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Regularity of Flows of a Non-Newtonian Fluid
subject to Dirichlet Boundary Conditions

P. Kaplicky

Abstract. We study a planar flow of a generalized Newtonian fluid under the Dirich-
let boundary condition. The fluid is characterized by a nonlinear dependence of the
stress tensor on the symmetric part of the velocity gradient. We prove that the unique
weak solution of this problem has a Hélder continuous gradient provided the growth
of the stress tensor is of order p — 1 for a certain p € (2,4). The result is global in
time and in space.
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1. Introduction

Let © C R? be a bounded domain, I := (0,7 for some T > 0, Q := I x Q. We
investigate the existence of a regular solution v : Q@ — R?, 7 : @ — R of the
following two dimensional initial value problem:

Oru + uzg—u —div(7(Du)) + Vo = f, divu=0inQ,
T

/W(t):Ofora.e. tel, u=ugin {0} xQ
Q

under the homogeneous Dirichlet boundary condition

u=0 on I x 0. (2)
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Here, and also in the whole article, we use the standard summation con-
vention, i.e., u;0u/0zr; = Z?:l w;0u/0x;. The symmetric gradient of a function
u is denoted Du. Clearly, Du € S, the set of symmetric 2 x 2 matrices. We
assume that 7;;(D) = 8;;F(|D|?) := 0F(|D|*)/dD,; for all D € S and a given
potential F': (0, 4+00) — (0, +00). We assume that F is a C? function such that
F(0) = 0 and there exist p > 1 and Cy > C} > 0 such that for all D, E € S

Ci(1+|D)* |EP < 0,Tu(D)EyEn < Co(1 + D)7 |EP. (3)

If we interpret u as the velocity field, 7 as the pressure and f as a net applied
force, then the first equation in (1) expresses the balance of linear momentum for
an incompressible fluid. Incompressibility of the fluid is captured by the second
equation in (1). Specific material properties of the fluid are described by the
stress tensor 7. We have, mainly, in mind the fluids with shear-dependent
viscosities with 7(D) = 2u(|D]*)D for all D € S and a given generalized
viscosity g : (0, +00) — (0, +00). Note that then F(|D]?) := OlD‘Q w(s)ds is the
potential to 7. Typical example of T satisfying (3) is 7 (D) = (1+|D|*)®=2/2D.

The existence and uniqueness of a global solution to the problem (1), (2)
with (3) were proved in [15] provided p = 2.

To our knowledge, the first successful attempt to obtain global in time
C1 regularity of the solution of (1), (2) is due to Seregin [20]. He proved the
regularity of the solution in the interior of {2 assuming the boundedness of the
third derivatives of the potential F'. His method is based on the fact that in
this case the third derivatives of u are in L _(Q). Under the same condition on
F' it is proved in [16] that the gradient of w is even Lipschitz continuous.

A different approach was used in [19] to show that every weak solution
u: Q — R? of the problem

Ou — div(a(Vu)) =0 in @ (4)

has a locally Holder continuous gradient, provided a : R?*? — R2*2 satisfies
similar conditions as 7 in (3) with p = 2. They first show regularity of d;u and
then at every time level they use the stationary L? theory to (4) with d;u on the
right hand side. Their technique was later used in [4] to obtain the regularity
result also for a having the growth exponent p € (1, 2).

Only recently this method was modified in [13] and applied to (1) with pe-
riodic boundary conditions. It is shown there that if (3) holds with p € (4/3,2),
up = 0 and f is smooth enough, then there exists a solution u of (1) with the
periodic boundary conditions that has Holder continuous gradient, and this so-
lution is unique within the weak solutions satisfying the energy inequality. The
lower bound for p is due to the fact that the differences between (1) and (4) do
not allow to show the regularity of Oyu first, but the regularity of d,u and Vu
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have to be inferred at once. The results from [13] were extended to electrorhe-
ological fluids and nonzero initial value in [2].

In this article we transfer the method from [13] to problem (1) with ho-
mogeneous Dirichlet boundary conditions (2). Our main result is the following
theorem.

Theorem 1.1. Let Q C R? be a bounded domain with C*** boundary, p €
(0,1). Let (3) hold for some p € (2,4) and

feL (LX), f(0)€ LX), afe Ll (I,(W()) ()
uy € W) N Wolﬁiv(ﬂ), r>2(r=2ifp=2) (6)

Then the unique weak solution u, w of (1), (2) with (3) satisfies

u, Vu,m € L¥(I, W'(Q))  for all s € (1,2) (s =2 if p=2),

O € L=(1, L) N L(1, Wy g (). @)

Moreover, if there is a ¢ > 2 such that
feLx(I,LYQ), o.feLi(I,Ww(Q), (8)
then there exist ¢ > 2 and o > 0 such that for all e € (0,T), s € (0,1/2)

Vu,m € L*((,T), WH(Q)),  Vu,me C*((,T) x Q)

O € Li((e, T), WH1(Q)), e W((e,T), LYQ)). (9)

To prove this theorem we construct the solution u as a limit of smooth
solutions u” to approximating problems. The decisive step is to show a priori
estimates for ut in L*°(I1, W24(Q)) for certain ¢ > 2 independent of A. They
rely on careful stationary and evolutionary estimates for systems of the Stokes
type with bounded measurable coefficients. Evolutionary estimates are used to
get a bound of the norm of d,u? in L*°(I, L4()) for certain ¢ > 2. For the
nonlinear system (1) this bound depends on the L™ norm of Vu®. Then we
use the stationary estimates to the approximating equation with the term d,u®
on the right hand side in order to estimate Vu? in L>(I, W14()) for certain
q > 2 (cf. [10, 11, 12]).

