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Dirichlet and Hardy Spaces
of Harmonic and Monogenic Functions

S. Bernstein, K. Giirlebeck, L. F. Reséndis O. and L. M. Tovar S.

Abstract. In this paper we obtain a characterization of the Dirichlet D,-spaces of

monogenic Clifford algebra valued functions in the unit ball in R”*! by the coefficients

of a homogeneous series expansion.
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1. Introduction

Let U := {z € C: |z] < 1} be the open unit disk in the complex plane C. Let
A be the class of analytic functions on U. For p € R, consider the well-known
fractional Dirichlet space D,, defined by

D, = {f(z) = Zanz" SV an_p|an|2 < oo}
n=1

n=0

For p = 0, we obtain the well-known classical Dirichlet space and it is easy to
show that (see [7, p. 28])

Y janl® = [ [ 1f'(2)]*dz d
;na {/ z)|"dx dy
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and this integral is equal to the area of the image f(U), counting multiplicities.
In 1980 Stegenga proved (see [11, p. 114 ]) the next important result.

Theorem 1.1. Let f : U — C be an analytic function and let —1 < p, then
f € D, if and only if

// |f/(2)|2(1 — |z|2)pdxdy < 00.

The space D, is a Banach space under the norm

N =

£, = [F(O)] + </ ()1 - |Z|2)pdxdy>

U

D,-spaces belong to the family of the so-called weighted function spaces
and they are intensively studied in the recent years by several authors as
R. Aulaskari [2], K. Stroethoff [12], K. Zhu [15] among others. These spaces
constitute an important tool to clarify and explore the behaviour of functions
near to the boundary. In a parallel way M.V. Shapiro et al. [8], Malonek et al. [9]
and Cnops et al. [6] have worked on generalizations of these scales of spaces to
Clifford algebra valued functions defined in R, n > 2.

Due to the double characterization by series expansions and by integral ex-
pressions given by Theorem 1.1, D,)-spaces become important because through
these characterizations it is possible to give a precise answer to an elementary
question: To which spaces belong derivatives and primitives of D,-functions?
It is easy to prove (see [4] that if f) is the k-th derivative and Fi; the k-th
primitive of f € D, then fk) ¢ Dy o and Fyy € Dp_op.

In this paper we present a generalization of this concept to D,-spaces of
harmonic or monogenic Clifford algebra valued functions. Thus in Sections 2
and 3 we introduce the harmonic Dirichlet spaces and prove that Theorem 1.1
can be extended to these kind of functions. In Section 4 we prove that for
different values of p > —1 these spaces form a scale and the inlusions are
strict. Finally, in Section 5 we find that if f is a monogenic function in D,
and admits a harmonic primitive, then the results for analytic functions extend
to this case, i.e., the primitive belongs to D, 5. It is important to remark
an essential difference between analytic and monogenic functions. Monogenic
functions can have several primitives. In [5] and explicitly in [9] it is proved
that any monogenic function has a monogenic primitive. But two monogenic
primitives of a monogenic function can differ by functions and not only by a
constant, and they can have very different regularity. The same is true for
harmonic primitives of monogenic functions.
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Remark 1.2. We have chosen the denotations for the different situations that
occur in our paper in the following way: Not to confuse the reader we denote
by D,(B) the Dirichlet spaces of holomorphic functions in the unit disk, the
Dirichlet spaces of harmonic functions in the unit ball B C R™*! are denoted
by D,(B) and the Dirichlet spaces of harmonic Clifford-valued functions in the
unit ball by D,(Cly ., B). The Bloch spaces B%, the Bergman spaces b? and
the Hardy spaces h? are denoted in the same manner. Opposite to the other
denotations the Dirichlet spaces of monogenic Clifford valued functions in the
unit ball are denoted by D,(M, Cly,,, B).

1.1. Clifford algebras. Let e, ..., e, be the elements of an orthonormal basis
of the Euclidean vector space R" and Cl,,, the 2"-dimensional universal Clifford
algebra over R generated modulo the relation 22 = —|z|?ey, where x € R™ and
eo is the identity of Cly,. The corresponding multiplication rules are given
by ee; + eje; = —26;5,4,7 = 1,...,n. Then the set {e4 : A C {1,...,n}}
with eq = ep,,...ep,, 1 < hy < --- < h, < n, e, =¢ =1, forms a basis
of Cly,,, and therefore each element a € Cly,, can be represented in the form
a =) ,aasea, where ay are real numbers. A conjugate element to a is defined
by @ =) ,as€a, where €4 =€, ...€;,, 6, = —ep, k=1,...,n, 8 =¢ = 1.

Given a Clifford number a = ) , asey its norm is given by |alo = (D4 a%)z.

1.2. Clifford analysis. Let Q C R™"! be an open set. For m < n, let D denote
the generalized Cauchy-Riemann operator and D its conjugate operator:

D—i—i- i_}_..._|_ i
N axo “ 6x1 emal‘m

— 0 0 0
D= — — - ... -
(9&:0 618371 em&cm

A function f € C'(Q;Cly,,) is said to be left monogenic if Df=0. We denote
by M(Cly,,) the set of left monogenic functions. Consider the real Euclidean
space R™*! with norm |z| = /22 + 22 + - + 22, for z = (39, 21,...,Tm) €
R™ 1. As above, we define the ball of radius r > 0 B, = { # € R™"! . |z| <r }.
We denote B; = B and its boundary by S. For —1 < p, consider the fractional
Dirichlet space D,(M, Cly,,, B) of left monogenic functions, defined by

D,(M,C)y,, B) = {f € M(Cly,,) : / IDfI3(1— |z[*)PaV < oo} .
B
We observe that D f = > i a0ifa€iea, and then

IDFIF < (m+1)Y (0ifa)* = (m+1)>_|Vfal, (1.1)

i,A
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where V denotes the gradient. We have then
| DR 1) av < (1 /IVfA (1 )" d

It is well known that DDf = Af = 0, then each f4 : B — R is a harmonic
function. Therefore it is natural to characterize at first the Dirichlet spaces of
harmonic scalar-valued functions.

