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Hypoellipticity of Hankel Convolution Equationsl
in D;1-Type Spaces

Jorge J. Betancor

Abstract. In this paper we analyze the hypoellipticity of Hankel convolution equa-
tions in distribution spaces of LP-growth. The spaces that we consider are Dppr-type
spaces in the Hankel setting.
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1. Introduction

The space Drr, 1 < p < oo, were studied by L. Schwartz ([14]). Assume that
n € N\ {0}. If 1 <p < oo, a smooth function ¢ on R™ is in Dy» provided that

folhs = ([ 1D*otypas)” <o

for every k € N". A smooth function ¢ on R" is in Dy~ when

[¢llook = sup [D*¢(x)] < oo,
z€R™

and lim|;| .., D*¢(x) = 0, for every k € N". Here, for each k = (ki, ks, ..., k,) €
N"™ we understand as usual

ak1+k’2+..-+k’n

Dr¢ = :
¢ Oz x>, Oxkn

The space Dr»r, 1 < p < 00, is endowed with the topology associated with the
family {|| - ||, }kenn of seminorms. Thus, Dr», 1 < p < oo is a Fréchet space.
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Moreover the space D of the smooth and compact support functions in R” is
dense in Dyp, 1 < p < co. The dual space D}, of Dy» is hence a normal space
of distributions for each 1 < p < oc.

In [3] J. J. Betancor and B. Gonzalez introduced the space Dpr-type in the
setting of Hankel transforms. There, the rule of the derivatives was played by
the Bessel operator A, = =21 Da?**1D. The spaces H,, and H,,, @ > —3
and 1 < p < oo, were defined in [3] as follows. Let 1 < p < oo and u > —%. A
Lebesgue measurable function f defined on (0, 00) is in H,,,, if, for every k£ € N,
AP f e LP(x**! dx), that is, there exists hy € LP(**! dx) such that

/0 " F@) AR (@) () dr = / " b hu(2)e dr,  é € S..

Here by S, we understand the space that consists of all the even functions in the
Schwartz space S(R). The space H,, is equipped with the topology generated
by the family {7}*}ren of seminorms, where

7£’M(¢) = ||Aﬁ¢||u,p7 (b e H,u,p7 k E N7

and || - || ., being the usual norm in the Lebesgue space LP(2**! dz). Note that
L (a** de) = L>(dz). Thus H,, is a Fréchet space ([3, Proposition 2.1]).
It is not hard to see that S, is properly contained in H,,. The space H,, is
defined as the closure of S, into H,, .

In [3] the author and B. Gonzélez investigated the Hankel convolution on
the spaces H,,, H,, and their duals. Motivated by the paper of D. H. Pahk
[13] in [3, open question 3.3] J. J. Betancor and B. Gonzalez propose the study
of the hypoellipticity of Hankel convolution equations on the spaces H ;,t 1, the
dual space of H, ;. This is our objective in this paper.

We now recall some definitions and properties concerning to Hankel trans-
forms and Hankel convolution that will be useful in the sequel.

The Hankel transform h,(f) of f € L*(2**! dz) is defined by (see [10] and
[11], for instance)

ha(F)(y) = / (ey) T (ay) f@)e dr, g € (0,00),

where J,, denotes the Bessel function of the first kind and order x ([16]). Here we
assume that p > —%. The Hankel transform, that is also called Hankel-Schwartz
transform (see [7]), is an automorphism in S. ([1, Satz 5]). h, is defined on
S!, the dual space of S., by transposition. Each function f € LP(z**!dx),
1 < p < o0, defines an element of S!, that will be continue denoting by f, as
follows:

2u+1
(h0) = [ H@ole)gre e o€
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Throughout this paper, when we say that a function defines a functional on a
suitable function space it must understood as above.

The convolution equation associated with the Hankel transform h, was
investigated by D. T. Haimo [9] and I. I. Hirschman [11] on the Lebesgue spaces
Lr(x* 1 dx). If f,g € L*(a** dx), the Hankel convolution f#,g of f and g is
given through

2u+1

(9 () = / ) W)Ly, e (0,00),

20T (n+ 1)
where the Hankel translation operator ,7,, x € [0,00), is defined by
2,LL+1

Nthg / D I Y, < ( )2MF(M+ 1)d27 €,y € (0700)7

and , 709 = g, and being, for each z,y, z € (0, 00),

Dy(,y,2) = (2'T(n+ 1))* /0 ) ) () () () T ()

The Hankel convolution and the Hankel translations are related to the Hankel
transformation h,, by the following formulas (see [11]):

hu(f#19) = hu(f)h,(9)
hou(ur2g)(y) = 2"T(p + 1) (zy) " Ju(xy) hu(9) (v),

where z,y € [0,00) and f,g € L'(z*™'dz). The Hankel convolution was
studied in distribution spaces in [5], [6] and [12].

