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Invertibility of Convolution Operators
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Abstract. This paper deals with the invertibility of convolution type operators that
come from a wave diffraction problem with reactance conditions on a strip. The
diffraction problem is reformulated as a single convolution type operator on a fi-
nite interval. To develop an operator constructive approach, several matrix operator
identities are established between this convolution type operator and certain new
Wiener-Hopf operators, and certain equivalent properties are obtained between all
the related operators. Factorizations are presented for particular semi-almost peri-
odic matrix functions and the corresponding Wiener-Hopf operators. As a result,
conditions are obtained to ensure the invertibility of all the convolution type oper-
ators associated with the problem. This leads to the well-posedness of the problem
including the continuous dependence on the data. In obtaining our results a major
role is played by the invertibility of the convolution type operator associated with
the wave diffraction by a strip with equal Dirichlet conditions on both sides of the
strip, which is obtained through an analytical representation. Both problems and the
corresponding operators are considered in the framework of Bessel potential spaces.
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1. Introduction

This paper is devoted to the study of convolution type operators
W@J = ’I"]R_Jf_lq) . F, (11)
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that arise in wave diffraction problems with reactance conditions [5, 6, 14, 15, 17|
(and with Dirichlet conditions [10, 16, 17]) on a strip [10]. Here F denotes the
Fourier transform operator, ® is the Fourier transform of the convolution kernel
which, in general, will be a matrix function with piecewise continuous or semi-
almost periodic elements, Z C R and rg_7 denotes the restriction operator
from the real line to Z. We will consider the case when 7 is a finite interval and
study the invertibility of the convolution type operator (1.1) in this case which
models the (main) wave diffraction problem with reactance conditions on a finite
strip. In particular, conditions are obtained to ensure the invertibility of the
convolution type operator (1.1) associated with the main problem. This leads
to the well-posedness of the main diffraction problem including the continuous
dependence on the data. To this end, extension methods are used to obtain
corresponding operators (1.1) with Z = R, which fall into the class of Wiener-
Hopf operators, so that the theory of Wiener-Hopf operators can be taken into
account.

In the study of the Wiener-Hopf operators derived from the main problem
an important role is played by the convolution type operator modelling the
diffraction problem by a finite strip with Dirichlet conditions. The invertibility
of this operator is obtained through extension methods based on operator ma-
trix identities. On the other hand, the convolution type operators derived from
the main diffraction problem allow us to choose a convenient Fourier transform
of the kernel of one of these operators to work with. To study such a Fourier
transform, some factorization procedures for semi-almost periodic matrix func-
tions are proposed.

The theory will be developed in the framework of Bessel potential spaces.
A Bessel potential space can be defined as the linear space of distributions,
¢ = rrn_q @, that are obtained by restriction to {2 C R™ of the elements in the
space

HY(R") = {p € D'(R") : lpllrogary = IF (1 + €7 - Fopllpagany < +00)

(s € R). Moreover, the H*(2) space endowed with the norm

9]

Hs(Q) = inf {Hspl Hs(Rm™) - P S HS(Rn)7TR"—>QS0 == gb}

becomes a Banach space. For 7 C R, we will denote by H 5(Z) the closed
subspace of H*(R) defined by the distributions with support contained in Z.
Moreover, in the special case with s = 0, we will use the more common notation

of L2 (R) and L*(Ry) for representing H°(R,) and H°(R,), respectively.
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2. Formulation of the main problem

We will consider the problem of wave diffraction by a finite strip with reactance
conditions. The finite strip is denoted here by 3 =|0, a[ where the dependence on
one variable was dropped due to perpendicular wave incidence (which leads us
from strips to intervals). The problem can be formulated, in a Bessel potential
space setting, as the following boundary-transmission problem for the Helmholtz
equation: Find ¢ € L*(R?), with ppz € H'(R}), such that

(A+k)e =0 in R% (2.1)
+ = h
goi (p(i N ' on X (2.2)
o1 —¢1 tapg = he
T—wg = 0 _
{% vo on R\E, (2.3)
el =9y = 0
1 1

where R2 represents the upper/lower half-plane, k € C (with Im k > 0) stands
for the wave number, ©5 = @|,—+0, T = (O9/0y)),—+o: @ € C is the reactance

number and the elements hy € rg_sHY2(X), hy € rp_xH~/%(X) are arbitrarily
given (since the dependence on the data is to be studied for well-posedness).
The Bessel potential spaces of order 1 and +1/2 are naturally involved due to
the energy norm and the Trace Theorem [4], respectively.