2. Harmonic Dirichlet spaces

We begin with the study of spaces of harmonic functions. Following the nota-
tions of classical harmonic analysis we denote by n > 2 the dimension of the real
Euclidean space R" with norm |z| = /2% + - -+ + 22 for 2 = (21, ...,2,) € R".
We define the ball of radius » > 0 by B, = {x € R" : |z] < r}. Let S be the
boundary of the unit ball B;. Let €2 C R™ be an open set, a twice continu-
ously differentiable, complex-valued function u defined on €2 is harmonic on 2
if Au =0, where A = 97 +---4 92 and 0 denotes the second partial derivative
with respect to the 7 — th variable. We recall Green‘s identity

ov ou
Av — vA — - 2T
/Q(u v —vAu)dV /BQ (u - v n) ds ,

where 2 C R™ is a bounded open set with smooth boundary, and u and v are
C?-functions on a neighborhood of Q; the symbol 2= 9u Jenotes differentiation with
respect to the outward unit normal n. Thus for ¢ € (7(2 (24)(¢) = (Vu)(¢)n(0),
where Vu = (Oyu,...,0,u) denotes the gradient of u and denotes the usual
FEuclidean inner product.

Let u, v be twice differentiable scalar-valued functions, the product rule of

the Laplacian is
A(uww) = uAv +2Vu - Vo +vAu . (2.1)

We recall also the polar coodinates formula for integration on R" for a Borel
measurable and integrable function f on R™:

f dV =nvol(B) /000 i /Sf(TQ) do(¢)dr. (2.2)

The constant n vol(B) arises from the normalization of ¢, the normalized surface
area measure on S, such that o(S) = 1. The measure o is the unique Borel
probability measure on S that is invariant under rotations (that is o(T(F)) =
o(E) for every Borel set F C S and every orthogonal transformation 7).

R”

Let us denote by P,,(R") the complex vector space of all homogeneous
polynomials on R™ of degree m. Let H,,(R") denote the subspace of P,,(R")
consisting of all homogeneous harmonic polynomials on R" of degree m. We
recall the following results.
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Proposition 2.1. [3, Proposition 5.9] If p, q are polynomials on R™ and q is
harmonic and homogeneous with degree higher than the degree of p, then

/pqda:/pqdazo.
S s

Proposition 2.2. [3, Theorem 5.14] Let p = > aqz® and ¢ = >, bz® be
harmonic polynomaials on R™, then

/deO' = Zaaacaa
S

07

n(n+2)---(n+2|a|—2) "

where ¢, =
The following corollary is immediate.

Corollary 2.3. Ifp = szm aax® is a harmonic polynomial on R", then

1
2 do = JJ2al .
/S|p| ST +2) - (n+2m—2) D laafa

|a|=m

The following lemma gives an idea about the behaviour of Vp and p on the
sphere.

Lemma 2.4. Let p € H,,,(R") and ¢ € Hs(R™) be. Then

/Vp-qua: m(n +2m —2) [ pqgdo z:fm:s
S 0 if m#s.

Proof. Let p € H,,(R") and ¢ € Hs(R"™). For ¢ € S, the normal derivative of
pq on S is
m+s

(On)pa(0) = V(pa)(0) (o) = palro)lms = S r™p(o)alo)],

1
m—+s

1 1
/Spq do = (m + s)nvol(B) /SV(pq) ‘ndo = (m + s)nvol(B) /BA(ZDQ) v

Convert the last integral into polar coordinates, apply the product rule of Lapla-
cian (2.1), and use the homogeneity of Vp and Vq to get

9 1
do = / r”+m+5—3/v -Vaqdo dr
/S Pq s ), s (p) - Vq

2

B (m+3)(n+m+s—2)/sv(27)'véld0-

therefore p(o)q(o) = V(pq)(c) - n(o). Then by the divergence theorem
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Then we obtain

_(m4s)(n+m+s—2)
[ v0)-Vado - ' [ o,

and we conclude applying the Proposition 2.1. |

Let —1 < p. We define D,(B) to be the class of harmonic functions u :
B — C for which [, |[Vu[*(1 — |z[*)PdV < co. In particular for p = 0 we have
the classical Dirichlet space of harmonic functions [, [Vu|*> dV' < co. We note
that if —1 < p < ¢ then D, C D,.

We recall the following result.

Theorem 2.5. [3, Corollary 5.34] Let uw : B — C be a harmonic function on
B. Then there ezist py € Hi(R™) such that

) = Zpk(l") (2.3)

for all x € B and the series is converging absolutely and uniformly on compact
subsets of B.

Because the series (2.3) converges absolutely and uniformly on compact
subsets of B we can differentiate it term by term to obtain Vu = »"° , Vp, =
> re 1 Vg, and observe that this series also converges absolutely and uniformly
on compact subsets of B. Then

Vu|? = VuVu = Z Z Vo - Vi (2.4)

k=1 l=1

with the same kind of convergence. Let 0 < R < 1. Then By C B, by (2.2),
Lemma 2.4 and due to the uniform convergence of the series (2.4) we have

/B Vul*(1 = [z*)" dV
= nvol(B)/O (1 —r2)p/ IVu(r¢)|? do(¢) dr

R o0 00
—nvl(B) [ 3 S (1= [ Q) TalQdo Q) dr

k=1 =1

= nvol(B Z/ n+2k— 3 /|Vpk |2d0 ().
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Now by Abel’s theorem we have
/ (Vul?(1 - |2z*)"dV
B

