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Abstract. Continuing recent investigations by L. Berg and L. v. Wolfersdorf on a
model integral equation of autoconvolution type of the third kind, two existence theo-
rems for a general class of such equations are derived. Further, an existence theorem is
proved for the model equation with data and solutions of a general logarithmic form.
Moreover, a singular perturbation problem for a related integrodifferential equation
of first order to the model equation is studied which could serve as a basis for its
regularization by the Lavrentiev method.
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1. Introduction

Initiated by L. Berg, in the joint paper of him with the second author [2] a class
of generalized autoconvolution equations of the third kind has been studied.
As remarked in [1] and [8] such equations have infinitely many solutions. But
with a suitable ansatz for the solution and after some transformation a theorem
of the first author [6] about the iteration method with weighted norms in the
Banach space of continuous functions on a closed interval could be used for
proving existence of solutions to these equations.

As a complement to the investigations in [2], in the present paper we deal
with a general class of such autoconvolution equations of the form

ka)y(x) = / (e, y(©)y(e — €)de + / (e, Oy(©) de +ple) (L)
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for 0 < x < T, with given continuous functions k,m,n,p, where k(0) = 0.
For m(z,&) = a(§) and n(x,&) = p(z) = 0 this equation is the model equation
considered in [2]. The general class of equations (1.1) contains the well-known
integral equations of F. Bernstein [3] and F. Bernstein and G. Doetsch [4, 5] for
the elliptic theta zero function and for the Mittag-Leffler function, but under
our assumptions unfortunately only the latter equation can be treated. Further,
following [2] we restrict ourselves to basic existence theorems for solutions of
(1.1) with power or logarithm behaviour at x = 0. But we expect that also
theorems on the smoothness of the solutions for the model equation in [2] could
be extended to equation (1.1). Moreover, we add to the existence theorems
in [2] a such one for a class of model equations with data k,a and solution y
containing general logarithmic terms. Finally, as a new aspect a singular per-
turbation problem for a related integrodifferential equation of first order to the
model equation in the superlinear case of [2] is investigated. The results of this
investigation are basic for a regularization of the model integral equation of the
third kind by a neighbouring integrodifferential equation (a kind of Lavrentiev
reqularization, cf. [7]).

We remark that with a solution y also the function e“®y, where C' is an
arbitrary constant, is a solution to equation (1.1) if » = p = 0 as in the case
of the model equation. In the general case we have to expect a more complex
structure of a general solution of (1.1).

The plan of the paper is as follows. After this introduction given in Section
1 we deal with the singular perturbation problem and the general logarithmic
case of the model equation in Sections 2 and 3, respectively. The general class
of equations (1.1) is then treated in Section 4.

The existence proofs in the paper are based on (a simplified version of) an
existence theorem from [6] for operator equations of the form

z(x) = f(z) + Glz](x) + L]z, 2](z) (1.2)

with a linear operator G and a bilinear operator L in C[0,T],0 < T < oo, with
the exponentially weighted norms

J— —0oXx — —ox
Ielly = =) = ax |e=(@)] , o> 1,
where ||z|| = ||2||o, which we cite here as Lemma 1 for convenience of the reader.

Lemma 1. Let the linear operator G : C[0,T] — C[0,T]| and the bilinear
operator L : C[0,T] x C[0,T] — C[0,T] fulfill the inequalities

Gl < M(o)|lzllo, 0200 >1 (1.3)

for any z € CI[0,T] with a continuous function M satisfying M(c) — 0 as
o — 00, and

IL[z1, 22]lle < Nllzalloll22lls s 02> 00 > 1 (1.4)
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with a constant N and

e sl < {”1<">”Z1“ =l (15)

va(a)llz1llo |l 22|

with continuous functions vg, k = 1,2, satisfying vg(c) — 0 as 0 — oo for any
pair z1,zy € C[0,T)|. Then equation (1.2) has a uniquely determined solution
z € C[0,T]. Moreover, for solutions z and z corresponding to functions f = fi
and f = fs, respectively, the stability estimate

21 = 22|l < A(Q1, @2)|I 1 — /o (1.6)
holds, where Qi = (|| fll, IGIf:]ll), k = 1,2, and A € C (R} — R), A > 0 with

A(xy,...,x4) increasing in xq, ..., T4.

2. Singular perturbation problem

Let us consider the model equation [2]

K(o)y(x) = / "€yl — E)y(e) de 2.1)

If k(x) ~ Az, A > 0 and a(z) ~ 1 as © — 0 then the continuous solutions y
of (2.1) have at x = 0 either the value y(0) = 0 or the value y(0) = A. With
interest in the second case, in this section we study the initial value problem
for the related integrodifferential equation of the first order

el (2) + k(x)y(r) = /Oxa(ﬁ)ye(w—é)ye(i)dé, w0 =4 (22

with € # 0. We remark that y(0) = 0 for a continuous solution y of (2.1) is only
fulfilled for the trivial solution y(z) = 0 if, in addition to the above asymptotic
relations, there holds k,a € C[0,T] with k(z) > 0 in (0,7 (see the proof of
Theorem 4 in [2]).

