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Integral Inequalities
in Higher Dimensional Spaces

Shiojenn Tseng, Pen-Chi Wang
Wing-Sum Cheung and Chur-Jen Chen

Abstract. Integral inequalities play an important role in many different areas in-
cluding differential equations, integral equations, variational calculus, etc. In this
work, we present some new higher dimensional integral inequalities involving mono-
tonic or convex functions in higher dimensional spaces. These are then applied to
solve directly some Calculus of Variations problems for optimal solutions, effectively.
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1. Introduction and basic integral inequalities

In this paper, we discuss some integral inequalities of functions in higher di-
mensional spaces and some integral inequalities of vector-valued functions. By
extending Cheung’s idea in [1] to higher dimensional spaces, we first derive some
basic integral inequalities involving functions of several variables with certain
kinds of monotonicity, and then we extend these results to inequalities involving
convex functions. Finally, we give some applications to the calculus of varia-
tions.

In this section, we derive some integral inequalities in higher dimensional
spaces involving functions on a bounded rectangle. Generally speaking, such
integral inequalities require some kind of monotonicity of the functions involved;
but as seen in Lemma 1 and Theorem 2 below, this is not strictly necessary in
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certain situations. Some results in this section will be generalized to more
general settings in Section 3.

Let (-,-) be the usual inner product in R™. In the following, let D =
[T lai b, M =11 (bi —a;), x = (21, -+ ,x,) € D, dx = daydxy - - - dx,, and
h; = (hl,--- ,hl) € D.

Lemma 1. Let fj,9; : D — R, j = 1,--- ,m, be continuous functions. Let
f = (fh”' afm) andg: (gla"' 7gm) SUppOS@ thatfor each j7 1 S.] S m,
h; € D is a point such that

Let
E(X) = (fl(x)a T 7f;n(x)) = (fl(X) — filha), -+, fn(x) — fm(hm))
g(x) = (q1(x),++ , gm(x)) = (91(x) = g1(h1), -+~ . gn(X) = g (b))

Then the following inequaliets hold:
(i) If <f7g> <0, then

</Df(x) dXv/Dg(X) dX> ZM/D<f(X),g(X)>dx. (1)
(ii) If (f,g) > 0, then
< /D f(x) dx, /D g(x) dx> <M /D (f(x), g(x)) dx. 2)

Furthermore, in both cases the equality holds if and only if (f,g) = 0.
Proof. If (f,g) <0, then we have

</Df(X) dx,/Dg( [/ fi(x dx} [/ng(x) dx}

ZMZI/ij(hJ)g](X)dX
=y | $600,0 LD /D ()5 () dx

D

> M [ (f(x).g(x))dx,

and it is obvious that the equality holds if and only if (f,g) = 0. This shows
case (i). The proof of case (ii) is analogous. |
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Definition 1. Let f, g : D — R be real-valued functions. f is said to be parallel

to g if f(x) = f(y) whenever g(x) = g(y) and f(x) < f(y) whenever g(x) <
g(y). [ issaid to be anti-parallel to g if f(x) = f(y) whenever g(x) = ¢g(y) and

f(x) < f(y) whenever g(x) > g(y).
It is clear that the ‘parallelism’ is an equivalence relation in the set of all

real-valued functions on D.

Theorem 1. Let f,g: D — R be continuous. Suppose that f is anti-parallel
to g. Then

f(x) dx g(x)dx| = M | f(x)g(x)dx, (3)
o] | oo 20 |

where the equality holds if and only if f = const or g = const.

Proof. Let h € D be a point such that f(h) = 55 [, f(x)dx. Let f(x) =
f(x) = f(h), g(x) = g(x) — g(h). By the parallelism of f and g, f-g <0 on

D, and thus from Lemma 1 it follows that

[ seax] | [ o] = a1 [ st ax

where the equality holds if and only if f-g=0.

It remains to show that f-g = 0 if and only if f = const or g = const. It
is trivial that if f = const or ¢ = const, then f-g = 0. Conversely, suppose
that f-g=0. Since f : D — R is continuous, the same is true for f. Hence,
there are hy, hy € D such that for all x € D,

f(hy) < f(x) < f(ho), (4)
and thus
f(hy) < f(h) =0 < f(hy). (5)

If the equalities of (5) hold, then f = constant. Otherwise, by the condition
[, [(x)dx = 0, we have f(h;) < 0 < f(hs). From the assumption f - g = 0,
it follows that g(h;) = g(hy) = 0. By (4) and the parallelism of f and g,
g(hy) > g(x) > g(hy) for all x € D. However, then it forces § = 0 on D, which
completes the proof. |

The condition of parallelism of functions is not necessary in the following
result.