= lim (Vul*(1 = |z*)" dV

R—1— Bgr

= nvol(B ng{l_Z/ n+2k— 3 dT’/ Vi (¢ ’2d0( <)
_ (B n+2k—3 2 Pd 2d
ol >Z/ Pk (] p2) r/5|vpk<<>1 o(¢)

_ nvol(B) i L5 +k—-1I(p+1)

k(n+2k—2 2

k=1

where || - || denotes the L? norm on S. Now, we use the well known approxima-

tion for the function T, T'(az 4 b) & v21e % (az)* 2 for |argz| < m, a > 0
and |z| — oco. Therefore

PE+E-Dl+1)

L5 +k+p) -

—1-p

and then

i N3+ k-1I(p+1)

k 2%k — 2 2
NEEET) (n+ )Pl

k=1
is a convergent series if and only if >~ | k' 7P||p||3 is a convergent series. Finally
we have proved

Theorem 2.6. Let u : B — C be a harmonic function with series exrpansion
in harmonic polynomials given by u(z) = Y ;- pi(z). Let —1 < p. Then u
belongs to the Dirichlet D,(B) if and only if

D K Pl < oo (2.5)
k=1

Now we can extend our definition of a Dirichlet space for arbitrary real
values of p. Let p € R. We say that v : B — C belongs to the space D,(B) if
the series (2.5) is convergent.

We observe that this theorem is equivalent to Theorem 1.1, were homoge-
neous harmonic expansions behaves like power series expansions in the classical
case, and as is usual we observe that homogeneous expansions are better be-
haved than multiple power series in higher dimensions.

In terms of coefficients the previous theorem can be written as
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Corollary 2.7. Let u : B — C be a harmonic function with series expansion
in harmonic polynomials given by u(x) = 3317 3" 4=, @ar®. Then u belongs to
the Dirichlet D,(B), p € R, if and only if

00 kl_p )
|
Znn+2 (n+ 2k — Z|aa|a<oo

k=1 \Ik

Example 2.8. Let C € S. We consider the harmonic function u : R\ {(} — R

given by u(x) = = CI” —==. Then

Vu(a)? = 1221

R

Because n > 2 it is clear that u ¢ D, the classical Dirichlet space. However

|z[2)"
/|Vu 1—|$|) /]x— ‘2n2

< 2°(2 _n)Q/((l_ﬂdv

L= [a>

= 27(2 — n)*nvol(B / " 1/ 11__‘70’5“2” 5do(C)dr

rntdr
(1 _ 7«)271—2—]3 )

= 2°(2 — n)*nvol(B) /

and this last integral is finite if and only if 2n —3 < p. Thus v € D,(B) if
2n — 3 < p. We will improve this result in the next section.

It is well known that for analytic functions D; = h?, where h? is the Hardy
space. We prove now that it is true for harmonic functions on R", too. We need
some notation.

Given a function w on B, we denote by w, the function on S defined by
u,(¢) = u(r¢) with 0 < r < 1. We recall that the Hardy space h?(B) consists
of the class of harmonic functions on B for which |u|[p2 = supg<,q ||ur]l2 < oo,
where || - || denotes the L? norm on S. Let 0 < r < s < 1, then it is well known
that ||u.||2 < ||us|lo and consequently

Julln2 = lim (2,
r—1

for each u € h?(B). We have the following theorem.
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Theorem 2.9. The Dirichlet space D1(B) coincides with the Hilbert space
h?(B). Moreover if u € h*(B) is given by u = > o pr where p, € Hy(R"),
then [|ullge = 37520 [lpell3

Proof. It is known that h?(B) is a Hilbert space. Let 0 < r < 1 and u € h?(B)

as in the statement. By the absolute and uniform convergence of the series (2.3)
and by Proposition 2.1

2 = / u(rOdo() = 3t / (O do(C)

By Abel’s theorem we have

Jul}, = tim ||ur||2—hm / PR(Q) do(©) / k()2 do(C)

By Theorem 2.6 we obtain the result. |

Observation 2.10. If w : B — C is a harmonic function with the series ex-
pansion u = Yy ;- pg, where pp € Hy(R"), then u € D,(B) if and only if
~ K el < o0

Theorem 2.11. The Dirichlet space Dy(B) coincides with the Bergman space
(Hilbert space) b*(B). Moreover, if u € b*(B) is given by u = >, P, where
Pk € Hi(R™), then

o0

1
lulle = nvol(B) Y |
k=0

2
gl

Proof. Recall that u € b?(B) means that [, [u(z)]*dV < oco. Let 0 < R < 1.

Then B C B and by (2.2), Lemma 2.4, and the uniform convergence of the
series (2.4) we have

/BR [u(@)I* &V = n vol(B) /0 e /g ju(ra)|? do () dr

— nvol(B) / " / ‘ipmrofda(g) dr
= nvol(B / " 122 k+l/pAk )pau(C) do(¢) dr

k=0 =0
—val(B)S / P pa (O dr
k=00
oo Rn+2k

= nvol(B) Z S YE IpAk(OIl5 -
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If now u € Dsy, then we can take the limit as R — 17 in the previous formula
to obtain by Abel’s theorem

o

1
[ @ v =nvol(B) Y- o par(OIB- '
B k=0

Let o > 0. We define the Bloch space B* as the set of harmonic funtions
u: B — C such that sup,c5(1 — |2])¥|Vu(z)| < co.

Theorem 2.12. Let a > 0. Then B* C )y, ., Dy(B).

Proof. Let a > 0, p > 2a—1 and M > 0 be such that |Vu(z)| < W’ then
by (2.2)
/ Vu(@)P(1— [2]?) dV < 2PM2/(1 el v
B B
1
= 2pM2nvol(B)/ (1 —r)P 2 dr
0

= 2P M*nvol(B)

that completes the proof. |

In a similar way we can prove that if p > —1, then U0<a<%1 B* Cc D,(B).