Theorem 1. Let € #0, k € C[0,T] and a € L*(0,T). Then problem (2.2) has

a unique solution in C*[0,T].

Proof. The initial value problem (2.2) is in C'*[0, 7] equivalent to the equation

(z) = Dy y)(0) + 1 (2) 2.3
where
L al(w) = [ 0% [Taigyan - )a(6) ey

flz) = Ae~ ¢ Jo kmydr
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Let us show that (2.3) has a unique solution in C[0,7]. We have

e 7% L[z, 2] (x)

! I 1y T)dT ! —o(n— —0
:/ e~ o@=—m) Z ¢ [y k(r)d / a({)e (n 6)21(7] _ f)e 522(5) de dn .
0 0

€

Thus,

1 1 (T T T r r —0 -
I, 2l < e 01 / a(6)] de / T dy |11l 2]l
0 0

1
< Const ;HZ1HUH'22H0-

This estimate shows that the assumptions of Lemma 1 are satisfied for equa-
tion (2.3). Consequently, (2.3) has a unique solution y. in C[0,T]. Finally, since
the right-hand side of (2.3) is continuously differentiable for y. € C[0,T], we
obtain y. € C1[0,T]. Theorem 1 is proved. |

Lemma 2. Let € # 0, g be a measurable function such that |g(z)| < Ca®~! with
C>0,6>0,keW>(0,T) and Apx < k(x) < Ajx with 0 < Ag < Ay. Then
the function

y(z) = k(z) / " o(n) d (2.4)

with
1 v 1w
= — _;J’H k(T)dT
o) = s | ke o) dn (25

belongs to W21(0,T) and solves the problem

ek" ()
k()
Proof. Due to the assumptions of the lemma, the function y, defined in (2.4)

with v given by (2.5), belongs to W21(0,7). One can immediately check that
v is a solution to the equation

ey’ (x) + k(x)y'(z) — {k'(fv) + ] y(x) =g(z), y(0) =y'(0)=0. (2.6)

ek(x)v () + [2eK (z) + E*(2)]v(z) = g(x). (2.7)

Further, from (2.4) we see that v = (%), Substituting ( )/ for v in (2.7) we
derive the equation (2.6). Finally, the conditions y(0) = ¢'(0) = 0 follow from

(2.4) with (2.5) by the assumptions on k. |

Yy
k
/
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Lemma 3. Let € > 0. Then

’ B~ L(x?—n?) < 1 g <
Oglxzsz/one dn_6+162 if —1<p<1 (2.8)
T £—1
Be—e@=0*) g < T ;
OrgnanXT/O n’e dn < 5 € if  B>1. (2.9)

Proof. Changing the variable of integration z = é we obtain

T t
/ nﬂe_%(x2_7’2)dn = %eﬁgl 2%6_“_@(&2, (2.10)
0 0

where ¢t = % Let —1 < 8 < 1. Then in case t > 1 we have

t 1 t
/zﬁzle_(t_x)dz:/ zﬁgle_(t_x)dz%—/ e D) g,
0 0 1
U t
< elt/ z2dz+/ e~ =2
0 1

=1+ (L — 1)el—t.
B+1

Thus,
t
_ P
sup / et < 2 (2.11)
1<t<oo Jo g+ 1
In case 0 <t < 1 we obtain
t t B+1
/zﬁgle_(t—m)dz < / Z%ldz = 2 = )
0 0 B+1
This implies
/t ot ltm) gy < 2 (2.12)
su z 2 e 2 < —. )
Ogtgl 0 - A+1

Applying (2.11) and (2.12) in (2.10) we deduce (2.8). If § > 1 then we obtain
fox nﬁe_%@?_"Z) dn < T8 for ne_%(“g_’ﬁ) dn . Estimate (2.9) follows using here
(2.8) with 8 = 1. N

Theorem 2. Let a and k fulfill the assumptions of Theorem T in [2], i.e.,
ke C?0,T), k>0 in (0,T], a € C'[0,T)], where

k(z) = Az + Bz*™ + o (z°17)

K(z) = A+ B2+68)z' +o(a') (2.13)
K'(z) = B(1+6)(2+ )z’ + o (2)

a(z) = 14+ Az"™ + o (z'19)
d(x) = N1+0)z’ 4o (x5)

(@ (2.14)
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as x — 0 with A,0 > 0 and B,A € R. Further, let yo be the solution of
equation (2.1) satisfying yo € C*[0,T] N C*(0,T] and

yo(r) = A+ Ca' + 0 ('), yi(z) = C(1+ )2’ + o (2°) (2.15)
as x — 0 with C € R and
lya(z)| < Consta’~'. (2.16)
Then for any q € (1 —0,1) N (0,1) the estimates

max 17 *|yc(z) — yo()]
Orgnxang xq_1| /(x) B /(x)| < MM(G) (217)
0<a<T Ye Yo

are valid for the solution y. of problem (2.2) with e > 0. Here

d+g—1 .