For the case when ¥ is a half-line, the corresponding problem has previ-
ously been considered by many authors as a Sommerfeld type problem (see the
fundamental survey paper [17], where the corresponding problem for the half-
line case was described in the framework of operator theoretical methods). In
[17, §5], such a half-line problem was also regarded as a certain class of general
screen problems that were analyzed upon the boundary conditions considered.
Note that the classical formulation of this problem (in a semi-plane instead of
the present strip) usually assumes h; = 0 due to physical reasons. Here, from
the mathematical point of view, we consider the present more general situation
which leads also to more general corresponding operators.

The reason to consider the data in the restricted tilde spaces rp_s H/ 2(3)
and s H V/2(X) is a consequence of the overlapping of the information in
(2.2) and (2.3). Such realizations of the data are known as compatibility condi-
tions [19] and appear in several different kinds of wave diffraction problems [15].
In fact, the first compatibility condition follows directly from the first equa-
tions in (2.2) and (2.3), whilst the second one follows from the second equa-
tions in (2.2) and (2.3) and by noting that we have the continuous embedding
HY2(S) — rg_s H2(X).



548 L. P. Castro and B. Zhang

From an operator-theoretical point of view, the problem (2.1)-(2.3) can be
described by the use of a single operator

L . D(L)— (rRﬁzﬁl/Q@)) X (TMEI—W(E)) (2.4)

defined as Ly = (hy, hy)" if D(L) is defined as the subspace of H*(R?)x H'(R?)
whose functions satisfy the Helmholtz equation (2.1) and the transmission con-
dition (2.3). The operator L is said to be associated with the reactance problem.
In what follows we will analyze if L is a bounded and invertible operator. As
was already pointed out above, this will guarantee the well-posedness of the
problem including the continuous dependence upon the data.

3. Description of the reactance problem
by a single convolution type operator on tilde spaces

In this section we shall explore the structure behind the operator L, defined
in (2.4). This will be done within the framework of convolution type operators.
To this end, we need to implement some operator extension procedures of the
following type.

Definition 3.1.

(i) Two operators W, and W, (acting between Banach spaces) are said to
be algebraically equivalent after extension if there exist additional Banach
spaces Z; and Z, and invertible linear operators £ and F' such that

Wl 0 W2 0
=F F. (3.1)
0 Iy 0 Iz
(ii) If, in addition to (i), the invertible and linear operators £ and F' in (3.1)
are bounded, then we will say that W, and W5 are topologically equivalent
after extension operators (or simply say that W; and W, are equivalent
after extension operators [1]).

(iii) In (ii), if both Z; and Z, are trivial spaces, W; and Wy are said to be
equivalent operators.

Remark. The above notion of equivalence after extension coincides with the
famous concept of matricial coupling between bounded linear operators, as was
established for the first time in [1]. In [8] and [10], some differences are discussed
between algebraic and topological equivalence after extension relations between
convolution type operators.
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Let

HE) = (2 -k, €eR

denote the branch of the square root that tends to 400 as & — +oo with branch
cuts along +k %+ in, n > 0. Then we have the following result on the structure
of the operator L.

Theorem 3.2. The operator L is equivalent after extension to the convolution
type operator

W@,E =rp s F 1®.F: fl_l/Z(E) - TR—@]TI_IM(E) ) (3.2)
where
|

Proof. Note first the well-known fact [17] that a function ¢ € L*(R?), with
prz € H'(RY), satisfies the Helmholtz equation (2.1) if and only if it can be
expressed as

pla,y) = Fo oo " Focof (@)xm.(y) + Fo oY Freipg (2)xe_(y)  (3.4)

for (z,y) € R?, where Fye0(x,y) [ ¢(x,y)e*dr, and xr, and xg_ denote
the characteristic functions of the positive and negative half-line, respectively.
Define the space

