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Hilbert Spaces of Solutions to Polynomial
Dirac Equations, Fourier Transforms
and Reproducing Kernel Functions

for Cylindrical Domains

D. Constales and R. S. Krauf3har

Abstract. In this paper, we consider L? spaces of functions that satisfy polynomial
Dirac equations. Fourier transformation methods and methods from harmonic anal-
ysis are then applied to treat Hilbert spaces of Clifford algebra valued functions that
are either square-integrable over a cylinder or square-integrable over its boundary,
and which satisfy in its interior the generalized Cauchy-Riemann system. In partic-
ular, explicit representation formulas for the Bergman and Szegd reproducing kernel
of several types of cylindrical domains are developed.
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1. Introduction and Basic Notions

Let {e1,e2,...,ex} be the standard basis of the Euclidean vector space R* and
Cloi be the associated real Clifford algebra in which

€i€j + €je; = —251']'60, Z,j = 1, cey k’,

holds, d;; standing for the Kronecker symbol. Each element a € Cly, can be
represented in the form a = ), aseq with ay € R, A C {1,--- k}, esa =
ene, e, where 1 <y < ... <1l <k, ey =e = 1. The scalar part of
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a, Sc(a), is defined as the ag term. The Clifford conjugate of a is defined by
G =) ,a4€4, Wwhere €4 =€, €, ,---¢, and e; = —e; for j =1,... .k, € =
eo = 1. In contrast, we denote the complex conjugate of a complex number
A € C by M.

We further write Ay, := spang{l,ei,...,ex} = R@® RF C Cly, for the
space of paravectors z = zy + 217 + 29€5 + -+ + 2zper, which in turn may
be identified with R¥*!. The standard scalar product between two Clifford
numbers a,b € Cly is defined by (a,b) := Sc(ab), inducing the standard norm
of a Clifford number, viz ||lal| = (3 4 |aa|?)"/2.

Let Q C R**! be an open set. A real differentiable function f : Q — Clys
that satisfies inside of Q2 the system D, f =0 (or fD, = 0), where

k
D.=0.,+» d.¢;, z€R, j=0,...k

Jj=1

stands for the Euclidean generalized Cauchy-Riemann operator in A, q, are
called left (right) monogenic with respect to the paravector variable z, respec-
tively. In the two-dimensional case (k = 1) this operator coincides with the
classical complex Cauchy-Riemann operator. In this sense, the set of mono-
genic functions can hence be regarded as a higher dimensional generalization of
the set of complex-analytic functions.

In the sequel, we shall write D, in the form D, = 0,, + D,, where the
vector part D, = Zle 0.,¢; is the Euclidean Dirac operator in R*. Functions
defined in an open subset of R* and satisfying there D, f = 0 are also called
left monogenic, now with respect to the vector variable z. For details, see for
example [12] and elsewhere. Both operators D, and D, factorise the Euclidean
Laplacian, viz D,D, = A, and D? = —A,. Each real component of a monogenic
function is therefore harmonic. This, in turn, allows us to apply methods from
harmonic analysis to study monogenic functions.

Similarly to the classical complex case in two real dimensions, the treatment
of Hilbert spaces in the higher dimensional setting is a central topic in the
framework of this function theory — in particular, in view of many applications
to physics and the applied sciences.

Important examples of Hilbert spaces of Clifford valued functions that sat-
isfy in particular the Bergman condition

1f (@) < C(2)[f]|22

are the spaces of square integrable monogenic functions in a domain of R¥*!
or on its boundary; these are called Bergman spaces of monogenic functions or
Hardy spaces, respectively. Each Bergman space is a Banach space which is
endowed with the Clifford-valued inner product (f,g) = [, f(2)g(2)dV, where
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f and ¢ denote left monogenic functions that are square integrable on a given
domain Q C R¥*! while each Hardy space is endowed with the inner product
(f,9) = Joq f(2)g(2)dS, where dS is the k-dimensional positive scalar measure
on Jf) induced by the ordinary Lebesgue measure.

Some of the first contributions to the investigation of these function spaces
came from R. Delanghe and F. Brackx in 1976 and 1978, see [11] and [2]. In the
following decades, the study of these types of function spaces has been extended
significantly under a rich amount of different aspects. Just to give some very
few examples, see for instance [6], [7], works from J. Ryan (for example [24]),
from M. Shapiro and N. Vasilevski from 1993 onwards, as for instance [25, 26],
or works by J. Cnops, such as, e.g., [5], papers of Bernstein and Lanzani, e.g.,
[1], among a lot of other contributions that point in this direction.

The reproducing kernel of the Bergman space, called the Bergman kernel,
is uniquely defined and satisfies f(z) = [, Ba(z,w)f(w)dV for any square in-
tegrable monogenic function f on the domain Q C RFF!.

Passing from volume to surface integrals, the corresponding reproducing
kernel is called the Szegd kernel So(z, w); it satisfies f(2) = [, Sa(z, w)f(w)dS
for any square integrable monogenic function f. A central aspect is the deter-
mination of explicit and closed formulas for these kernel functions, which is very
difficult in general. In contrast to the Cauchy kernel, the Bergman and Szego
kernels both depend on the domain 2.

For instance, in [2, 5], one finds explicit formulas for the monogenic kernel
functions for the unit ball and the half-space. In 1996, D. Calderbank succeeded
in deriving closed representation formulas for the kernel functions in annular
domains [4].