3. Strict inclusions

The next proposition improves the result of Example 2.8

Lemma 3.1. Let u : R"\ {¢} — R, ¢ € S, given by u(x) = |x741|n_2. Then
u < (ﬂn—2<p DP) \Dn—Z'
Proof. Let —1 <p

o [ e ey = [ O OE RO,

where e; = (1,0...,0) € S. Now we translate and change to spherical coordi-
nates

1—z|?)” 1— |z +4e]?)
/ - ‘Zn)_de:/ - 2n—21|) dz
BT — e Ble1,1) ||

T —2cosfy ( __ .2 27 cos 0 p
= F/ sin” 26, d@l/ ( ! ! 1) rLar,
z 0

T2n—2

N
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where I' = fo% db,,—y [y sinb,_2df, 5 --- [ sin" > fadfy < c0. Now

T —2cosfy (.2 2 4 p
/ sin" 2 6, db, / ( ! reos 1) rLdr
z 0

T2n—2

™

—2cosfy (.. D
= / sin" 2 6, db, / (=7 = 2cos61) dr,
0

rnflfp

[ME]

and this last integral exists if and only if n — 1 —p < 1, thatisn—2<p. &

Lemma 3.2. There exists a harmonic function v : B — C such that u €
Dy (B) \ U1 Do(B).

Proof. We know from Theorem 2.9 that D;(B) = h%(B) and therefore there
exists a linear isometry T from the classic Hilbert space [ onto Dy(B). It is
well known (see [13, p. 130]) that

1 o0
A:{—} e\ Juw.
Vklogk ) ,_, 0=2

Consider a sequence of harmonic polynomials {g;}72, with norm ||gx|nz =
k2 log 2 k. Let aj, = {aF}>>, € % such that T'(ay) = . Define s, = S ay
then T'(s;) = 22:2 gr and by Proposition 2.1 and Theorem 2.9 for m > [

m 2 m m 1
lom = sl = || > | = D Nl = > s
k=l+1 h? 1 k—i11 V108

Then {s;}{°, is a Cauchy sequence in [%. Let s € [?, with s = limy_ s. Let
T(s) = u € h?(B). Observe that we only know that

= lim ||sy — s|j;z = 0.
l—o00

l
lim ||T(s;) — ullpz = lim H g qr — U
l—o0 l—o0 2
k=2 h

Our task is of course, to prove that u = Y, , gx. As u is a harmonic function on
B u can be represented as u = Y ;- py, where p, € Hy(R") for k=0, 1, 2,...
and

o0 [ee] 1
S el = lullfe = > ———
P — klog” k

We set o = ¢1 = 0. Let m be a fix index. We will prove that p,, = ¢,,. Let ¢ > 0.
There exists an N > 0 such that 50, [|pxl|22 < & and || Y4y ax — ul|22 < & for
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all { > N. Then for all [ > N 4+ m we have the estimation

l l
e = pe— Z Pr+ Z P
k=2 k=0

k=i+1 k=I+1
!

E gy — U

k=2

h2

2

h2

+ Z Iprllpe < <
k=l

Then

/|qm — pm(O)2do(Q) <Z/|qk O do () Z|qu—pkuh2<e

As € > 0 is arbitrary we have by continuity of the harmonic polynomials
Gm = Pm, for all m = 0, 1,2,.... In particular now we know that ||py|nz =
k2 log™? k. In case of o > 0 we obtain

kOé
Zk’aﬂpthz = Z Flogh

and therefore u ¢ D, for all ¢ < 1. |

We recall that if u : B — C is a harmonic function with series expansion
in harmonic polynomials given by (2.3), then in particular for each a € R,
v(x) = > g k¥pr(x) converges absolutely and uniformly on each compact set
of B and therefore defines a harmonic function on B.

Theorem 3.3. Let g € R be fized. Then |J,., Dp(B) & Dy(B) & N,., Dr(B).

Proof. Let u : B — R given by u(z) = |xr — {|* ™ with series expansion in
harmonic homogeneous polynomials u(z) = >~ pr(z). Define a harmonic
function v : B — C by

— pi(
U('I> = n—(q—)Z .
1 b2
By Lemma 3.1 and Theorem 2.6 it is easy to see that v € (,., Dr(B))\Dg(B).
Let u : B — C be the harmonic function in Lemma 3.2 with the series expansion

u="> 1 ,q Define g: A — C by

~—

N\Q

0o
SC
=2

Then

o0

a(z) 1
= — < 0.
h2 gklong

=

S

w\u:
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Let p < q. Then

Z B le(—xﬂ) - Z 1+ =
p k=2 Ty ke log k
therefore g € Dy(B) \ U, ., Dp(B). |

4. The spaces D,(5), 0 <p <1

Let f € L?(S). Then f is an element of D,(S), 0 <p < 1, if

2 1 |f(z) = f(y)I”
11, =sup o7 | [ I dota) doy) < o,
where I is a surface ball (i.e., I = SN B, (xy) where zy € S). For n = 2
the spaces D,(S), 0 < p < 1, form a scale: D,(S) C D,(5),0 <p <g¢q < 1.
Unfortunately, we cannot prove such a property for n > 2 which is caused by
the fact that [I| ~ Cr?~ ~ r; if and only if n = 2.
For f € LY(S), let F be the harmonic extension of f to B, i.e.,

SEIY
0= [0 g 410

The following theorem characterizes the spaces D,(S) also in term of the har-
monic extensions.

Theorem 4.1. Let 0 < p < 1 and let F' be a harmonic function in B with
boundary values f € D,(S). Then the quantities

i —sup—— [ [ @) =W
M= |fllp, = ?gg WL /I/I o —ypr do(z) do(y)

N =sup — IVE(2)]*(1 — |z[*)P dx

Ics |I‘ Qn(zo0)
are equivalent M ~ N, where I = S N By(xo) and Qn(xo) = B N Bp(xo).