€ 2 ) 0+qg<3

ule) = S0 (2.18)
€ if  0+q>3,

and M s a constant depending on T, k,a, and q.

Remark 1. Existence of a solution g, of equation (2.1) with properties yy €
CH0,T) N C*0,T], (2.15) and (2.16) follows from Theorems 1 and 7 in [2].

Proof. Let ¢ > 0. Denote y = y. — yo and subtract (2.1) from (2.2). We obtain

e (z) + k(2)y(z) = / “la(z — ) + a(m)lyole — ny(n) dn
+ /Ox a(n)y(z —n)y(n) dn — eyy(x) (2.19)
y(0) =0.

By Theorem 1 this problem admits a unique solution in C*[0,7]. Due to
the assumptions of k,a and the properties of gy, this solution even belongs
to W21(0,T) and y'(0) = 0. Consequently, differentiating equation (2.19), the
equation is equivalent to the problem of the second order

k" (z)

ey (x) + k(z)y'(z) — {k:’(x) + } y(x) = glyl(z), y(0) =¢'(0) =0, (2.20)
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— [ e = ot =) — 4) + (e = 1) + ol — )]t

@ (2.21)

- /Ox a(n)y'(x —n)y(n) dn+ A i a'(z —n)y(n) dn

_ ek"(2)
k(x)

Let us consider the related equation

+ {A(l +a(z)) — 2K (x) } y(z) — eyy (z).

v(z) = /0 z 6:52)6”5 ey [k /0 o dé](n) i (2:22)

and define a function y by means of the solution of this equation using as in
(2.4) the formula

vie) = kia) [ oty dn. (2.23)
It follows from the assumptions on k& that there exist 0 < Ag < A; such that
Agr < k(x) < Az, z€]0,T]. (2.24)
Further, in case the solution v of (2.22) satisfies the conditions
v e C0,T], |v(x)] < Constz™, (2.25)

where ¢ < 1 by assumption, then, as we can easily check, the function gly] =
glk [, v(€) d¢] satisfies the relation |g(z)| < Constz?~! with p > 0. Conse-
quently, by Lemma 2, the function y given by (2.23) belongs to W*1(0,T) and
solves (2.20), hence (2.19). In the following we will show the existence of a
solution v with the property (2.25).

Let us define
w(z) = 2% (x). (2.26)

The solution v of (2.22) satisfies (2.25) if and only if w € C(0,7] N L>(0,T).
The corresponding equation for w writes

w(z) = Gw|(z) + Ljw,w|(z) + f(z), (2.27)
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where
Glulo) = [ BB ik { ety - )t - - 2
£
aln — &) + al€))h(n — EK(E) / () dr de
. . 0 (2.28)
A /0 o' (n — €)k(E) /0 T (r) dr de
+[(A(1 +a(n)) — 2k (n))k(n) — ek”(n)] /077 7 %0(T) dT} dn
and
unwslie) = [R5 0w [ag) | - o
n—¢§
. / o twy (7 dr 4+ k(- )0 — €) (5 — g)} (2.29)
3
X k(ﬁ)/o 7%y (1) dr d€ dn
and
1o)== [ e O an. (2.30)

We will prove that (2.27) has a unique solution in C[0,7] and this solution
satisfies a proper estimate implying (2.17).

In view of the assumption ¢ > 1 —6 by k(z) > 0, ¢ > 0, (2.13) and (2.16) it
follows that f € C[0,T]. Further, multiplying by e~?* in (2.28), (2.29) we have

e Glwl(x)

_ " ot 2! i prvmyar [T ot
/o ek?(x) {/0
x [d'(n =€) (yo(n — &) — A) + (a(n — &) + a(&))yo(n — €)]

3
x k() /0 e 0T ey (1) dr dE (2.31)

n €
+ A/o 6_”(”_5)(1’(77 — k(&) /0 e_U(g_T)T_qe_”Tw(T) dr d¢
+ [(A(L +a(n)) — 2K (n)k(n) — ek"(n)]

0
></ 6_0(’7_7)7_qe_”w(7)d7} dn,
0
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e 7% Llwy, we](x)
_ / " o BT iy ar
0
n n—¢§
% / a(f) [k/<n . 5)/ e—U(U—ﬁ—T)T—qe—m—wl(T) dr (232)
0 0
+ k(= €)(n =€)~ wi (n - €)
3
X k(f)/ e 79~y (1) dr dE dn.
0

In the estimations of G and L we apply the inequality

T 1 ox C t
0 0

gl_q - o'l_q

following from Lemma 3.