In the sequel, to simplify we will write #, 7,, x € [0,00), and D, instead
#,, uTo, © € [0,00), and D, respectively. Throughout this paper by C' we
always denote a suitable positive constant that can be changed from the one to
the other line.

2. Hankel convolution operators in the space H LJ

We introduce the space H,, o, as the closure of H,; in H, . In this Section,
we characterize H), ., as the space of Hankel convolution operators on H, ;.

Let f € H,1. As it was proved in [3, Remark 1], y*h,(f) € L' (2% dz)
for every k € N. Hence, according to [11, Corollary 2.e],

fz) = /Ooo(ﬁy)“Ju(ﬂiy)hu(f)(y)yQ”“ dy for a.e. x € (0,00). (2.1)
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Here, a.e. refers to the Lebesgue measure on (0, 00). Moreover, the right hand
side of (2.1) defines a smooth function on (0,00) and by [17, (7), Chapter 5],
for every k € N,

(;: jx) /0 (zy) ™ Tu () hu(F) (W)y™ dy
= (=" /Ooo(iﬂy)_”_kt]wk(xy)hu(f)(y)y2u+1+2k dy.

for each € (0,00). Thus we can consider H,; as a subspace of C*°(0,00).
Moreover the distributional and classical operator A, coincide on H), ;.

Moreover, from (2.1) and [17, (6) and (7), Chapter 5| we can deduce that,
for every k € N,

Ak f(z) = / ) T P R (D dy, f e Hyo (22)

Hence, H,; is continuously contained in H, .. From (2.2), according to the
Riemann-Lebesgue Lemma for the Hankel transform, we infer that, for every
feH, and k€N,

lim AF af(x) =0.

r—00

Also, (2.2) implies that, for every f € H,; and k € N,

111’[1 Akf( ) ZHIQ M . / f 2k+2,u+1 dy

Then, it is not hard to see that, for every f € H, ., and k € N,

lim A* af(x) =0,
and, there exists lim,_o A f(z).

By H 1 and H - Wwe denote, as usual, the dual spaces of H,; and H,wo,
respectlvely Since H .1 is a dense subspace of H,, o, Hu ~ isa subspace of H ,
We now present characterlzatlons of the elements of H ; and H;, . They can
be proved by employing standard procedures (see [3, Proposmon 2 2])

Proposition 1.

(i) Let T be a functional on H, . Then T € H, , if, and only if, there erist
n €N and fr € L>®(dz), k=0,1,...,n, such that

T =Y [ hMo@ T d € H
k=00
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(ii) Let T be a functional on H, . ThenT' € H,,  if, and only if, there exist
n € N and regular complez Borel measures vy, on [0,00), k = 0,1,...,n,
such that

T.o) =3 [ Abotdnts). o€ Hx.
k=0 "0
To study the Hankel convolution on the space H,, ; we need to analyze the
behaviour of the Hankel translation 7,, x € [0, 00), on the space H, ;.

Proposition 2. Let x € (0,00). The Hankel translation T, defines a continuous
linear mapping from H, 1 into itself.

Proof. Let f € H,;. Since f € L'(a**1dx), by [4, (3.1)], we can write

hu(Te f)(y) = 2T (p + 1) (zy) " Ju(zy)hu(f)(y), y € (0,00).

Moreover, since h,(f) € L'(z**1dz) and 27#J,(2) is a bounded function on
(0, 00), we get

(7 f)(y) = 2"T (1 + Dby (@) ™ T (2t) R (F) () (y), v € (0,00).
Then, for every k € N,

AR (T f)(y) = (=1)"2°T (1 + 1) hy, ()" T () by, () (8)) (y)
= (ALN)(y),  ye(0,00).

Note that the differentiation under the integral sign is justified because, for
every k € N, y?*h,(f) € L'(z** dz).