Explicit formulas for the monogenic Bergman kernels for rectangular, strip
and wedge-shaped domains have been worked out recently in [8, 10]. For the
Szego kernel associated to a strip domain that is bounded in one direction, a
closed representation formula in terms of explicit monogenic generalized cose-
cant type functions has been developed in the paper [9], which in turn provides
an extension to J. Peetre and P. Sjolin’s results from [22], in particular in terms
of explicitness. In [17], formulas have been developed for the cylindrical and
toroidal monogenic and polymonogenic Bergman and Szego kernel functions
associated to the surface of projective half-cylinders of infinite extent that are
constructed by factoring a half-space from R¥ by a translation group.

Analogues of these function spaces in the framework of more generally poly-
nomial Dirac equations of the form [>°" @, D] f = 0 with complex coefficients
«; are of current interest, too. In this case, the functions take values in the
complex Clifford algebra Clg, ® C, the Clifford-valued inner product must be
adapted to

(f.9) = / @ gz)av



614 D. Constales and R. S. KrauBhar

and the norm to
IfIl = v/Se(f, f).

Similar adaptations are performed in the context of Hardy spaces.

Important fundamentals for the general theory of function spaces in this
setting have been developed for example by Xu Zhenyuan [28], by F. Brackx,
F. Sommen, N. Van Acker [3] and by J. Ryan in [24]. See also [14], [19] and
elsewhere.

In [3] an explicit representation formula for the Bergman kernel in the unit
ball for the solutions of the special system (D, — \)f = 0, for arbitrary A € C,
has been developed. J. Ryan showed in [24] that the space of null solutions to
(D, — A)f = 0 that are square-integrable over a domain that has a piecewise
C! or Lipschitz boundary, has in general always a uniquely defined Bergman
kernel function.

In this paper, we extend the study of these function spaces and the previous
works in this field under two different aspects. In the first part of this paper,
we complete the result from [3] by giving on the one hand an explicit formula
for the Bergman kernel of the unit ball related to the more general system

(Dy = A1) (Dz = Ag) -+ (D2 = Ap) f(2) = 0, (1)

where Aq,..., A\, are arbitrary non-zero complex numbers, and, on the other
hand, by providing explicit formulas for the Szego kernel in the unit ball for the
systems (D, — A1)f = 0 and (D — A\)(D — X\2)f = 0, where A\, Ao are again
arbitrary complex numbers. This treatment includes also an explicit formula
for the Szego kernel for solutions to the Helmholtz equation —Af = A\2f, with
complex eigenvalues A. Furthermore, we show that there are no Szegd kernel
functions for systems of type (1) when p > 2.

In the second part of this paper, we study the Fourier transform of these
kernels, which in turn allows the treatment of L? spaces of functions that satisfy
the Euclidean Cauchy-Riemann equation in a (k + 1)-dimensional cylinder of
the form 22 + ...+ 22 =1, 0 < 29 < d. By using harmonic analysis methods,
we finally obtain explicit representation formulas for the reproducing kernel
functions of the Bergman space of functions that satisfy the Fuclidean Cauchy-

Riemann equation in such cylinders.

In analogy to strip, block and wedge-shaped domains, the formulas for the
Bergman kernel of a finite cylinder (with finite height) turn out to involve once
again automorphic functions on discrete translation groups of the Vahlen group.
This reflects the property that finite cylinders arise from infinite cylinders by
applying periodizations in one and more directions.
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2. Reproducing kernels for the unit ball for polynomial
Dirac equations

2.1. Existence theorems. Let p be an arbitrary positive integer and «y, . . .,

o, arbitrary complex numbers, o, # 0; let us write P(D)f := (>}, ;D) f,

let 0 C R* be an arbitrary domain, and write
Mpm)(Q) == {f:Q — Clox : P(D)f =0}.

We start by showing the existence of the reproducing kernel function for the
Hilbert space
By (Q) := Mpm)(2) N L*(Q).

The following proposition provides us with a generalization of the results
from [24]:

Proposition 2.1. Let p € N be an arbitrary positive integer and let oy, -+,
be arbitrary complex numbers, o, # 0. Let Q C R* be a domain. Then the
set of functions that are square-integrable over 0 and satisfy in the interior the
equation P(D)f = ( P o oziDi)f = 0, satisfies the Bergman condition.

Proof. Suppose  C R¥ is a domain. From [28] it follows that any f satisfying
P(D)f =0 in such an 2 belongs to C*(2). Let z € 2. Let 0 < p < R be such
that the closed k-dimensional ball centered around z with radius R, denote it
by By(z, R), is completely contained in 2. Next, we take a C'*-function ¢ that
satisfies ¢ = 1 in the open ball Bi(z, p) and ¢ =0 in Q\B(z, R).

According to [28], the operator P(D) possesses a fundamental solution ¢ in
R*, which satisfies ¢P(D) = §, where § is the Dirac distribution. In view of the
compact support of ¢f, we have that

¢f =0 of =qP(D)*¢f = g (P(D)(ef)),

so that
@@ = [ atz=y(PDIN) () v,

which simplifies to

/. 1PN )y

since ¢ = 0 in R¥\ By(z, R). In view of P(D)f = 0 and ¢ = 1 in Bi(z,p), we

may further conclude that

(65)(=) = /B s 2= V) (PD)6) ) 2)
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Now introduce the following decomposition:

P(D)(¢f) = (P(D)f)¢+ L,

where L is a differential operator containing all terms in which ¢ is derived at
least once. It has the form

lal 9ol
Lo, fl:== Copga @ 55!