We now estimate (2.31) making use of the assumptions of the theorem,
Lemma 3, (2.24) and (2.33). We obtain

1GTw]llo

v n Ag 22
< Const max P
0<z<T Jq €x?74

A [N on- e - 97

v [o-ore il dn

1 [* v 1
< Const max {—/ ne’%(ﬁ’"% d77—|—/ 67%(“@27"2) dﬁ} 1—q [wl]o
0 0 g

0<z<T | €

1

ol—a

dg ||wl|s
(2.34)

d¢ wllo + (0" +en’)

ol

Similarly, for Lwy, w,] in (2.32) we derive

T
HL[wlu w2]||0‘ S COHSt max n e*%(aﬁfnz)
0<z<T J, exr2—a

1

ol—a

Xlnn—ﬂkwwﬂﬁ

Const
<
S i

[wa[o d€ dn (2.35)

[[wrflo[|ws]lo -

The estimates (2.34) and (2.35) imply the assumptions (1.3) — (1.5) of Lemma 1.
Thus, by Lemma 1, equation (2.27) has a unique solution w in C[0,7]. In
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particular, the equation (2.27) has a unique solution w = 0 in C[0, 7] if f = 0.
Consequently, the stability estimate (1.6) in Lemma 1 with z; = w, 2o = 0 and
fi= [, f2 = 0yields [Jw|| < Const || f||. Further, estimating (2.30) by means of
the assumption ¢ > 1—4, (2.16), (2.24) and Lemma 3 we have || f|| < Const u(e)
with p(e) defined in (2.18). Thus,

|lw|| < Const u(e) . (2.36)

Finally, by (2.23) and (2.26) we have the formula for y = y. — 3o in terms of w

y(z) = k() /O " () de. (2.37)

From (2.13), (2.36) and (2.37) we obtain the first estimate in (2.17). Using the
differentiated formula (2.37) also the second estimate in (2.17) follows. Theo-
rem 2 is proved. |

The assertion (2.17) of Theorem 2 implies the following corollary.
Corollary 1. Under the assumptions of Theorem 2 the uniform convergence
Ye = Yo, Ye— Yo in C[0,T]
as € — 07 holds.

Remark 2. It is expected that the convergence y. — 1o in C[0,7] already
holds if k£ € C1[0,T] and a € C[0,T] with the corresponding asymptotics as
x — 0. But this has not been proved.

3. General logarithmic case

In the following we study the existence of solutions for two types of generalized
autoconvolution equations. We start with equation (2.1) where

N
k(r) = Az + 2? ZBn In" 2z + C(x) (A>0, B, €R) (3.1)

n=0

with C'(z) = o(z?) as * — 0 and fOT |Cx(—§)|dx < 00,

a(z) = 14z Zﬁn In" z + () (Bn € R) (3.2)

with v(z) = o(z) as z — 0 and fOT bl g < 0.
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Theorem 3. Let k with 1/k € C(0,T] and a € C[0,T] have the finite asymp-
totic expansions (3.1) and (3.2), respectively. Then equation (2.1) has a solution
y € C[0,T] of the form
N+1
y(x) = A—i—xz,un In" z + zz(x) (3.3)

n=1

with z € C[0,T] and z(0) = 0, where the p,,n = 0,1,...,N + 1, are the

solutions of the equations

on NH il on-1 N 1
(_l)nﬁj:;l(_l)jgﬂj = B, — A(-1)" o ;(—1)]5@' (3.4)

forn=0....,N. This solution is unique in the class of functions of type (3.3).

Proof. Inserting the ansatz (3.3) into equation (2.1) we get the equation for z

z(x) = folz) + Golz](x) + Lo|z, 2](2), (3.5)
where
(o) = 2775 {A2/:a<£>d£+z4/ox£[a< fa(o—¢ Nfunm "ed
—k(z) {A b ]:i i In" x}
- x&(x—s>a<§>§unln%]§ummm<x—s) ds}
and

Golz( §) +a(r —§)]

>< [A - NZM ' a - ©)|(6) de

Lo, (o) = 5 [ 6o = Qa2 - ..