In spite of the fact that we closely follow [13] there are some important
differences caused by the presence of the boundary. The first difference is hidden
in the L? theory for the evolutionary Stokes system. In the case of the periodic
boundary conditions the regularity of the pressure can be obtained first and the
L7 theory is then reduced to the L9 theory for the heat equation. This is not
possible in the case of the Dirichlet boundary conditions and more complicated
methods must be used (cf. [5, 14]). The second difference comes from the
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fact that we do not know how to get the regularity statement in (7) up to the
boundary 0f if p < 2. It is possible to get similar interior estimates, but then
we would also need the estimates of 9,7 and 9?u in the proof of (9) and we do
not know how to solve this problem (see [9] for details). This is why we restrict
ourselves to the case p > 2 in this paper. It should be mentioned that while in
the case of the periodic boundary conditions it is easy to get (7) if p > 2, this
step is nontrivial in the case of the Dirichlet boundary conditions, giving also
the upper bound for p.

This article is divided into four sections. In Section 2 several systems of the
Stokes type with bounded coefficients are studied. The proof of Theorem 1.1 is
delivered in Section 3 provided p = 2 and the last section is devoted to the case
p > 2.

Now we add some remarks on weak solutions of (1), (2) with (3). Let
f e LY(I,(W"(Q)"), up € L*(Q). We say that u : Q — R? is a weak
solution of (1), (2) with (3) if u € L%(I,L*(Q)) N LP(I,Wy% (Q)), du €
LV (I, (Wyk (Q))), it satisfies w(0) = uo in L*() and it holds for all ¢ €
D((—00,T),N(R)) that

J@war+ [ [ T00De - wewDe = [0 (10)

It is well known that then u € C(I, L*(2)) and the initial value problem is well
posed. Note, that in the case p > 2 we can take even ¢ € LP(I, Wolﬁiv(Q)) as
a test function in (10). Due to this fact the uniqueness of the weak solution is
obtained via standard arguments for such p.

Moreover, if we know dyu € L (I, (W,7(Q))*) then the pressure 7 can be
reconstructed at almost every time level ¢ > 0 (cf. [22, IV,1.4]), it is uniquely
determined by the zero mean value condition [, w(t) = 0 for a.e. ¢ € I and it
satisfies 7 € LY (I, L¥'(Q)).

Now, we bring together notation used in this introduction and in the whole
article. The word domain indicates an open and connected set 2. We use the
standard notation for the Lebesgue and Sobolev spaces LP(€2) and W™P(€2),
1 <p < 400, n € N equipped with the norms [|...||, o, |- - [l,, .0, respectively.
Similarly, W*P(Q2) for a € (0,1) denote Sobolev-Slobodeckii spaces. Next,
L a1 (€2), Tesp. Wi'H (€2), stand for the closures of the space N(Q) = {¢ €
D(R) : div e = 0} in the norm of the space LP(f2), resp. W™P(£2), and C%* ()
represents the spaces of Holder continuous functions.

The dual space to a Banach space X will be denoted by X*. The value of
a(b) € R, wherea € X*and b € X is (a, b) x+ x. If there is no confusion likely, we
write only (a, b). We also abbreviate (Wa' (Q))* = W=L#(Q). For the definition
of the Bochner spaces LP(I,X) and W*P(I,X), a € (0,1), p € (1,+00), and
the corresponding norms see [21].
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The constant K > 0 may vary from line to line, but it is always independent
of all solutions and approximation parameters. Let us recall that in the whole
paper the summation convention is used, the symmetric gradient of a function
u: R? — R? is denoted Du.

2. Results for generalized Stokes system

The L7 theory for linear parabolic and elliptic systems of the Stokes type plays
a significant role in the proof of Theorem 1.1. For systems with the periodic
boundary conditions and the zero initial condition it was proved in [13, Sec-
tion 2|. These results were later extended also for the nonzero initial condition
in [2, Section 4.2]. The aim of this section is to provide a detailed summary
of the L7 theory for the evolutionary problems with the Dirichlet boundary
condition by the method developed in [13, Section 2].

Although we need the L? theory only in R? we state it in R®, n € N,
accordingly Q@ C R*, Q := I x Q C R™*! in this section. Let A = (A)}" .=
Q—>R" 7>~ >0suchthat forall E€ S,z e, tel

n|EP < Al(t,2) EyyBu < 72 | B

Af; € L™(Q), Ag(t,x) = AP (t, ).

For a given ¢ : () — R™ and vy : 2 — R" we study a weak solution v : ) — R"
of the problem

Ow —div(ADv) +Vo =g, divoe=0 inQ

v(0)=vy InQ, v=0 onl xN. (12)

The existence and uniqueness of a weak solution of this problem is well known.
It is shown for example in [23, Theorem II1.1.1] provided Af} = 6;50;; on  for
all 4,5, k,l =1,...,n (d; denotes the Kronecker symbol). We state this in the
following lemma.

Lemma 2.1. Let 2 C R" be a bounded domain with Lipschitz boundary.
If g = divG for some symmetric matriz G € L*(Q) and vy € Ladiv(Q),
then there exists a uniquely defined weak solution v € L*(I, Wolﬁiv(Q)), o €
LA(I, (Woljw(Q))*) of (12) with Afl = 6405 on Q for alli,j,k,l=1,...,n such
that max({|Dvllyq 0]l oo (1, 22(0))) < NGl + N[0l and

T T
/ (Orv, ) +//DijUDij90: —/ /Gz‘jDijSO (13)
0 1Ja o Ja

holds for all ¢ € L*(I, Wy'z,(Q)).
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Note, that once the existence of a weak solution v is known, we get the
bound in Lemma 2.1 by testing (13) by this solution v.

In the next lemma we collect the facts about the L? theory for the Stokes
problem.