Theorem 2. Let f: D — R be continuous and positive. Then

e | g ] 20

for all m € N, where the equality holds if and only if f = const.
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Proof Let p = f™, and ¢ = % Let h € D be a point such that p(h) =

+ [, p(x) dx. Let p(x) = p(x) — p(h) and g(x) = ¢(x) — ¢(h). It is elementary
to check that p- ¢ < 0 on D. By Lemma 1, we have

{/Dp(x) dx} {/Dq(x) dx} ZM/Dp(X)q(X) Jx

where the equality holds if and only if p- g = 0. Hence,

[ reormax] [ [ osax| = [ oot

where the equality holds if and only if f = const. As this is true for all m € N,
we have by induction

el [ g 2

where the equality holds if and only if f = const. |

Theorem 3. Let f,g: D — R be continuous. Suppose that f is parallel to g.

Then
[/Df(x)dX} [/Dg(X) dx} SM/Df(X)g(X)dX’ (6)

where the equality holds if and only if f = const or g = const.

Proof. The theorem follows immediately by applying Theorem 1 to the func-
tions f and —g. [

Corollary 1. Let f; : D — R be nonnegative and continuous for all j =
1,---,m. Suppose that f;, 7 =1,--- ,m, are pairwisely parallel. Then

ﬁl/ij(X) dx < Mm‘l/Dﬁlfj(x) dx. (7)

Furthermore, if none of the f;’s is the zero function, then the equality holds if
and only if at most one of the f;’s is nonconstant.

Proof. Inequality (7) clearly holds by induction. Next, assume that none of the
f;’s is the zero function. It is clear that if at most one of the f;’s is nonconstant,
the equality holds. Conversely, suppose that, without loss of generality, f; and
fo2 are nonconstant, then from Theorem 3, it follows that

MﬁwﬁHLM@M<Méﬁ®mma
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Since all of f;’s are nonnegative, [[/_; [}, fi(x) dx > 0. By the parallelism of
the f;’s, we have

i <o s 10
| [ reona | [ 1:[3fj(><) ix]

<amt [ T aax

which implies that the equality does not hold. This completes the proof. [

Corollary 2. Let f; : D — R, i =1,--- |k, be nonnegative; and g; : D — R,
7 = 1,--- 1, be nonpositive. Suppose that fi, -+, fx,—0o1, -+ ,—q are pair-
wisely parallel. Then the following inequalities hold:

(1) If I is odd, then

[H [ 1] [T1 [ o o] = a0 | [ﬁﬁ(x)} 0] o

(ii) If I is even, then

[H IRE [H [aax] <are [ [iﬁfi(x)} [ngxﬂ i

Proof. It follows immediately from Corollary 1 when applied to the functions
f17'”7fk7_gl7”'7_gl- |

2. Generalized integral inequalities in two dimensions

In this section, we show some useful integral inequalities involving mean values
of convex functions. These can be applied to derive further interesting integral
inequalities and some improvements of certain results obtained in Section 1. For
the sake of simplicity, we only present these results in a 2-dimensional setting,
but the analogue in higher dimensional situations should be transparent.

Theorem 4. Let f : [a,b] X [c,d] — R be continuous, U C R be an open interval
containing the image of f, and let F' : U — R be convex (resp., concave). Then

b—a 0= / / )) dydx
= {m /: [df () |

(8)
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(resp., the reverse inequality). Furthermore, if F is strictly convex (resp.,
strictly concave), the equality holds if and only if f = const.

Proof. Let (h,k) € [a,b] X [¢,d] be a point such that

f(hak):m/a/cf(x,y)dydx.

Since F is convex [2], there exists m € R such that

F(f(hk)+t) > F(f(h,k)) +mt  forall ¢€R. 9)

Therefore

// f(y) dydx—// +(f(ey) — F(hK))) dyda
/ / m(f(e.y) — f(h, k)] dy dz

(b—a)(d =) F(f(h,k)),
and so inequality (8) follows.

It is obvious that the equality holds if f = const. Conversely, if F' is strictly
convex, strict inequality in (9) holds for all ¢ # 0, that is,

F(f(h,k)+1t)> F(f(h,k))+mt  forall t#0.