By invoking now [15, p. 17|, for every k € N, we get

1A (T Nl < CUAL fllua- (2.3)

Hence 7,f € H,1. That the mapping f — 7,f is continuous from H, ; into
itself follows also from the inequality (2.3). |

We now study the behaviour of the Hankel convolution on the space H, ;.

Proposition 3. The Hankel convolution defines a continuous bilinear mapping
from H, 1 x Hy,, into H,; .

Proof. Let f,g € H,1, » € Sc and k € N. Then, f#¢ € C*(0,00) and we

can write

AL (f#0) = (ALf)#d = fH#(ALS).
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Moreover,

(AL (f#9)(x), 0) = (f#9, Apo)

_ / T (F ) A%() #11) dy
/ F@) (g#ALD) (y >2u15’(:++ T
/ FW) (AL g)#6)(y )2Hp(u+1) dy

_ /0 (f#AﬁgﬂyWy)#lndy'

Hence AF(f#g) = f#Alg. Then, according to [11, Theorem 2.b], we get

1AL D s < 1 e A5l

Thus we conclude that the #-convolution defines a bilinear and continuous
mapping from H,; x H,, into H, . [

By virtue of Proposition 2 we can define the Hankel convolution T# f of
T e H,,and f € Hy,, as the function

(T#f)(x) =(T,72f), x€[0,00).

Proposition 4. Let T € H,, and f € H, Then T#f is a continuous and
bounded function on (0,00). Hence TH#f 6 1 and, for every k € N, we have
that

ALTH#S) = (ALT)#f = TH#(ALS).
Proof. According to Proposition 1, (i) we can find n € N and g € L*>(dx),
k=0,1,...,n, such that

T.0) =Y [ ale) Ao de, o€ H
k=00

Then,

— /Ooo gk(y)Tx(AZf)(y) 2t dy, x € (0,00).
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Hence, by taking into account [15, p. 17], we can conclude that T#f is a
continuous and bounded function on (0,00). Then T#f defines an element of
H' | by

w,1

2p+1

(T#F,6) = / TTHA@ @) v, e H

0 24T (p+ 1)

Moreover, we can write

{T#7.9) Z / / ()7 (AL )y dy 2V (g + 1)
= Z/o gk(y)/o ¢($)@(Aﬁf)(x) 2MT (11 4 1) 2 dy
= / " )AL F) ()™ dy

=5 [ awatornmay

:<T>f#¢>7 ¢€H,u1

Then, a straightforward manipulation leads, for every K € N and ¢ € H,, 1, to

(ALTHS), 0) = (TH#f. ML) = (T, f#AL¢) = (T, AL(f#0))
= (ART)# 1. 0) = (T, (ALf)#0) = (THALf,0). u

Our next objective is to characterize to Hj, ., as the subspace of H, ; that
defines convolution operators on H, ;

Proposition 5. Let T' € H,,. If T € H,
o€ Hy.

Proof. Assume that T' € Hj, ... Then there exist n € N and regular complex
Borel measures 75, k = 0,1, ...,n, on [0, 00) such that

then T#¢ € H, . for every

1,007

T =3 / A f(@)dye(), | € Hyn.
k=00

Let ¢ € H,, ;. We have that
(T#6) (s Z/ o (A% ) () ()

=S 24 1) [ ) R AL ) ).
k=0 0
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Hence, since y**h,(¢) € Li(z***1dx), for every k € N, [17, (7), Chapter 5]
allows us to prove that T#¢ is an smooth function on (0,00). Moreover, for
every | € N, we get

AL TH#e) @) =Y / (A )du(y), T € (0,00).

By interchanging the order of integration and according to [15, p. 17] we can
obtain

I3l < 32 [ [ A0l )

<CY AR, TEN.
k=0

Thus we have proved that T#¢ € H,, ;. |

We now define the Hankel convolution T#S of T € H, , and S € H},  as
follows:

(T#5S,0) =(T,S#¢), ¢ € Hya
Thus T#S € H /:71. Next we prove some properties of the #-convolution on the
spaces under consideration that will be useful in the sequel.

Proposition 6. Let T € H), | and R,S € H), . Then:
(i) R#S e H, _ and R#S = S#R.

;00

(i) Au(T#R) = (AT)#R =T#(ALR).
(iii) T#(R#S) = (T#R)#S.