Lemma 2.2. Let Q C R" be a bounded domain with C*** boundary, 0 < p < 1.
Let Al = 0ydy on Q for all i,5,k,1, 2 <r < +00.
(i) For all s € (0,1/2) there exists a K > 0 such that if ¢ = divG for a

symmetric matriz G € L"(Q), vo = 0 on Q, then the unique weak solution
v of (12) satisfies

||U||LT(I,WLT(Q)) + ||U||WSW(I,LT(Q)) <K ||G||T,Q-

(i) If r < 5/2 then there is a K > 0 such that if g = 0 on Q and vy €
WtDE=2/m2(Q) 0 L2 1. (Q), then the unique weak solution v of (12)
satisfies

||'U||LT(I,W17T(Q)) + ||U||L°°(I,LT(Q)) <K ||U0||W<n+1><r—2>/n2(9)-

Moreover, v € W*"(1,L"(2)) for all s < 1/2.
The constants K are independent of T'.

Proof. Part (i): Let P : L"(Q2) — X, := Lf 4,(€2) be the Helmholtz pro-
jection. The standard Stokes operator A, : D(A4,) C X, — X, on D(A,) =
W27 (Q) N Wy, (Q) is defined by A, := —PA. For o € (—1,1) we define
A® D(A®) as in [5]. Let B := 9, : D(B) ¢ L"(I,X,) — L'(I,X,) with
D(B) := {v € W' (I,X,) : v(0) = 0}. In [5, Lemma 4.1] it is proved that
it g € L’"(I,?A?(Ar_l/Q)) then there exists a unique weak solution v of (12) sat-
isfying ||v]|ppi/zy + |lv DAy < K||g LrB(a=1/2y 1t holds D(AY?) —

W (Q), see [6, Prop. 1.4], and consequently (W''(Q))* — (D(Ai,/Q))* =
75(14,71/2), compare [6, (1.3)]. Defining the operator g(p) = fQ GDyp for all
o € L"(I,WH'(Q)), it follows Hg”Lr(Iﬁ(A*W)) < K|[|Gll,o- It remains to

show that D(BY?) — W="(I, X,) if s < 1/2. In fact, B has bounded imag-
inary powers, see [3], and consequently D(BY/?) = (L"(I,X,),D(B))u/y —
(L"(I,X,),D(B))s, — W*"(1,X,), compare also [21, proof of Theorem 30].
This finishes the proof of the first part of the lemma. Here we used (-,-)n/9,
(+,-)s, for the complex and real interpolation methods.

Part (ii): First we find in [6, Lemma 1.1] that the operator A, gen-
erates a bounded analytic semigroup on X,. It follows that if vy € Xy, =
(X,,D(A,))g, for some 6 € (0,1/2), then v(t) := e 4ty satisfies |Jv(t)|1, <
K min{(1/t)/27% (1/t)"*}|vo]|x,,, for ¢ > 0. Hence, if # > 1/2 — 1/r we have
o0l ooy < K llvlly,,. Moreover, [ut)ll,, < K Juolly,, for t > 0.
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We conclude the proof by the fact that due to the embedding there is 6 €
(1/2 — 1/r,1/(2r)) such that WEHDE=2/m2(0) 0 X, — X,,. The fact that
ve W (1,X,) for all s < 1/2 follows from [7, Corollary 2.3]. |

Defining Sy : L*(Q) x L 4, (Q) = L*(Q), S1(G,vp) = Dv and S, : L*(Q) x
L3 4ie(2) — L®(I,L*(Q)), S2(G,v) = v, where v is the unique weak solu-
tion of (12) with Af} = 0;x0; on ), Lemma 2.1 implies that S; and S, are
continuous linear operators with norms bounded by 1. Restricting S; and S,
on Dg = L"(Q) x (Wr+DIr=2/r2(Q) n L5 4iv(9)), Lemma 2.2 says that for
r € (2,5/2) there exists C, > 0 such that S; is continuous from Dg to L"(Q)
and Sy is continuous from Dg to L*(I,L"(2)) with the norms bounded by
C,. > 0 independent of T'. Unfortunately, the constant C). cannot be efficiently
computed in the proof of Lemma 2.2. In order to get estimates of this constant
we interpolate the estimates in Lemma 2.1 and those in Lemma 2.2. Riesz-
Thorin interpolation theorem supplies the statement of the following lemma.
Note that in Lemma 2.3 below the upper bound for the constant C, is shown
and this upper bound tends to 1 as ¢ goes to 2. This is extremely important in
the proof of Proposition 2.4 below.

Lemma 2.3. Let Q C R" be a bounded domain with C*** boundary, p € (0,1),
r € (2,5/2). Let Al = 6,01 on Q, K, = O/ =2 Then there exists a K/ >0
such that for every q € (2,1), g = divG with a symmetric matriz G € LI(Q),
v € WntD@=2/a2(Q) N L3 . (Q) the unique weak solution v of (12) satisfies

1—2
max{ HUHLoo(I,Lq(Q)) 3 HDU”q,Q } <K, ( HGHq,Q + K] HUOHW(”Jrl)(tI*%/qu(Q) )

Finally, Lemma 2.3 allows us to prove the L? theory also for systems of
the Stokes type with bounded measurable coefficients provided ¢ > 2 is small
enough.