If f # constant, then there exists (x,y) € [a,b] X [c,d] such that f(x,y) —
f(h, k) # 0; and by continuity, there is an open sub-rectangle of [a, b] X [¢, d] on
which f(x y) f(h,k) # 0. Hence,

// f(a,v) dydx—// () — f(h K))) dy do

/ / m(f(z,y) — (b k)] dy da

(b—a)(d—c)F(f(h,k)),

and so the assertion for f = const follows. The case of concavity is analogously
shown. i

Corollary 3. Let f : [a,b] X [c,d] — R be continuous, U C R be an open
interval containing the image of f, and let F : U — R be C? with F" > 0
(resp., F" <0). Then

b—a d= ) / / ) dy dx
ZF{m/f/ffwdwﬂ

(10)
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(resp., the reverse inequality). Furthermore, if F" = 0 only at isolated points,
the equality holds if and only if f = const.

Proof. A function F with I > 0 is convex; and a function F with F” > 0
and F” = 0 only at isolated points is strictly convex [2]. Hence, this statement
follows immediately from Theorem 4. [

Corollary 4. Let f : [a,b] X [¢,d] — R be continuous, U C R be an open
interval containing the image of f, and let ¢,v : U — R be C functions such
that

(i) ¢’ doesn’t change sign and may vanish only at isolated points,
(ii) ¥ ' > 0 and may vanish only at isolated points, and
(iii) ¢ o o™t is convex (resp., concave) on @(U).
Then

2 [ [ [ vo s

(resp., the reverse inequality). Furthermore, if 1 o @~ is strictly convex (resp.,
strictly concave), the equality holds if and only if f = const.

(11)

Proof. By (i) and (ii), both ¢! and ¢)~! exist. Replacing F and f by ¢ o p~!
and ¢ o f, respectively, from Theorem 4 it follows that

b d
m/ / (o ) (po f)(z,y)dyde

> (Yop™) [m/ab/cdwf(%y)dydw :

Since 1 is strictly increasing, this gives inequality (11). Finally, when the
convexity of 1 o ¢! is strict, by Theorem 4 the equality holds if and only if
po f = const, or equivalently, f = const. The case of concavity is analogously
proven. |

Corollary 5. Let f : [a,b] X [¢,d] — R be continuous, U C R be an open
interval containing the image of f, and let p,7) : U — R be C? functions such
that

(i) ¢’ doesn’t change sign and may vanish only at isolated points,

(ii) ¥ ' > 0 and may vanish only at isolated points, and

(iii) Yo~ € C? (Yo )" >0 (resp., <0) on ().
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Then

W[m/:/cd“fw)d”i d

resp., the reverse inequality). Furthermore, i o 1" =0 only at isolated
(resp quality @ y
points, the equality holds if and only if f = const.

(12)

Proof. The assertion follows immediately from Corollary 4. [

Corollary 6. Suppose that f : [a,b] X [¢,d] — R is continuous and positive.
Then the following inequalities hold:

(i) Ifa <0 ora>1, then

0-a o= [ [ ey [/ab/cdﬂx,y)dydxr.

(i) If0<a <1, then

(b — a)(d — )] /ab/cdﬂx,y)adydxg Uab/cdfm)dydxr.

Furthermore, in both cases the equality holds if and only if f = const.

Proof. Let F(z) = 2% 2z > 0. Then F"(z) = a(a — 1)z*% |, 2 > 0. Since
F'(z) >0fora<0ora>1and F"(z) <0 for 0 < a < 1, by Corollary 3 the
results follow. |

Corollary 7. Suppose that f : [a,b] X [c,d] — R is continuous and positive.
Then the following inequalities hold:

(i) Ifa>0 ora< —1, then

Uab /cd f(ml, y) dydxr [/ab/cdf(%y)‘“ dydx} > [(b— a)(d — ¢)]*+.

(i) If -1 <a <0, then

{/ab /cd f(xl,y) dydxr [/ab /Cdf(xay)a dydx} < [(b—a)(d— c)]**.

Furthermore, in both cases the equality holds if and only if f = const.
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Proof. The results follow from Corollary 6 by replacing f by % and a by —a. 1

Corollary 8. If f : [a,b] X [¢,d] — R is continuous, then

o | [ et s
o0 [y [ | e want]

and the equality holds if and only if f = const.
Proof. The statement follows from Corollary 3 by taking F(z) =exp(z). 1

Corollary 9. If f : [a,b] X [¢,d] — R is continuous and positive, then

m/j/jln(ﬂx,y))dmx
3 o /ab/cdf(x,y) i)

and the equality holds if and only if f = const.

Proof. Let F(z) =Inz, z > 0. Then F"(z) = —% < 0 for all z > 0. Hence,
the statement follows from Corollary 3. |

Remark. It is evident that all results in sections 2 and 3 above are valid in
a slightly more general setting, namely, instead of continuous functions on D
(resp. [a,b] X [c,d]), it is sufficient to require the functions under consideration
to be integrable on a finite measure space (X, pu,Y) with the property that
there exists some p € X such that f(p) = “(#X) fX fdu, which is easily seen
to be satisfied if f(X) is a bounded interval in R. However, in order that this
article can be accessible by a broader class of readers including physicists and
engineers, we chose the present less general setting instead.