B
o,B: |a|>1 ay

where a = (o, ...,a;) and B = (04, ..., Bk) are multi-indices and the C, g are
Clifford constants. Equation (2) therefore has the form

o 18l
aﬁz|a:|>1 /Bk (z,R)\By(2,p) g Y)Caﬂ<8— ¢> <8 f> -

Oy~ oys
We now apply successively Stokes’ theorem on the integrals: after applying
Stokes’ theorem once with respect to y; ( =1,...,k), we obtain

glol \ ,lol
/Bk(z,R)\Bk(z,p) 12 = ¥)Cas <5_Y°‘¢> <8yﬁ f) Vs

olal 9lBl-1
B Cj, 1 ¢ —f(y)dS
/8Bk(Z7R)\8Bk(Z,p) < I > (8 @ ) 8y3—7'(ﬂ) f< ) y
0 ol GIERS!
— —_— Z — Ca i dV ;
/Bk(z,R)\Bk(z,p) dy; <Q( ¥)Cas oy ¢> ayﬁff(ﬂf(Y) y

where 7(j) stands for the multi-index that has the entry 1 at the j-th position
and the entry 0 at all other ones, and n(y) stands for the outward oriented unit
normal vector field at y

olel _ lel
3y_0‘¢‘8Bk(zR 0 and 6y°‘¢|8Bk(z,p)

boundary integral vanishes, so that we obtain after applying Stokes’ theorem
repeatedly, that

18] |ot|
fe) =0 [ 53 (102 = ¥)ConL0) Fw) V. (3

e Bu(a.R)\By(z.p) OY"

Since = 0 for all partial derivatives, the

Putting ¢(y) := Zaﬂ(—l)m%(q(z -y)C aﬁaya <;§) (3) can be rewritten in the
form

f(z) = / 90 f(y) dVi.
By(z,R)\By(z,p)

Therefore, we finally get, by applying the Cauchy-Schwarz inequality, that

If@)I = [(@, 2] < 22llgllzz [ fllz2 < Coall Iz,

which is the Bergman condition. [
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A natural question arising in this context is whether a similar result can be
established in the context of Hardy spaces. As we shall see next, an analogy can
only be established for the cases p = 1,2. The basis for all that follows is the
following local representation theorem for eigenfunctions of the Dirac operator
with a nonzero complex eigenvalue (see [28, Theorem 1.1}).

Lemma 2.2 (Local Representation Theorem). Let f be a Clo,-valued func-
tion that satisfies in the k-dimensional open ball By(0, R) the differential equa-
tion (D — \)f(z) = 0 for a complex parameter A € C\{0}. Then there exists a
sequence of spherical monogenics of total degree n =0,1,2, ..., say P,(z), such
that in each open ball By(0,7) with 0 <r < R

Z

—+o00
ok
£ = 3 el = (s Ol = s Ol Paa)
n=0
Here, J, & and J, 1Eo denote the usual Bessel functions of the first kind

with complex argument A|z|| and parameter v = n+% —1 or v = n+ £,
respectively. For the proof of Lemma 2.2, see for instance [28].

For the sake of readability, we introduce the notation S, (z, w) for the Szego
kernel for D,-monogenic homogeneous polynomials of total degree n in the k-
dimensional unit ball By (0, 1), which equals

S(z, w) = 1 [Hﬂ]

A+l
i o0 1 GRS | C) EM AT

where A, = 215/ I'(%) denotes the ‘surface area’ of the unit ball in R”.

Now we prove

Proposition 2.3. Let A € C\{0} and let

M\(By(0,1))

Then the associated Hardy space
H3(By(0,1)) := cl {L*(8B(0,1)) N M(B(0,1))},

where cl stands for closure, satisfies the Bergman condition and therefore has a
reproducing kernel function.
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Proof. Let f € H3(B(0,1)). Since f € M,\(Bk,(O 1)), there exist spherical
monogenic functions of degree n = 0,1,2, ..., say (P,(2z))nen,, such that

)
3 et n+f,1<A||z||>+||zHJn+g<A|| 2l)
Z
n=0

Vs R+ 1, (V)2

Next, we decompose the polynomials P, (z) in the following way:

P,(z).

P.(z) = anpn(z),

where Hﬁn(z)H 12(0B,(0,1)) = 1 and where the a, are non-negative real numbers.
In this notation, we have

1f1l22 081 (0,1)) Za

Next, let us estimate the Clifford norm of f(z) at an arbitrary point z € B (0,1):
clearly,

1/ (z \<ZHZ!1 "

Ty 1 Qllzl) + g2 Tnss (Alzl)
s 1B+ 1, )P

Now, let us first estimate ||P,(z)||: we know that

an|Pa(2)]l. (4)

Plz) = / S, (2, W) P, (2) , S,
8B (0,1)
from which we infer that

1P.(2) || < 1150 (2, W)l r2(08,(0,1)) ﬂpn(W)HLZ(aBk(o,l)) ~

~~
=1

From

/ Sp(z, w)S,(W,2) dSw = S,(2,2)

9B (0,1)
it follows that |5, (2, W)|| 298, (01)) = V/Sn(2,2), and from
R et I 1 (k+n)t 0.
%) = Tl = (= Z war 1
that
(k+n)!

