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A Global Lipschitz Continuity Result for
a Domain Dependent Dirichlet Eigenvalue

Problem for the Laplace Operator

Pier Domenico Lamberti and Massimo Lanza de Cristoforis

Abstract. Let Ω be an open connected subset of Rn for which the Poincaré inequal-
ity holds. We consider the Dirichlet eigenvalue problem for the Laplace operator in
the open subset φ(Ω) of Rn, where φ is a locally Lipschitz continuous homeomorphism
of Ω onto φ(Ω). Then we show Lipschitz type inequalities for the reciprocals of the
eigenvalues of the Rayleigh quotient∫

φ(Ω) |Dv|2 dy∫
φ(Ω) |v|2 dy

upon variation of φ, which in particular yield inequalities for the proper eigenvalues
of the Dirichlet Laplacian when we further assume that the imbedding of the Sobolev
space W 1,2

0 (Ω) into the space L2(Ω) is compact. In this case, we prove the same type
of inequalities for the projections onto the eigenspaces upon variation of φ.

Keywords: Dirichlet eigenvalues and eigenvectors, Laplace operator, domain pertur-
bation, special nonlinear operators
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1. Introduction

In this paper, we plan to prove Lipschitz type estimates for the dependence
of the reciprocals of the Dirichlet eigenvalues of the Rayleigh quotient and for
the dependence of the projection onto the Dirichlet eigenspaces of the Laplace
operator upon domain perturbation (cf. Theorems 3.15, 3.21). Our estimates
apply for example to the general case of domains of finite measure, with no
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regularity assumptions on the boundary. However, our methods allow us to
handle an even more general class of domains without any further difficulty
(cf. Theorems 3.3, 3.4, 3.15, 3.21.)

Spectral stability results concerning the Laplace operator in domain per-
turbation problems have been obtained by many authors (see Burenkov and
Davies [2], Courant and Hilbert [3], Cox [4], Henry [8], Kato [9, pp. 423-426],
Prodi [13], Sokolowski and Zolesio [16]).

To prove our inequalities, we need to prove some results in an abstract
setting. Let (H, < ·, · >) be a real Hilbert space, which we shall consider as
the ‘environment’ space. Then we consider a variable scalar product Q on H,
and we denote by HQ the linear space H endowed with the scalar product Q,
and by ‖ · ‖Q the norm associated to Q. For each bounded selfadjoint operator
T in HQ, one can consider the variational eigenvalues of the Rayleigh quotient
(cf. e.g., Weinberger [19, Ch. 3].) To do so, we denote by El the collection of
subspaces of H of dimension l, for all nonnegative integers l less or equal to
the dimension of H. Then the variational eigenvalues of the Rayleigh quotient
corresponding to T , Q are defined to be the numbers

α(l) [Q, T ] ≡ sup
E∈El

inf
u∈E\{0}

Q [Tu, u]

‖u‖2Q
, (1)

β(l) [Q, T ] ≡ inf
E∈El

sup
u∈E\{0}

Q [Tu, u]

‖u‖2Q
,

for each 1 ≤ l ∈ N such that l ≤ dim(H). In Section 2, we observe that a
Lipschitz continuity result holds for the dependence of α(l), β(l) upon (Q, T )
(see Corollary 2.1.) We emphasize that despite the name, the eigenvalues of the
Rayleigh quotient are only ‘candidate’ eigenvalues in general. For a discussion
on this topic, we refer the reader to Weinberger [19, p. 45]. Next we further
assume that T is both compact and selfadjoint. Then the (nonzero) eigenval-
ues of T are delivered by the variational eigenvalues of the Rayleigh quotient.
By exploiting the Kato integral formula for the projection onto the eigenspaces
(cf. Kato [9, (6.19) p. 178]), and by our inequalities for the variational eigenval-
ues, we prove a Lipschitz type inequality for the dependence of the projections
upon variation of Q, T (cf. Theorem 2.6). With this respect, we note that a
Lipschitz continuity property for the variational eigenvalues upon variation of
the operator with a fixed scalar product in H is already known (see Cox [4],
Gohberg and Goldberg [7, p. 123].)

Next we apply our abstract results to a concrete situation. We shall consider
the dependence of the eigenvalues of the Rayleigh quotient and of the projec-
tions onto the eigenspaces of the Laplace operator −∆ with Dirichlet boundary
conditions upon domain perturbation. We fix a connected open subset Ω of Rn

such that the Poincaré inequality holds in Ω, and we parametrize our perturbed
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domain by a homeomorphism φ of Ω onto φ(Ω) ⊆ Rn. In Continuum Mechan-
ics, φ plays the role of deformation of the body Ω. We shall assume that φ has
bounded distributional derivatives, and that the absolute value |det(Dφ)| of the
the Jacobian determinant of φ has a strictly positive essential infimum. Then
we consider the eigenvalue problem

−∆v = λv in φ(Ω) (2)

with Dirichlet boundary conditions. Problem (2) has been defined on the φ-
dependent domain φ(Ω), and we shall transform it into a problem on Ω. To do
so, we consider the Sobolev space W 1,2

0 (Ω) obtained by taking the closure of the
space D(Ω) of the C∞ functions with compact support in Ω in the Sobolev space
W 1,2(Ω) of distributions in Ω which have weak derivatives up to the first order in
L2(Ω), endowed with its usual norm (cf. (18)). By the Poincaré inequality, one

has an equivalent norm in W 1,2
0 (Ω) by taking the energy norm

{∫
Ω
|Du|2 dx

}1/2

for all u ∈ W 1,2
0 (Ω). We denote by w1,2

0 (Ω) the space W 1,2
0 (Ω) with the scalar

product associated to the energy norm. The space w1,2
0 (Ω) will play the role of

our ‘environment’ space H. Then we introduce the ‘variable’ scalar product

Qφ[u1, u2] ≡
∫

φ(Ω)

D
(
u1 ◦ φ(−1)

)
D

(
u2 ◦ φ(−1)

)t
dy (3)

for all u1, u2 ∈ W 1,2
0 (Ω), and we denote by w1,2

0,φ(Ω) the space W 1,2
0 (Ω) endowed

with the scalar product Qφ. Under our assumptions on φ, the Poincaré in-
equality holds in φ(Ω), and the function u belongs to w1,2

0 (Ω) if and only if the
function u ◦ φ(−1) belongs to w1,2

0 (φ(Ω)). Thus, as is well known, the operator
−∆ is an isomorphism of W 1,2

0 (φ(Ω)) onto its dual space W−1,2(φ(Ω)). Since
L2(φ(Ω)) is naturally included in W−1,2(φ(Ω)), and w1,2

0 (φ(Ω)) is imbedded into
L2(φ(Ω)), it can be shown that for all u ∈ w1,2

0 (Ω), there exists one and only
one element Tφu ∈ w1,2

0 (Ω) such that (Tφu) ◦ φ(−1) ∈ w1,2
0 (φ(Ω)) and

−∆
(
(Tφu) ◦ φ(−1)

)
= u ◦ φ(−1) in φ(Ω).

Clearly, problem (2) is equivalent to the eigenvalue problem

Tφu = λ−1u,

where u = v ◦ φ. Hence, we can consider the operator Tφ of w1,2
0,φ(Ω) to itself.

In fact, one can easily show that Tφ is bounded and selfadjoint in w1,2
0,φ(Ω) and

that the variational eigenvalues α(l) [Qφ, Tφ] coincide with the reciprocals of the
Dirichlet eigenvalues of the Rayleigh quotient

Rφ(Ω)(v) ≡

∫
φ(Ω)
|Dv|2 dy∫

φ(Ω)
|v|2 dy
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(cf. formulas (22), (25).) Instead, one cannot expect that Tφ be selfadjoint in
w1,2

0 (Ω). Thus it becomes clear that if one wishes to preserve selfadjointness,
then one has to consider different scalar products in w1,2

0 (Ω) for different φ’s.
We will take w1,2

0 (Ω) as our environment space H, and w1,2
0,φ(Ω) will play the

role of HQ. By applying the abstract inequality of Corollary 2.1, we shall prove
a Lipschitz type inequality relating the reciprocals of the Dirichlet eigenvalues
of the Rayleigh quotient Rφ(Ω)(v) on φ(Ω) with the reciprocals of the Dirich-

let eigenvalues of the Rayleigh quotient Rφ̃(Ω)(ṽ) on φ̃(Ω), where φ̃ is another
homeomorphism satisfying the same assumptions of φ (cf. Theorem 3.15). We
also provide some explicit information on the Lipschitz constant, and we point
out that it can be chosen to be independent of the index which enumerates
the eigenvalues. We note that the inequalities relating the eigenvalues of the
Rayleigh quotient on φ(Ω) assume a simpler form in case we choose φ to be a
conformal transformation in R2.

Also, we mention that Hölder type inequalities for the dependence of the
eigenvalues of the Neumann Laplacian upon perturbation of the domain have
been found recently by Burenkov and Davies [2], who have exploited a com-
pletely different method.

Then we assume that Ω has a finite measure, and we consider the zeta func-
tion Z[φ](s) ≡

∑∞
j=1 λ−s

j [φ] for s > n
2

(cf. Minakshisundaram and Pleijel [10]),
and we show that if α ∈]0, 1], and s > n

2
+ α, then the dependence of Z[φ](s)

upon φ satisfies a Hölder inequality with exponent α (cf. Theorem 3.20).

Finally, we assume that Ω is such that the imbedding of W 1,2
0 (Ω) in L2(Ω) is

compact. Under such an assumption, the eigenvalues of the Rayleigh quotient
exhaust all the spectrum of −∆ and have finite multiplicity. Then we deduce a
Lipschitz continuity result for the projections onto the eigenspaces by exploit-
ing our abstract results of Section 2 and the estimates for the operator Tφ of
Proposition 3.13.