Proposition 2.4. Let Q C R" be a bounded domain with C*™ boundary, u €
(0,1), r € (2,5/2). Then there are constants K > 0, L > 0, which may
depend only on r and 2, such that if ¢ € (2,2 + Ly1/72) (71, Y2 occur in (11)),
g € L1(I,W(Q)) and vy € Vo := WtD@2/e2(Q) U L2 . (Q), then the
unique weak solution v of (12) with (11) satisfies v € W4(1, L1(2)) for all
s <1/2 and

_1 K 1—1
190l % * Iollecr oo < = (Nolzacraw-raay +2 ool ) (14)

Proof. We follow the proof of [13, Proposition 2.1]. It is split into three steps.
Step 1 shows that there exists a symmetric tensor G € L(Q) such that for
all o € D((—00,T), N (2))

[AQ@W=ZGW%HWWSKMMMWWW~ (15)
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The main idea is to solve the stationary Stokes problem

/Q Dyjw(t) Dy = (g(t), )V € N(Q)

with the homogeneous Dirichlet boundary conditions for a.e. ¢ € I and define
G(t) = Dw(t). This can be done with the help of the L? theory for the stationary
Stokes system, see for example [1]. Then it is possible to show (15) exactly as
in [13].

Step 2 proves the assertion of Proposition 2.4 provided that

Al e C*(Q), G €C™(Q), suppGi;; CQ, v eN(Q).  (16)

The computations in this step require to know that the unique weak solution
of (12) is bounded in LI(I, W'4(Q)). This is assured by (16). Indeed, if (16)
holds we can construct by the Galerkin method the unique weak solution v
of (12) such that ;v € L>=(I, L*(Q)), v € L>®(I, W*2(Q)), compare for example
with [23, proof of Theorem III1.3.6].

Now, we add ~,Av to both sides of (12) and after change of the variable
s =rt, s € I" :=(0,T%), T* = T the weak formulation of the problem (12)
looks like: for all p* € D((—o0,T*),N())

1
/ /asv*go*—l—Dv*Dgo*:/ /]B%*Dv*Dgo*—i——G*Dgp*. (17)
1+ JQ «JQ 2

We used the notation v*(s,z) := v(t,z), G*(s,z) = G(t,z), (B*);l(s,z) :=
dirdji — Aff(t,x)/fyg for all s € I*, x € Q and all 4, j, k,I. We can use Proposi-
tion 2.3 to (17) in the same way as it is done in [13] to get (this is the point,
where we need that the L9 norm of Dv is bounded)

10"l oo e Loy + 1V g < == (1670 + 2 [lvolly, ) (18)

o
g
provided (2K,)'%9(1 — 71 /v2) < 1 —71/(272), which follows from ¢ € (2,2 +
Lv1/72) if L > 0 is chosen suitably small. Note also that Lemma 2.2 implies
that u* € W#4(I*, L9(Q2)) for all s < 1/2.

Inequality (14) then follows by the backward transformation of time ¢ =
s/7e from (18).

Step 3 proves Proposition 2.4 assuming that Af} € L>™(Q), G € LYQ) and
vg € V.

By the convolution of A (A =AinQ, A:=~Ilin R3\ Q) with a smooth con-
volution kernel we find symmetric matrices A™ € C=(Q) such that A™ (¢, z) —
A(t,x) for almost every (t,z) € @ and for all D € S, for a.e. (t,z) € @ it holds
v |D? < (Af})(n)(t,x)DijDkl < 74 |D|>. We can also construct G™ e D(Q)
such that G™ — @ in LI(Q) and v{") € N'(Q) such that v\"” — vy in V4.
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Denote by v, o™ the solutions of (12) with the coefficient matrix A,

the right-hand side ¢™ = div G™ and with the initial value v[()n). For n large
enough it follows by Step 2

_1 2K _1
90 0 e oy 190 g < == (UGllg + 732 ol )-— (19)

As the right hand side of (19) does not depend on n we can pass to the limit as
n — oo in the weak formulation of (12). Since the weak solution of the problem
(12) (with A, G, vg) is unique the statement of the proposition follows from
(19) by Korn inequality (for example [17, Section 5.1.1]), (15) and the lower
semicontinuity of the norm with respect to the weak convergence. |

In the proof of Theorem 1.1 we will also need the L? theory of stationary
systems of the Stokes type with bounded measurable coefficients. We investigate
a weak solution v : 2 — R” of the following stationary problem:

—div(ADv)+ Vo =g, dive=0in€Q, v =20 on 9. (20)

.....

alent of (11)

Iv,72 > 0,VE €8S, Vo € Q 171 |E|2 < Af}(m)EijEkl < 79 \E|2 21)
Al e L¥(Q) and Afl(z) = Ajj(x) VzeQ, ijkl=1...n
A proposition analogous to Proposition 2.4 holds (see [11, Lemma 2.6]).

Proposition 2.5. Let Q C R" be a bounded domain with C? boundary. Then
there are constants K > 0, L > 0 such that if ¢ € (2,2 4+ Ly1/72) and g €
W=14(Q), then the unique weak solution v of (20) with (21) satisfies

K
”vaq,Q < % HgHWﬂ,q(Q) :

Now we recall two useful lemmas.

Lemma 2.6. Let Q C R" be a bounded domain with C? boundary. Assume that
w e L>*(1,C%(Q)) and w € C¥P(I; L"()) for some a, 3 >0 and r > 1. Then
w € C*(Q) with v = min {a, 2201

7 ar+n

The proof is a slight modification of the proof of [8, Lemma 2.2].
Lemma 2.7. Let Q C R" be a bounded domain with C? boundary. If qo > n

and v € WH®(Q). Then u € C(Q) and there is C' > 0 independent of qo such

that
1 -4
0]
<C
Slépw— (qo_n) [wll1 40,0

The assertion follows from the proof of Theorem 2.4.1 in [24], page 58:
(2.4.6)~(2.4.9).
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3. Proof of Theorem 1.1 for p =2

The proof is divided into several lemmas. In the first lemma it is stated that a
unique weak solution to problem (1)—(3) exists for p = 2. For our approach it
is important that the regularity of d;u (see (22)) is directly obtained.

