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Abstract. Using the fundamental solution of the Helmholtz equation we construct
the explicit form of the fundamental solution for powers of the factors of the Helmholtz
operator in quaternionic analysis. These results lend assistance aid to investigate
some properties of higher order Teodorescu operators. A fundamental solution can
also be constructed for the product of Helmholtz operators. This is used to prove
Cauchy—Pompeiu type representation formulas in quaternionic analysis for the general
polynomial operator [[/_, (D + )k, where o, # ay, if v # p.
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1. Introduction

The importance of complex analysis for mathematical physics is that the
Cauchy—Riemann differential operator and its complex conjugate provide a fac-
torization of the two-dimensional Laplace operator. The Cauchy—Riemann sys-
tem can be written in complex form as

ow

— =0, 1.1

55 (1.1)
where £ = %(% + z'a%). Similarly £ = (2 — ia%) is used. The Laplace
operator A = 4%% arises from various applications in many partial differential

equations in mathematical physics e.g., from the Poinsson, the wave and the
heat equation. For equation (1.1), two over R linearly independent fundamental
solutions
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are connected with the kernel of Cauchy-type. In case of the inhomogeneous
Cauchy—Riemann equation
ow
L

they lead to the Cauchy-Pompeiu integral representation formulas. The area
integral appearing in the complex Cauchy—Pompeiu representation defines a
weakly singular integral operator T'. Its properties were studied by I. N. Vekua
[26]. We refer to Begehr [8, 9, 27] or Bojarski [12] for solving complex first order
partial differential equations based on properties as well of T" as of the strongly
singular integral operator of Ahlfors-Beurling type II (see, e.g., [1, 26]). Higher
order Cauchy—Pompeiu representations were developed in [4, 5, 6, 7]. Then, by
repeated applications of the T-operator, second order complex equations have
been investigated by Begehr [3], Dzhuraev [13, 14] and a complex fourth order
equation is studied by Wen and Kang [28]. In complex analysis, Begehr and
Hile have used the idea of generalizing the T-operator in order to handle with
the higher order differential equations. This generalization is realized in term
of the T, ,-operators and their properties (see [10, 11]) . The T, ,-operators,
in fact, are useful in the study of some boudary value problems for generalized
polyanalytic functions of order n in the Sobolev space W} () (see [22, 23]), or
for complex elliptic partial differential equations of higher order (see [2]).

However, a lot of physical problems are not only particular circumstances
in two dimensions. For example, an overwhelming majority of physically mean-
ingful problems can not be reduced to two-dimensional models. But, the Dirac
operator D generalizing the Cauchy—Riemann operator in higher dimensional
spaces provides a factorization of the Laplace operator. Likewise the Helmholtz
operator, (A + a?), a € C, can be factorized in quaternionic analysis by a
certain first order partial differential operator D, := D4+« and D_, := D — «
where D = 22:1 ek%. Powers of these operators and of the Helmholtz oper-
ator lead to model equations of higher order. Inspired by the above-mentioned
results, we want to develop further these ideas for the Helmholtz operator and
its factors in quaternionic analysis.

From the quaternionic form of the Stokes theorem Cauchy—Pompeiu repre-
sentation formulas related to both factors of the Helmholtz operator are pro-
vided. By iteration they lead to a second order Cauchy—Pompeiu formula
related to the Helmholtz equation. Further iterations lead to higher order
Cauchy—Pompeiu representations related to powers of the factors of the
Helmholtz operator and of the Helmholtz operator itself. These results were
published in [19]. Following the above-mentioned techniques in complex analy-
sis, these iterations result as well in fundamental solutions to the higher order
operators as in defining higher order Pompeiu integral operators. These are de-
noted by integral operators Ty, ,,, T} o.n. In quaternionic analysis they are called
higher order Teodorescu operators. The aim of the present paper is to inves-
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tigate some properties of higher order Teodorescu operators. It demands to
provide the fundamental solutions for the operator D! with n € N explicitly.
We refer to [10, 18] for the Teodorescu transform in the case a = 0. They are
operators of Calderon—Zygmund type and do not cause problems. However,
in the general cases a # 0, the situation becomes more complicated. We can
not immediately apply the theory of Calderon and Zygmund. How to over-
come these difficulties in investigating the properties of T, ; are shown in [16].
Here a list of properties of T,,,, are outlined. As the operators T, T, , have
been widely used to study various boundary value problems for higher order
equations in complex analysis, the T, , should give useful tools in investigating
similar problems which can be reduced to such problems and systems to those
of the Helmholtz equation in quaternionic analysis.