We mention that the use of transplantation, i.e., the use of a change of vari-
ables to convert a problem in a deformed domain φ(Ω) into one in a reference
domain Ω, in matters involving eigenvalues for the Laplace equation goes back
to Pólya and Schiffer [12]. One may wonder why we have chosen to transplant
our problem into a problem for a selfadjoint operator in a space with a ‘vari-
able’ scalar product, instead of choosing a transformation into a problem for
a selfadjoint operator in a space with a fixed scalar product. The point here
is that our method has the advantage of requiring very little regularity on the
transformation φ.

The applications of the results of Section 2 we have presented in this paper
concern only the Laplace operator, but we point out that the same ideas could
be applied to a larger class of elliptic operators.

The paper is organized as follows. Section 2 provides the abstract results
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mentioned above. Section 3 contains the applications of the results of Section 2
to the Dirichlet eigenvalue problem for the Laplace operator.

2. Lipschitz inequalities for eigenvalues and for
projections onto eigenspaces.

We first introduce some technical preliminaries and notation. Let X , Y , Z
be real Banach spaces. We endow the product X × Y with the product norm
‖(x, y)‖X×Y ≡ ‖x‖X + ‖y‖Y for all (x, y) ∈ X × Y . We denote by L (X ,Y)
the Banach space of linear and continuous maps of X to Y endowed with its
usual norm of the uniform convergence on the unit sphere of X . We denote by
K (X ,Y) the subspace of L (X ,Y) of those elements which are compact, i.e.,
which map bounded subsets of X to subsets of Y with compact closure. We
denote by B (X × Y ,Z) the space of the bilinear and continuous maps of X ×Y
to Z endowed with the norm of the uniform convergence on the cross product
of the unit sphere of X and of the unit sphere of Y . We say that the space X is
continuously imbedded in the space Y provided that X is a linear subspace of
Y , and that the inclusion map is continuous. We denote by Z the set of integer
numbers, and by N the set of natural numbers including 0. The inverse function
of an invertible function f is denoted f (−1), as opposed to the reciprocal of a
complex-valued function g, or the inverse of a matrix A, which are denoted g−1

and A−1, respectively. If A ≡ (ars)r,s=1,...,n is an n× n matrix with real entries,
we set

|A| ≡
{ n∑

r,s=1

a2
rs

} 1
2

,

and we denote by At the transpose of A. If A is invertible, we set A−t ≡ (A−1)
t
.

Let (H, 〈·, ·〉) be a real Hilbert space. Let ‖·‖ denote the norm associated to the
scalar product 〈·, ·〉 on H, and dim(H) denote the possibly infinite dimension
of H. In the sequel, we consider also other scalar products defined on the linear
space H. Then we denote by HQ the linear space H endowed with the scalar
product Q defined on H. We denote by ‖ · ‖Q the norm associated to the scalar
product Q on H. Clearly, Q and ‖ · ‖Q do not necessarily coincide with 〈·, ·〉
and ‖ · ‖, respectively. However, we shall require the imbedding of HQ in H
to be continuous, and that the scalar product Q be continuous on H. Thus
we mention the following Lemma concerning continuous bilinear forms on H,
whose verification is straightforward.

Lemma 2.1. Let H be a real Hilbert space. Let η[·] be the map of B (H2, R) to
R defined by

η[B] ≡ inf

{
B[u, u]

‖u‖2
: u ∈ H \ {0}

}
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for all B ∈ B (H2, R). Then we have

|η[B]| ≤ ‖B‖B(H2,R), |η[B1]− η[B2]| ≤ ‖B1 −B2‖B(H2,R)

for all B, B1, B2 ∈ B (H2, R). In particular, the set {B ∈ B (H2, R) : η[B] > 0}
is open in B (H2, R).

Since scalar products are bilinear and symmetric forms, we introduce the
notation

Bs

(
H2, R

)
≡

{
B ∈ B

(
H2, R

)
: B[x, y] = B[y, x] ∀x, y ∈ H

}
.

Clearly, Bs (H2, R) is a closed linear subspace of B (H2, R). Then the set of
coercive elements of Bs (H2, R) is denoted by

Q
(
H2, R

)
≡

{
B ∈ Bs

(
H2, R

)
: η[B] > 0

}
.

Now we observe that if Q is a scalar product on H, and if the imbedding of
HQ in H is a homeomorphism, then Q ∈ Q (H2, R), and that conversely, if
Q ∈ Q (H2, R), then Q is a scalar product on H, and the identity of HQ in H
is a homeomorphism. We obviously have

η[Q]
1
2‖u‖ ≤ ‖u‖Q ≤ ‖Q‖

1
2

B(H2,R)‖u‖, (4)

for all u ∈ H, and for all Q ∈ Q (H2, R), and accordingly, HQ is complete and
has the same topology of H. We also note that if Q belongs to Q (H2, R), then
L (HQ, HQ) equals L (H, H) both algebraically and topologically. Similarly,
K (HQ, HQ) equals K (H, H) both algebraically and topologically.

Our next goal is to compare the variational eigenvalues of the Rayleigh
quotient of linear and continuous operators in HQ, for different Q in Q (H2, R).
Thus we set

El ≡ {E ≤ H : dim(E) = l} ,

for each l ∈ N such that 1 ≤ l ≤ dim(H). Now let T ∈ L (H, H) (no matter
whether T is selfadjoint or not). We shall consider the functionals α(l), β(l)

defined in (1). Then we have the following technical Lemma.

Lemma 2.2. Let H be a real Hilbert space. Let Q, Q̃ ∈ Q (H2, R), T , T̃ ∈
L (H, H). Then the following inequality holds:∣∣∣∣Q [Tu, u]

‖u‖2Q
−

Q̃
[
T̃ u, u

]
‖u‖2

Q̃

∣∣∣∣
≤ ‖Q− Q̃‖B(H2,R)

×
(
‖T‖L(H,H)η[Q]−1 + ‖T̃‖L(H,H)η[Q̃]−1η[Q]−1‖Q̃‖B(H2,R)

)
+ ‖T − T̃‖L(H,H)‖Q̃‖B(H2,R)η[Q]−1

(5)

for all u ∈ H \ {0}.
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Proof. It suffices to note that the left hand side of (5) is less or equal to∣∣∣∣(Q− Q̃) [Tu, u]

‖u‖2Q

∣∣∣∣ +

∣∣∣∣Q̃
[
Tu− T̃ u, u

]
‖u‖2Q

∣∣∣∣ +
∣∣∣Q̃[

T̃ u, u
]∣∣∣ · ∣∣∣∣ 1

‖u‖2Q
− 1

‖u‖2
Q̃

∣∣∣∣ ,

for all u ∈ H \ {0}, and to exploit the definition of η[·].

Then we are ready to prove the following Proposition, which provides a
Lipschitz type inequality for the variational eigenvalues of the Rayleigh quotient
α(l) and β(l), corresponding to the operators T , T̃ and scalar products Q, Q̃.

Proposition 2.3. Let H be a real Hilbert space. Let Q, Q̃ ∈ Q (H2, R) and T ,
T̃ ∈ L (H, H). Then the following inequality holds:

sup
{∣∣∣α(l) [Q, T ]− α(l)

[
Q̃, T̃

]∣∣∣, ∣∣∣β(l)
[
Q, T

]
− β(l)

[
Q̃, T̃

]∣∣∣}
≤ ‖Q− Q̃‖B(H2,R)

×
(
‖T‖L(H,H)η[Q]−1 + ‖T̃‖L(H,H)η[Q̃]−1η[Q]−1‖Q̃‖B(H2,R)

)
+ ‖T − T̃‖L(H,H)‖Q̃‖B(H2,R)η[Q]−1

(6)

for all l ∈ N such that 1 ≤ l ≤ dim(H).

Proof. To shorten our notation, we denote by A the right hand side of (5).
Then we have

Q [Tu, u]

‖u‖2Q
− A ≤

Q̃
[
T̃ u, u

]
‖u‖2

Q̃

≤ Q [Tu, u]

‖u‖2Q
+ A .

Then by taking supE∈El
infu∈E\{0} and infE∈El

supu∈E\{0} in this inequality, we
conclude that (6) holds.

Then we have the following immediate Corollary.

Corollary 2.1. Let H be a real Hilbert space. Let l ∈ N be such that 1 ≤ l ≤
dim(H). Then the maps α(l)[·, ·] and β(l)[·, ·] of Q (H2, R)×L (H, H) to R which
map an element (Q, T ) of Q (H2, R)× L (H, H) to α(l)[Q, T ] and to β(l)[Q, T ],
respectively, are Lipschitz continuous on each subset A of Q (H2, R)×L (H, H)
such that

L[A] ≡ sup
(Q,T )∈A

{
η[Q]−1, ‖Q‖B(H2,R), ‖T‖L(H,H)

}
<∞ .

More precisely, we have

sup
{∣∣∣α(l) [Q, T ]− α(l)

[
Q̃, T̃

]∣∣∣, ∣∣∣β(l) [Q, T ]− β(l)
[
Q̃, T̃

]∣∣∣ }
≤

(
L[A]2 + L[A]4

)(
‖Q− Q̃‖B(H2,R) + ‖T − T̃‖L(H,H)

) (7)

for all (Q, T ), (Q̃, T̃ ) ∈ A.



284 P. D. Lamberti and M. Lanza de Cristoforis

We note that both in Proposition 2.3, and in Corollary 2.1, we put basically
no restriction on the operator T ∈ L (H, H) involved. Since we will have to
consider also the case in which T is compact and selfadjoint, we now introduce
some notation.

We denote by Ks (HQ, HQ) the space of the compact selfadjoint operators
in HQ. Namely, Ks (HQ, HQ) is the real Banach subspace of K (HQ, HQ) of
those elements T such that Q [Tu, v] = Q [u, Tv] for all u, v ∈ HQ. Clearly,
Ks (HQ, HQ) may vary with Q ∈ Q (H2, R). It is well known that if T ∈
Ks (HQ, HQ), the spectrum σ[T ] of T is finite or countable and that each point
in σ[T ] \ {0} is an eigenvalue of finite multiplicity. If σ[T ]∩]0, +∞[ 6= ∅, we
denote by j+ [T ] the (possibly infinite) number of elements of σ [T ]∩]0, +∞[,
each counted with its multiplicity, and we denote by j− [T ] the (possibly infinite)
number of elements of σ [T ]∩] −∞, 0[, each counted with its multiplicity. We
also set

J+ [T ] ≡
{
j ∈ Z : 1 ≤ j ≤ j+ [T ]

}
, J− [T ] ≡

{
j ∈ Z : −j− [T ] ≤ j ≤ −1

}
.