Lemma 3.1. Let Q C R? be a bounded domain with Lipschitz boundary, let (3)
hold with p = 2, f € L*(I,(Wy(Q))"), 0f /ot € L*(I,(Wy3,(2))"), f(0) €
L3(Q). Let ug € W22(Q) N W, 3 (Q). Then there exists a unique weak solution
u of the problem (1), (2) and a constant K > 0 such that

ull o (1,220 T VUllag < Ko 100l poe (1 120y + IVOull, o < K. (22)

The pressure m can be reconstructed in such a way that it has the zero mean
value over Q at almost every time level t € I, m € L*(Q) and ||7[l,, < K.

Proof. For the Navier-Stokes system (i.e. 7;;(D) = D;; for all D € S) the
existence and regularity of u is proved in [23, Theorem I11.3.5] via the Galerkin
method. The same proof works also for the systems with growth p = 2 that we
consider here with the difference that we have to use the monotonicity of the
operator 7 to pass to the limit in the elliptic term.

As dyu, div T (Du), div(u®u) and f belong to L*(I, W1%(Q)), the pressure
7(t) can be reconstructed by De Rham’s theorem at almost every time level ¢ € I
in such a way that

Vr(t) = —du(t) + div(T (Du(t))) — div(u @ u)(t) + f(£) in W2(Q). (23)

Setting up the zero mean value condition for 7(t) we get for a.e. ¢t € I an
estimate of 7(t) in L?*(Q) via the Nec¢as Theorem on negative norms, see for
example [1], consequently 7 € L*(Q) and |7, , < K. The lemma is proved. B

In the next lemma we collect an additional information about the regularity
in space of the unique weak solution of problem (1), (2) with (3).

Lemma 3.2. Let, additionally to the assumptions of Lemma 3.1, Q have C?
boundary and f € L>=(I, L*(?)). Then the unique weak solution of problem (1),
(2) with (3) satisfies

u € L®(I,W**(Q)), we L=, W"*(Q)). (24)

Proof. As du € L>™(I,L*()), see (22), we can move this term to the right
hand side of (1). At a.e. time level ¢ € I we can use the difference technique
in the space to get (24). The proof is technically difficult as 0 is present. The
regularity of u cannot be obtained at once, first the interior regularity must be
shown and then the regularity near the boundary. We skip the proof and refer
the reader to [18, Section 3] where this method is used to get L*(I,W??%(Q))
regularity of a solution to a similar system as we consider here even in 3D. It
can be easily modified also for our situation. |
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Now we improve the regularity of d;u by the linear theory from Section 2.
To avoid possible problems in ¢ = 0 we employ a cut-off function in time.

Lemma 3.3. Let all assumptions of Lemma 3.2 hold. Moreover, let O,f €
LI, W=14(Q)) for some ¢ € (2,4) and O be of the class C*™ for some
w € (0,1). Then there exists ¢ > 2 such that the unique weak solution of (1),
(2) with (3) satisfies for all s < 1/2 and 6 € (0, min{1,T'})

Oyu € L7((0,T), Wy i, () NW>9((6,T), LI(Q2)). (25)

Proof. First we derive an equation for the time derivative of u. We test (1)
with ¢ := 9,(¢¥n), where ¢ € D((—o0,T),N(2)) and the cut-off function n €
C*>(R) satisfies n = 0 on (—00,0/2), n = 1 on (§,+00) and 7' € (0,5/0)
on R. After integration by parts we get that v := nd,u satisfies for all ¥ €

/Q —v0) + OTij(Du) Do Dijyp = (g, ), (26)
where
(9,9) = /Q(??atf + n’aﬂm/} + (Uiuj + Ujui)Dijw~ (27)

Clearly, g € Li(I,(W=59(Q)) by (22), (24), the assumption on d;f and the
properties of 1. Moreover, dive =0 on @ and v =0 on ({0} x Q) U (I x 09).
Since Al! := 0;;Tx(Du) on Q satisfies (11) by (3) with p = 2, Proposition 2.4
gives us ¢ € (2, q) such that (25) holds. |

Note that Lemma 3.3 guarantees that uw € L>((0,7T), L(2)) for some ¢ > 2
by [21, Corollary 26]. It means that we can move d;u to the right hand side
of (1) and for a.e. t € (§,7T) use the stationary theory, namely the following
theorem proved in [11, Theorem 3.19].

Theorem 3.4. Let Q C R? be a bounded domain with C? boundary. Let u, m,
fQ m =0 be a weak solution of the problem

Ju , . :

Ukg— div(7 (Du)) = Vr = f, divu=0inQ, u=0 at 09,

Ly
where T satisfies (3) withp =2, f € LY(Q) for ¢ > 2. Then thereis a q € (2,4)
such that |lully, o + |7l o < K where K and ¢ may depend only on Q, Cy,
Co, £l 0

Now we are ready to prove the Holder continuity of Vu, but to prove the
Holder continuity of m we lack the information about the regularity of 7 in
time. Fortunately, it can be reread from (1) since du € W*4((6,T), L9(2)) for
all s < 1/2, precisely
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Lemma 3.5. Let p = 2 and all assumptions of Theorem 1.1 hold. Then there
exists a q > 2 such that for all § € (0,min{1,7T}) and s < 1/2

m € W((5,T), LURQ)). (28)

Proof. Due to our assumptions all Lemmas of this section hold. From (24)
and (25) the existence of ¢ > 2 follows such that

uw € W((8,T), WH(Q)), 0O € W1((6,T), L1(Q)). (29)

Let ¢, ¢ € (§,T) and denote Xu = u(t) — u(t') and so on. Subtracting (23) in
time #' from the same equation in time ¢ we get for all p € W,*()

/ A divp = /(ﬁt/@u — N'f)p — (A (u @ u) — AT (Du))De. (30)
Q Q

By (8) and (29) it is seen that (30) remains valid also for all ¢ € Wol’q/(Q). We
construct a special test function ¢ as a solution of the problem

/ / / 1 / /
div o' = Nfr|Atr2 — — | A'r|AP7]972 in Q
9 Jo
et =0 at 0Q.