Proof. (i): According to Proposition 1, (ii), we can write

(R.o)=> /0 h Akp(x)dye(z), ¢ € Hyn (2.4)

S0 =% / Abg(@)duy (), ¢ € Hyn,
k=0 0

where r,« € N and 7yp,...,7 and 1y,...,1/, are complex regular Borel measures on
[0,00). Let ¢ € H,1. We can write

(R#S, ¢) = (R, S#¢)
-y /0 " AL(S#6) (@) ()

S [T an S [T Al wdnndn()
z/ z/ y)dn(y)d
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and hence, by using [4, (3.1)] and Fubini’s theorem,

(R#S, ¢) = ZZ/ / o (AR ) (y)duy (y)dry () (2.5)

k=0 =0

= 2D (p+ 1) ZZ/ / ()T, (at)

k=0 1=0

x b (A 0) (1) (y)da(y)d ()

= 2T (4 1) ZZ/ / () " T (2t hy (AR G) (2)

x T, (1) (t) dtdyy(z

= 2MD(p + 1) ZZ / (ALY ()R, (1) () () (2)

x 2Lt

(2.6)

Here, if v is a complex regular Borel measure on [0, 00), h,(7) is defined by
B = [ @) It @), € (0.00).
0
From (2.5) we deduce that,

(R#5.0) < CY D> 1ALl

k=0 1=0
Thus, we conclude that R#S defines a linear and continuous mapping on H, ;
when we consider on H,,; the topology induced by H, ... Hence, since H,; is

dense in H), o, R#S can be extended in a unique way to H, - as an element
of H), .. The equality R#.S = S#R follows immediately from (2.6).

(i1): Suppose that R admits the representation (2.4) and that

(T, 6) = lZ | s@siow e, o
where @ € N and f; € L®(dz), | = 0, ...,a. We can write, for every ¢ € H,, 1,
(A(TH#R), 6) = (THR, 5,0)
— (T, R#(A0))

—Z/ At AMZ/ (AR ) (@) dy () dt
S TS [ n ) @) di
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which proves (ii).
(iii): By using the procedure developed in the proof of (i) and (ii) and
according to Proposition 1, it is sufficient to prove the property when

(T, ¢) = / h FONEG dt, ¢ € Hy,
0
(R.6) = / AL (1) (1), 6 H, ..

0
(S,6) = / AT G(t)du(t), bcH, ..,

where f € L*°(dx), v and v are complex regular Borel measures on [0, c0) and
k,l,m € N.
Let ¢ € H,1. By (2.6) we have

(R45.0) = 2T 1) [ 60 O) O () O .
Then (T#(R#S), ¢) =< . (R#3S)#¢), and hence
W(R#S)#) () dt
/ PO (2T ) [ ha(ams)
<v><t>hu< (O dt )2 da
—2Tr1) [ 5@ [ hdnam e
X By () () by (v) ()T dta® T da

— (T + 1))? / ) / T (et) T () (AR ()
X hy(7) ()b, (V) () dt 22 da.

(TH#(R#S), ¢

\

Also we can write

(T#R, ¢) = (T, R#9)
= [ sk [ Ao e a
=20t 1) [ @) [ hle) )

x hu(AF0)(2) (V) dy ()™ da
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Hence, by using (i7),
(T#R)#S,0) = (T#R, S#9)

=2 1) [ 4@ [ @) e, (A S#0)(C)
x h,(7)(2)(z2)* ! dz dx

=2 1) [ 5@ [ @) I ah0))
/Ooo(tz)_“(]“(tz) /000 Tt(AﬁHJ“mgb)(y)dy(y) (tzx)* T dt dz dx

=T 0P [ @) [ @) o))

0

/0 T (92) T, () () (AR ) () () dz

= (2'T'(n +1))? /000 f(z) /Ooo(xz)“Ju(xz)h“(v)(z)h#(u)(z)
X h“(AZ+l+m¢)(y)(zx)2“+l dzdx.
Thus we conclude that T#(R#S) = (T#R)#S. |

Proposition 7. Let T' € H) ;. Then, T € H,, ., provided T#¢ € H, ., for
every ¢ € Hy, ;.