Remark 4.2. Here, "M =~ N” means that there exist constants C, Cy > 0
such that C; M < N < (Cy M. The measure of a surface ball I with radius ry is
equivalent to 7~

Remark 4.3. In the classic theory the following property is well known. Let
p € (0,1) and f € H?. Then f € D, if and only if

p £(6) — f()]?
g\f\ /1/1 T |dC]ldn]| < oo,

where 7' = OU and the supremum is taken over all arcs I C T' (see [14, Lemma
6.1.1]). Then Theorem 4.1 is the corresponding counterpart.
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For the proof of this theorem we will need some additional lemmas and
Theorem 4.6 which is a generalization of a well-known lemma by Stegenga [11,
Lemma 3.2].

Lemma 4.4. Let 0 < a < %, then

1—

2a
(1= 12D) = IVEI [ oy + IF 2y = 1 N2z cs)

for any function F' harmonic in B.

Proof. What we have to prove is the following:

I£lz2s) < CllFlws
aty

1-2a
< C (0= 2l T IV [ oy + 1Fllz2m))
< Cllfllzzes) -
where | f[[z2(s) = [[tr F'|[z2(s). The first estimation is valid due to the trace

theorem for Sobolev spaces [1]. One part of the last estimation can be proven
by using the representation of a harmonic function and the mapping properties
of the Poisson integral plus the trace theorem. The remaining estimation is a
special case of a general result from [10], which implies that for 0 < s < 1,

IF lw2s) =~ [|(1 = =)' *IVF| 4+ |F| || 2(8)
Wetakes:%qLa. [ |

An immediate consequence is that under the assumptions of the previous

lemma
1—2«

1 llzzcs) 2 [[(1 = J2l) = [V E ] o -

1—2«

We abbreviate a := || f||r2(s), b := || (1= |z]) = |V F| HLQ(B) and ¢ := || F'||L2(p).-
Then Lemma 4.4 immediately implies that there exist positive constants cy, co
such that c;a < b+ ¢ < cpa and b < cya. To obtain the other inequality
we remark that b = 0 implies that F' = const and the inequality is fulfilled.
If b > 0, there exists a natural number k such that cea < kb and we get
a < C;1C26L < cfl k b. The next implication is

Lemma 4.5. Let be [ € Ly(S) the boundary values of a harmonic function F
and 0 < p < 1, then

[ wr@pa-jepras [ LI 4000 a0(y)

Proof. We set p=1—2aq, i.e., a € (0, ). |



Dirichlet and Hardy Spaces T

We are now able to prove the following theorem.

Theorem 4.6. Let I and J be surface balls with center xy and radii vy > 3ry,
where ry is the radius of J and ry is the radius of I respectively, and F a
harmonic function in B with boundary values f € Li,.(S). For p € (0,1) there
exists a constant C' > 0 (independent of I and J) such that

2(1 — |z)' 2 dx M olx) do
/er(mo)‘VF(l’)’ (1 ‘ |> d SC{/I ’ ’x—y’”—l-f—?a d ( )d (y)

+ Pt Qa(/s\§J|f( %)= fJ'! = (§)|n>2}

Proof. Let ¢ be a continuous function such that 0 < p(z) < 1, where p(z) =1
on 2J, suppy C 3J, and |p(z) — ¢(y)| < Critlz —y|, z,y € S. Let ¢(z) =

1 — ¢(x), then

f=fh+(f-fet+(f-fe=H+fa+fs

In the same way we get for the Poisson integral Pf = P f; + P fy+ P f3. Because
of fi = const = f; we get |[VPfi(z)| = 0 and this part contributes nothing.
Let us consider the next part: We estimate

[ WPR@PR - e aB. < [ VPL@EQ - B,
Qr; (o) B
co [ [ 150 B0 4
S

S ’Q? _ y’nflJrZa

and due to Lemma 4.4,

g/ / +// +/ /...:BﬁBﬁBg.
xeJ JyeJ agJ JyedJ x€3J JygJ

Now, we estimate these three integrals. For B; we have

|f2(x) = f2(u)] = |(f(x) = fr)e(x) = (f(y) = 1) e(y)l
(f(@) = F(y))e(x) + (fy) = L) (p(@) = ¢(y))|
f@) = f@)l+Critle —yllf(y) = f4l,

IN

the term By gives

[f2(@) = ()| = 1(f(y) — f)(e(@) — o) < Crytle =yl [£(y) = fa],

and for the last term B3 we get

[fa(2) = foly)| = [[f(2) = f(y) + fy) = fale(@)] < [f(2) = fil.



778 S. Bernstein et al.

It remains to estimate

2
5 [ [ it oty
=7 [180) = 12| [ le =y do(o)] oty
rJ n—1
< [ -nf [

<y / () — fol? do(y)

—2at1- n//‘f (z)|? do(x) do(y)

)|2
<c/ ’x_ ’n DL 15(2) doty)

/xéfJ /ye 37 2|]; Y| §+z<|j do(z) do(y)

1
_9 _ 9
<r; /yeij|f(y) 1P [ s @) daty

<ot (S\A0) [ 1) = P o)
= S@P
<c [ [TU L dowyaoty).

We now consider the third part. We consider the Poisson kernel P,(z) where
a € Qry(ao) and z € S\ 2J, then

1—|al? C C
varol = v (20| < o <
|z —al® |z —al® = |x — x|
because of |z — a| = |z — zy + 9 — a| > ||z — 1z — |zo —a|| > ¢z — x| if

@ € Qra) and z € S\ 2J and thus

VP f3()| g/gyvpa(x_y)|f3(y)dg<y) gc/ @) = fal

s\27 |y — ol

Hence,

/QTMWPJ%( DI (1= [22) 7" da
<(/ e w) ([, T )

n+1—2a |f(l‘)_fJ| 2
< Cpni-? (/S\gJ e da(az)) .