In view of assumptions (3.1) and (3.2) we have
N+1
k() fol) x+A2zﬁn/ £l 5d§+2AZun/ £In" ¢ d
(3.6)

N+1
— {A:z:—i—x ZBmln x} [A+:1:Zunln x} + Fy(x),

m=0 n=1
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where Iy € C[0,T] with Fy(z) = o(x?) as 1 = 0 and fT Bl gy < 0o, Cal-
culating the coefficients of the functions #?In"z, n = 0,1,..., N, N + 1, in the
right-hand side of (3.6), we see that the coefﬁcient of the highest term 22 In™ !
automatically vanishes as well as the coefficient of x. Putting the N 4 1 coefhi-
cients of z2In"z, n = 0,..., N equal to zero, we obtain the linear system (3.4)
for the N + 1 parameters p,, n = 1,..., N 4+ 1. This system is regular since it
has upper triangular matrix with nonvanishing elements in the main diagonal.
So, (3.4) has a unique solution (1, ..., uyxy1), and for these parameters p,, we
have the relation zk(x)fo(z) = Fi(z), where F; has the same properties men-
tioned above as Fy. Therefore, by (3.1) and 1/k € C(0,T] then f, € C[0,T]

with f5(0) = 0 and fT @l 72 < 00 holds.

We decompose

Golilw) = % [ (@) de+ Gl

where

G1[2](x)

Ax— /52

) +a(x = &) —2]2(§) d¢
N+1

)—alx—¢ Z,unln (x —&)2(&) d¢

and write equation (3.5) in the form

-5 | o = gto).

where g(z) = fo(x) + G1[2](x) 4+ Lo[z, z](x). On account of (3.1) and (3.2) we
obtain the estimates

| Lo[2, 2](2)] < Const z 2|
|G1[2](z)] < Constz [1+ [Inz|N*] |z
which imply Ly[z, 2], G1[z] € C[0,T] for any z € C[0,T] with Ly[z, z](0) =
G41[2](0) = 0 and fT |L°[ZZ]($|d:L’ < 00, fT Mdm < o0o. Observing the
above relations for fo we therefore obtain that also g € C[0,T] with g(0) =0

and fOT ‘g;—fc)‘dx < 00.
Solving (3.7), equation (3.5) with z(0) = 0 is reduced to the equation

z(x) = f(z) + Glz](x) + L]z, 2](z), (3.8)
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where
fa) = oy +2 [ dg e co
with f(0) =0 and

Glz|(x) = Gh[z](x) + 2 /Or % g (3.9)
Liz1, 2](2) = Loz, 2] (x) +2/;Md§.

Again, for any z € C[0,T] we have G[z] € C[0,T] with G[z](0) = 0 and for
any pair z1, 2o € C[0,T] also L|[z1, 20] € C[0,T] with L[z, 22](0) = 0. Hence
2(0) = f(0) = 0 for the solution z of (3.8).

Applying Lemma 1 we have to verify inequalities (1.3) — (1.5) for G[z] and
L[z, z5]. At first by (3.1) and (3.2) we estimate in (3.7) and get from (3.9)

1
|G[2][ls < Const = [1+ ™ o] 2], (0 >1)
o

which proves (1.3). Further, as in the proof of Theorem 3 in [2] we have the es-
timates || L[z, 20]|ls < Const ||z1]|o]|22]lo and [|L[z1, 2o] ||, < Const L]z ||| 22|+
and analogously with z; and zy interchanged. This shows (1.4) and (1.5).
Theorem 3 is proved. [ |

Remark 3. The special case of the theorem for N = 0 was proved in [2].

4. General equation
Now we deal with equation (1.1) under the assumptions that 1/k € C'(0,7] and
k(r) = Ar+ Bx'™* +C(z) (A>0, BER), (4.1)

where o > 0, C(z) = o (') as z — 0 with fOT Gl dr < 0o, m € C([0,T] x
[0,77]) and

m(z,§) = 1+ Mz + Ml +y(z,§) (M; €R), (4.2)
where v(z,&) = o (2™ + &%) as 2 + £ — 0 with fOT == [y |2, &)| déda < oo,
n € C([0,T] x [0,T]) and

n(m7§) = N0+N1$Q+N2§a+5($,f) (NJ ER)? (43)

where §(x, &) = o (z® 4+ £%) as 2% + £ — 0 with foTﬁfox |0(z, &)| dédr < o0,
p € C[0,T] and

p(r) = cr +da'™™ + e(x) (c,d €R), (4.4)
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where e(z) = o (z'™*) as z — 0 with fT |€2(fa| dr < 0.