Then there exists a uniquely determined function j 7→ µj [T ] of J [T ] ≡ J− [T ]∪
J+ [T ] to R \ {0} such that j 7→ µj [T ] is decreasing on J− [T ] and on J+ [T ],
and such that

σ [T ] \ {0} = {µj [T ] : j ∈ J [T ]} ,

and such that each eigenvalue is repeated as many times as its multiplicity.
Then we set

M≡
{
(Q, T ) ∈ Bs

(
H2, R

)
×K (H, H) : Q [Tu, v] = Q [u, Tv]∀u, v ∈ H

}
.

Clearly,M is a closed subset of Bs (H2, R)×K (H, H). Furthermore, the set

O ≡M∩
(
Q

(
H2, R

)
×K (H, H)

)
=

{
(Q, T ) ∈ Q

(
H2, R

)
×K (H, H) : T ∈ Ks (HQ, HQ)

}
is obviously open in M. Unless otherwise specified, we think of O as endowed
with the product norm of Bs (H2, R)×K (H, H).

For the eigenvalues of a compact selfadjoint operator in Hilbert space, we
have the following Poincaré variational formulas.

Theorem 2.4. Let H be a real Hilbert space. Let Q ∈ Q (H2, R). Let T ∈
Ks (HQ, HQ). Then the following equalities hold:

µj[T ] = α(j)[Q, T ] ∀j ∈ J+[T ] (8)

µj[T ] = β(−j)[Q, T ] ∀j ∈ J−[T ]. (9)

If j+[T ] < +∞, then α(j)[Q, T ] ≤ 0 for all j > j+[T ] such that j ≤ dim(H).
If j−[T ] < +∞, then β(−j)[Q, T ] ≥ 0 for all j < −j−[T ] such that −j ≤ dim(H).
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By exploiting Proposition 2.3 and Theorem 2.4, we can prove the follow-
ing Theorem, which provides a Lipschitz type inequality for the eigenvalues of
compact selfadjoint operators.

Theorem 2.5. Let H be a real Hilbert space. If j ∈ Z \ {0}, then the set

Aj ≡ {(Q, T ) ∈ O : j ∈ J [T ]}

is open in M. The function µj[·] of Aj to R which takes (Q, T ) ∈ Aj to µj[T ]
is continuous. If A ⊆ O, and if L[A] < +∞, then µj[·] is Lipschitz continuous
on Aj ∩ A. More precisely, we have∣∣∣µj[T ]− µj[T̃ ]

∣∣∣ ≤ (
L[A]2 + L[A]4

)(
‖Q− Q̃‖B(H2,R) + ‖T − T̃‖L(H,H)

)
(10)

for all (Q, T ), (Q̃, T̃ ) ∈ Aj ∩ A. In particular, one can choose a Lipschitz
constant for µj[·] on Aj ∩ A which does not depend on j.

Proof. Let j ∈ Z\{0}. Let (Q̃, T̃ ) ∈ Aj. We consider the case j ∈ J+[T̃ ]. Case
j ∈ J−[T̃ ] can be treated similarly. Then we have µj[T̃ ] = α(j)[Q̃, T̃ ] > 0. Since
O is open inM and α(j)[·, ·] is continuous onO, then there exists a neighborhood
W of (Q̃, T̃ ) in O such that α(j)[·, ·] > 0 on W . Since α(1) ≥ . . . ≥ α(j) > 0 on
W , then Theorem 2.4 implies that j ∈ J+[T ] for all (Q, T ) ∈ W . ThusW ⊆ Aj,
and Aj is open inM. Then both the continuity of µj[·] onW and the Lipschitz
continuity statement above are immediate consequences of Corollary 2.1.

We now consider the problem of the dependence of the projections onto the
eigenspaces of T upon variation of T itself. Let F be a finite subset of Z \ {0}.
We shall consider the set of pairs (Q, T ) for which F ⊆ J [T ] and for which the
eigenvalues µj[T ] for j ∈ F do not equal any of the eigenvalues µl[T ] of T for l
in (Z \ {0}) \ F . Thus we now introduce the following notation:

A[F ] ≡
{
(Q, T ) ∈ O : F ⊆ J [T ], µl[T ] /∈ {µj[T ] : j ∈ F} ∀l ∈ J [T ]\F

}
. (11)

Now let (Q, T ) ∈ A[F ]. Then we define the orthogonal projection PF [Q, T ]
of HQ with the scalar product Q onto the subspace E[T, F ] generated by the
subset {

u ∈ HQ : Tu = µu for some µ ∈ {µj[T ] : j ∈ F}
}

(12)

of HQ. Then we have the following assertion.

Theorem 2.6. Let H be a real Hilbert space. Let F be a finite nonempty subset
of Z \ {0}. Then the map PF [·, ·] of A[F ] to L (H, H) which takes (Q, T ) to
PF [Q, T ] is continuous. Let for (Q, T ) ∈ A[F ]

F ∗[T ] ≡
{
l ∈ J [T ] : {l, l + 1, l − 1} ∩ F 6= ∅

}
d[T ] ≡ min

{
min

j∈F,l∈F ∗\F
{|µj[T ]− µl[T ]|} , inf

j∈F
|µj[T ]|

} (13)
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with the understanding that the term minj∈F,l∈F ∗\F {|µj[T ]− µl[T ]|} is omitted
if F ∗ \ F = ∅. Then there exists a function Γ of ]0, +∞[×[0, +∞[ to R such
that Γ(γ1, γ2) ≤ Γ(δ1, δ2) whenever (γ1, γ2), (δ1, δ2) ∈]0, +∞[×[0, +∞[ satisfy
the inequality γ1 ≥ δ1, γ2 ≤ δ2, and such that∥∥PF [Q, T ]− PF [Q̃, T̃ ]

∥∥
L(H,H)

≤ Γ
(

inf
(Q,T )∈A

d[T ], L[A]
)(∥∥Q− Q̃

∥∥
B(H2,R)

+
∥∥T − T̃

∥∥
L(H,H)

) (14)

for all (Q, T ), (Q̃, T̃ ) ∈ A, and for all subsets A of A[F ] such that L[A] < +∞
and inf(Q,T )∈A d[T ] > 0.

Proof. First we set F+ ≡ {j ∈ F : j > 0}, F− ≡ {j ∈ F : j < 0}. Then
A[F ] = A[F+]∩A[F−], and E[T, F+] and E[T, F−] are mutually orthogonal in
HQ, and thus we have PF [Q, T ] = PF+ [Q, T ] + PF− [Q, T ] for all (Q, T ) ∈ A[F ]
(cf. e.g., Taylor and Lay [17, Thm. 12.8, Ch. IV].) Then we consider PF+ [Q, T ].
Indeed, PF− [Q, T ] can be treated similarly. Thus we assume F+ 6= ∅. Next,
we split F+ into sets of consecutive indices. Thus we write F+ = ∪m

r=0Fr,
where each Fr is nonempty, and contains all the indices between its minimum
and its maximum, i.e., Fr = N ∩ [min Fr, max Fr]. Moreover, we assume that
max Fr < min Fr+1, for r = 0, . . . ,m − 1. In particular, we have l /∈ F for
l ∈ {min Fr − 1, max Fr + 1}, for all r = 0, . . . ,m. Then A[F+] = ∩m

r=0A[Fr],
and the spaces E[T, Fr] for r = 0, . . . ,m are mutually orthogonal in HQ, and
thus we have PF+ [Q, T ] =

∑m
r=0 PFr [Q, T ] for all (Q, T ) ∈ A[F ] (cf. e.g., Tay-

lor and Lay [17, Thm. 12.8, Ch. IV].) Thus it suffices to prove the theorem
for each PFr . Our next goal is to provide a lower bound for the distance of
{µj[T ] : j ∈ Fr} from the rest of the spectrum of T for all (Q, T ) ∈ A[F ]. Then
we set

dr[T ] ≡ min
{
|µmax Fr [T ]− µmax Fr+1[T ]| , |µmin Fr−1[T ]− µmin Fr [T ]| , µmax Fr [T ]

}
with the understanding that if max Fr + 1 /∈ J [T ] and min Fr − 1 /∈ J [T ],
then the term |µmax Fr [T ]− µmax Fr+1[T ]| and |µmin Fr−1[T ]− µmin Fr [T ]| do not
appear in the definition of dr[T ], respectively. Clearly, the interval

[
µmax Fr [T ]−

1
2
dr[T ], µmin Fr [T ]+ 1

2
dr[T ]

]
contains {µj[T ] : j ∈ Fr}, and no other point of the

spectrum of T , and has center cr[T ] ≡ 1
2
(µmin Fr [T ] + µmax Fr [T ]), and halflength

ρr[T ] equal to 1
2
dr[T ] + 1

2
(µmin Fr [T ]− µmax Fr [T ]). Now, we consider the circle

in the complex plane centered at cr[T ] and of radius ρr[T ] parametrized by

γr[T ](θ) ≡ cr[T ] + ρr[T ]eiθ , θ ∈ [0, 2π] .