Z={(6v) e [HPR)] 16 —ve HAE), Flt-Fo+v)e B}

Then the trace operator Ty : D(L) — Z defined by

+

Yo

Top = po = N
Yo

is an invertible operator. In fact, such a trace operator is continuously in-
vertible with the inverse operator K : ¢y — ¢ defined by the representation
formula (3.4). Moreover, with the help of the operators T and K the operator
L can be rewritten in the form of an operator matrix composition depending
on Wsg s (and which can be checked by direct computation):

0 TR—Y ] [WQE 0

~ q
ITRH2H1/2(Z) 2 TR—»

I = ] Was, r To, (3.5)

0 [I':Il/Q(E)

where Ws, g is the convolution operator on the whole line

Wo,p=F ‘0 F : Z—H V) x HAX),
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© —t —t
Tl S|

Now it can be easily verified that the matrix operator

with

- q
L sH12(x) 3 TR-S

0 "R—% ]

which maps re_s HV2(2) x HY2(X) into rp_x HY2() x rp_s HY2(2), is a
bounded, invertible operator with the inverse

[ _%[rkﬁgﬁl/Q(E) ITR_Q]Itjil/Q(E) ]

lO\TRHEﬁlm(E) 0

It is also easy to see that Wg, rT) is continuously invertible with the inverse
operator

EWglp=KWyrp « H'(S) x H/(S) - D(L).

Therefore, (3.5) represents an equivalence after extension relation between L
and the convolution type operator on a finite interval, Ws x,, defined in (3.2). il

4. Operator extensions concerning space orders and
supports

In this section we are interested in studying the invertibility of the operator
W 5. To this end, we choose to work with operators connected with this one
but having a better structure. In particular, we will make use of Wiener-Hopf op-
erators (having therefore standard Bessel potential spaces as their image spaces
instead of the above restricted tilde spaces, see (3.2)). We do this by first con-
sidering an auxiliary problem of wave diffraction by a finite strip with Dirichlet
boundary conditions (which leads to a bounded, invertible convolution type
operator) and then extending the operator )7\7@2 by use of the above auxiliary
operator, which allows us to work in a L2-space setting.

4.1. The Dirichlet problem of wave diffraction by a finite strip. We
now consider the (auxiliary) problem of wave diffraction by a finite strip with
Dirichlet boundary conditions. This problem leads to a bounded, invertible con-
volution type operator which plays an important role in proving the invertibility
of the convolution type operator Ws .
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Dirichlet Problem: Find ¢ € L?(R?), with PRy € H'(R%), such that

(A+E)p = 0 in R}
T = h
{% on X (4.1)
¢o = h
T—p, = 0 —
803 90(1 on R\X,
o1 —¢p1 = 0

where k € C (with Smk > 0) is the wave number and h € HY/2(X) is a given
function.

Reasoning similarly as in §2 and §3, this problem leads to the associated
convolution type operator

Wiy =rp_sF 41 F: H V(D) - HA(X). (4.2)

Remark. Imposing the same boundary data h in both equations of (4.1) in-
corporates already some compatibility between the boundary data (and corre-
sponds also to physically the most important case). If one allows different given
data in these two equations, say h; # hs, we will need to add some compatibil-
ity conditions between them, which will lead as before to restricted tilde image
spaces (precisely, we need to have hy — hy € rp_s H'/?(X)).

Theorem 4.1. The convolution type operator Wi-1 5, which is defined in (4.2)
and associated to the Dirichlet problem, is equivalent after extension to the
Wiener-Hopf operator

Wrg, = FT-F ¢ [LLR)] — [LRy)],
with
(a0
T = i 1 , (4.3)
NI (i,
where ¢ = A_ /Ay and AL(§) =& £ k, 7(§) = expl[i€h], for £ € R.

Thus there are bounded, invertible linear operators E, and Fy and Banach
spaces X and'Y such that

W~ 0 W 0
! 172 - E1 T F1 . (44)
0 ]X 0 ]Y




552 L. P. Castro and B. Zhang

Proof. First it follows from [12, Theorem 2.1] (see also [7, 13| for some general-
izations) that W;-1 5, is algebraically equivalent after extension to the following
Wiener-Hopf operator

Wy, m, = rep, F 1Ty - F: HY2R) x HY2(Ry) — H V(R x HY2(R,),

T, O
t! Ta .
Thus (3.1) holds with W; and W, being replaced by Wi-1 5, and Wr, g, , re-

spectively, and for some linear invertible (not necessarily bounded) operators £
and F'.