Dirichlet and Hardy Spaces 779

This completes the proof. |

Remark 4.7. For n = 2 the space D; coincides with the space of analytic (i.e.
holomorphic) functions of bounded mean oscillation BMOA and hence BMOA
is contained in all D, spaces with 0 < p < 1. We are not able to prove this
property in higher dimensions but we will use the norm of functions of bounded
mean oscillation (BMO) for estimations. A function f € L*(S) is of bounded
mean oscillation, i.e. f € BMO(S) if

sup|—}|/1|f—f[|da with f; = ﬁ/lf(:v) do(z) < 0. (4.1)

IeS
We define an equivalent norm to the standard BM O-norm.

Lemma 4.8. The standard BMO-norm (4.1) is equivalent to

swp (o [ [0~ st ooyt

Proof. From the well-known John-Nirenberg theorem we get that the BMO-
1
norm (4.1) is equivalent to (sup;cg |71‘ [;1f = fi]*do)?. 1t is easily seen that

|I|2//|f ()| do(z) do(y)
\IP (//’f — fif do(x //’f ff\QdU(w)da(y))

< 177 [ @) = i dote)
<4 1fBaro-

On the other hand we have

i @) = pldote)
mz 7 [ (1@ = rwldota) oty
’[‘2 (//lda )do(y ) <//|fx f(y |2d0()ala(y))2
< (o [ [156@) = r)P ot oty >) . '

We will also need the following result which shows why we are not able to
include the D,(.S) spaces in BMO but is a useful tool for norm estimations we
will do later on.

=
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Lemma 4.9. Let f € D,(5), then

2
(i [0 = fildota)) < V)i,

Proof. We estimate the equivalent BMO-norm:

(i [0 = s do >)2
|1Pl/l/ﬂf |2do< )do(y)

(p-2)(n—1)4n—p 1 |f(z) — f(y)]?

< _ L A A S

=on 1P /z/z |z —y[rp do(x) do(y)

< 07"1 e HfHDp L

Now, we are able to prove Theorem 4.1.

Proof of Theorem 4.1. First, we assume

1
N = sup — IVF(z)* (1 - |z*)" do
Ics |]‘p Qn(zo)

to be finite. We restrict F' to Qn(z9) = B N By(xo). Now, F is also a harmonic
function in Qy(x¢) with boundary values on 0Qy(z9) = I UT, where [ is the
surface ball with center zy and radius h and T" = (9Bp(x¢) N B). Moreover,
tr F' |Q,(a0) (¥) = tr F(x) for € I and thus

M o(x)ao M ol(x) do
/1/1 p—T d()d(y)S/IUT/IUT 7 —gie do(@)do()

scj" VE(@)P(L - [2]?)? da
Qn(zo

< Cy NA"=VP < O N|IP.
and thus

e e L [ (@R
M= 1l = s [ [ by dot) < 0N (42)

Now, let M = || f[|3, be finite. We estimate with Lemma 4.6

21 — leDNP do(z MU:UU
meWﬂ(l\Dd<)§C<[[ L o)ty

n—+p _ dx )2
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For the first expression we immediately get

[/ W do(x) do(y) < C |11,

To estimate the second expression we consider a nested sequence of surface
balls Ji, where all surface balls have the same center xy but differ by their radii:

Jo:=J,ie,r; =ry,andr; = 3% r ;. Obviously there exists a smallest number
ny such that J,,_1 & S but J,, 2 S and hence S € (J;7, (Jk \ Jk_l), where
J_1 := (0. We have

[ 1@ =g _dolz)
S\2J |z — 0|

<Z/ el fa) = o) 2

— x|

302[3%]—" (@) = faldo(@) + 3]~ £l

k=0
<% (sl [ 1) - fuldoto) + 57415 - 1)
k=0 k
CN/ 1 L
<03 (3t [ e - o) + €57 1)
<S5 (2 [ 150~ fuliote +OZ )= faldoto))
T k=0 ’ k| I n |Jl 1| Ji—1 g
C o 3_k k k’Jl
C ngy 3,]? k 3- ktn—1
ST—I;(W Jk|f(x)_ka|dSz+ Zl g |f(z )—le|d0(x))

< S; (3 k|<]k: (/Jk : |f(z) = f(y)* do(x) dcf(y))é

k

1
+CY 37kgnmt (/ f(z 2do day) ,
Z i\, Jl! fW)I" do(z)do(y)
and by Lemma 4.9 we estimate

0 k
C — n— — —Kk+n— n— —
S—Z(i% L3 )RR f o, O Y T 3y ”/2||f|ln,)

T
I =0 =1
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hence

dO’(ZE) ((n—2)(p—1)-2)/2 1 1
- —— < § 1 k3"~

thus

2
n do(x e (p—1)—24n
I-H? (/ |f(z) — £ #) < CT§ 2)(p—1)—2+ +P||f||%p
S\3J |

x — xo|"

n—1 =~
<y | flB, < CHP IR, .
and

N=swp [ VE@P(L - o) de < Cllf|, < M. (43)

Ics |I| Qnr(zo)

Now, equations (4.2) and (4.3) show that M ~ N and hence Theorem 4.1 is
proven. |

5. Harmonic space H(f2,Cl,,)

Let Q € R™"! be an open set. In this section we introduce the space of harmonic

Clifford valued functions H(€2, Cly,,) defined by
H(Q,Cly,) = {u :Q— Cly,, : DDu= DDu= O} )

If u=>,uaea, then it is clear that u € H(Q2, Cly,,) if and only if ug : Q@ — R
is a harmonic function for all A C {1,...,n}. Then the space of left monogenic
functions on Q is a subset of H(2, Cly,,), that is M(Cly,) C H(Cly,). Now
we present some classical results in the context of harmonic Clifford valued
functions.