Proof. Suppose that T#¢ € H,, 1, for every ¢ € H, ;. By [3, Proposition 1.1],
for every m € N there exists an r € N such that

F=(1-AJ e+, (2.7)

where ¢ is the Dirac functional, ¢ € S, and ¢ € C*™(0, ), for which ¥ (z) =

o(r) =0,z >1, and
1d\"
lim (——) o(x) =0,

z—0+t \ x dx

for every k = 0,1, ...,2m. The equality in (2.7) is understood in [3] in S/. Tt is
not hard to see that (2.7) also holds in HJ, .

We now choose m € N large enough. According to Proposition 6 we have

T = T#5 = (1 — A,) (T#p) + THab.

By the assumption, T4 € H,, ;. Then T#y € H, .

Assume now (ky)nen is a sequence in S, such that, for every n € N, k,
satisfies the following properties:



572 J. J. Betancor

(a) k, >0
(b)k() 01’%(”—“,-)
0) [ kn(x)a¥Hidy = 24T (1 + 1).

From 4, Pr0p051t10n 3.5] we deduce that k,#¢ € S. and (k,#¢)(z) =0,z > 2,
for every n € N, and

sSup |Ak(k #o—p)(@)] =0, as n— oo,

z€(0,00)

for k = 0,1,...,m. According to Proposition 1 (i), there exist I € N and
fr € L™(dx), k=0, ..., 1, such that, for every ¢ € H,,;

(TH6)(a Z/ Ful) (D) )y dy, 7 € (0,00).

Then, by [15, p. 17] we get

(T#(kn#t@) — TH#0) ()| < CY | Ak (o#kn — ©)llua

I
<O sup |Al(p#k, — @) (z) — 0
0 z€(0,00)
as n — oo, uniformly in (0, c0).
On the other hand, T#(k,#¢) € H,1, for every n € N. Moreover, we can
write, for certain [ € N,

1T # (kn#te) 1 < CZHA Pllpallknllus < CZHA 1l
k=0
for every n € N. Hence we conclude that T#¢ € L' (z*dx).

Thus, since the operator A, defines a continuous linear mapping from H,,
into itself, we establish that "€ H], . |

Proposition 8. Let T' € H), . Then, T#¢ € H,,, for every ¢ € H,, 1, if, and
only if, the mapping ¢ — TH#¢ is continuous from H, 1 into itself.

Proof. Assume that T#¢ € H,, 1, for every ¢ € H, ;. To see that the mapping
¢ — T'#¢ is continuous from H, ; into itself, we are going to use the closed
graph theorem. Suppose that (¢,)nen is a sequence in H,; such that ¢, —
¢ and T#¢, — ¥, asn — oo, in H,,, where ¢,9 € H,;. We can write
(Poposition 1, (i))

L oo
DEDS / Fe)Apo(y)y™ ' dy, ¢ € Hya,
k=0 "0
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for certain [ € N and f, € L*>®(dz), k=0,1, ..., 1.

We assume that, by taking a subsequence if it is necessary, T#¢,, — 1, a.e.
on (0,00). Moreover, we have that

(T#6, — THO@) < S / A 1A (6 — 6 ()™ dy

l
<O ARGy — O)lps, T ER
k=0

Hence T#¢, — TH#¢, as n — oo, uniformly in (0, 00). Thus we conclude that
T+#¢p = 1, and the proof is finished. [

We summarize the above results in the following theorem, where the space
H;wo is characterized as the space of convolution operators of H, ;.

Theorem 1. Let T € H/’M. Then the following assertions are equivalent:
(i) TeH, .
(ii) T#¢ € H,1, for every o € H,, 1.
(iii) The mapping ¢ — T#¢ is continuous from H, ; into itself.

3. The Hankel transformation on the space H,

We now define the Hankel transformation on the space Hj, ;. We denote by S, 1
the space of Hankel transforms of functions in H), ;, that is,

Su1 =1{hu(¢) : ¢ € Hyq}.

Since h,, is one to one on H,, ;, we endow to S, ; with the topology induced on
it by H,1 via h,. Thus, S, is a Fréchet space. It is not hard to see that if
P is a polynomial, then the mapping ¢» — P(z?)¢ is continuous from S, ; into
itself.