We also generalize our results from [19] to representation formulas for solu-
tions to the general inhomogeneous polynomial equation Hizl(D +a)f=yg
in 1 with oy, as,...,a; are mutually different complex constants. The main
idea for obtaining these results is an essential process for constructing fun-
damental solutions from Sommen and Xu [25, 29]. These integral represen-
tations of Cauchy—Pompeiu type for the general inhomogeneous polynomial

J (D + o)k operator pave the way for investigating the boundary value

v=1

problem of classical Vekua type.

2. Preliminaries

We begin with the definition of the algebra of quaternion. Let {eg, ey, €2, e3} be
an orthonormal basis of R* such that x € R* is represented as x = >_,_, Txex,
xzr € R, 0 < k < 3. The part xoeg =: Sc(z) is called the scalar part of = and
# =33, wpe, =: Vec(z) the vector part of z. A product is defined in R* which
satisfies the conditions

(i) 6% = 6% = eg = —1,
(il) e1ea = —egey = €3; €963 = —e3ey = €1; €361 = —€1€3 = €.

The element e is regarded as the usual unit, that is, g = 1. For z,y € R* we

define

€1 €2 €3
(Z,9) = x1y1 + T2y2 + x3Y3 and [T xy] = |r1 xo 3.
Y1 Y2 Y3

Then, the algebraic rules (i), (ii) yield the quaternionic product

Ty = ToYo — (T, Y) + 2oy + Tyo + [¥ X y].

We are now prepared to give the definition of the algebra of real quaternions.
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Definition 2.1. The tuple (R%,) is called the algebra of real quaternions. We
signify (R*,-) by H(R).

The quaternion Z = xy — & is called the conjugate to x. The number |z|
defined by |z|* := 27 is named the absolute value of x. Note that 7% = —|7|°.

Definition 2.2. A complex quaternion (biquaternions) x is an object of the form
T = Zi:o rrer, T € C, 0 < k < 3, with the commutation rule for the usual
complex imaginary unit ¢ with the quaternionic imaginary unit ey, £ = 1,2, 3,
ier = exi. The algebra of complex quaternions will be denoted by H(C).

Note that any x € H(C) can be represented as x = Rex+ilmzx, where Rex =
Zi:o Rexpe, and Imz = Zi:o Imzyey, belong to H(R). Then the conjugate to
z also belongs to H(C). It can be written as Z = Rez + iImz. The norm |z |gc),
where = € H(C), is defined by

ey = V2ol + 212 + |22]? + |32, (2.1)

where x;, € C, \:ck\Q = 1%k, T stands for the usual complex conjugation. It is
easily seen that (2.1) represents a natural Euclidean metric in R® and can be
expressed as [z[g ¢, = [Rex[* + |Imx|*.

Lemma 2.3. [21, Chap. 1, Lemma 2] Let z and y be complex quaternions. Then
zylaey < V22lue)|ylac-

We next recall some basic facts of spaces of complex quaternion-valued
functions. By the isomorphic embedding we can identify (1, s, 23) = ¥ € R?
with z = 370 a4e, € H(R) € H(C).

We now consider functions f defined in a domain Q of R3 with values
in H(C). Those functions may be written as f(z) = Soo_, fr(2)ex, fu(z) €
C, x € Q. Properties such as continuity, differentiability, integralbility, and so
on, which are described to f have to be possessed by all components fi(z) which
are complex-valued functions defined on Q. Let B(2) be a function space of
complex functions defined on 2. For example, B may be C¥, C*) L, W]f
and so on. We then define a function space

B(Q,H(C)) := {f: Q@ — H(C) : all components of f belong to B(Q2)}.
If B(2) is normed with norm || - ||, then we can define a norm on B(£2, H(C))
by
; :
Ifle = ( S UALE) " for £ € BOLH(C))
k=0

If B(£2) is a Banach space, then the space B(Q2, H(C)) defined in this manner is
also a complex Banach space. In this way the usual Banach spaces of these func-
tions are denoted by C*(€2, H(C)), C*)(Q, H(C)), L,(Q,H(C)), W (Q, H(C))
and so on.
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Next, we will introduce some basic notations of the Sobolev spaces [24,
Section VI]) used in our discussions. Let L, (€2, H(C)) be the set of all continuous
functions f : @ — H(C) for which || f[lz, == ([, |f(@)[%¢ dz)" is finite with
p € (1,400). We will need the following Holder’s inequality for functions with
value in H(C) : Let f € L,(Q,H(C)), g € L,(Q,H(CT)), where 1 < p,q < +o0
with 1—1) + % = 1. Then

fg € Li(QH(C)) and | fgllz, < If]z,l9llz,.