As the right hand side belongs to L7 (Q) for a.e. (t,t') € (6,1)% by (24) and it
has zero mean value over €2, we get for example by [1, Lemma 3.3] the existence

of ¢ and the estimate ||¢" H1 oK | X7 ‘ -
Testing (30) with ¢ we get on the left hand side (the second term vanishes
as [, Nm=0) I := [, X7 dive! = || A7 ‘ - The right hand side can be es-

timated with a help of Hélder inequality, (3) and (24) by IW/2+K(||A“'8tuHZ’Q +
A ot | X' ul|? ). We divide the both sides by [t —¢'|'~*¢ and after the
integration of the so obtained inequality twice over (§,7") we get by (8) and (29)

X ek
HWHqu(aT)Lq Q) |t — ¢/|1+sa tdt’

The lemma is proved. [

Now we are prepared to prove Theorem 1.1 in the case p = 2. Let (5), (6)
hold. Then (7) follows by Lemmas 3.1, 3.2. Let, moreover, (8) hold. Combining
the results from Lemmas 3.1, 3.2, 3.3 with Theorem 3.4 we have got the existence
of ¢ > 2 such that the unique weak solution u, m of (1), (2) with (3) satisfies
(24), (25) and

we L%((6,T), W4(Q)), e Lo((6,T), Wh(Q)). (31)
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As WH((0,T), L9(Q)) — CIVa((5,T), L9(Q) and Wha(Q) — C™-/1(@)
in two dimensions, it follows from (25) and (31) by Lemma 2.6 that Vu €
C%((6,T) x Q) for a certain o > 0. Moreover, (28) holds by Lemma 3.5 and
by embedding [21, Corollary 26] = € C*~Y4((5, T, L1(2)) for all s € (1/q,1/2).
This together with (31) gives by Lemma 2.6 the Holder continuity of 7 on
(0,T) x € and concludes the proof of Theorem 1.1 if p = 2.

4. Proof of Theorem 1.1 for p € (2,4)

Following [18] we introduce quadratic approximations 74 of 7. For A > 1 we
define an approximative potential

FAs) = F(s) for s € (0, A%),
as +by/s+c for s > A?

in such a way that F4 € C?((0,+00)) and, trivially, £4(0) = 0. Defining
T;(D) := 0;; FA(|DP?) for all D € S and i, j, there is a constant C'(A) > 0 such
that for all D, E € Sit is C1|E|> < OuT;}(D)Ey;Ey < C(A)|E|?. It means that
T4 satisfies (3) with p = 2 and by the previous section the problems

Ou —divZ*(Du) = f —Vr —divlu®u), divu=0 inQ

32
/W(t)zofora.e.tef, u=0 in I x 09, u(0)=wuyin (32)
Q

possess the unique weak solutions u”, 7 satisfying (7) and (9). Although we
do not a priori know that u4, 74 are bounded in the norms of the spaces from
(7) and (9) uniformly in A, the regularity of u?, 74 is very important as it
allows us to compute with these norms since they are for fixed A > 1 finite.

In order to prove Theorem 1.1 we estimate u?, 74 in suitable spaces uni-

formly with respect to A and pass to the limit as A — oo in (32). Since we
want to show the uniform estimates of u, 74 we need uniform estimates of 74.
For this purpose we define 64(D) = (1 4+ min (| D|?, A?))Y/2 for all D € S. In
[18, Lemma 2.22] the existence of C5, Cy > 0 is proved such that for all A > 1,
D,E€eS

C36%*(D)|E* < 0T (D)EijEw < Cat% *(D)|EP? (33)
Cs|D|* < T;(D) Dy (34)

From (33) it follows by the Mean Value Theorem that there exists a K > 0
such that forall A >1, D €S

TAD)| < K&X(D)|D], 653 (D)IDP < KTH(D)Dy.  (35)
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To illustrate the technique we prove the last statement. Since 74(0) = 0 we
have

1
D;; = / &dTA sD)dsDyD;; > Cg/ 93_2(SD)dS|D|2

for D € S. Tt remains to show I(A4, D, p) fo 0" *(sD)ds > K65 *(D). Note
that the function s — 6% >(sD) is nondecreasmg on (0,1), i.e., I(A,D,p) >
0"%(D/2)/2. This gives for |D|/2 < A that I(A,D,p) > (1 —I— |D| /4)(P=2) /2/2
and consequently (A, D,p) > 1/2(1/4)?=2/265"%(D). As for |D|/2 > A we
get I(A,D,p) > (1+ ]A\Q)(p_g)/g/Z = Gifz(D)/2 the claim is proved.

As we want to prove a global result we need the following description of the
boundary of €. Let us choose some o > 0 small. As 9 is of the class C*T#,
it can be described in the local coordinates by C*™ maps a; : (—a,a) — R,
Ce{l,... k},

ay(0) =0, (sup) lay| < «a, (36)

e., for all g € 00 there exist B(xy) and ¢ € {1,...,k} such that in the

corresponding local coordinates (xy, z2) € 92N B(xy) if and only if xo = as(x;)
for x; € (—a, ).