15 (2, W)l 208, 0,1)) = i) |z,
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from which we now deduce directly that

12 <[ )

In order to proceed estimating the expression (4), we use the Carlini formula,
which describes the asymptotic behavior of J, for large indices v. According to
[21], for large v one has

L@):%(%)”(HO(%)), v — o0, (6)

so that

el = 2= () lell (1+ 0(3))

From this formula we obtain that the asymptotic behavior for large n of

[ Tgs 1 (Alzl])]

Gra(Xiz) = |27
s s+ 1,5 ()P

18

2 1 n—O—g ’ e 2’
L+ (A [(1_n+§> } (2(n+§))

so that

}J g <Anzu>\

SO+ 17, ¢1+ Mt

In the same way, we obtain the asymptotic behavior for large n of the expression

Gra(X2) = ||z (7)

x(Allz[])
Gon(Ni7) = 2] | | —_— )

Vs s QOB+ 1 F i 41

Inserting (5), (7) and (8) into (4) and applying the Cauchy-Schwarz inequality
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then leads to the following estimate for ||z|| < 1:

+oo +oo
IF @) < (D a2, D [|Gra(Xs2z) Pu()|)”
n=0 n=0
+oo +oo B )
oY a2 [ D [[Gan(Xi2) P2
n=0 n=0
A +o00 kj+n)
<23 > a2 ZHGM P |z 2
n=0

2 (k +
+ Zcﬂ ZHGM g

—+00

<C Z az = C”f“L?(BBk(O,l))a
n=0
which is the Bergman condition. [

Next we prove

Proposition 2.4. Let A\, Ay € C\{0} with A\ # X2, and let
M, 5, (Bi(0,1))

f € C(By(0, 1)), }

:{f:Bk(O’l)HOl% (D~ M)(D — Xo)f(2) = 0¥z € By(0, 1)

Then the associated Hardy space
H3, 5, (B(0,1)) := el {L*(0Bx(0,1)) N My, »,(Bi(0,1))}
satisfies the Bergman condition and has a reproducing kernel function.

Proof. This requires a more sophisticated argumentation than the proof of the
previous proposition.

Since f is a solution to (D — A)(D — A)f = 0, there are two families of
spherical monogenic functions (P ,,(z))nen and (P ,,(2z))nen such that, when
llz|] <1 (see [18, 19, 27]),

=2||z||1—"-%(Jn+; Oullzl) = o Oalal)) Pa(e)
(9)
+Zuzul " (g Oallel) = s Ol Poa2)
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On the boundary ||z|| = 1, we have the following condition:
+oo
f(2) =) (Pu(2) + Qu(2)) (10)
n=0

with inner spherical monogenics P, of degree n and outer spherical monogenics
Q. of degree n. It is well known that, for ||z|| = 1, we can write the outer
spherical monogenic @),, as

Qn(z) = 2P, (2),
where P, is an inner spherical monogenic polynomial of degree n. Writing
P,(z) = a,P,(z) and P/ (z) = b, P, (z), where || P,/ 2258, 01)) = || Fall22(6B,(0,1))
= 1 and where the a,, and b, are non-negative real numbers, we can re-express

(10) as

+o0
f(z) = Z (anP,(z) + zb, P, (z)).
n=0
Note that in this notation, || f||r2@p.0.1) = dong(@2 + b2).
Since f € H3 ,,(0Bk(0,1)) it follows from the continuity of f up to the
boundary that the following equation must be satisfied on ||z| = 1:

ZIIZP " (s ullel) = s (ullel)) Pra2)
+Z||z|1 " (s Oallal) = s Oallal)) Pan(e)

—Zan (2) + zb, P!, (2).

A comparison of the inner and outer spherical monogenic parts produces the
following 2 x 2 system of linear equations in P, and P ,:

Jni 1 (M) Prn(z) + T, (X2) Pon(2)

n

_Jn+§()‘1)Pl,n(Z) - Jn+§—1<)‘2)P2» (z)

bn T’L(Z)

Having solved this system, one obtains

anPo(2)J  x(Ns) — by PL(2)J k(A
Pz = (2) ], 5(A2) () k1 (Aa) 1)
Tt (M) T (ha) = Ty (M) (M)
anPo(2)J 5k (\) — by Pl(2) ], 5 _ (A
Py (a) = (2) ], 5 (A1) (2) k1 (A1) | 12)
Tt 1 (A2) T (M) = T (M) i (A2)
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Note that both equations (11) and (12) remain valid in the unit ball ||z| < 1,
since the functions P; ,, and P,,, are spherical monogenics.

This allows us to insert (11) and (12) into (9), which yields a decomposition
of (9) into eight similar parts:

f ||Z||1—n—§J k 1(/\1||Z||)Jn+§()‘2)pn(z)

Z) = @n

n—0 +’“ 1(>‘1) n+k()\2) J+§71<)‘2)Jn+§()‘1)
2l =2 Ty M l[20) T,y (A2) Py (2)

et O s (a) = T (e) e (M)
e T (Mllz[]) T, ( )15 (2)
2]+ J+§_1(/\1)J s(A) = Tk (Aa)Jp s (M)
p 2 5 (Mallzl)J n+k 1( 2) P, (2)
e n+Ll<A1>Jn+g<Az> IS PATION

G 13
2% T, sy all2l]) T,k () Pa(2) e

+ an,

Jngi1(X2) 5 (M) — Jn+&71(>\1) Jnp(A2)
R s Qallal) s ) PA)
M s (M) T (M) — J+§71(>\1) +x(A2)