We recall the Poisson kernel

I e i
P(:&C) - ’27 _ C‘erl ’ (51)
thenifu=3" ,uses € H(Clyy, B), we have u(z) =3, [ ua(C)P(z,{)do(¢)ea

The following results are immediate and give us some idea on how to translate
results of the classic harmonic theory. The proof for scalar-valued functions
is given in [3]. The generalization to Clifford valued functions is easily seen
from the definition of the norm and the estimation (1.1). The first two are two
distortion theorems.
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Theorem 5.1 (Harnacks Inequality for the ball). Let u: B — Cly,, be a
harmonic function on B, with ua positive, then

1 — |z
WW(ONO < Ju(z)|o <

1+ ||

W!U(O)!o

for all x € B.

Theorem 5.2 (Harnacks Inequality). Suppose that @ C R™! is an open
and connected set and that K is a compact subset of Q2. Then there is a constant
C € (1,00) such that
1 fulw)l
C ™ u(z)lo
for all points x and y in K and all harmonic function u € H(Cl,,, Q) with ua
positive.

We denote ST ={( €S :¢, >0}, S ={Ce€S:¢, <0}and N =
(0,...,0,1) € S the north pole of S.

<C

Theorem 5.3 (Harmonic Schwarz Lemma). Let u : B — Cly,, be a har-
monic function on B, |u| <1 on B, and u(0) = 0. Then

[u(@)lo < 25U (J2| N)

for every x € B, where U = P|xs+ — Xs-] is the Poisson integral of the function
Xs+ — Xs-- Fquality holds for some 0 # x € B if and only if uga = U oTx, Ty
an orthogonal transformation of S, for each A C {1,...,n}.

Observation 5.4. Observe that 22U (|z|N) = |ZA (|z|IN) eAlo
The following result is for the operator D.

Theorem 5.5. Let u: B — Cly,, be a harmonic function on B, |u| <1 on B.
Then

n+2 VOl(B )
VOl(Bm+1) ’
where vol(B;) denotes the volume of the i-dimensional unit ball. Equality holds

if and only if uqg = U o Ty, where Ty is an orthogonal transformation of S, for
each A C {1,...,n}.

SIS

|Du(0)]o < (m +1)222

6. The spaces D,(Cl,, B) and h*(C)y,,, B)
We consider in this section the unit ball B C R™, with m < n. Now we give in

the next theorem a characterization of Dirichlet spaces D,(Cly,,, B), —1 < p,
defined by

D,(Cly,,, B) = {u € H(Cly,,, B / IVulg(1—|2))"dV < oo} :
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where Vu means now the vector gradient. Generalizing the results on Dy, spaces
of scalar valued harmonic functions we get immediately the next theorem.

Theorem 6.1. Let u : B — Cly,, be a harmonic function given by u =

Stauaea = >4 (D0 opra)ea, where ppa € Hy(R™). Let —1 < p. Then
the following statements are equivalent:
i) u belongs to the Dirichlet space D,(Cly,, B);
ii) each ug : B — R belongs to the Dirichlet space D,(B);
i) >4 200 K P llpkallie < oo
Let 0 < p. We say that u € H(Cly,) belongs to the Bergman space
b?(Clyn, B) if [[ull}, oy = [glulfdV < oo . Let a > 0. We define the Bloch

space B*(Cly,,, B) as the set of harmonic functions u : B — Cly,, such that
sup,cp(1l — |z])*|Vu(z)|p < oo. The following corollaries are an immediate
consequence of Theorem 2.11 and Theorem 6.1.

Corollary 6.2. The Dirichlet space Dy(Cly ., B) coincides with the Bergman
space b*(Cly ., B). Moreover, if u€ b*(Cly ,,, B) is given byu=>_ ; > re DA k€A
where pay € Hi(R™), then

=1
2 2
lullgecp =mnvol(B)Y > oAl

A k=0

for each A C {1,...,n}.
Corollary 6.3. Let a > 0. Then B*(Cly,, B) C (\y4_12, Dp(Clon, B).
In a similar way we can prove that if p > —1 then U0<a<% B*(Cly,, B) C

D,(Cly,, B). Let f, g : S — Cly,, be Clifford valued functions. We define an

inner product by (f, g) = [ fgdo =3 g [ fags do€aep. This inner product
defines the right linear Hilbert space L?(Cly,,, S). We say that f belongs to the

class L2(Clo, S) if || fllocr = V(- ) = ([5Ifl da)% < 00. Observe that
Ifallze < 1fllact <D I allzs - (6.1)
A

We define the Hardy space h?(Cly,, B) of harmonic Clifford valued functions
to be the class of harmonic functions u : B — Cly,, for which [lulln_

suPg<,<1 [[urll2,01 < 00

Proposition 6.4. Let v : B — Cly,, be a harmonic function given by u =
doouaea. Then |lupllyc1 < llusllocr for all 0 < r < s < 1. Therefore if
u € h*(Cly ., B), then

lelln, ¢y = lim o
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Proof. Let 0 < r < s < 1. Then it is known from the classic real harmonic
case that ||ua,||2 < ||uasll2. By definition we have

1 1
2 2
lurllzen = (D Muasllf) ™ < (D huasld)” = lusloco '
A A

Proposition 6.5. Let f € L*(Cly,,), u = P[f] that is
= P d
v =3 [ 1 OPE o e,

where P is the Poisson kernel given by (5.1). Then |lu.lloc1 < || flle.c1 for all
0<r<l.