Denoting

={(x1,22) : 1 € (—a, ), 2 € (ag(x1), ae(x1) + )}
={(z1,22) : 1 € (—a, ), 29 € (ag(x1) — v, a0(xq))}
= {(x1,22) : 71 € (—, ), 9 € (ap(x1) — v, ap(z1) + )}

we may assume that U C Q, U, C R? \ © and choose an open smooth set
Uy C Uy C Q so that UIZZO U D Q. Let & (¢ = 0,1,...,k) be a partition of

the unity corresponding to the covering Uy, Uy, ..., U, of 2. In the coordinate
system Corresponding to (Up, &, a0), € = 1,...,k, we can define a tangential
derivative g% := 2% 4 q) Qv

1 o

Let us start with the uniform estimates recalling that all constants K > 0
are always independent of A. We will follow the scheme of Section 3, but
now we have the whole scale of problems (32) for all A > 1 and we show the
estimates independent of A. An easy consequence of the fact that C5|FE |2
0ij T (D) E;; By for all D, E € S is the following lemma.

Lemma 4.1. Let A > 1, p > 2 and Q C R? be a bounded domain with
C*1 boundary, p € (0,1). Let u?, 74 be a weak solution of (32) with f
satisfying (5) and wy satisfying (6). Then there exists a constant K > 0 such
that

Hu + HVU <K

o

AHLOO(I,L2(Q)) AH2Q

37
+ |V (37)

< K.

A2 A
||Loo(1,L2(Q)) HQ,Q
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Proof. As the estimates of 74 from below does not depend on A, the proof is
essentially the same as the proof of Lemma 3.1. Recall that it is based on the
Galerkin method. The only point where the proofs differ is when estimating L?
norm of dyu?l(0), where u/! is a Galerkin approximation. Since a uniform esti-
mate of div 74 (Duyg) in L?(£2) is needed there, we assume (6) and the estimate

then follows from (33) as Dug is bounded in €. |

As in the previous section we now move dyu in (32) to the right hand side
and get better uniform estimates of u? in space. The presence of 9 causes
that we can prove them only for p € (2,4) and in comparison with Lemma 3.2
we get (38) below only for s € (1,2).

Lemma 4.2. Let p € (2,4) and all assumptions of Lemma 4.1 be satisfied.
Then for every s € (1,2) there exists a constant K > 0 such that for every
A > 1 the unique weak solution u?, © of (32) satisfies
A A

HW HLO@(I,WLS(Q)) + Hu ”LOO(I,WZS(Q)) < K. (38)
Proof. As all assumptions of Lemma 4.1 hold we have [|0yul joo(; 120y < K-
Consequently, we move dyu to the right hand side of (32) and at almost every
time level ¢ € I use the stationary theory developed in [11], where the authors
study similar stationary systems for p < 2. As we can proceed similarly here
we just mention the main steps of the proof.

First of all the interior regularity is shown. We can even show that there
is a K > 0 such that [|{ou” (w220 ll < K. The proof is based on testing
(32) with ¢y, := rot(£2* curlu) for k € N large enough, compare [11, Lemma 4.6,
Step 1]. The next step is to get the estimates of du” /07 in W12 norm. Similarly
as in [11, Lemma 5.1] these estimates depend on Vu*. Nevertheless, if p € (2,4)
this information is sufficient to reread estimate (38) from (32) with help of (33),
(34) and (35), compare [11, Lemma 5.6]. |

In the next lemma we show the uniform estimates that correspond to the
results in Lemma 3.3 and Theorem 3.4.

Lemma 4.3. Let p € (2,4) and all assumptions of Theorem 1.1 hold. There
exists a q > 2 such that for every 2e € (0, min{1,T'}) there is a K > 0 such that
for all A > 1

| Opu <K. (39)

A 2 A
HLOO((26,T),L4(Q)) +|VZu HLOQ((Qe,T),L‘I(Q))
Proof. Due to the assumptions, Lemmas 4.1 and 4.2 hold. Next we gain an
information on d;u. By the same procedure as in Lemma 3.3 we derive (26)
for v := nou? and o := nd,m*, n being a cut-off function with properties
n=0on (—oo,e+d/2),n=1o0n (e+9J,+o00) and ' € (0,5/0) on R for some
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d € (0,min{1,7T} —¢€). In the following all constants K > 0 are independent
of 5. Without loss of the generality we may assume that ¢ < 4 in (8), so
by (8), (37) and (38) we see that the functional g defined by (27) satisfies

HgHLﬁ(I,W*Lé(Q)) < K/é.
By (33) it holds for all t € (e +6/2,T), z € Q and E € S that

Cs| B> < 0y T3 (Dul(t,2)) By B < CaVi 30|, (40)

where Vi 5/2 = SUD(c45/21)x0 |0.4(Du)|. Let us note, that we a priori know that
Vao < +00. Consequently, Proposition 2.4 gives us K > 0, L > 0 such that for
allg € (2,2+ LV} 52

K
+ VAZ(;/?/q Hat“ F

AH (e+6,T)xQ AHL“((eJr&T),Lq(Q)) =

as we may assume that L < ¢—2 also ¢ := 2+LVZ;72 < . From (37) and (41)

we have [0 | o (e, < K and [t e iersim e < KV 5"/,
Interpolating these results we get for ¢ € (2,¢qy) and b € (0, 1) satisfying 1/q =

b/qo + (1 — b)/2 the estimate

b(p—2)‘

[
qo

with F := (42)

A E
HLoo((e+5,T),Lq(Q)) = EVA,M

Note that £ — 0, g — 2 as b — 0.

From now on all constants K > 0 are independent of ¢t € I. For a.e.
t € (e+06,T)itis [|0utllga + 7l4e < KVi;,/8". We fix one of these
t € (e +6,T) and improve an information about V2u* at time level t. We use
the similar process as in the proof of Lemma 4.2. The estimates of V2u? in the
interior of €2 should be shown first and then the more difficult estimates near

0€). We show only the latter estimates. Fix ¢ € (2, qp) and also corresponding
be (0,1), L€ {l,...,k}, see (36).