Clearly,

|γr[T ](θ)− ξ| ≥ 1

2
dr[T ] ∀ξ ∈ σ[T ], ∀θ ∈ [0, 2π] . (15)
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Next, we introduce the complexified space Ĥof H, and the complexified operator
T̂ of T defined by T̂ [x+ iy] ≡ T [x]+ iT [y] for all x, y ∈ H, and the complexified
scalar product Q̂ on Ĥ defined by

Q̂[x1 + iy1, x2 + iy2] = Q[x1, x2] + Q[y1, y2] + i(Q[y1, x2]−Q[x1, y2])

for all x1, x2, y1, y2 ∈ H. Then by Kato [9, pp. 178, 276, 277], we have

PFr [Q, T ] = Re

{
− 1

2πi

∫
γr[T ]

(
T̂ − ξÎ

)(−1)

dξ

}
for all (Q, T ) ∈ A[F ], where Î denotes the identity operator in Ĥ. Since T is
selfadjoint with respect to Q, the operator T̂ is selfadjoint with respect to Q̂,
and the spectrum of T̂ coincides with σ[T ]. Then, as is well known (cf. e.g.,
Taylor and Lay [17, Thm. 3.1, Ch. VI]), we have∥∥∥∥(

T̂ − ξÎ
)(−1)

∥∥∥∥
LC(Ĥ,Ĥ)

≤ 2

dr[T ]
, ξ ∈

{
γr[T ](θ) : θ ∈ [0, 2π]

}
, (16)

where LC(Ĥ, Ĥ) denotes the Banach space of continuous complex-linear maps
of Ĥ to itself. Then we have the inequality∥∥PFr [Q, T ]− PFr [Q̃, T̃ ]

∥∥
L(H,H)

≤
∥∥∥∥∫ 2π

0

[ (
T̂ − γr[T ](θ)Î

)(−1)

ρr[T ]

−
(

ˆ̃T − γr[T̃ ](θ)Î
)(−1)

ρr[T̃ ]
]eiθ

2π
dθ

∥∥∥∥
LC(Ĥ,Ĥ)

≤ 2

dr[T ]

∣∣ρr[T ]− ρr[T̃ ]
∣∣ + ρr[T̃ ]

4

dr[T ]dr[T̃ ]

×
(∥∥T − T̃

∥∥
L(H,H)

+ |cr[T ]− cr[T̃ ]|+ |ρr[T ]− ρr[T̃ ]|
)

(17)

for all (Q, T ), (Q̃, T̃ ) ∈ A[F ], and for all r = 0, . . . ,m. Now, we note that

|ρr[T ]− ρr[T̃ ]| ≤ 1

2
|dr[T ]− dr[T̃ ]|

+
1

2
|µmax Fr [T ]− µmax Fr [T̃ ]|+ 1

2
|µmin Fr [T ]− µmin Fr [T̃ ]|

|cr[T ]− cr[T̃ ]| ≤ 1

2
|µmax Fr [T ]− µmax Fr [T̃ ]|+ 1

2
|µmin Fr [T ]− µmin Fr [T̃ ]|

|dr[T ]− dr[T̃ ]| ≤ 2|µmax Fr [T ]− µmax Fr [T̃ ]|+ |µmax Fr+1[T ]− µmax Fr+1[T̃ ]|
+ |µmin Fr−1[T ]− µmin Fr−1[T̃ ]|+ |µmin Fr [T ]− µmin Fr [T̃ ]|

ρr[T̃ ] ≤ µ1[T̃ ] ≤ ‖Q̃‖B(H2,R)‖T̃‖L(H,H)η
−1[Q̃] ≤ L3[A]

min
{

dr[T ], dr[T̃ ]
}
≥ inf

(Q,T )∈A
d[T ]
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for all (Q, T ), (Q̃, T̃ ) ∈ A, and for all r = 0, . . . ,m, and with the understanding
that the absolute value of terms containing eigenvalues indexed by indices not
in J [T ] should be omitted. Then by inequalities (10) and (17), we deduce the
existence of Γ. The continuity is then a consequence of the existence of Γ and of
the continuous dependence of the eigenvalues of T upon T (cf. Theorem 2.5.)

3. Applications to the Dirichlet eigenvalue problem
for the Laplace operator

In this section, we consider the dependence of the Dirichlet eigenvalues of the
Laplace operator upon perturbation of the domain of definition. Let Ω be
an open subset of Rn. Throughout this section, we shall consider only the
case n ≥ 2. We denote by L2(Ω) the space of square summable real valued
measurable functions defined on Ω endowed with its usual norm. We denote by
W 1,2(Ω) the Sobolev space of distributions in Ω which have weak derivatives up
to the first order in L2(Ω), endowed with the norm defined by

‖u‖W 1,2(Ω) ≡
{
‖u‖2L2(Ω) +

n∑
l=1

‖uxl
‖2L2(Ω)

} 1
2

, (18)

for all u ∈ W 1,2(Ω). We denote by W 1,2
0 (Ω) the closure in W 1,2(Ω) of the space

D(Ω) of the real valued C∞ functions with compact support in Ω. Now, we are
interested in open connected subsets Ω of Rn for which the Poincaré inequality
holds, i.e., for which the Poincaré constant c[Ω] is finite, i.e., for which

c[Ω] ≡ sup

{ ∫
Ω
|u|2 dx∫

Ω
|Du|2 dx

: u ∈ W 1,2
0 (Ω) \ {0}

} 1
2

<∞ . (19)

Let Ω be an open connected subset of Rn such that the Poincaré inequality

holds. Then the bilinear map 〈·, ·〉 of
(
W 1,2

0 (Ω)
)2

to R defined by

〈u1, u2〉 ≡
∫

Ω

Du1Dut
2 dx , u1, u2 ∈ W 1,2

0 (Ω), (20)

is a scalar product on W 1,2
0 (Ω) which induces a norm equivalent to that of (18).

We shall denote by w1,2
0 (Ω) the Hilbert space W 1,2

0 (Ω) endowed with the scalar

product of (20). The strong dual w−1,2(Ω) ≡
(
w1,2

0 (Ω)
)′

of w1,2
0 (Ω) coincides

with the strong dual W−1,2(Ω) ≡
(
W 1,2

0 (Ω)
)′

of W 1,2
0 (Ω) both algebraically and

topologically. We shall always consider w−1,2(Ω) as endowed with the norm

‖F‖w−1,2(Ω) ≡ sup
0 6=u∈w1,2

0 (Ω)

|F (u)|
‖u‖w1,2

0 (Ω)

,
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for all F ∈ w−1,2(Ω), where

‖u‖w1,2
0 (Ω) ≡

{∫
Ω

|Du|2 dx

} 1
2

, u ∈ w1,2
0 (Ω) ,

defines the ‘energy’ norm associated to the scalar product in (20). Then we
have the following well known result (cf. e.g., Nečas [11, Ch. 1]).

Proposition 3.1. Let Ω be an open connected subset of Rn such that the Poin-
caré inequality holds. For each F in W−1,2(Ω) there exists a unique u ∈ W 1,2

0 (Ω)
such that ∆u = F (in the sense of distributions), and

‖u‖w1,2(Ω) ≤ ‖F‖w−1,2(Ω) .

In particular, −∆ is a linear homeomorphism of W 1,2
0 (Ω) onto W−1,2(Ω).

Now we introduce the following definition.

Definition 3.2. Let Ω be a nonempty connected open subset of Rn for which
the Poincaré inequality holds. Let Ej(Ω) be the set of subspaces of w1,2

0 (Ω) of
finite dimension j, j ∈ N \ {0}. Then the j-th variational eigenvalue of the
Rayleigh quotient of the Dirichlet Laplacian in Ω is the number

λj[Ω] ≡ inf
E∈Ej(Ω)

sup
u∈E\{0}

∫
Ω
|Du|2 dx∫

Ω
|u|2 dx

, j ∈ N \ {0} .

By the definition of the Poincaré constant c[Ω], we have

λj[Ω] ∈ [c−2[Ω],∞[ , j ∈ N \ {0} . (21)

However, we note that the numbers λj[Ω] are not ‘proper’ eigenvalues of −∆,
while they become ‘proper’ eigenvalues of −∆ if W 1,2

0 (Ω) is compactly imbedded
in L2(Ω). Then we mention the following well known result.

Theorem 3.3. Let Ω 6= ∅ be an open connected subset of Rn such that W 1,2
0 (Ω)

is compactly imbedded into L2(Ω). Then the Poincaré constant c[Ω] is finite.

For a proof, we refer to the argument of Evans [6, Proof of Thm. 1, p. 275].
We also mention the following, which shows that W 1,2

0 (Ω) is compactly imbed-
ded into L2(Ω) for sets Ω of finite measure, with no assumption whatsoever on
the regularity of the boundary (cf. e.g., Tartar [18, p. 45].)

Theorem 3.4. Let Ω be an open connected subset of Rn of finite measure. Then
W 1,2

0 (Ω) is compactly imbedded into L2(Ω).
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Now we shall consider perturbations of Ω in the form of homeomorphic im-
ages φ(Ω) of Ω by some homeomorphism φ of Ω onto φ(Ω) such that the Poincaré
inequality still holds in φ(Ω). Then it makes sense to consider the variational
Dirichlet eigenvalues {λj[φ(Ω)]}j∈N\{0} of −∆ in the perturbed domain φ(Ω).
To simplify our notation, we shall write

λj[φ] ≡ λj[φ(Ω)] = inf
E∈Ej(φ(Ω))

sup
v∈E\{0}

∫
φ(Ω)
|Dv|2 dy∫

φ(Ω)
|v|2 dy

, j ∈ N \ {0} . (22)

We are interested in inequalities relating λj[φ] corresponding to different φ’s,
and we plan to obtain such inequalities by applying the results of the previous
section. To do so, we first exploit a standard procedure to convert the eigenvalue
problem for the Laplace operator −∆ in Ω, into an eigenvalue equation in
w1,2

0 (Ω) for a compact selfadjoint operator. Thus we mention the following
known Lemma.

Lemma 3.5. Let Ω be an open connected subset of Rn. Then the following
statements hold:

(i) Let the Poincaré inequality hold in Ω. Let I be the imbedding of W 1,2
0 (Ω)

into L2(Ω). Let J be the canonical inclusion of L2(Ω) into W−1,2(Ω).
Then the equation

−∆u = λu (23)

for u ∈ W 1,2
0 (Ω), λ > 0 is equivalent to the equation

u = −λ∆(−1) ◦ J ◦ I[u] (24)

for u ∈ W 1,2
0 (Ω), λ > 0. Both equation (23) and equation (24) have

solutions u 6= 0 only for λ > 0. The operator T ≡ −∆(−1) ◦ J ◦ I is
selfadjoint in w1,2

0 (Ω). The variational eigenvalues of the Rayleigh quotient
of the Dirichlet Laplacian in Ω satisfy the equality

λj[Ω] =
{
α(j) [< ·, · >, T ]

}−1
, j ∈ N \ {0} ,

where α(j) is as in (1) with H = w1,2
0 (Ω) and 〈·, ·〉 as in (20).