Proof. Let 0 < r < 1. It follows immediately from the real classical estimation
a2 < |l fallz in the harmonic case. |

Theorem 6.6. The map f — P[f] = u is a linear isometry of L*(Cl,,S)
onto h?(Cly,,, B).

Proof. It is clear that the map is linear. By Proposition 6.5 we have

0 < Ifllscr = llurllocr < I = urllact =0 asr— 17

since for each A, ||fa — ua,|| — 0 as r — 17. Therefore by Proposition 6.4
1 fllo.c1 = limy—1~ [Jup|lo.c1 = ||u||h2 ¢ 1t s clear from (6.1) that u€ h*(Cly,,, B)

if and only if us € h?(B), then there exists f4 € L? such that uy = P[f4]. We
define f =3, faea. Then f € L*(Cly,) and u = P[f]. |

7. Primitives in D,(Cly,, B)

Let u € H(Cly,,, B). We say that U € H(Cly,, B) is a primitive of u if DU = u.
Then 0 = AU = DDU = Du, thatisifu € H(Cly,,, B) admits a primitive, then
necessarily u is left monogenic. Each function U € H(Cly,,, B) is a primitive
of at least u = DU. Moreover if U is a primitive of u, then {U + f : f €
H(Cly,,, B) and Df = 0} is the set of primitives of u. Let S(Cly,,) C H(Cly,,)
define the space of primitives of S, that is

P(S)={U € H(Cly,) : DU =u € S}.

Then P(S) = P(SNM(Cly,,B)) C P(M(Cly,,B)). In [9], Giirlebeck and
Malonek proved that P(M(Cly.,, B)) # 0, even more if u € ker DN L*(2), then
u admits a primitive U € ker D N W}(Q), where Wy stands for the functions
where all coordinates functions belong to the corresponding Sobolev space, that
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is we can choose as primitive a monogenic function. We want to characterize
the space of primitives of D,(Cly,, B), that is

P(D,(Cly,,, B)) = P(D,(Cly,, B) N M(Cly,, B)).
We have a partial answer.
Theorem 7.1. Let 1 < p be fixed. Then
PD,(Cl,,B)) =PD,(Clk,, B)yN M(Cl,,B)) =D, 2(Cl,, B).

Proof. Let U, u € H(Cly,, B) be with DU = u and given by U = >_ , Uae,,

U=, Uglr = YA i pak)ea, where pay € Hy(R"™) foreach A C {1,...,n}.
Because of |DU |y = |ulp we get

— i 2
DU = ufy = > lual = > | pas| (7.1)
A A k=0

Observe that we do not assure in (7.1) that [VUa|* = [ 3 ;2 paxl®. Let 0 <
R <1land —1 < p. Then Bg C B, by (2.2), Lemma 2.4 and due to the uniform
convergence of the series (2.4) we have

/B DU@)R(1 - |e2)" v
:/BZ’ZPA’C ‘ (1= |2?)"av

R A

= nvol(B Z/ 1—1“ pQ/‘ZPAkTC do(¢) dr
:nvol(B)Z/ pnt 1—r 2)P~2 ZpAk r¢) ZpAer )do(C

S k=0
— vol(B Z/ Y1 - ) p—szrk+l/pAk<<>pA,<<>d (€ dr
k=0 1=0 S
—nalB) Y5 [ i
A k=0

We observe that if U € D, _5(Cly,,, B) or if u € D,(Cly,,, B) the limit R — 1~
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exists in the previous formula and we obtain by Abel’s Theorem

/BmU(x)yga ) av
vl(3) TS / w1 (] 22 (Ol dr

A k=0

~avol(5) 3 pA ))nmmn%,

A k=0

and this last series converges if and only if > "2 k' P||pax(¢)||3 is a convergent
series for all A € {1,...,n}. |

We have the following relation between Dirichlet space and Bergman space.
Corollary 7.2. [t holds:
P(b*(Clo, B) = P(b*(Clo,u, B)NM(Clo,u, B)) = Do( Clo i, B)= D(Clo,n, B).
Example 7.3. It is well known that the Cauchy kernel
1 T

(x) = F(B)W where T = 2?1:0 T;i€;

is left monogenic. We consider its modified translation E(x) = vol(B)E(z — ()
with ¢ € S. Then

bEC(.CE) = 28EC($) = 1 + (m + 1>2($0 — CO)Z B (m + 1)2($0 _ C0)4
0x |z — C[2m+2 |z — C[2m+a o — (o

We claim that E; belongs to D,(Cly,,, B) for each p > 3m + 3. For example,

we calculate

(w0 — Co)* ’ p p
/B |z — ([ (1= |2*)"dz = | C|4m+12 (1= |2[*)"da
2o — 1P° 2\p
5 T — e[imT12 (1= [af*) dx
where e = (1,0...,0) € S. Now we translate and change to spherical coordi-
nates
7o — 1°
5 | — e[tm+12 (1 — || )

B xg(l— |x+e|2)p
- 4m+12 dx
B(e1,1) ’QJ‘

" ~2eosbh 8 cos® 0 — 12 — 2rcos )"
= F/ sin™ ™" 64 d91/ rdr,
x 0

T4m+12

2
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where I' = fo% Ay, [} 06,10y - -+ [ sin™ % b5 df, < co. Now

s —2cosf; .8 8 2
o r° cos® @(—r* — 2r cos 61)P
/ sin™ 191d91/ ( ) r™dr
z 0

7,,4m—|—12

T —2cos 61 80 - _2 9 p
_ / sin™1 0, d6, / cos”O(=r — 2cosb)"
z 0

T3m+4—p

and this last integral exists if and only if 3m +4 — p < 1, that is 3m + 3 < p.
A similar result is obtained with the other terms of DE,(x). Then its primitive
set is a subset of D,(Cly,,, B) for each 3m + 1 < p.
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