On the coordinate system (a, &, U) := (ag, &, Up) the tangential derivative
is defined and we set v := ¢ %(t) + @, where @ solves

0 ous
div i = —ng T iUt =0 at U*.
3 3x2
Since the compatibility condition [, — Vf a” 6"1 = [s div(—é%(t)) =
0 = fama holds, the solution of thls problem ex1sts, see for example [1,

Lemma 3.3], and as £ € C®(U), a € C*(—a,«) there exists a K > 0 such
that [|il|y,q0+ < K[| Vu?|,q. Testing (32) with ¢ = —22¢ for p € Wk () we
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get after a long but elementary calculation that v (of course v =0 in Q\ U™)
solves

/Q 0, Ti (D (1)) Dot Dugp = (g(t), ) Vep € WL (),
dive=0 on Q, v=0 at 09,

(43)

with

out
_ A A

d¢; 0 _ n0e1,  Oei 08
) {+m <d1 S08 83525 or 83:)
8u? (95 Ouy 5)
or 83:1 (91:2 ox;

da’ Op; N o0& 8@)
O0x; 0ry  Ox; OT

for all ¢ € W27 (Q). The functional ¢ satisfies by (8), (38) and (42) the
estimates [g(t)||_, o < KVAE7§/2/5I’. Due to (40) we can apply Proposition 2.5
to (43) and get

+ 8“7;34(DUA) (Dklu

o8
+ TN (Dut) (= 52Dy +€

out K _ 5
SE=0 <5V (44)
Note that below (41) L > 0 can be chosen so that (44) holds for all ¢ € (2, qo).

We reconstruct the whole VZu? as in [11, Lemma 5.6]. Defining G :=
3 O (TH(Du?)(t)) it follows from the equality (we suppress the arguments to
shorten the record)

au 1 au au
O Tis ( )<D12 < Dy >) T2 (G ~ T ()Dn < 8x2> — 0 Ti2() D < 0> >)

by (33) and especially 012715( ) > 036272, divu? = 0 and the definition of
Ou’ /Ot that O := 05 (Du’(t))|V2ul(t)|, 24 = 9’[2(Du’4(z€))]V%(t)| sat-
isfy

1602, < K (16GW 0 + 12|, + sup 1@/l €671, ). (45)

where K; > 0 is an absolute constant. Proceeding similarly to [11, Theo-
rem 3.19, Step 3| and using (8), (38) and (42) we reread from (32)

€GO 0 < (50010 [€O7] o+ K 16,0+ KVE,2/")-

Also here Ky > 0 is an absolute constant and we may assume that the descrip-
tion on d€ is such that (K; + Ky)sup_g 4 |a’| < 1/2, compare (36). Conse-

quently, we get from (45) by (44) that Hé@AH%Q < KVX(SQVE(S/Q/(S . Summing
this over all coordinate systems gives us together with (38) that

K

1057 (DO o < 1657 (Du )|, + 167 0 < 55 VA Viger  (46)
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We want to use an embedding theorem on the left hand side of (46). Note that
as qo, and consequently also ¢, depend on Vj 5,2 and may tend to 2 as A — +o0
we need to know the precise dependence of the embedding constant on q. Since
g < ¢and ¢ —2 = (qo — 2)bg/qo > 2vajgf2/q it follows by means of the
embedding theorem recalled in Lemma 2.7 that

_ K i ., - _
Now recall that K > 0 is independent of ¢ and that (47) holds for a.e. t €
(e+6,T). Taking the essential supremum of (47) over this interval and dividing
by V5% we come to
K i_ —9)(1—

Vas < ﬁbq 1V1§’j5/;)(1 Va+E, (48)
The constant b € (0,1) can be fixed for p € (2,4) independently of A so small
that Kk :== E+ (p — 2)(1 — %) € (0,1). Then A := == > 0 and we rewrite (48)
in the form

5\ bA ®
5b/\VA,5 < K<(§> VA75/2) . (49)

AS SUDse (0, min{1,7}—¢) Va5 < 400 we can take supremum of (49) over § €
(0,min{1, T} — €) and get (39) from (42) and (46). |

Let us now prove Theorem 1.1 if p € (2,4). If (3), (5) and (6) hold we get for
the approximations u” the estimates (38). Hence, there are u € L™(I, W27 (Q)),
7 e L'(I,WH(Q)) for all 7 > 1, » € (1,2), such that up to a subsequence
u? — w and 7 — 7 weakly in the corresponding spaces. Moreover, we
can assume by (37) that du € L7(I,L*(Q)) N L*(I, W12(Q)) for all 7 > 1
and d,u? — O,u weakly in these spaces and by the Leray-Lions Theorem also
Vu? — Vu strongly in L7(Q) for all # > 1. Particularly, we may assume
Vu? — Vu a.e. in @. This information allows us to pass to the limit in
the weak formulation of (32) as A — oo, compare [17, Section 5.5.3], and get
(7) from (37) and (38). If, moreover, (8) holds, it follows from Lemma 4.3
that for every € € (0,min{1,7}) the function Du is bounded on (e, 7) x 2
and that there is a ¢y € (e, 2¢) such that ||u(to)||y, o is finite. Consequently, if
A > ess-sup{|Du(t,z)| : t € (¢,T),z € Q}, the functions u, 7 are the unique
weak solution of the problem

ou — divTA(Du) = f —Vr —div(u®u), divu=0 on (t,,T) x Q,

/W(t) =0 forae tel, u=0 on (to,T) x9N, wulty) € W>*(Q)
Q

and (9) follows by Theorem 1.1 with p = 2. Theorem 1.1 is proved.
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