(ii) Let W 1,2
0 (Ω) be compactly imbedded into L2(Ω). Then T is compact (and

positive definite), J+[T ] = N \ {0}, J−[T ] = ∅ and T has a decreasing
sequence {µj[T ]}j∈N\{0} of positive eigenvalues. Accordingly, equation (23)
has an increasing sequence of eigenvalues {µ−1

j [T ]}j∈N\{0} which by virtue
of Theorem 2.4 and statement (i), enjoy the variational characterization
µ−1

j [T ] = λj[Ω] for all j ∈ N \ {0}.

Thus we will now consider equation (24) on φ(Ω) for a suitable homeomor-
phism φ, and we will refer to −∆(−1), J , I on φ(Ω). Accordingly, we must
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impose conditions on φ so as to guarantee that the Poincaré inequality still
holds in φ(Ω), and that we can change the variables in equation (24) in φ(Ω)
in order to transform it into a problem in Ω. To do so, we now introduce the
following class of functions φ.

Definition 3.6. Let Ω be an open subset of Rn. Then we set

L1,∞(Ω) ≡
{

f ∈ L1
loc(Ω) :

∂f

∂xr

∈ L∞(Ω)∀r = 1, . . . , n

}

Φ(Ω) ≡

{
φ ∈

(
L1,∞(Ω)

)n
:

the continuous representative of

φ is injective, ess inf
Ω
| det Dφ| > 0

}
,

where L1
loc(Ω) denotes the space of (equivalence classes of) locally summable

measurable functions in Ω, and L∞(Ω) denotes the space of (equivalence classes
of) essentially bounded measurable functions.

We now collect in the following Proposition some technical properties of the
functions φ in the class Φ(Ω), which we need in the sequel. As usual, we shall
denote by ‖u‖L∞(Ω) the essential supremum of the absolute value of u ∈ L∞(Ω).

Proposition 3.7. Let Ω be an open subset of Rn. Then the following statements
hold:

(i) If φ ∈ Φ(Ω), then φ(Ω) is open and φ is a homeomorphism of Ω onto
φ(Ω).

(ii) If φ ∈ Φ(Ω), then φ maps sets of measure zero to sets of measure zero.

(iii) Let φ ∈ Φ(Ω). Let v be a measurable function of φ(Ω) to R. Then v ∈
L1(φ(Ω)) if and only if v(φ)|detDφ| ∈ L1(Ω), and in case such membership
holds, we have ∫

φ(Ω)

v(y) dy =

∫
Ω

v(φ(x))|detDφ(x)| dx .

(iv) If φ ∈ Φ(Ω), then φ(−1) belongs to Φ(φ(Ω)), and D(φ(−1)) coincides with
the inverse matrix (Dφ(φ(−1)))−1.

(v) Let φ ∈ Φ(Ω). If u ∈ L2(Ω), then the composite function u ◦ φ(−1) be-
longs to L2(φ(Ω)). The operator Cφ(−1) of L2(Ω) to L2(φ(Ω)) defined by

Cφ(−1) [u] ≡ u ◦ φ(−1) for all u ∈ L2(Ω), is a linear homeomorphism. The
inverse of Cφ(−1) coincides with the operator Cφ defined by Cφ[v] ≡ v ◦ φ
for all v ∈ L2(φ(Ω)).

(vi) If φ ∈ Φ(Ω) and v ∈ W 1,2(φ(Ω)), then D(v ◦ φ) = Dv(φ)Dφ.

(vii) If φ ∈ Φ(Ω), then the operator Cφ(−1) restricts a linear homeomorphism of

W 1,2(Ω) onto W 1,2(φ(Ω)), and of W 1,2
0 (Ω) onto W 1,2

0 (φ(Ω)). Furthermore,
W 1,2

0 (Ω) is compactly imbedded into L2(Ω) if and only if W 1,2
0 (φ(Ω)) is

compactly imbedded into L2(φ(Ω)).
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(viii) If φ ∈ Φ(Ω), then

c[φ(Ω)] ≤
{
‖detDφ‖L∞(Ω)

ess infΩ |detDφ|

} 1
2

‖ |Dφ| ‖L∞(Ω) c[Ω] .

(ix) If Ω has finite measure, and if φ ∈ Φ(Ω), then φ(Ω) has finite measure.

Proof. Statement (i) is well known to hold (cf. e.g., Deimling [5, p. 23].) State-
ment (ii) follows by Reshetnyak [14, Cor. 1, p. 182]. Statement (iii) holds by
Reshetnyak [14, Thm. 2.2, p. 99].

Since the elements of Φ(Ω) are quasiconformal in the sense of Reshetnyak
[14, p. 62, Lemma 6.7 p. 190] on each connected component of Ω, then the
inverse map of φ is also quasiconformal and the formula for the derivatives of
φ(−1) holds (cf. Reshetnyak [14, Thm. 8.3 p. 215].) Hence, statement (iv) holds.

We now prove (v). Let u ∈ L2(Ω). Since φ maps sets of measure zero to
sets of measure zero, u ◦ φ(−1) is measurable on φ(Ω), and we have

∫
φ(Ω)
|u ◦

φ(−1)|2 dy =
∫

Ω
|u|2|detDφ| dx. Since |detDφ| is essentially bounded and has a

positive essential infimum, the operator Cφ(−1) is continuous with its inverse.
We now show that Cφ(−1) is surjective. Let v ∈ L2(φ(Ω)). By (ii) and (iv), v ◦φ
is measurable in Ω. By (iii), we have

∫
φ(Ω)
|v|2 dy =

∫
Ω
|v ◦ φ|2|detDφ| dx. Then

v ◦ φ ∈ L2(Ω), and Cφ(−1) [v ◦ φ] = v.

Statement (vi) can be verified by exploiting the well known density of
C∞(φ(Ω)) ∩ W 1,2(φ(Ω)) in W 1,2(φ(Ω)), statement (iii) and Reshetnyak [14,
p. 23].

We now prove statement (vii). By statement (v), the operator Cφ(−1) is

a homeomorphism of L2(Ω) onto L2(φ(Ω)). If u ∈ W 1,2(Ω), then u ◦ φ(−1) ∈
L2(φ(Ω)). By (iv) and (vi), it follows that

D
(
u ◦ φ(−1)

)
= Du

(
φ(−1)

)
(Dφ(φ(−1)))−1 .

Then by Hölder inequality, and by the essential boundedness of (Dφ(φ(−1)))−1,
and by the continuity of Cφ(−1) from L2(Ω) to L2(φ(Ω)), we can easily deduce
that Cφ(−1) is linear and continuous from W 1,2(Ω) to W 1,2(φ(Ω)). By the Open
Mapping Theorem, we can conclude that Cφ(−1) is a linear homeomorphism onto
W 1,2(φ(Ω)), provided that we show the surjectivity of Cφ(−1) onto W 1,2(φ(Ω)).
Now let v ∈ W 1,2(φ(Ω)). As we have seen, Cφ(−1) [v ◦ φ] = v and v ◦ φ ∈ L2(Ω).
By (vi), we have D(v ◦ φ) = Dv(φ)Dφ. Then by Hölder inequality, and by
the essential boundedness of Dφ, and by the inclusion Cφ (L2(φ(Ω))) ⊆ L2(Ω),
we deduce that v ◦ φ ∈ W 1,2(Ω). Thus Cφ(−1) is surjective. The elements of
Cφ(−1) [D(Ω)] have compact support in φ(Ω) and belong to W 1,2(φ(Ω)). Thus
by a standard convolution argument with a family of mollifiers, we deduce
that Cφ(−1) [D(Ω)] ⊆ W 1,2

0 (φ(Ω)). Since W 1,2
0 (φ(Ω)) is a closed subspace of
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W 1,2(φ(Ω)), the definition of W 1,2
0 (Ω) and the continuity of Cφ(−1) imply that

Cφ(−1) [W
1,2
0 (Ω)] ⊆ W 1,2

0 (φ(Ω)). Similarly, we can prove that Cφ = (Cφ(−1))(−1)

maps W 1,2
0 (φ(Ω)) to W 1,2

0 (Ω).

We now prove statement (viii). By statements (iii), (iv) and (vi), we have

c[φ(Ω)]2 = sup
0 6=v∈W 1,2

0 (φ(Ω))

∫
φ(Ω)
|v|2 dy∫

φ(Ω)
|Dv|2 dy

≤
‖detDφ‖L∞(Ω)

ess infΩ |detDφ|
sup

0 6=v∈W 1,2
0 (φ(Ω))

∫
Ω
|v ◦ φ|2 dx∫

Ω
|D(v ◦ φ)(Dφ)−1|2 dx

.

Since the matrix Dφ is invertible almost everywhere in Ω, we have the inequality
|D(v ◦ φ)(Dφ)−1|2 ≥ |D(v ◦ φ)|2|(Dφ)|−2. Hence, the inequality of statement
(viii) holds.

Statement (ix) is an immediate consequence of statement (iii) and of the
essential boundedness of |detDφ|.

We now deduce from Proposition 3.7 the validity of the following, which
collects some elementary properties of the bilinear form Qφ.

Proposition 3.8. Let Ω be an open subset of Rn for which the Poincaré in-
equality holds. Then the following statements hold:

(i) Let φ ∈ Φ(Ω). The function Qφ of
(
W 1,2

0 (Ω)
)2

to R defined by (3) satisfies

Qφ[u1, u2] =

∫
Ω

Du1(Dφ)−1(Dφ)−tDut
2|detDφ| dx , u1, u2 ∈ W 1,2

0 (Ω) .