At first we are looking for solutions to (1.1) of the form

y(r) = AN+ pa™ +az(x), z€C0,T], (4.5)
j=1
where A € R, v € {1,2,...}, 0 < k1 < kg < ... < K, < « and without loss of
generality p; # 0, j = 1,...,v. Plugging the ansatz (4.5) and the asymptotic
expansions (4.1) — (4.4) into equation (1.1) and comparing the coefficients of =,
we obtain the possible values for A

1
)\172 = 5 |:A - NO + \/(A - N0)2 —4c| . (46)

We remark that for ¢ = 0 as in the model equation (2.1) we have the values
A — Ny and zero for A. In case p(z) = 0 as in equation (2.1) the value zero of A
yields the trivial solution y = 0 of the equation. In dealing with real solutions
of (1.1) only, we assume the inequality

de < (A — Np)? (4.7)

in the following.
In view of (4.5) equation (1.1) reduces to the following equation for z

2(x) = folz) + Golz](x) + Loz, 2](x) (4.8)

o) = {p<x> - [+ Zuw] be) +1 [l ) dg
+Zu,/ xgg”fd£+>\2/ m(z, &) d¢

(4.9)
MZ% [ e+ -9 ac
+ZZNJW/ m(z, )€ ( _g)mdg}
and
Gole)(2)
1 : o m(z “ r—&)%z2(x —
= ), 0O D gl + e - -g)
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and
L, 2l(0) = i [l 06— 9t a©n@ -9 @)

Since k(x) ~ Az as © — 0, for obtaining f, € C[0,7] in (4.9) we have to put
the coefficients of the powers x and z'*", j = 1,...,v in the brackets to zero.
For the power = we obtain the relation ¢ = A\(4 — Ny) — A\? already used in the
determination of A by (4.6). For the power x!™*1 the relation

1

A= 5[0+ k)A = Ny (4.12)

between A\ and k; follows. This gives a positive value

1
Ky = Z\/(A — No)? —4c (4.13)
only for A = Ay, i.e.,
1
A= [A—No+\/(A—N0)2—4c] . (4.14)
In case v > 2 for the power z'™%9 j = 2,... v, it must be k; = jr1, j =
2,...,v, which by k, < a yields the inequality x; < & for x;. Under the further
inequality k1 > ;%5 we get the recursive equations for p;, j =2,...,v,
m—1
Ny + 2\
where m = 2, ..., v, the letter B denotes the Beta function, and p, is arbitrary.

In view of (4.12) we have

CNot+2\ (m— DAk

A -
14 Kk, 14+ mrq

#0 for m=2,... v

so that (4.15) determines yu;, j = 2,...,v uniquely for prescribed p;. Further,
the value of f,(0) is given by the formulas

N. M.
Afo(0) = d— AB+ ANy + A ; FAZMy + N2 (4.16)

1+« 1+«

in case Kk > VLH and with the additional term

Z itr1-i Bk + 1, k15 + 1)

j=1

on the right-hand side of (4.16) in case x; = ;5.
We are now ready to formulate the first existence theorem.
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Theorem 4. Let the assumptions (4.1) — (4.4) be fulfilled and let the inequality

062 2

(A= Ng)2— A% < de < (A= Np)2— —— A2

= T (4.17)

hold for v € {1,2,...}. Then equation (1.1) has a one-parametric family of
solutions of the form (4.5), where X is given by (4.14), k1 by (4.13), p; € R is
an arbitrary non-vanishing parameter, and for v > 2 there holds k; = jki1, j =
2,...,v, and the pj, j =2,...,v, are determined by p, via relations (4.15).

Proof. Due to (4.13) we have the relation
de = (A— Ny)? — K3 A?
between ¢ and k;. Therefore, inequality (4.17) is equivalent to the above in-

equality ;%7 < 1 < 2. Further, (4.17) implies assumption (4.7).
We split the linear operator Gy in (4.10)

Goldl() = -2 / ") de 1 Gul2)(w),

l.l—i-a

where § = L[Ny 4+ 2A] = 1 + ;1 observing (4.12) and

O R ARCL:
el RLCOER0 S

A, ) — 1] [E%2(6) + (2 — €)°2(w — )] } de (4.18)

+@/jm<x,£>

X D1 (€9 (@ = €)2(w — ) + (@ — §)7€72(8)] dg

and write equation (4.8) in the form

(o) = o | €@ de = gla), (4.19)

where g(x) = fo(z) + G1[z](x) + Loz, z](x). Estimating (4.18) and (4.11) we
get

|G1[2](z)| < Const 2™ ||z|| and |Lo[z1, 22](z)| < Const x|z ||| z2|| -
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So, for any z € C|0,T] we have G1[z] € C[0,T] with G1[z](0) = 0 and Ly|[z, 2| €
C10,T) with Loz, 2](0) = 0, therefore g € C[0,T] with g(0) = f,(0).