Remark 2.4. Let k be a non-negative integer and let 1 < p < +o00. From
Sobolev’s imbedding theorem ([24, Chapter 6, §6.4]) more general imbedding
theorems for Sobolev spaces Wlﬁ“ can be established. It is shown that

W (Q,H(C)) C L s (QH(C)) for kp <3 .
WX (QL,H(C)) C Cy(,H(C)) for kp > 3, (2.2)

where Cy(Q, H(C)) is the set of all bounded continuous functions on €.

Let us review the concept of the Moisil-Teodorescu differential operator
and the quaternionic Stokes formula which will be used throughout this paper.
Let f € CY(Q,H(C)). The Moisil-Teodorescu differential operator is given by
Df = Zi:l exO f where O := a%k. If we write f = fo + f, then one gets by a
straightforward calculation

Df = —divf + grad fo + rot f. (2.3)

Note that the Moisil-Teodorescu operator was introduced as acting from the
left-hand side. The correponding operator acting from the right-hand side will
be denoted by D,.. Thatis D, f = Zizl Ok fer and in vector form the application
of D, can be represented as

D.f = —divf+ grad fy — rotf (2.4)

Let the operator D, = D + al be given, where « is an arbitrary complex
constant and [ is the identity operator. As the Laplacian also the Helmholtz
operator can be factorized in quaternionic analysis as

A+ao*=—-DyD_, =—D_,D,. (2.5)

The following quaternionic Stokes formula is taken from [21, Theorem 2],
(see also [18, Proposition 3.22]). Let f and g belong to C''(Q, H(C))NC(Q, H(C)),
Q) C R? a regular domain, I' ;= 9. Then

/Q (D, £W)9(y) + £(9)Dg(y)] dy = / f@i)gly)dTy,  (26)

— 3 :
where 7 := ) 7 _, niej, denotes the outward unitary normal vector on I'.
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Remark 2.5. From (2.6) with a € C we have
| 1D at@at) + F)(Daglo)] dy = [ Fwinty) ar,
/Q [(DrafW)g(y) + f(y)(D-ag(y))] dy = /F F)i(y)g(y) dry.

The above equalities are powerful tools in the strategy of this work.

3. Higher order Teodorescu operators

In complex analysis, a special case of the Cauchy-Pompeiu formula is the Cauchy
representation of analytic functions which is deduced from the Gauss theorem.
Analogously to this, the Cauchy-Pompeiu integral representation in quater-
nionic analysis which is also a consequence of the quaternionic Stokes formula.

3.1. The quaternionic Cauchy—Pompeiu type formulas. Using the equal-
ity (2.5) and the fundamental solution of the Helmholtz equation, a fundamental
solution for the factors of the Helmholtz operator can be constructed. Indeed,
if we assume that ¢ is a fundamental solution of the Helmholtz operator, i.e.,
a function satisfying (A + o?)d(z) = d(z), where §(x) is the Dirac delta dis-
tribution, then K,(z) = —(D — «a)¥(z) is a fundamental solution of D, and
K_,(x) = —=(D+a)d(x) is a fundamental solution of D_,, i.e., D, K,(x) = §(x)
and D_,K_,(z) = 6(x).

As discussed in [21, p. 27] a unique fundamental solution to the Helmholtz

zcx|z

operator related to its physical meaning is J(z) = . Since ¥(x) is a scalar
function and using formulas (2.3), (2.4) we have D 19( ) = D, ,Y(z). From
formula (2.3) by a straightforward computation we get

T X

Ko(z) = — grad 9(z) + ad(z) = (a T m_) (_ siala] )

] Arla|

Kale) = = grad i) — i) = ( —a+ ) (- 20

] 4|

We introduce here the quaternionic Cauchy—Pompeiu formulas which are related
to the factors of the Helmholtz operator:

/K v — y)ii(y) f(y) dT, /K v — ) Do f(y) dy (3.1)
/K_ax— y) dr, /K_ax— Doof)dy  (32)

for f € C1(, H(C))NC(Q, H(C)). The formulas (3.1), (3.2) express a differen-
tiable function through its boundary values and its first-order derivatives.
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3.2. Higher order Teodorescu operators. The fundamental solution for
the operator D' with n € N will be constructed by a method as given in [29,
Chap. 4], (see also [19, 25]). The advantage of our method, using induction,
is that it yields explicit kernel functions. For the reader’s convenience, we will
present this lemma and our result about the Cauchy-Pompeiu integral for the
higher order D7 operator (see [19]).