Next, we show that the Wiener-Hopf operator Wy, g, is equivalent to
Wy r,. Here, the operator equivalence in question is constructed in an ex-
plicit way and can be directly obtained by computing the following operator
composition:

with

le

WT1,R+ = E2 WT,R+ F27 (45>

where Fy and F, are defined by

| vl

A 0

By =rp_p, F " - Flo : [LARY)]) — HV2(Ry) x HY(R,)

Fy = lorp—r, F ' - F:H'VP(Ry) x HP(R,) — [Li(R)]Za

with lo : [L2(R)]* — [Li(R)]Q being the zero extension operator. In fact, the
bounded operators Fy and F; are invertible with

AE 0
Ey'=rg g, F! | Fl
0 A2
A0
F2_1 = loTRHRJrf_l - i - F
0 A2

(see [22, §2.10.3]). In view of the structure of the Fourier symbols of Ey and F
22], it follows that the right hand-side of (4.5) can be rewritten in the form of
an unique Wiener-Hopf operator with Y as its Fourier symbol.
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We now study the Fredholm property of the Wiener-Hopf operator Wy g, .
The Fourier symbol T (see (4.3)) of the Wiener-Hopf operator Wy g, belongs to
the C*—algebra of the semi-almost periodic (SAP) two by two matrix functions
on the real line (see [3, 21]). This means that T belongs to the smallest closed
subalgebra of [L>®(R)]*** which contains the (classical) algebra of (two by two)
almost periodic elements and the (two by two) continuous matrices with possible
jumps at infinity. Additionally, the element in the second row and first column
of T (that is, the lifted Fourier symbol of W;-1y) is 1. Thus, and by the criteria
for the Fredholm property of such operators (see [2]), we conclude that Wy g,
is a Fredholm operator with index zero.

Now, since Wx g, is equivalent to Wx, g, and algebraically equivalent after
extension to Wy-1y (through the operator identity (4.5)), and by noting the
structure of the identity (4.5), it follows that the operators Wy, g, and Wy-1 5,
are also Fredholm operators with index zero. Moreover, from the operator iden-
tities provided by both the equivalence relation and the algebraic equivalence
after extension relation, we have equal dimensions for the corresponding defect
spaces of all the three operators Wy g, , Wy, r, and W;-1 5. From this, and
since by [1, Theorem 3] we have that Fredholm operators in Banach spaces are
equivalent after extension if and only if their corresponding defect spaces have
equal dimensions, the last statement of Theorem 4.1 follows. |

Remark. Note that the smoothness orders of the spaces in the definition of
the operator W,-1 5, are the so-called critical orders [10]. For spaces with such
smoothness orders the method of constructing equivalence after extension rela-
tions proposed in [10] does not work.

We now factorize the Fourier symbol T in such a way that the influence of
the oscillating behavior (at infinity) of the elements will be removed. To this
end, we use a technique due to Novokshenov [20] and propose the following
factorization of Y (which will lead to the inverse of the corresponding Wiener-

Hopf operator):
1 7ap
1

. T_apf —1] [ 1 (C

oy e
m\»—t
\/
v
1
o
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Here we use the normalized sine function

g .
p(§) = z/0 Yy

Y

which has the following useful behavior at infinity:

p(€) =signé + O(l¢] ™) .

Note also that
T+apP € Hioy (47)

that is, 74,p are functions bounded and holomorphic in the upper/lower half-
planes.

Theorem 4.2. The Wiener-Hopf operator Wy g, with SAP Fourier symbol Y
is invertible with its inverse being given by the formula

Wik, = reee, F YT Florg g, F'ITH - F. (4.8)

Proof. The result is a direct consequence of the structure of T_ and Y, (par-
ticularly because of (4.7)) and of the corresponding factorization (4.6). |

Corollary 4.3. The convolution type operator Wi-1 5, defined in (4.2) is bounded
and tnvertible with its inverse

W_l = Bll )

=13

where By is the operator in the first block (with respect to the natural space
decomposition) of the operator matriz

Bll BlZ

B,
B21 B22

oo re—r, F T Florpop, F'YZH-F 0
! 0 Iy
and B and Fy are the same as in Theorem 4.1.