. JyixOallzl) ], < )Pu(2)
T2l Ts 1 O0) e s ) = Ty ) ()
Ly JoprQallzl) g, o 1<A1>~<z>

Nl E T O e ) = e () e (o)

This sum has therefore the form

“+o00
f(Z) = Z (anGl,n()\b )\2a Z) + -+ bnGS,n()\b )\Za Z)) 3

n=0

where the G, (7 =1,...,8) denote the expressions that occur in (13) on the
right-hand side of the a,, or b,, respectively.
Now we need to show that the coefficients G;,, j = 1,...,8, are all [*

summable. This can be done by again applying the asymptotic Carlini formula,
eq. (6), from which we readily deduce that, writing

1 (k+n)t, .,
gn(z) - )\2 _)\1 ]{?' ' || ||
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Z/\l/\g

2n
Z)\l)\g

2n

Gl n ™ )\ZQn(Z)y G2,n ~ 2ngn(z)7 G3,n ~ =

)

gn(2), Gan~  2M1gn(2)

G5,n ~ _Algn(z)y G6,n ~ _2ngn(z)a G?,n ~

9n(2), Gsn ~ —2A19,(2).

As one verifies directly, all these expressions are [*.-summable for |z| < 1.
Applying the Cauchy-Schwartz inequality, it follows that

“+oo

()] < L\ >.a Z IGLall? 4.y | D02

+00 8 400
<L @423 | S 162
\n 0 7=1 n=0
<O\ D (@2 +82) = Cllfll2 @B, 00)- u
n=0

A crucial difference with Bergman spaces is stated in the following

Proposition 2.5. The space of functions that satisfy in the interior of the unit
ball the equation [[T5_,(Dy — Aj)If = 0 and that have L? boundary values, does
not have a reproducing kernel function whenever p > 2.

Proof. To show that no Szego kernel exists in this case, consider the sequence
of the following p functions (p > 2):

w
—Jr(Njr), j=1,2,...,p.

[wi "=

The set of functions fo,(W) is linearly independent on the unit ball, but its
restriction to the unit sphere (r = 1) is linearly dependent whenever p > 2 (each
fox; (W) being a linear combination there of the functions 1 and w), so that there

exists a non-trivial linear combination with scalar-valued complex coefficients
such that ( L1 fox(w ))HWH:l = 0. The function g := > %_| @ fo ; satisfies

[ ?;1(Dz — )\J)}g = 0 by construction. Suppose now that a Szegt kernel

function for this operator on the unit sphere, say S(z,w), would exist. This
function then needs to act on the unit sphere, and we have that

Jor, (W) = Je_y (M) +

9(z) —/ S(z, w)g(w)dSy.
9B (0,1)
However, g 9Br(0.1) = 0. Therefore g = 0 in the whole unit ball. This is a

contradiction, since g # 0 due to the fact that the elements \; (j = 1,...,p)
are pairwise different. [ |
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2.2. Explicit formulas. Next, we give explicit representation formulas for
the Bergman kernel B?D(D)(Bk((), 1)) for arbitrary complex polynomials P that
split in pairwise different linear factors and for the Szego kernel of the spaces
H3 (Bi(0,1)) and H3 _ ,,(Bk(0,1)) where Ay # X;. What follows completes
and extends the result from [3], in which an explicit representation formula for
the Bergman kernel of the space B3 _,(B(0,1)) was developed for real \ # 0.

In what follows, we use the abbreviation
ik
() = Wl (g Ollel) = o Ollal)). (14

We prove

Proposition 2.6. Let Aq,...,\, € C\{0} be pairwise different numbers. Then
the Bergman reproducing kernel function for the solutions to (Dy— A1) -+ (D, —
M) f(z) = 0 in the unit ball is given by

fo (2) g fn,)ﬁl (w)
+00 _
Byi,.op, (2, W) = Z fn/\2(Z) [/\/l,\1 ,,,,, )\p] 1 ang ") ; (15)
" fa, (2) Tn’)\g (W)

where -7 indicates matriz transposition, f, . stands for the expression defined

in (14) and My, .., stands for the p X p matriz whose entries are given by

1
My :/ 7"2n+k_1SC{?n,,\@(Z)fn,xj(z)} dr,
0 k3

llzl|=r

i.e., explicitly,

ﬁ(Jn+§(Ai)Jn+§—1<)‘§) - Jn+§()‘§')*]n+g—1(>‘i)>v ()\z' - )‘5)
J? (Ai)JE%()\i) - wjmgq(/\i)«] (), (A= ).

n+§71 n

(16)

mij =

Proof. It suffices to show the reproduction of all f» ,(W)S, (w,v). For this,
consider the expression

| ST g (), ()5, ) Ve a7

in polar coordinates

/ / (z rw)f (rw)fn/,,\q,(rw)Sn/ (rw,v) dSy ¥ 1dr.
WeaBk 0, 1
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Now decompose the integrand into its scalar and pure vector part:
77%)\2 (TW)fn/,)\q,(TW) = SC{TnV,\g (Tw)fn’,)\q/(rw)} + g(fr‘)w-
Since WS,/ (rw,v) is an outer spherical monogenic on w € 0By(0,1), it is

orthogonal to S, (rw, v), and the contribution of ¢g(r)w to the integral therefore
vanishes. We are finally left with the integral

1
/ / Sc{f, & (rW) furn, (rw)}S, (2, 7W) Sy (1w, v) dSwr®'dr.  (18)
0 JweaB(0,1) a !
We observe that

Sc{F g (rw) e, (rw)}
_ 2k <Jn+§_1(A3)JnI+§—1(>‘Q’T) - Jn+§(x\g)Jn/+§(>\qlr)> ,

which is clearly independent of w € 0By(0,1). Therefore, the previous integral
can be rewritten as

/0 Sl () ( /

wEOBy (071)

Sp(z,rw)S, (rw, v) dSw)rk’Idr.