The function Qφ is a scalar product in W 1,2
0 (Ω) which makes W 1,2

0 (Ω) a
Hilbert space denoted by the symbol w1,2

0,φ(Ω). The operator Cφ(−1) restricts

a surjective isometry of w1,2
0,φ(Ω) onto w1,2

0 (φ(Ω)). Finally, if u ∈ W 1,2
0 (Ω),

then

ess inf
1
2
Ω |detDφ|

‖ |Dφ| ‖L∞(Ω)

‖u‖w1,2
0 (Ω) ≤ ‖u‖w1,2

0,φ(Ω)

≤ ‖detDφ‖
1
2

L∞(Ω)

∥∥ ∣∣(Dφ)−1
∣∣ ∥∥

L∞(Ω)
‖u‖w1,2

0 (Ω) .

(ii) If φ ∈ Φ(Ω), then

ess infΩ |detDφ|
‖ |Dφ| ‖2L∞(Ω)

≤ η[Qφ] ≤
∥∥ ∣∣(Dφ)−1

∣∣ ∥∥2

L∞(Ω)
‖detDφ‖L∞(Ω) ,

where

η[Qφ] = inf

{∫
Ω
|Du(Dφ)−1|2 |detDφ| dx∫

Ω
|Du|2 dx

: u ∈ W 1,2
0 (Ω) \ {0}

}
.
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(iii) If φ, φ̃ ∈ Φ(Ω), then

‖Qφ −Qφ̃‖B((w1,2
0 (Ω))2,R)

≤
∥∥∥ ∣∣(Dφ)−1(Dφ)−t |detDφ| − (Dφ̃)−1(Dφ̃)−t|detDφ̃|

∣∣ ∥∥∥
L∞(Ω)

.

Proof. Proposition 3.7 and a straightforward verification shows that Qφ is a
scalar product and that the formula in (i) holds. Then we note that the inequal-
ity of (i) and statement (ii) follow by the inequality |Du|2 ≤ |Du(Dφ)−1|2|Dφ|2.
By Proposition 3.7 (vii), Cφ(−1) is a bijection of W 1,2

0 (Ω) onto W 1,2
0 (φ(Ω)). Then

by definition of Qφ, we have
∫

φ(Ω)
|D(u ◦ φ(−1))|2 dy = Qφ[u, u], and statement

(i) follows. Statement (iii) is an obvious consequence of statement (i).

Then we can introduce the following operator.

Definition 3.9. Let Ω be an open connected subset of Rn for which the Poin-
caré inequality holds. Let φ ∈ Φ(Ω). Then Tφ denotes the operator of W 1,2

0 (Ω)
to itself defined by setting

Tφ[u] ≡ −Cφ ◦∆(−1) ◦ J ◦ I ◦ Cφ(−1) [u] ,

for all u ∈ W 1,2
0 (Ω). Here −∆(−1), J , I are relative to φ(Ω).

Then we have the following result.

Theorem 3.10. Let Ω be an open connected subset of Rn for which the Poincaré
inequality holds. Let φ ∈ Φ(Ω). Then the following statements hold.

(i) Tφ is a selfadjoint operator of w1,2
0,φ(Ω) to itself.

(ii) It holds

λj[φ] =
{
α(j) [Qφ, Tφ]

}−1
, j ∈ N \ {0}, (25)

where α(j) is as in (1) with H = w1,2
0 (Ω).

(iii) If (λ, v) ∈ R×
(
W 1,2

0 (φ(Ω)) \ {0}
)

satisfies

v = −λ∆(−1) ◦ J ◦ I [v] , (26)

then λ > 0, and (µ ≡ λ−1, u ≡ v ◦ φ) belongs to ]0, +∞[×W 1,2
0 (Ω) and

satisfies the equation

µu = Tφu . (27)

Conversely, if (µ, u) ∈ R ×
(
W 1,2

0 (Ω) \ {0}
)

satisfies equation (27), then

µ > 0, and (λ ≡ µ−1, v ≡ u ◦ φ(−1)) belongs to R ×
(
W 1,2

0 (φ(Ω)) \ {0}
)

and satisfies equation (26).
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(iv) If we further assume that the imbedding of W 1,2
0 (Ω) into L2(Ω) is compact,

then Tφ is also compact and we have J+[Tφ] = N \ {0}, J−[Tφ] = ∅, and
equation (27) has a decreasing sequence {µj[φ]}j∈N\{0} of eigenvalues in

]0, +∞[, and µj[φ] = λ−1
j [φ].

Proof. We first verify that Tφ is selfadjoint in w1,2
0,φ(Ω). Let u1, u2 ∈ w1,2

0,φ(Ω).

Then u1 ◦ φ(−1), u2 ◦ φ(−1) ∈ w1,2
0 (φ(Ω)), and

Qφ [Tφu1, u2] =

∫
φ(Ω)

D
(
(Tφu1) ◦ φ(−1)

)
D

(
u2 ◦ φ(−1)

)t
dy

= −
∫

φ(Ω)

D
(
∆(−1) ◦ J ◦ I[u1 ◦ φ(−1)]

)
D

(
u2 ◦ φ(−1)

)t
dy

=

∫
φ(Ω)

u1 ◦ φ(−1)u2 ◦ φ(−1) dy .

(28)

Then the symmetry of Qφ implies selfadjointness. Statement (ii) follows by
the definition of λj[φ], by (21), (28) and by Proposition 3.8 (i), and by the
definition of Qφ, Tφ. We now prove statement (iii). If the pair (λ, v) ∈ R ×(
W 1,2

0 (φ(Ω)) \ {0}
)

solves (26), then λ > 0 by Lemma 3.5, and (µ ≡ λ−1, u ≡
v ◦ φ) belongs to ]0, +∞[×W 1,2

0 (Ω) by Proposition 3.7. Then the pair (u, µ)
solves (27) by the definition of Tφ. Statement (iv) is an obvious consequence of
statement (iii), of the compactness of I, and of Lemma 3.5.

In order to perform the necessary estimates on Tφ and on Tφ − Tφ̃, we find
convenient to rewrite Tφ in a different way. Thus we now introduce two auxiliary
operators.

Definition 3.11. Let Ω be an open subset of Rn. Let φ ∈ Φ (Ω). Then we
define the following two operators.

(i) Let Jφ be the operator of L2(Ω) to W−1,2(Ω) defined by

Jφ[u][w] ≡
∫

Ω

uw|detDφ| dx , w ∈ W 1,2
0 (Ω) . (29)

(ii) Let ∆φ be the operator of W 1,2
0 (Ω) to W−1,2(Ω) defined by

∆φ[u] ≡ Ct
φ(−1) ◦∆ ◦ Cφ(−1) [u] , u ∈ W 1,2

0 (Ω), (30)

where Ct
φ(−1) denotes the transpose of the operator Cφ(−1) of W 1,2

0 (Ω) to

W 1,2
0 (φ(Ω)) (cf. Proposition 3.7.)

Then we have the following properties.
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Proposition 3.12. Let Ω be an open connected subset of Rn for which the
Poincaré inequality holds. Then the following statements hold.

(i) Jφ is linear and continuous, and

‖Jφ ◦ I‖L(w1,2
0 (Ω),w−1,2(Ω)) ≤ c2[Ω]‖detDφ‖L∞(Ω).

(ii) The operator ∆φ is a linear homeomorphism of W 1,2
0 (Ω) onto W−1,2(Ω).

Furthermore,

∆φ[u][w] = −
∫

Ω

Du(Dφ)−1(Dφ)−tDwt|detDφ| dx , (31)

for all u, w ∈ W 1,2
0 (Ω).

(iii) The following diagram commutes:

W 1,2
0 (φ (Ω))

−∆(−1)

←− W−1,2 (φ (Ω))
J←− L2 (φ (Ω))

I←− W 1,2
0 (φ (Ω))

Cφ

y Ct
φ

x Cφ(−1)

x Cφ(−1)

x
W 1,2

0 (Ω)
−∆

(−1)
φ←− W−1,2 (Ω)

Jφ←− L2 (Ω)
I←− W 1,2

0 (Ω)

In particular, Tφ = −∆
(−1)
φ ◦ Jφ ◦ I.

Proof. Statement (i) is an immediate consequence of the essential bounded-
ness of |detDφ|, of the Hölder inequality, and of the Poincaré inequality (19).
The continuity of ∆φ follows by the continuity of Ct

φ(−1) , ∆, Cφ(−1) . By Proposi-

tion 3.7, Cφ(−1) is a linear homeomorphism of W 1,2
0 (Ω) onto W 1,2

0 (φ(Ω)). Hence,
Ct

φ(−1) is also a linear homeomorphism. By Proposition 3.1, ∆ is a homeomor-

phism of W 1,2
0 (φ(Ω)) onto W−1,2(φ(Ω)). Thus ∆φ is a linear homeomorphism.

By changing the variable in the integral corresponding to the weak formulation
of the definition of ∆, we immediately deduce the validity of (31). We now
prove that the diagram in (iii) commutes. Equalities Ct

φ ◦ Jφ = J ◦ Cφ(−1)

and Cφ(−1) ◦ I = I ◦ Cφ(−1) are of immediate verification. Finally, equality

∆
(−1)
φ = Cφ ◦ ∆(−1) ◦ Ct

φ follows by the definition of ∆φ, and by the obvious

equality Cφ(−1) = (Cφ)
(−1).

We are now ready to prove the inequalities we need on Tφ, Tφ − Tφ̃.

