Gohberg, I. and N. Krupnik: Introduction to One-Dimensional Linear Singular
Integral Equations (in Russian). Kishinev: Stiintsa 1973.

Gohberg, I. and I. A. Feldman: Convolution Equations and Projection Meth-
ods for Their Solution. Providence, RI: American Mathematical Society 1974
(Russian original: Moscow: Nauka 1971).

Grenander, U. and G. Szeg6: Toeplitz Forms and Their Applications. Berkeley:
University of California Press 1958.

Hvedelidze, B. V.. Linear discontinuous boundary problems of the theory of
functions, singular integral equations and some of their applications (in Rus-
sian). Tr. Thil. Mat. Inst. Akad. Nauk Gruzinskoi SSR XXIII 1957, 129 — 136.

Hvedelidze, B. V.: Remark to my paper ”Linear discontinuous boundary prob-
lems of the function theory ...” (in Russian). Soobsh. Akad. Nauk Gruzinskoi
SSR 21 (1958)(2), 129 — 130.

Ivanov, V. V.: On an application of the method of moments and of the "mized”
method to approximate solution of singular integral equations (in Russian).

Dokl. Akad. Nauk SSSR 114 (1957)(5), 945 — 948.

Kozak, A. V. and I. B. Simonenko: Projection methods for the solution of
multidimensional discrete convolution equations (in Russian). Sibir. Mat. Zh.
21 (1980)(2), 119 — 127.

Kuijlaars, A. and S. Serra Capizzano: Asymptotic zero distribution of orthogo-
nal polynomials with discontinuously varying recurrence coefficiens. J. Approx.
Theory 113 (2001), 142 — 155.

Litvinchuk, G. S. and I. M. Spitkovskii: Factorization of Measurable Matrix
Functions. Basel-Boston: Birkhauser Verlag 1987.

Mandzhavidze, G. F. and B. V. Hvedelidze: On the Riemann-Privalov prob-
lem with continuous coefficients (in Russian). Dokl. Akad. Nauk SSSR 123
(1958)(5), 791 — 794.



Finite Truncations 275

[18] Serra Capizzano, S.: Generalized locally Toeplitz sequences: spectral analysis
and applications to discretized partial differential equations. Linear Algebra
Appl. 366 (2003), 371 — 402.

[19] Simonenko, I. B.: The Riemann boundary value problem with continuous coef-
ficients (in Russian). Dokl. Akad. Nauk SSSR 142 (1959)(2), 278 — 281.

[20] Simonenko, I. B. and Chin Ngok Min: A Local Method in the Theory of One-
dimensinal Singular Integral Equations with Piecewise-continuous Coefficients:
Fredholmness (in Russian). Rostov-na-Donu: Izd. Rostovsk. Universiteta 1986.

[21] Simonenko, I. B.: Szegd-type limit theorems for determinants of truncated gen-
eralized multidimensional discrete convolutions (in Russian). Dokl. Rus. Akad.
Nauk. 373 (2000)(5), 588 — 589.

[22] Szegd, G.: On certain hermitian forms associated with the Fourier series of
positive functions. In: Festkrift Marcel Riesz, Lund 1952, pp. 228 — 238.

[23] Tilli, P.: Locally Toeplitz sequenses: spectral properties and applications. Linear
Algebra Appl. 278 (1958), 91 — 120.

[24] Walsh, J. L.: Interpolation and Approximation by Rational Functions in the
Complex Domain (in Russian). Moscow: Izd. Inostr. Lit. 1961.

[25] Zabroda, O. N. and I. B. Simonenko: Collective asymptotic behaviour of the
spectrum of truncated operators of one-dimensional generalized discrete con-
volution. I (in Russian). Preprint 145. Moscow: VINITI 2001. Dep. 19.01.01,
22 pp.

[26] Zabroda, O. N. and I. B. Simonenko: Collective asymptotic behaviour of the
spectrum of truncated operators of one-dimensional generalized discrete convo-
lution. IT (in Russian). Preprint 2677. Moscow: VINITI 2001. Dep. 25.12.01,
30 pp.

[27] Zabroda, O. N. and I. B. Simonenko: Collective asymptotic behaviour of the
spectrum of truncated operators of one-dimensional generalized discrete convo-
lution. III (in Russian). Preprint 824. Moscow: VINITI 2002. Dep. 13.05.02,
27 pp.

[28] Zabroda, O. N.: Asymptotic behaviour of the spectrum of truncated operators of

one-dimensional generalized discrete convolution with a discontinuous symbol.
(in Russian). Preprint 1229. Moscow: VINITI 2002. Dep. 02.07.02, 23 pp.

[29] Zabroda, O. N. and I. B. Simonenko: Asymptotic invertibility of truncated
operators of one-dimensional generalized discrete convolution and the Szego-
type limit theorem. (in Russian). Preprint 1230. Moscow: VINITI 2002. Dep.
02.07.02, 21 pp.

[30] Zabroda, O. N. and I. B. Simonenko: Asymptotic invertibility of truncated
operators of one-dimensional generalized discrete convolution and the Szegd-
type limit theorem. III. (in Russian). Preprint 1557. Moscow: VINITI 2003.
Dep. 08.08.03, 24 pp.

Received 06.04.2004; in revised form 29.07.2004