Lemma 3.1. [19, Lemma 2.5 Let K,(x) be a fundamental solution for the
operator D, i.e, a quaternionic function satisfying Do K,(z) = 6(x) (o # 0)
in distributional sense, and K,(x) be infinitely often differentiable with respect
to a. Then the functions K&")(:c), n € N, determined by the recurrence fomulas

K@) = Kola), K@) = T KD () (3.3

for all k € N*, satisfy in distributional sense the equations
(D +a)" K (z) = 8(x).
We will recall our main result in [19] for later use.

Theorem 3.2. [19, Theorem 3.2] Let f € C"(Q,H(C))NC"1(Q, H(C)). Then

Z/K z —y)ii(y) Dk fy) dT,
(3.4)
+ [ K@ =)Dy, 10) dy

Looking at the kernel function K. W () we decompose it in the following way:

iz x eia\x|
KM — it _ ¢ — .
« (@) (‘“ )\ ) TRE\

By a straightforward calculation in applying equalities (3.3) in the above lemma
and using induction the following corollary is proved.

Corollary 3.3. Let o be a complex constant with o # 0. Then the function

K (@) =

Jn-1-tm- 2)’ |+m|x|+w](iyx\)"2<—eml) (3.5)

4 |x|
s a fundamental solution of the operator D).

The last term in equality (3.4) suggests the following definition of higher
order Teodorescu operators.
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Definition 3.4. For a bounded domain  in R?® with piecewise sufficiently
smooth boundary I', we formally define operators T, ,, 7, on, Where a € C
acting on H(C)-valued functions f defined in {2, according to

(Tonf)a /K(”x— F(y) dy
(Tranf) (@ /f VK (@ — ) dy,

where, the kernel functions K" are defined by formula (3.5). The operators
Ton, Tran are called higher order Teodorescu operators.

We now begin with investigating mapping properties of T, ,,.

3.3. Existence and continuity of integrals. In this subsection, we will
prove the existence and continuity of 715, ,. The operator 7, ,, has analogous
properties, where this operator is acting from the right on the function. We
also refer the readers to [15, 17] for more details in the discussion of some
properties of the integral operator 7, ; with a real number «, where T, ; acts
on real quaternion-valued functions. The use of complex quaternions as well
as « a complex number does not cause changes of the mapping properties of
To1, as was shown in [16]. Moreover, the kernel K. (n)( ) of the operator T, ,,
has a singularity of order 2 at most, and thus it will not affect essentially the
properties induced by K )( ). Nevertheless, the following properties will be
provided more explicitly again for T, ,,n > 1.

Lemma 3.5. Under the same assumptions as in Definition 3.4, for f €
Li(Q,H(C)), the integral F(z) = [, = y|3 —=—f(y)dy is in Li(Q2,H(C)) for all
0<vyeR.

Proof. Notice that here we consider a bounded domain 2 and v > 0. Firstly,
looking at the integral [, ([ = y1|3 = dz)| f(y)]m (c) dy, L. Hedberg has shown

that there exists a constant C' such that [, = |3 ~dy < C(diamB)" holds,
where B is the smallest cube containing €2 (see [20]). Hence,

1
/ (/ _—3_,y)|f<y>|H((C) dy < M(Q;y)/ |f(W)lac) dy = Ml fllL
o \Ja |z —yl Q

where M(q ) is a constant depending on €2 and on 7. Using Fubini’s theorem,
it follows

/Q(/dexwf(y)hﬂ(c) dy=/g</ﬂm|f(y)m(c) dy) dr
Z/QF(;E)dx,

where the involved integrals are finite and hence F(z) is in L,(92, H(C)). |
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We now come to our main result ensuring the well-definedness of the oper-
ator T, from L, (€2, H(C)) into L,(2,H(C)) for some relevant ¢ > 1.

Theorem 3.6. For o € C and f € L1(Q,H(C)), the integral T, f(x) exists
for almost all x € 2.

Proof. Forn =1, f € L1(Q,H(C)), and viewing the formula for Kc(yl)(x —v)
we observe that

2
|K (2 = 9) f () [g0) < :1/_7; KD @ = 9oy S W) ey

V2 Ima diamQ2 1 1
< Y2 prtma diam) gy o0 (2]al + .
4w O\ Mz =y " o —yP

Using Lemma 3.5 leads to the existence of (T, f)(z) for almost all z € Q.

In the case n = 2, let us consider the estimate

KO~ )50 gey < VEIKO @ — ol F )l

V2

| 1
< Y2 ,—Ima diamQ ) )
< V2, Pl (2lel +

Using Lemma 3.5 again in the case v > 2, the existence of (T, 2.f)(z) for almost
all x € Q) is proved.