Proposition 3.13. Let Ω be an open connected subset of Rn for which the
Poincaré inequality holds. Then the following statements hold:

(i) If φ ∈ Φ(Ω), then

‖Tφ‖L(w1,2
0 (Ω),w1,2

0 (Ω))

≤ c2[φ(Ω)]

(
‖detDφ‖L∞(Ω)

ess infΩ |detDφ|

) 1
2

‖ |Dφ| ‖L∞(Ω)

∥∥ ∣∣(Dφ)−1
∣∣ ∥∥

L∞(Ω)
.
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(ii) If φ, φ̃ ∈ Φ(Ω), then

‖Tφ − Tφ̃‖L(w1,2
0 (Ω),w1,2

0 (Ω))

≤ c2[Ω]
‖ |Dφ| ‖2L∞(Ω)

ess infΩ |detDφ|

{ ∥∥∥ |detDφ| − |detDφ̃|
∥∥∥

L∞(Ω)

+
∥∥∥ ∣∣∣(Dφ)−1(Dφ)−t|detDφ| − (Dφ̃)−1(Dφ̃)−t|detDφ̃|

∣∣∣ ∥∥∥
L∞(Ω)

×
‖detDφ̃‖L∞(Ω)

ess infΩ |detDφ̃|

∥∥∥ ∣∣Dφ̃
∣∣ ∥∥∥2

L∞(Ω)

}
.

(32)

Proof. If u ∈ W 1,2
0 (Ω), then by Propositions 3.1 and 3.8 (i) we have

‖Tφu‖w1,2
0 (Ω) ≤

‖ |Dφ| ‖L∞(Ω)

ess inf
1/2
Ω |detDφ|

‖Tφu‖w1,2
0,φ(Ω)

=
‖ |Dφ| ‖L∞(Ω)

ess inf
1/2
Ω |detDφ|

∥∥(Tφu) ◦ φ(−1)
∥∥

w1,2
0 (φ(Ω))

≤
‖ |Dφ| ‖L∞(Ω)

ess inf
1/2
Ω |detDφ|

∥∥J ◦ I [
u ◦ φ(−1)

]∥∥
w−1,2(φ(Ω))

.

(33)

By the Hölder inequality, by the definition of c[φ(Ω)] and by Proposition 3.8
(i), we conclude that statement (i) holds. We now prove statement (ii). Let
u ∈ W 1,2

0 (Ω), then Tφu, Tφ̃u ∈ W 1,2
0 (Ω) and by Proposition 3.12 (iii), we have∥∥Tφu− Tφ̃u

∥∥
w1,2

0 (Ω)

≤
∥∥∆

(−1)
φ

∥∥
L(w−1,2(Ω),w1,2

0 (Ω))

∥∥Jφ ◦ I[u]−∆φ ◦∆
(−1)

φ̃
◦ Jφ̃ ◦ I[u]

∥∥
w−1,2(Ω)

≤ ‖Cφ‖L(w1,2
0 (φ(Ω)),w1,2

0 (Ω))

∥∥∆(−1)
∥∥
L(w−1,2(φ(Ω)),w1,2

0 (φ(Ω)))

× ‖Ct
φ‖L(w−1,2(Ω),w−1,2(φ(Ω)))

× sup
w∈W 1,2

0 (Ω)\{0}

∣∣〈Jφ ◦ I[u]−∆φ ◦∆
(−1)

φ̃
◦ Jφ̃ ◦ I[u], w〉

∣∣
‖w‖w1,2

0 (Ω)

.

(34)

By the rule of change of variable in integrals (see Proposition 3.7 (iii)), we
obtain

‖Cφ‖2L(w1,2
0 (φ(Ω)),w1,2

0 (Ω))

≤
‖ |Dφ| ‖2L∞(Ω)

ess infΩ |detDφ|
sup

v∈W 1,2
0 (φ(Ω))\{0}

∫
Ω
|D(v ◦ φ)(Dφ)−1|2|detDφ| dx∫

φ(Ω)
|Dv|2 dy

=
‖ |Dφ| ‖2L∞(Ω)

ess infΩ |detDφ|
.
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Moreover, by elementary functional analysis, we have

‖Ct
φ‖L(w−1,2(Ω),w−1,2(φ(Ω))) ≤ ‖Cφ‖L(w1,2

0 (φ(Ω)),w1,2
0 (Ω)) .

Then by the Hölder inequality, by the definition of the Poincaré constant and
by Proposition 3.12 (i), (ii), we have∣∣∣〈Jφ ◦ I[u]−∆φ ◦∆

(−1)

φ̃
◦ Jφ̃ ◦ I[u], w〉

∣∣∣
=

∣∣∣∣ ∫
Ω

uw|detDφ| dx

+

∫
Ω

D
(
∆

(−1)

φ̃
◦ Jφ̃ ◦ I[u]

)
(Dφ)−1(Dφ)−t(Dw)t|detDφ| dx

∣∣∣∣
≤

∣∣∣∣ ∫
Ω

uw|detDφ| dx

+

∫
Ω

D
(
∆

(−1)

φ̃
◦ Jφ̃ ◦ I[u]

)
(Dφ̃)−1(Dφ̃)−t(Dw)t|detDφ̃| dx

∣∣∣∣
+

∣∣∣∣∫
Ω

D
(
∆

(−1)

φ̃
◦ Jφ̃ ◦ I[u]

)
(Dφ)−1(Dφ)−t(Dw)t|detDφ| dx

−
∫

Ω

D
(
∆

(−1)

φ̃
◦ Jφ̃ ◦ I[u]

)
(Dφ̃)−1(Dφ̃)−t(Dw)t|detDφ̃| dx

∣∣∣∣
≤ c2[Ω]

∥∥∥ ∣∣detDφ
∣∣− ∣∣detDφ̃

∣∣ ∥∥∥
L∞(Ω)

‖u‖w1,2
0 (Ω)‖w‖w1,2

0 (Ω)

+
∥∥∥ ∣∣∣(Dφ̃)−1(Dφ̃)−t|detDφ̃| − (Dφ)−1(Dφ)−t|detDφ|

∣∣∣ ∥∥∥
L∞(Ω)

×
∥∥∥∆

(−1)

φ̃

∥∥∥
L(w−1,2(Ω),w1,2

0 (Ω))
c[Ω]2‖detDφ̃‖L∞(Ω)‖u‖w1,2

0 (Ω)‖w‖w1,2
0 (Ω) .

Thus by the above inequalities and by Proposition 3.1, we deduce that (32)
holds.

We now give the following technical Lemma, whose verification is immedi-
ate.

Lemma 3.14. Let Ω be an open subset of Rn. Let φ, φ̃ ∈ Φ(Ω). Then the
following four inequalities hold:

‖detDφ‖L∞(Ω) ≤ n! ‖ |Dφ| ‖nL∞(Ω)∥∥ ∣∣(Dφ)−1
∣∣ ∥∥

L∞(Ω)
≤

n! ‖ |Dφ| ‖n−1
L∞(Ω)

ess infΩ |detDφ|
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and∣∣detDφ− detDφ̃
∣∣

≤ n!n
∥∥ ∣∣Dφ−Dφ̃

∣∣ ∥∥
L∞(Ω)

sup
{∥∥ |Dφ|

∥∥
L∞(Ω)

,
∥∥ ∣∣Dφ̃

∣∣ ∥∥
L∞(Ω)

}n−1

∥∥ ∣∣(Dφ)−1 − (Dφ̃)−1
∣∣ ∥∥

L∞(Ω)

≤
∥∥ ∣∣(Dφ)−1

∣∣ ∥∥
L∞(Ω)

∥∥ ∣∣(Dφ̃)−1
∣∣ ∥∥

L∞(Ω)

∥∥ ∣∣Dφ−Dφ̃
∣∣ ∥∥

L∞(Ω)
.

We are now able to prove the first of our two main results. By Propositions
3.8 and 3.13, which in particular give information on the dependence upon φ
of Qφ and Tφ, respectively, it turns out that our inequalities depend on the
pseudometric δ on Φ(Ω) defined by

δ(φ, φ̃) ≡
{∥∥ |detDφ| − |detDφ̃|

∥∥
L∞(Ω)

+
∥∥ ∣∣(Dφ)−1(Dφ)−t|detDφ| − (Dφ̃)−1(Dφ̃)−t|detDφ̃|

∣∣ ∥∥
L∞(Ω)

} (35)

for all φ, φ̃ ∈ Φ(Ω), and therefore, by Lemma 3.14 above, on ‖ |Dφ−Dφ̃| ‖L∞(Ω).

By combining these results with Corollary 2.1 with H ≡ w1,2
0 (Ω), Propositions

3.7, 3.8, Theorem 3.10 (ii), Proposition 3.13 and Lemma 3.14, we deduce the
validity of the following statement.

Theorem 3.15. Let n ≥ 2. Then there exist two functions Λ1, Λ2 of the set
]0, +∞[2×[0, +∞[3 to [0, +∞[ such that

Λr(γ1, . . . , γ5) ≤ Λr(ζ1, . . . , ζ5) r = 1, 2,

whenever (γ1, . . . , γ5) and (ζ1, . . . , ζ5) ∈]0, +∞[2×[0, +∞[3 satisfy γl ≥ ζl for
l = 1, 2, and γl ≤ ζl for l = 3, 4, 5, and such that∣∣∣λ−1

j [φ]− λ−1
j [φ̃]

∣∣∣
≤ Λ1

(
ess inf

Ω
|detDφ| , ess inf

Ω

∣∣detDφ̃
∣∣, ‖ |Dφ| ‖L∞(Ω) ,∥∥ ∣∣Dφ̃

∣∣ ∥∥
L∞(Ω)

, c[Ω]
)
δ(φ, φ̃)

≤ Λ2

(
ess inf

Ω
|detDφ| , ess inf

Ω

∣∣detDφ̃
∣∣, ‖ |Dφ| ‖L∞(Ω) ,∥∥ ∣∣Dφ̃

∣∣ ∥∥
L∞(Ω)

, c[Ω]
)∥∥ ∣∣Dφ−Dφ̃

∣∣ ∥∥
L∞(Ω)

(36)

for all nonempty open connected subsets Ω of Rn such that the Poincaré in-
equality (19) holds, and for all φ, φ̃ ∈ Φ(Ω). In particular, the functions Λ1

and Λ2 depend only on n and the right hand side of (36) does not depend on
j ∈ N \ {0}.
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In particular, we note that if φ = Rφ̃ + a for some n× n orthogonal matrix
R with real entries, and for some a ∈ Rn, then the first part of inequality (36)
implies that λj[φ] = λj[φ̃] for all j ∈ N \ {0}.