The auxiliary equation (4.19) for known g € C[0, 7] has the unique contin-
uous solution

2(z) = gla) + frP—o! / CeBg(e) de (4.20)

where o« — f = a—k; —1 > —1. Hence we obtain instead of (4.8) the equivalent
equation

2(x) = f(x) + Gl2](x) + Lz, 2|(x) (4.21)

where

f(2) = fol) + paio! /0 "8 py(6) de

with £(0) = 752 £,(0) = 2£L £,(0) and

1+a—p4 a—kK1
Gl)(z) = Gile)(a) + faP ! / "B [2](¢) de
Llz1, 2)(x) = Lo[z1, 2o)(x) + a1 /Ow 7P Lolz1, 2] (€) dE .

We have the estimations

a+1 a+1
|G1[2]lle and ||L[z1, 2] |5 < > | Lo[21, 22| -
— M1

<

61l < 25

So, for any z € C[0,T] we have G[z] € C|0,T] with G[2](0) = 0 and for any pair

21,29 € C[0,T) also L[z, z5] € C[0,T] with L[z1, 25](0) = 0. Hence z(0) = f(0)
for the solution z of (4.21).

To apply Lemma 1 to equation (4.21) we have to prove the inequalities (1.3)
— (1.5). We can show that

Const 2|z, if k1 >1
Const —|z]l, if 0<k <1

Gl < {

and further ||L[z1, 25]]|, < Const ||z1||4]|22]|, and

Const L||z1|||z2]l,  if a>1

[1L[z1; 2]llo < {

Const ||z || |z2]ls if 0<a<T1,

and also with z; and 2, interchanged. These estimates verify (1.3) — (1.5) and
by Lemma 1 the theorem is proved. [
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Remark 4. By z(0) = f(0) = 2L £,(0) and (4.16) all the solutions of the

family of the form (4.5) have the common value

I at+1 N. M.
2(0) = Zo(j—/ﬁ {d+)\(N1+oz—:1_B)+)\2 (M1+a+21>] '

In the next theorem we prove the existence of solutions to equation (1.1) of
the simpler form

y(x) = A+ a%2(x), =z¢€C[0,T], (4.22)

where A € R. We again have the possible values A » from (4.6) for A assuming
the assumption (4.7) for real solutions, too. In equation (4.8) for z the functions
fo and Gy are now defined by the formulas (4.9) and (4.10) without the terms
with sums whereas the formula (4.11) for Ly remains.

In contrast to the former case we now obtain solutions for both values A; o
of A. The value of fy(0) is given by (4.16). In the proof of existence of solutions
we again split G introducing G by (4.18) without the last integral with sums.
In the auxiliary equation (4.19) the parameter 3 = %[Ny 4 2X] now has the two
possible values

1
Bio=1%7%, = Z\/(A—NO)Q —4ec. (4.23)

In the following we distinguish the three cases 0 < v < «, 70 = a and
Yo > . In the case 0 < vy < a we have §; € [1,1+ «a), f» € (1 — a,1]. For
both § = ;5 the inversion formula (4.20) holds and we can proceed as above
to obtain two solutions z; 2 of equation (4.21) and hence solutions y; » of form
(4.22) to equation (1.1). Only if 79 = 0, the values 4, and [, are equal (to 1)
and the solutions y; and s coincide.

In the case 79 = a we have ; = 14+ «a, f; = 1 — a. For § = (35, again
the inversion formula (4.20) holds and we get a solution y of form (4.22). For
(B = ; instead of (4.20) the inversion formula

cule) = Ko+ g(o) + 0 [ 7S dg
0
is valid with an arbitrary K € Rif g € C|0, T satisfies g(0) = 0 and fOT @dm <
0o. In view of (4.16) and the assumptions on the integrals of C,~,d, € this is
fulfilled if the condition

N, M.
d:)\1<B—N1— 2)—A§(M1+ 2) (4.24)

a+1 a+1

holds. Then as in the logarithmic case in Theorem 3 (or in Theorem 3 of [2]),
for any K € R we obtain a solution of the form (4.22), this means we have a
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one-parametric family of solutions yx with parameter K = zx(0) € R. If (4.24)
does not hold, also as in Theorem 3 we can prove the existence of a family of
solutions yx of the form

yr(z) = M+ pa®lne + 2%k (x), zx € C0,T] (4.25)

a—+1 Ny 9 M,
= d+ M | N — B M| M
7 i {-i— 1(1+a+1 )+ 1( 1+a+1>}

and arbitrary K = zx(0) € R. Under the condition (4.24) we have u = 0 and
the solutions (4.25) take the form (4.22).