3. Applications to the Calculus of Variations

The results in Section 2 can be applied to solving certain Calculus of Variations
problems directly for optimal solutions. For the sake of simplicity, we only
work on some less intricate cases. However, as the method of treatment is
rather algorithmic, it is easily seen that the same techniques can be applied to
more complicated situations. The upshot of the treatment is that we can obtain
the optimal solution directly without having to go through the classical steps of
deriving and solving the Euler-Lagrange equations, which for most of the time
is very tedious if not impossible.
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Example 1. Let ¢ : [a,b] X [¢,d] — R be continuous and positive.

the functional

b d
. / / o, 9) fiz(z,y)* dydz,  a€R,

and for all C* functions f : [a,b] X [c,d] — R satisfying

J12>0 on [a,b] x [c,d]
fla,y) = f(z,c) =0 Vzx € [a,b],y € [c,d]
flb,dy=M >0,

where, as usual, fi» = 0?f/920y. Denote by A = (b — a)(d — ¢).
(i) If @ <0 or @ > 1, then the minimum of I occurs, when

/ / ldtds,

where C' = - f f —L - dtds and Iy, = &

sta

(i) fo<ac< 1 then the maximum of I occurs when

// dtds,
sta

where C' = L [* [T — L dt ds and L., =

(sta

Ca'

Proof. Case (i): By Corollary 6,

_A“U/ (2, y) fuxy)dydx :

Consider

(13)

where the equality holds if and only if ¢(x, y)E fi2(z,y) = & for some constant

C > 0. Since

fa.y) = / ' / " fuas ) dids + fla,y) + flx.e) — flayo)

the equality in (13) holds if and only if

o) [

dt ds.

From the condition f(b,d) = M, it follows that C' = +; f f - dt ds. Hence,

p(st) e

1 1.1 A
sl f o] -] -2

Case (ii) is analogous to Case (i).

we have
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Example 2. Let ¢ : [a,b] X [¢,d] — R be continuous and positive. Among all
C? functions f : [a,b] X [¢,d] — R with

fi2>0 on [a,b] X [c,d]
fla,y) = f(x,c) =0 Vzx € la,bl,y € [c,d]
f(b,d) =M >0,

the functional

b d
1= [ [ etaperen dyas

attains its minimum when
T [y
fla) =Cla-ay-o = [ [ ps,t)deds

where C' = £+ [fab fcd In(s,t) dtds + M} , and Iy, = Aexp(C).

Proof. By Corollary 8,

I> Aexp E /ab /cd(lnso(w,y) + fm(w,y))dydfc} : (14)

where the equality holds if and only if Inp(z,y) + fi2(z,y) = C, that is
fia(z,y) = C —Inp(z,y) for some constant C'. Since

Fa) = [ [ fuls.tydtds + flap) + fo.0) - flao)
the equality in (14) holds if and only if
flz,y) =C(z—a)(y — ¢) — /m /y Ino(s,t)dtds.
From the condition f(b,d) = M, it follows that M = CA — f; fcd In (s, t)dtds,
and thus C' = % [f: fcd In (s, t) dt ds + M|. Hence, we have
Lnin = A exp(C). ]

Example 3. Let ¢ : [a,b] X [¢,d] — R be continuous and positive. Among all
C? functions f : [a,b] X [c,d] — R with

Ji2>0 on [a,b] X [c,d]
fla,y) = f(x,c) =0 Vzx € la,bl,y € [c,d]
f(b,dy=M >0,
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the functional b nd
[:/ / In(p(x,y) fi2(z,y)) dy dx

attains its maximum when

1 [* [y 1
—/ / dtds,
CJa Je w(s,t
where C' = +; f h @ max = —AInC.
Proof. By Corollary 9,
1 b
I <Aln {Z/ / o(z,y) fre(x,y) dydz| , (15)

where the equality holds if and only if ¢(z,y) fi2(z,y) = & for some constant
C > 0. Since

flz,y) = / / fi2(s, t)dtds + f(a,y) + f(z,c) — f(a,c),

the equality in (15) holds if and only if

f@9) 0//

From the condition f(b,d) = M, it follows that C' = ﬁ f;
we have

dt ds.

cs@)

Tax = Aln [ / / dydx] =Aln (é) =—-AlnC. |

Remark. These results cannot be obtained by using the classical approach.
Acknowledgement. The authors wishes to express their gratitude to the ref-
erees for their valuable and useful comments.
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