Clearly, one can consider the seminorm

‖φ‖(L1,∞(Ω))n ≡ ‖ |Dφ| ‖L∞(Ω) ∀φ ∈
(
L1,∞(Ω)

)n
(37)

on (L1,∞(Ω))
n

which induces a pseudometric on the subset Φ(Ω) of (L1,∞(Ω))
n

different from the pseudometric δ introduced in (35). Then we deduce the
validity of the following immediate Corollary of Theorem 3.15.

Corollary 3.1. Let Ω be an open connected subset of Rn for which the Poincaré
inequality holds. Let τ > 0,

Φτ (Ω) ≡
{

φ ∈ Φ(Ω) :
1

τ
≤ ess inf

Ω
|detDφ| , ess sup

Ω
|Dφ| ≤ τ

}
.

Then for each j ∈ N \ {0} , the functions λ−1
j [·] are Lipschitz continuous from

Φτ (Ω) endowed with the pseudometric δ of (35), or with the seminorm (37) to
R, and one can choose a Lipschitz constant depending solely on n, c[Ω], τ , and
not on j ∈ N \ {0}.

In the two dimensional case, we can take φ ∈ Φ(Ω) holomorphic. Then

detDφ = |φ′|2, Dφ(Dφ)t

|detDφ|
= I .

Thus the inequalities of Proposition 3.8, of Proposition 3.13, of Lemma 3.14,
and of Theorem 3.15 assume a simplified form, which for brevity we do not
report here.

We now deduce some consequences of Theorem 3.15 on the behaviour of the
zeta function of the eigenvalues of the Laplace operator considered by Minak-
shisundaram-Pleijel [10]. To do so, we first introduce a particular case of a
result of Rozenbljum [15, Thm. 1, p. 1540] on the eigenvalue distribution for the
Dirichlet problem. Since we are now dealing with sets Ω of finite measure, the
imbedding of W 1,2

0 (Ω) in L2(Ω) is well known to be compact (cf. Theorem 3.4).

Theorem 3.16. Let Ω be a nonempty open connected subset of Rn of finite
measure. Then there exists a constant c1 > 0 depending only on n, and not on
Ω such that

j ≤ c1λ
n
2
j meas(Ω)

for all j ∈ N \ {0}, where {λj}j∈N\{0} are the eigenvalues of (23).

Then by combining Theorem 3.16 with Proposition 3.7 (ix), we deduce the
following.
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Proposition 3.17. Let Ω be a nonempty open connected subset of Rn of finite
measure. Let φ ∈ Φ(Ω). Then for each s > n

2
, the series

∑∞
j=1 λ−s

j [φ] converges.
Moreover, there exists a constant c1 > 0 depending only on n, and not on Ω
such that

∞∑
j=1

λ−s
j [φ] ≤ (c1meas(φ(Ω)))

2s
n

∞∑
j=1

j−
2s
n . (38)

We are now ready to introduce the zeta function considered by Minakshisun-
daram-Pleijel.

Definition 3.18. Let Ω be a a nonempty open connected subset of Rn of finite
measure. Let φ ∈ Φ(Ω). We denote by Z[φ] the function of ]n

2
, +∞[ to R

defined by

Z[φ](s) ≡
∞∑

j=1

λ−s
j [φ] , s ∈]

n

2
, +∞[ .

We now prove the following elementary technical Lemma.

Lemma 3.19. Let α ∈]0, 1], s ∈ [α + 1, +∞[. Let {aj}j∈N, {bj}j∈N be two
sequences in [0, +∞[ such that both the series

∑∞
j=0 as−α

j and
∑∞

j=0 bs−α
j are

convergent. Then both the series
∑∞

j=0 as
j and

∑∞
j=0 bs

j are convergent, and

∣∣∣∣∣
∞∑

j=0

as
j −

∞∑
j=0

bs
j

∣∣∣∣∣ ≤ s2s−α−1

( ∞∑
j=0

as−α
j +

∞∑
j=0

bs−α
j

)
sup
j∈N
|aj − bj|α . (39)

Proof. First we note that the left hand side of (39) is less or equal to

s
∞∑

j=0

(aj + bj)
s−1|aj − bj| ≤ s

∞∑
j=0

(aj + bj)
s−1|aj − bj|α|aj − bj|1−α

≤ s

∞∑
j=0

(aj + bj)
s−α|aj − bj|α .

Since (aj + bj)
s−α ≤ 2s−α−1(as−α

j + bs−α
j ), we conclude that (39) holds.

Then by Theorem 3.15, by Proposition 3.17 and by Lemma 3.19 we imme-
diately deduce the validity of the following theorem.
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Theorem 3.20. Let n ≥ 2. Let α ∈]0, 1], s > n
2

+ α. Let Λ1 be as in Theo-
rem 3.15. Then the following inequality holds:∣∣∣Z[φ](s)− Z[φ̃](s)

∣∣∣
≤ s2s−α−1

(
c1meas(Ω)

) 2(s−α)
n

∞∑
j=1

j−
2(s−α)

n

(∥∥detDφ
∥∥ 2(s−α)

n

L∞(Ω)
+

∥∥detDφ̃
∥∥ 2(s−α)

n

L∞(Ω)

)
× Λα

1

(
ess inf

Ω

∣∣detDφ
∣∣, ess inf

Ω

∣∣detDφ̃
∣∣, ∥∥ ∣∣Dφ

∣∣ ∥∥
L∞(Ω)

,
∥∥ ∣∣Dφ̃

∣∣ ∥∥
L∞(Ω)

, c[Ω]

)
× δα(φ̃, φ)

for all nonempty open connected subsets Ω of Rn of finite measure, and for all
φ, φ̃ ∈ Φ(Ω).

Then by Lemma 3.14 and by the second part of inequality (36) we deduce
the validity of the following immediate Corollary of Theorem 3.20.

Corollary 3.2. Let n ≥ 2. Let α ∈]0, 1], s > n
2

+ α. Let Ω be a nonempty
open connected subset of Rn of finite measure. Let τ > 0. Let Φτ (Ω) be the
set introduced in Corollary 3.1. Then the function Z[·](s) is Hölder continuous
with exponent α from the set Φτ (Ω) endowed with the pseudometric δ of (35), or
with the seminorm (37) to R, and one can choose a Hölder constant depending
solely on n, Ω, τ , α, s.

Finally, we consider the dependence of the projections onto the eigenspaces
of −∆ upon perturbation of φ. Let F be a finite subset of N \ {0}. Let Ω be
an open connected subset of Rn such that W 1,2

0 (Ω) is compactly imbedded into
L2(Ω). Then we set

Φ(Ω, F ) ≡
{
φ ∈ Φ(Ω) : λl[φ] /∈ {λj[φ] : j ∈ F} ∀l ∈ N \ (F ∪ {0})

}
.

Now let φ ∈ Φ(Ω, F ). Then we define the orthogonal projection PF [φ] of w1,2
0,φ(Ω)

onto the subspace E[φ, F ] generated by the subset{
u ∈ W 1,2

0 (Ω) : −∆φu = λJφ ◦ I[u] for some λ ∈ {λj[φ] : j ∈ F}
}

of w1,2
0,φ(Ω) with the scalar product Qφ. Then we set

F ∗ ≡
{
l ∈ N \ {0} : {l − 1, l, l + 1} ∩ F 6= ∅

}
and

d[φ] ≡ min

{
min

j∈F,l∈F ∗\F

∣∣λ−1
j [φ]− λ−1

l [φ]
∣∣ , inf

j∈F
λ−1

j [φ]

}
= min

j∈F,l∈F ∗\F

∣∣λ−1
j [φ]− λ−1

l [φ]
∣∣
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for all φ ∈ Φ(Ω, F ). Then by combining Theorem 2.6, Propositions 3.8, 3.13,
and Lemma 3.14, we deduce the validity of the following theorem.

Theorem 3.21. Let n ≥ 2. Let F be a finite subset of N \ {0}. Then there
exist two functions Γ1, Γ2 of the set ]0, +∞[4×[0, +∞[3 to [0, +∞[ such that
Γr(γ1, . . . , γ7) ≤ Γr(ζ1, . . . , ζ7) holds whenever (γ1, . . . , γ7) and (ζ1, . . . , ζ7) in
]0, +∞[4×[0, +∞[3 satisfy the inequalities γl ≥ ζl for l = 1, . . . , 4 and γl ≤ ζl

for l = 5, 6, 7, and such that∥∥∥PF [φ]− PF [φ̃]
∥∥∥
L(w1,2

0 (Ω),w1,2
0 (Ω))

≤ Γ1

(
ess inf

Ω

∣∣detDφ
∣∣, ess inf

Ω

∣∣detDφ̃
∣∣, d[φ], d[φ̃],∥∥ ∣∣Dφ

∣∣ ∥∥
L∞(Ω)

,
∥∥ ∣∣Dφ̃

∣∣ ∥∥
L∞(Ω)

, c[Ω]
)

δ(φ̃, φ)

≤ Γ2

(
ess inf

Ω

∣∣detDφ
∣∣, ess inf

Ω

∣∣detDφ̃
∣∣, d[φ], d[φ̃],∥∥ ∣∣Dφ

∣∣ ∥∥
L∞(Ω)

,
∥∥ ∣∣Dφ̃

∣∣ ∥∥
L∞(Ω)

, c[Ω]
) ∥∥ ∣∣Dφ−Dφ̃

∣∣ ∥∥
L∞(Ω)

for all nonempty open connected subsets Ω of Rn such that W 1,2
0 (Ω) is compactly

imbedded into L2(Ω), and for all φ, φ̃ ∈ Φ(Ω, F ).

We remark that if F is a finite subset of N \ {0}, then the continuity of
the dependence of the eigenvalues upon φ ∈ Φ(Ω, F ) (see Theorem 3.15) and
Theorem 3.21 ensure that PF [·] satisfies a Lipschitz condition on the compact
subsets of Φ(Ω, F ).
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