In the remaining case v9g > « we have #; > 1+ «, s < 1 —a. For = [,
again the inversion formula (4.20) holds leading to a solution y of form (4.22).
For 3 = (3; we take the inversion formula as follows:

T
k(@) = Kbl 4 g(z) — fyafi—a—1 / € 1o (€) de
G1—a—1 ; a—p1 d
T B /0 €01 g0(€) deé

with an arbitrary K € R and go(z) = Gil[z](x) + Loz, z](x). Under the
restriction 1 + a < 31 < 1 4+ 2a we can proceed as in the proof of Theo-
rem 2 in [2] to obtain a family of solutions yx of form (4.22) with parameter

K =lim, 2Pz (z) € R.

So we have the following second existence theorem.

Theorem 5. Let the assumptions (4.1) — (4.4) and the inequality (4.7) be satis-
fied. Then equation (1.1) has the following solutions, where vy is given by (4.23):

1. In case y9 = 0, i.e., 4c = (A — Ny)?: a unique solution yo of form (4.22)
with A = Xg = 5(A — Np).

2. In case 0 < vy < @, d.e., 0 < (A= Ny)? — de < a?A?%: two solutions y; o
of form (4.22) with A = X1 2 given by (4.6).

3. In case v = a, i.e., (A — Ny)? —4c = a?A?: for X = \y one solution i,
of form (4.22) and for A = Xy a one-parametric family of solutions yx of
form (4.25) with parameter K = zx(0) € R.

4. In case vy > «, i.e., (A— No)?> —dc > o2 A%: for X = )y one solution yo of
form (4.22) and in case a < vy < 20, i.e., a?A* < (A—Ny)?—4c < 4a?A?,
for X = A1 a one-parametric family of solutions yx of form (4.22) with
parameter K = lim,_ox® "z (z).
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Remark 5. In cases 1 and 2 and in cases 3 and 4 with A\ = Ay of Theorem 5,

the value z(0) is given by z;2(0) = ;;j;‘o f0(0), where f,(0) follows from (4.16).

Summarizing the results of Theorem 4 and 5 we get the following picture of
solvability of equation (1.1), where we take the solution in case 2 of Theorem 5
for A = A\; as the member of the family of solutions in Theorem 4 with parameter
p1 = 0.

Corollary 2. Under the assumptions (4.1) — (4.4) and the inequality (4.7) the
following solutions to equation (1.1) exist.

1. In case 4c = (A — Ny)?: a solution of form (4.22).

2. In case (A — Ny)? — a?A% < de < (A — Ny)%: a one-parametric family of
solutions of form (4.5) with parameter p = p; € R for A = A1 choosing a
corresponding v € {1,2,...} in (4.17) and an additional solution of form
(4.22) for A = As.

3. In case 4c = (A— Ny)*> —a?A?: a one-parametric family of solutions yx of
form (4.25) with parameter K € R for A = Ay and an additional solution
of form (4.22) for A = Xs.

4. In case (A — Ny)? — 4a?A% < 4c < (A — Ny)? — a?A?: a one-parametric
family of solutions yx of form (4.22) with parameter K € R for A = )\
and in case 4c < (A — Ng)* — a?A? a solution of form (4.22) for A = ;.

Remark 6. In case 1 of Corollary 2 there may exist other continuous solutions
of equation (1.1) which are not of form (4.5), (4.22) or (4.25). So the equation

ry(z) = / Y ylr— ) de + / Cy(e) de (4.26)

has besides yo(xz) = 0 the family of solutions y(x) = v <§>, v > 0, with

Volterra’s function

(z) /Oo T g ) 0
v(z) = ——dt ~ —0.
v o T'(t+1) e O F

This follows applying the method of Laplace transform to the equation. We
remark that any equation of the form

Azw(x) = /Ox w(&w(x — &) dE+ Ny /Ox w(&)dé+c (4.27)

with 4c = (A — Ny)? can be reduced to equation (4.26) substituting y(z) =
+lw(x) — 2(A — Ny)]. The general equation (1.1) in case 1 of Corollary 2 can

be treated as a perturbation of equation (4.27).
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Remark 7. If 4c > (A — Ny)? we have the conjugate complex values

1
)\1,2 - 5[14 - N() + iAwo] s 51’2 =1+ in

where wy = %1/4c — (A — No)?. From Re 315 = 1 it follows that there exist
two complex solutions of form (4.22) now as in case 2 of Theorem 5.

Remark 8. The assumptions (4.1) — (4.4) on the data of equation (1.1) allow
to handle as a special case the equation of Bernstein and Doetsch [4]

ry(x) = v/owy(f)y(x—é“)df+(1—7)/0$y(§)d§ (0<~y<1)

with the solutions y(z) = E, (Cz), where C' € R is an arbitrary parameter
and E, denotes the Mittag-Leffler function. But the integral equation for the
elliptic theta zero function [3 - 5]

xT

2uy(x) = / Cy©yla— &) de + / y(€)dé — 1

cannot be dealt with by the present method because of the free term p(z) = —1
and requires further investigation.
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