Let T'€ H, ;. The Hankel transform AT is defined as the element of S, ,,
the dual space of S, 1, given by

(T 1) =(T.6), ¢ € Hyy

Then if T'e H, _ is given by

14,00

l 00
o) =3 / Abg(@)dy(r), ¢ € Hym,
k=0 "0
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where [ € N and ~;, is a regular complex Borel measure on [0,00), k =0, 1,...,1,
we can write

(R.T,¢) = Z/ A hy () (y)dy(y)
:Z k/o /0 2 (wy) T (xy)p ()2 dady, (y)

- / oz / (29) " Tu(wy)dn(y)a™ dz, ¢ € S,

??‘

Hence, we obtain that h,(T") is a continuous function on (0, c0) and
Y2k
,(T) = 2"T(u+ 1) (—=1)F2%h, ().

Hence R, (T') is an slow growth function.

We now prove interchange distributional formulas.

Proposition 9. Let T € H,,,, S € H), ., and ¢ € H,1. Then:

h#<5#¢) = Iy, (S)hu(9) (3.1)
hu(T#S) = W (T),(S). (3.2)

Proof. Assume that
l 00
S.0) =3 [ Mv@inw), v e,
k=00

where [ € N and v, k =0, 1, ..., is a regular complex Borel measure on [0, 00).
Then,

(S#0)(x Z/ o Ak (y)dv(y), x € (0,00).

Hence, by interchanging the order of integration, we obtain

L (S#0)( Z / / (A () (y) (o) T, ()24 it

= hu(9)(x)h,(S)(x), =€ (0,00).
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Let now ¢ € S, ;. We can write

(P (T#5), 00y = (T#S, hu(¥)) = (T, S#hu(¢)
= (A (T), i, (S)) = (hy, (T, (S), ).

Thus (3.2) is shown. |

4. Hypoellipticity of Hankel convolution equations.

Our next objective is to analyze the hypoellipticity of Hankel convolution equa-
tions in H,, ;. Firstly we prove a useful result.

Proposition 10. Assume that (a;);jen C C and (&;)jen C (0,00) such that
20 <281 <&, 7 €N, and that |a;| = O(&5"), as j — oo, for some m € N.
We define the functional S € S, as follows

S(x) = 2T (p+1) > (2&) " Ju(a&;)a
7j=1

Then S € H),,. Moreover, S € H, o if, and only if, |a;| = o(§;™) as j — oo,
for every n € N.

Proof. Let l1,l, € N, [} <y, and ¢ € H,, ;. We can write

Zaj / (&) " Tu(2&5)p(x)a Hd| < Z |aj|| (@

Jj=h Jj=h

< ozzs;”\wx@)

Jj=h

Since y*h,(¢) is bounded on (0, 00), for every k € N (because, for each k € N,
Ap¢ € L'(xz**dx)), and since §; > 2/, j € N, the series 32 a;h,(¢)(&;)
converges and S € H,

Suppose now that |a;| = o(£}), as j — oo, for every n € N. By [17, (6)
and (7), Chapter 5] we can see that S € C°(0, 00) and that, for every [ € N,

ALS( ) =2"T(n+1) Z —&;) 2l (@&;) ™ Ju(ag;)az, @ € (0,00).
7j=1

Then, for every I € N, [[ALS]|,00 < C 372, 7' |ay| < 0o. Thus we have proved
that S € H, .
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Assume now that S € H,, . To see that |a;] = o(£}), as j — oo, for every
n € N, we proceed as in the proof of [6, Proposition 3.2]. Let k € N and ¢ € S..
By [4, (3.1)] and integrating by parts we can write

((at) T, (xt)ALS(2), 6)
= (ALS(), (xt) T, (2t)6(x))
= (S(x), Ak ((t) T, (xt)d(x)))

=2"T(p+1 Z< xgj x&])am Aﬁw((xt)_”tfu(xt)gb(x)»
- Zaj / (5) (265 )AL ()T ()b (w) 2%+ da

2uru+ Z:: D& re, (hu)(), T € (0,00). (4.1)

Moreover, we have

()T, ()5, @), 6(a))
= /0 (at)"J, (xt)A’;S(x)gb(:B)

xQ,u—i—l

mdfﬁ, t € (0,00)

Since AyS(z)¢ € L'(x**'dx), the Riemann-Lebesgue theorem for Hankel
transforms implies that

lim ((zt) " J,(zt)A,S(2), p(z)) = 0. (4.2)

t—oo

0, x > 1, and

We now choose a function ¢ € S, such that h,(¢)(x) =
= 0, provided that

ho()(x) > 3, z € (0,3). By (4.1), since 7.(h,¢)(x)

|z — 2| > 1, we have
(€))7 Ju(28;) ALS, 0) = la; (=1)*&" 7, (hu9) (&)
> Jal" 7, jeN.