In view of the reproducing property of S, (z, w) and the homogeneity, (18) may
in turn be rewritten as

1
5n,n/sn (Za V) / SC{TH A (TW)fn/)\ , (TW)}T2n+k_1d7”7
0 g q

so that we obtain

+oo 1 B

2 Onealav) / Sc{ Tt (1W) e, (rw) Jr2 4y

n=0 0

1
= 500) [ SelFysg 1w, (o)},
0 4 a

which is just

1
S (z,v) /0 (Jn/+g_1(Agr)Jnurg_l(/\q'?”) + Jn’+§ (/\g)Jn,Jr%(/\q/r))r dr.

The value of the integral is explicitly known, see for example [13]: it equals
the expression m;; defined in (16), i.e., the (g,¢’)-component of the matrix
,,,,, »,- Finally, we are left with proving that the matrix My, .\, is invertible.
When this is done, the reproducing property readily follows. To proceed in this

.....
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direction, let us assume that My, ., were not invertible. This would mean
that for some non-trivial linear combination Z?Zl mi;a; = 0 is satisfied for all
1 =1,...,p. Let us then consider the expression

g = (fa1 + ... 4 far,0p)Sn(z, W).

Take an arbitrary j € {1,...,p} and evaluate

p
(8, fur,Sn(z, W)) = [me%} 155(2, W)l L2(By, (0,1)) = 0

1
— =0
We observe that
g L fux;Sn(z, W) (19)
for all 7 = 1,...,p, where this orthogonality relation needs to be understood

in the sense of the L?-inner product arising from the volume integral over the
unit ball. Since (19) is satisfied for all j = 1,...,p, we furthermore infer that
g L (faxon+...+ far,0p), which means g L g, so g = 0. Since S, (z, w) # 0,
we obtain that

Jaaoa + ..o+ fur,0p =0.

However, the set of functions {f,,}j=1..p is linearly independent, since the

elements \; are pairwise different. Thus, a; = 0 for all j = 1,...,p, and we
have a contradiction, so that we conclude that the matrix My, », is always
invertible. |

Remarks: In the case p =1 with A € C\{0}, the formula (15) simplifies to

\ e
By(z,w) = [
”ZU fo <| ntko1 (Ar)[2 + 1, g(/\r)P)rd’r
< (Tl = s Ollal)) Suw) - (20

k ﬁW Mer Il w
X (T ga VI + s OV “))]

Here, the norm in the denominator of (20) does not arise from the inner product
in the Clifford sense, but only from its scalar part. It is the complex Hermitian
norm.

In the special case where A € R\{0}, this formula simplifies to the rep-
resentation formula that was developed in [3] for the special case p = 1 and
A € R\{0}. Formula (15) provides therefore a canonical generalization.
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In the case p = 2 with \; = —\,, equation (15) offers an explicit formula
for the Bergman kernel to the Helmholtz equation —Af = A\2f with complex
eigenvalues .

Within the context of Hardy spaces, we obtain for the cases p = 1,2 the
following analogous result:

Proposition 2.7. Let A € C\{0}. The Szegé kernel of the unit ball to
(D, — A\ f =0, A\ #0, is well defined and given explicitly by
+o0 ok ok

[ e

2T (OO 1 OOF
% (Fusa Ol = s ) (21)

< 8,0 w) (s AW + oy V).

Let A\, Ay € C\{0} with \y # Xo. The Szego kernel of the unit ball for
(D, — A1)(Dg — A\o) f =0 is also well defined and given by

Srua(@ W) = 3 (fani(2) fua(2)) Sulz, W) [Ty 0] ( Foot () ) . (22)

n=0 fn)\g (W)

where f,x stands for the expression defined in (14) and T, », stands for the
2 X 2 matrix whose entries are given by

by = Se{T, W) fuo, WY o)
:Jn%,l(Aﬁ)J c )+ Ty ()\)Jn+ (A;).

Sx(z,w) =

Remark. When \; = — )\, equation (22) provides an explicit formula for the
Szego kernel to the Helmholtz equation —Af = M\2f.