Proof. The result follows directly from Theorems 4.1 and 4.2 in conjunction
with (4.4) and (4.8). |

4.2. Extended operators for the reactance problem. Considering now the
composition of the operators W;-1 5, and Ws 5, we have the following result.

Corollary 4.4. The operator Wq),g 15 equivalent to
Wasi = o 1@ Fl: HYA(X) — HYA(Y),

where | - HY/2(X) — HY2(R) is an extension operator (the particular choice of
which does not change the definition of We x.1/2).
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Proof. From Theorem 4.1 and the special form of ® (see (3.3)), we have the
following equivalent equations:

quf =g
Wt—l,EZOWCD,Ef = W;-15log
rp_snF 1P FiWir s f = Wi-15log (4.9)

for f € H/2(X) and g € rg_sHY/2(X), where [ is an operator of extension
whose particular form does not change the left hand-side of (4.9). In fact,
the equation (4.9), which involves the action of the operator Wy 51,2, can be
written in the form

(-1 [ Fte-ae@ v, ces.

It is clear that the above equation is dependent on ¢ € H/2(X) and independent
of the remaining part of the extension lp = IW;-1 5f € HY/2(R). |

Remark. Based on a transmission property, in [9] are discussed different pos-
sibilities of improving the space smoothness of convolution type operators on a
finite interval.

Now, instead of studying We x. 1/2 directly, we consider the following image
and domain extension of We s 1/

Waso=rrosF @ Fly: L*(X) — L*(%),

which is a linear and bounded operator. Note that dimcoker Ws s 12 =
dim coker Wg 5o and that dimker We 5,12 = dimker Wg x9. This is a con-
sequence of the structure of ® (which can be presented in terms of operators
as the identity plus additional smoothing) and in terms of the space embedding
H'Y2(X) — L*(X). Moreover, if we have the knowledge of Wq:}E’O (the inverse
of Wa 5.0), then a representation of the inverse of We x.1/2 can be derived from
Wq:,lz,o by use of the corresponding space restrictions.

Theorem 4.5. The convolution type operator Was x o is equivalent after exten-
sion to the following Fredholm operator with vanishing analytical indez:

Wak, = rpop, F U - Flo : [L2(R)] — [LA(RL)],

where

and 7,(§) = explilal for & € R.
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Proof. Since ®(£00) =1 and ®(&) # 0, for all { € R, the operator Wy g, has
the Fredholm property (see, for example, [2, Theorem 4.1]). Further, Wy g,
has zero Fredholm index since the continuous function on the real line ® has
no jumps at infinity (cf., e.g., the Fredholm index formula (2.14) in [11, The-
orem 2.10]). The theorem thus follows by arguing similarly as in the proof of
Theorem 4.1. |

__ From Theorem 4.5 and the equivalence relations between the operators L,
Wa s, Wa x,1/2, and We s o the following corollary follows easily.

Corollary 4.6. The operators L, VN\/@,E, Wa 512, and Ws s o are Fredholm
operators with zero index.

5. Analysis of Fourier symbol ¥ and invertibility
of related operators

We are now in a position to prove the invertibility of all our main convolution
type operators. In doing this, we need a new operator factorization scheme
provided with the help of an auxiliary invertible Wiener-Hopf operator.

Let Q = {c eC:1- %ct‘l(f’) #0 for £ € R}. Then we have the following
result.

Lemma 5.1. If g € QQ, then the Wiener-Hopf operator

ishinvertible with the inverse W;}lﬂh = ’/‘RHR+.¢_1(I)_T_1 ~.7:IOTRQR+]:_1®:1 - Fly,
where

O, =exp {%([ + Sg) log (1 - gt‘l)} (5.1)

and Sy 1s the Cauchy integral operator on R.

Proof. Note that for ¢ € () the Fourier symbol ® = 1—% gt~ !is a non-vanishing
continuous function on the real line with the same nonzero limits at #zco. Thus,
by use of the well-known Fredholm criterium for Wiener-Hopf operators with
continuous Fourier symbols (see, e.g., [3, Theorem 2.15)), it follows that We r,
is a Fredholm operator. Further, noting that, as £ moves from —oo to 400, the
point (&) traces out a continuous oriented curve in C\{0} having zero windings
around the origin, it follows that Wy r, has a zero Fredholm index.