To see last inequality we have used ([8, (8.11,31)]. Then, (4.2) allows us to
conclude that |a;| = o(§~2#+2#t1) as j — oo. Thus the proof is finished. |

Let S € H), ... We say that S is hypoelliptic in H},; when the folllowing

property holds: if T'€ H| ; and T#S € H,, o then T' € H, .

We now characterize the hypoellipticity of S € Hj, . in terms of the growth
of the Hankel transform hJ,(S) of S.
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Proposition 11. Let S € H;wo such that there exists a polynomial p for which

‘—h’ ) <p(z), z€(0,00),1=0,1,2,..,2s,

dI‘l H

where s = [u+ 2]. Then, S is hypoelliptic in H), | if, and only if, there exist
a, M > 0 such that

WL(S) (@) > a7, @€ (M, o). (4.3)

Proof. Suppose that firstly (4.3) does not hold for every a, M > 0. Then we can
find a sequence (§;)jen C (0,00) such that, for every j € N, [h,(S)(§;)] < &7
and 27 < 2&;_; < &. We now define the functional T' € H),, by

T(x) =2"T(n+1) Y (a&) " u(2;).
7=1

According to Proposition 10, T' € H), ;. Moreover, for every ¢ € H,, 1, from (3.1)
we infer

(T#S,6) = (T, S#¢)
= Z /Ooo(xfj)_”u(xfj)(5#@(17)1’2““ dx

= Z B (S)(E)h(9)(&)
- Z%(S)(é})/o (2&;) " T (2€5)p(z)x* ! da

- | 66 g0t e
Hence, we can conclude that

T#S =2'T(p + 1) Zh’ V(&) (@) Tu(x85).

7=1

By Proposition 10 we deduce that T#S € H,, o, because the function z~*J,(z)
is bounded on (0, c0). However, T is not in H,, ».. Thus we prove that S is not
hypoelliptic in H/, ;.

Assume that [h,(S)(x)] > 7% 2 € (M, 00), for certain a, M > 0. We
choose a function ¢ € S, such that ¢(z) = 1, x € (0, M), and ¢(z) =
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€ (M + 1,00), and we define the function F' as follows

1-¢(x)
Fla) = mow L € (M, 00)
0, € (0, M].

By using an iterated Leibniz rule, since there exists a polynomial p such that

4 (9)(@)

Lt <plx), z€(0,00),1=0,1,...,2s,

where s = [p + 2], we can find a k € N such that by defining f = h (_ig;) ),

we have
@) = et (- 80 (5 ) )@ o€ (0.00)

where s = [+ 2], being A3 (4%5) € L(2®+ dz). Hence f € L' (2 da)

and (1 —A,)*f = h),(F) € H),,. Moreover, Fh/,(S) =1— ¢. Then
GHS = 5 — o,

where G = (1—A,)*f and ¢ = h,(¢). Indeed, for every ¢ € H, 1, (3.2) implies
that

(G#S,¢) = <hL(G)hu(S)a hu(9))

- [Tt >2MF / 6(0(9)(0) g
o0 201

SUEY RPCIEEE >m .

= (0,0) = (¥, ).

Suppose now that T#S = R € H, o, where T' € H| ;. Since T#0 =T, by
using Proposition 6, we can write

T =TH#6 = TH#H(GH#S) + TH#HY = (THS)#G + TH# = R#G + T#.

There exist k € N and f; € L>(dx), j =0,1,...,k, such that

k (e.)
T,p) = Z/o fil@) A p(x)z®* de, ¢ e Hyy.
=0
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In particular,

(T4 (@ Z / £ ()7 (ML) )y da.

According to [15, p. 17], we get that, for every m € N,

k+m

IAT(TH#) [ oo < CZ 1AL |1

Hence T#v € H,, .
On the other hand, we have

R#G = R#(1 — A f = (1— A R4S

Moreover, for every m € N,

1AL (BA#G) oo = 1AL (1 = A) R)# £l 1
< CIAT (L = A0 Rllusoll f -

579

Hence T#G € H,, o. Thus we conclude that 7' € H, o, and the hypoellipticity

of S on H) , is established.
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