Proof. Since (21) can be deduced as a special case from the more general
equation (22), one only needs to prove (22). This can be done analogously to
the proof of Proposition 2.6. Instead of considering the volume integral (17),
we only have to perform the integration of

Sn(z7 W)Tn)\g (W)fn’,)\j Sn/ (Wv V)

over the boundary of the unit ball. Proceeding as in the proof of Proposition 2.6,
we obtain that

/ S (z, w)?n 3 (W)fn/)\j Sy (W, v) dSy
wedB(0,1) o
= OnwSn(2, V)SC{f, e (W) fur (W),

(24)
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so that a summation over n =0,1,2,... leads to

+oo
Z 5n,n’ Sn (Z> V)SC{TH,)@ (W>fn/7)\j (W)}
n=0

= S (2, V)S{ s (W) fur ) (W) }
= Sy (z, V)t

With a similar argumentation as in the proof of Proposition 2.6, we infer that
the matrix 7y, », has rank 2, and is therefore invertible, being a 2x 2 matrix. §

Remark. Let us analyze why this construction does not extend to systems of
the form [[[}_, (D, — Aj)|f = 0 with p > 2. If p > 2, then the matrix 7}, _»,
built with the coefficients t;; is always singular, as follows from the fact that
the rank of the matrix 7,, ) can never exceed 2 because it can always be
decomposed as

P

b ai
P ) L (e eay),
b a

—B =/

where we put for simplicity a; = Jn+§(/\i) and b; = Jn+g—1()‘i)- Both matrices
A and B have rank 1 at most, so their sum A+ B = 7, ,, can have rank 2

at most. Therefore, 7y, ., is always singular for p > 2.

3. Reproducing kernels for cylinders

3.1. Fourier transform of reproducing kernels for (D — \). From the
formulas of the previous section we can now derive, using Fourier transformation
methods, explicit representation formulas for the Bergman and the Szego kernel
of monogenic square-integrable functions on the unit infinite cylinder

iz? = 1}.

J=1

C= {ZGAk+1

The crucial points are that the Fourier transform of the equation D, f = 0 with
respect to the scalar variable zy alone reads

(Dz + lCO)g - Oa

where g = (Ff)(Co,z) stands for the Fourier image of f, and that the Fourier
transform is unitary.
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Substituting A = —i(y, (o € R\{0}, we obtain immediately from Proposi-
tion 2.7 that the Szegd kernel for the solutions to (D, + i(y)g = 0 reads

(@l + T (Gl ) S w)
S_icy "3
wlz ) Z“Z” LN ORI () 25)

W ok
< (s a @Il s Gl =%,

Here, I, x and I, x_, stand for the usual modified Bessel functions of index

v=n+5%o0rv=n+%—1 respectively, which are given by I,((|z||) =
eI, (iGo 2.

Applying the inverse Fourier transformation to (25) gives the Szego kernel
for D,-monogenic functions in the infinite cylinder C:

1 &
k
w) = By > [ 1 1 [t
T
n=0

oo (fmg*l(couzu) + et @l ) a2, w)

x / (26)
[ —c0 n+k 1<C0)+I+k(C0>

W ,

oL (Gollwll) ) e g |
I

Similarly, the inverse Fourier transform applied to (20) provides us with a for-
mula for the Bergman kernel for D.-monogenic functions in the infinite cylin-

der C:

X (L (Gollwil) +

1 +o0
= 5o 2 T pw
T n=0

[ /+oo (Lt s Gollal) + T Golll)) 1 w)
X
(I (G 22y )

(27)

?:W 1Co(zo—w
< (s a @I + o Gl et %] |

The integral in the denominator of equation (27) can be evaluated explicitly:

1
| (sl + By rdr = = (@5 0)
0 2 2 0
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so that equation (27) simplifies to

1 — 1-n—k 1-n—k
= o= >zl E fw
n=0
1Z
oo (L@l + s (Gl ) St w)

X[[m g1+kx@>m.&w -
x (Lussa@lwl) + 0 Hn%@www)“WOMd@]
From the equality
Il (o sa Ol = o s V) PaCe)
= 0, Nl s D P), A#0,
we obtain that
ol 5 (s Alal) = s Al ) Paf2) )
= Dl E e, P)), A£0.

Applying now (29) to both the variables z and w in (26) and in (28), respectively,
we obtain

o0 oo .
EZ/ {WP" (2, ) ]
It (Gollz) s (Gl
G126 1)+ 12,4 (&)

iﬁfﬂo {WP“ Sz, w)|[wl' "5

Loys 2 Gl s Golwll)
2 2 zozo wo Dwd )
s (s (@) } “

(o)

w\«v

Here D,, stands for the same operator as D, but with the z; replaced by the
w;; note also that it acts from the right in these formulas.
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3.2. Harmonic Green’s functions and Bergman kernels. The Bergman
kernel Bg for square-integrable monogenic functions defined over a sufficiently
smooth domain © C RF! can also be obtained from the harmonic Green’s
function G(z,w) of €, which is defined uniquely by the requirements that for
all w € €,

A.G(z,w) =0, z € (30)
1 1
G(z,w) = , z € 09, 31
B = TR A Te— wlP oy
(see [26]). Then Bg = D.G(z,w)D,, as can be verified directly by applying
Stokes’ theorem and the Cauchy representation formula: if f is monogenic and
square-integrable in €2,

/QBQ(Z,U])f(U)) dv, = /Q(ﬁz(}’(z,w)Dw)f(w) dV,

_ / D.G(zw)  doyf(w)dV,
a0 —

=qo(z—w) when w € 9Q

(. J

=f(2)

—Aﬁﬁ@wﬂmﬂmww

=0

where go(z — w) = ﬁ“% denotes the fundamental solution to the gen-

eralized Cauchy-Riemann operator D,.
When using this method in the case of the cylinder C, it is again advan-

tageous to apply the Fourier transform in zy to the defining properties of the
Green’s function:

(A, = G)(FG)(Co, 2, w) = 0, |zl <1
FG) (o, z,w) = et ( o >’;—1
U k) \lz — w
< Ky (Gollz = wll), 2] =1,

where we have relied on the integral representation of the Bessel function K.