On other hand, since Wy r, is a scalar Wiener-Hopf operator with a non-

zero Fourier symbol, the Coburn Theorem (see [3, Theorem 2.5]) can be applied
to derive that ker Wegr, = {0} or the range of Wer, is dense in L*(R;).
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Consequently, Wy r, is invertible. By the factorization theory of continuous
functions (see [18, Chapter III, §5]) we obtain the representation (5.1) for the
construction of the inverse operator. |

Theorem 5.2. Let g € Q. The Wiener-Hopf operator Wy g, : [L2(]R+)]2 —
[L2(R)]? is a bounded and invertible operator-.

Proof. That Wy r, is a bounded operator is clear since ¥ is an essentially
bounded function.

We now prove the invertibility of Wy r, . We first factorize Wy g, in the
form
I rpop, F 7o FloWig, | [ cC 0 ]

W p—
U Ry [ 0 I 0 W¢7R+ (5 2)

0 —1 |
- [ I Wik re s, Flr, - Fly |
where
C=rpp,F 'Ta FloWgg, v, F Ta-Flo: L*(Ry) — L*(Ry),

and by Lemma 5.1 the inverse of Wy g, exists since ¢ € Q).

From (5.2) and Lemma 5.1 it can be seen that Wy g, is invertible if and
only if C is invertible. By (5.2) and Theorem 4.5 we conclude that C is a
Fredholm operator with a vanishing analytical index. Thus, to derive the in-
vertibility of Wy g, it is enough to show that C is an injective operator, that
is, (Ce, ¥) 12w,y = 0 implies ¢ = 0. Now for ¢ € L3(Ry),

(Co, 90>L2(R+) = <W<1:,1R+ TRHM}LITCL : FZO‘P’TRHRJr}LlTa ' flo(’0>L2(R+)'
Thus it is enough to show that
War, 6:9) 2, =0  implies  ¢=0 (5.3)

since the right a-shift operator rg_r, F '7, - Fly : L*(R;) — L*(R}) is obvi-
ously injective.
Let ¢ = W‘Ijih ¢. Then (5.3) is equivalent to

(Y, Waor, w)LQ(R+) =0 implies P =0. (5.4)
Since ® =1— 1 ¢t and
W, WCD,R+ w>L2(R+) = <~7'70¢7 o - flﬂ 7vb>L2(]R) )

it follows that (5.4) is true. |
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__ From Theorem 5.2 and the equivalence relations between the operators L,
Wa s, Wa s1/2, and We 5o we have the following corollary.

Corollary 5.3. Let ¢ € (). The operators L, VN\/@’Z, Wa s1/2, and We s o are
all invertible.

As pointed out at the end of Section 2, this corollary directly yields the
following result on the well-posedness of the main diffraction problem.

Corollary 5.4. Let g € Q. There is a unique solution p € L*(R?), with PRz €
H'(R%), to the reactance diffraction problem (2.1)~(2.3) which is continuously
dependent on the data with respect to the indicated space topologies.

We conclude this paper with some final remarks:

(1) Our approach depends on the particular structure of the Fourier symbols
of the convolution type operators. In particular, in establishing the equivalence
between the equations in (4.9), a predominant role is played by the particular
symbol ¢t~1. Thus, for different classes of operators, new techniques are needed
to obtain, for example, certain commutative properties of the corresponding
composition operators. Partial results into this direction may be found in [10].

(i1) It is expected to generalize the present method to other interesting classes
of boundary transmission problems such as those involving third kind boundary
conditions [17] on a strip. In such cases, one of the difficulties is the invertibility
of certain matrix Wiener-Hopf operators that should be used in the place of
Wa r, in the present section.

(iii) The present approach (reduction by matrix factorization) applies to wider
classes of operators compared with the idea of perturbing the matrix operator
TRHRJrf_lT_a - Fly 0

LR — [LAR)]
; o Flr - Fly [L*(R4)]” — [L*(R4)]

by replacing [ with a strongly elliptic operator. This is because our approach
allows consideration of invertible operators which may not be strongly elliptic.
Acknowledgement. The authors are indebted to the referees whose comments
and suggestions helped improving the original manuscript.
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