To analyse these transformed defining properties, we apply the Gegenbauer
addition theorem for K, from which it follows that for ||z|| = 1

e~ owo

(FG) o, 2.w) =

=i 1 (ClWID Ky (Collzl]) -
ot +n—1)C2 Y(cosh),
Z w[> = |=|> ! <2 )

Ml?r
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where C? denotes a Gegenbauer polynomial (see [13]), and 6 the angle between
w and z.

The Poisson kernel in the unit ball of R” is given by

1 — [lz]*|w|? % n—1 51
Pz,w———g z||"||lw||"Cy (cosh),

so that its homogeneous part of total degree n in z satisfies

P.(z,w) =

k

S4n-—1 " ko1

Lzl w]"Ci ™ (cos),
2

and that we can write for ||z|| =1

“+o0 ]k Kk
(FG)(Go,2,w) = 00 37 Eene 1 (ClIWINE s,y (Gollz])

e S e

n Z,W),

applying the inverse Fourier transform then yields for ||z|| =1

LSS L 1 (GolWIDE s, (Gollz]1)
1 o (z0—w g+”_1 0 5+n—1\50
G(zw) = o }:/ gido(z0-w0) A P, (z, w) dC.
n=0"Y ~> 2 2

In order to extend this expression harmonically to ||z|| < 1, it suffices to replace
K s (Colll) b Ty (Collal), while multiplying by K1 (Go)/ T 1(C)
in order to preserve the values at the boundary ||z|| = 1:

oo +o0o
G(z,w) = iZ/ eigo(zo_wo)]§+n71(COHWH)Ing,l(COHZH)
) w5l

% Kg—l—n—l (CO)
Ig—i-n—l (CO)

P,(z,w) d(.

The Poisson and Szegd kernels in the unit ball of R* satisfy the relation
P(z,w) = S(z,w) — 25(z, w)w,
which means that, in terms of the homogeneous components,

P,(z,w) = S,(z,w) — 25S,_1(z, w)w;
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substitution then leads to

o= LD [ i Lt Gl s (Golll)
(zw)=5-> | ¢ T
2m 15 oo w2 2+

y K§+n—1(C0)
I§+n71(<ﬂ0>

Sn (Za W) ng

+o0 “+00
IS amen T @Iy Gl
27 125 )~ [[w = | =
K§+n(<ﬂ0)

X mzsn(z, W)W dCO

A straightforward computation shows that
= 1 <X i e [T
D:Glew)Do = 20 3 ™= w2 [ et

x (1 y o1 (Collzl) +iz/ |12l 15 ., (Goll2I])
X Sin(2, W) (L 4y (GlIWI) +i(w/[[w) Ly (Gollwl))

K, 1(G)  Kep,(Go)
9 5+tn 1 5tn d
X G <I§+n1(Co) * [§+n(§b) ) o

The Wronskian identity K, (z)I,+1(z) + I,(2) K,41(z) = < then lets us simplify

<2 Kg—i-n—l(CO) n K%—&—n(CO) o C[)
0 I§+n—1<C0) ]g-s-n(go) N Ig-q-n—l(C())Ig-m(CO)7

so that equation (28) is confirmed.

3.3. Half-infinite cylinders. In the case of a half-infinite cylinder

k
Zz?zl, ZQ>O}

Jj=1

Ct = {Z S Ak+1

the corresponding Green’s function G*(z,w) can be obtained using a symmetry
trick such as
1 1

(1= k) Ap |2+ w*

because this expression is readily seen to satisfy the defining properties (30) and
(31) on C* and AC™, respectively. The corresponding function D.G*(z,w)D,,
is then the Bergman kernel for C*, and substitution of (32) provides an explicit
formula for it.

Gt (z,w) = G(z,w) — G(—z,w) + z,w € CT,
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3.4. Bounded finite cylinders. Now we have the tools in hand to treat cylin-
ders that have a finite heigth d > 0. We consider without loss of generality
cylinders of the form

Cy: Z%+"'+2i:1, 0 <z <d.

The symmetries involved here concern the hyperplanes zy = 0 and zy = d, with
corresponding reflections z — —z and z — 2d — Z. The resulting expression for
the Bergman kernel is

Be,(z,w) = Z (DZG(Z + 2md, w) D,y — D.G(—Z% + 2md, w) D,,
_ 1 1
D, Dy |,
* (1 —k)Ags1 |2 = 2md + w]||*! )

where the third term is precisely the Bergman kernel for the strip domain
0 < zp < d (expressible as a finite combination of Eisenstein series for the
translation group with one generator z — z + 2d, see [16, 8, 9]), and the first
two terms are the cylindrical corrections to it. Substitution of (32) gives rise to
the opportunity of applying the Poisson summation formula, thus eliminating
the Fourier integrals. We finally arrive at the following main result:

Theorem 3.1. The reproducing Bergman kernel of the space of square-
integrable monogenic functions within a bounded cylinder of the form Cy is given

by

+o0o  +o00

D 1 () (2o —w (T (=20 —w
Bcd(z,w)—Dz<ZZZ Z (e(d)(o 0) _ Gi(ZR)(~20 0)>

n=0 m=—oc0

o (P o o (CP)E) Ky (52)

L d
™ Pn(Z, W)
[wl|z 71|z 2+ Te i (%)
1 e 1
- D,.
TR 2 = 2md + )
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