If n > 3 is fixed, we have

K& @ =) )]ye) < V2IED @ = )l |F W)y
V2

< e )l lalle — "+ o -y ).

Looking at the right-hand side of this inequality, we can easily see that
Tonf(x) for n > 3 has no singularity. Hence, the existence of the integrals

Tonf follows. [ |

Theorem 3.7. Let the assumptions of Definition 3.4 be satisfied. In addition,
let f be a complex quaternion-valued function in Li(Q,H(C)). Then the integral
Tonf(x) converges absolutely for all x in Q. Moreover, if
(i) 1<¢<2 whenn=1
(i) 1 < ¢ <3, whenn =2
(iii) 1 < ¢ < 400, when n > 3,
then Tonf € Ly(QH(C)) with |Tonflle, < MoamllfllL,-
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Proof. Firstly, we will define W, (z) on Q according to W, (z) := [, ‘L;"(ZTL

and let w be an arbitrary function in L,(Q, H(C)) where 2 ; —|— E = 1. Agam

the estimate of |K&n) (x — y)| in Theorem 3.6 shows that the integral T, , f(x)
converges absolutely. Now, using Holder’s inequality we obtain

w(y)] (/ 1 9 );
= —d < d w
) /Q!flf—y!” = Q<|x—y|”> v) Wl
1
< d w )

By Lemma 3.5, hence the middle integral of this inequality exists for ¢y < 3.
Therefore, in the case of n = 1 the condition 1 < ¢ < % is sufficient for both
values 7 = 1 or v = 2 (see the estimates in Theorem 3.6). For n = 2, by

the estimate of K. (x — y), we have to consider 7 = 1. Thus the condition is
1 < g < 3. It is easily seen that 1 < ¢ < 400 is possible for all n > 3.

The assumtions for ¢ together with W, (z) < (fgﬁdy)HwHLp yield
W, (z) < Moy |lwllz,, where M . is a constant depending on Q and v but
not on z (see the proof of Lemma 3.5). Hence, W, (x) converges uniformly, i.e,
W., is continuous on  and for all w € L,(2, H(C)). Then W,(z) € L,(Q,R)
for 1% + % = 1. Again, by Fubini’s theorem we have

L (]2 ) poiser o= [ ([ 20 de)wtlsan,

where w € L,(Q,H(C),v € L1(Q,H(C). This is due to the fact that the lat-

ter integral represents a linear functional on L,(Q,R) gives ([, ‘;(Zh dr) €
L,(Q,R). Therefore, by the estimates in the above theorem this leads to T, ,, f €
L,(Q,H(C)) for every f e L(Q,H(C).

Finally, using the same ideas gives explicit estimates of || T4 ||z, —r,- Indeed,
firstly notice that as well the function

Tonf(z /\K”x— e Wl

is defined already, where f € L;(2, H(C)), as

/Q (/Q [K (@ =)o) f ()0 dy) l0(@)|s(c) da
- /Q (/Q \Ké”)(x - y)‘H(C)MQ?)‘H(C) dx) |f ()| dy,

where v € L,(Q2, H(C)).



Cauchy -Pompeiu Type Formulas 825

In the next step we consider ( [, 1K (2 — )| [v(2) ) dz). In the cases
listed under conditions (i) — (iii), when ¢ = 400 we have p = 1. We then may
apply Lemma 3.5 to a bounded domain large enough to contain 2, and deduce
that [, }K&")(x—y)m(c)\v(x)m(@) dr < M,0mlv]|z, Inthe cases 1 < ¢ < 400
and 1 < p < 400, with the list of conditions (i) — (iii) by Lemma 3.5 together
with the estimates of Kc(y”)(x —y) in Theorem 3.6 we get

LI @ = il ol do < sup ([ |50~ o) de) ol
Q e Q

This leads to

/ ( / \Kg"><x—y)!H(Q\ﬂy)m(@dy)|v<x>|H<c>da:SMm,a,n)HfuLluv||Lp,

which completes the proof of the theorem. |

3.4. Differentiability of integrals. If we look for applications of the Ty, ,-
operators, then we need their mapping properties within Sobolev spaces. To
this purpose, in this subsection we will investigate differentiability of higher
Teodorescu transforms. The Teodorescu transform in the case a = 0 do not
cause many problems (see [10, 15], [18, Chap. 4] and references therein) because
they are operators of Calderon-Zygmund type. However, in the cases a # 0, the
situation becomes more complicated. We can not immediately apply the theory
of Calderon and Zygmund. This means that we have to give the estimate of
the kernels of the higher Teodorescu operators in order to be able to use these
theories. How to overcome these diffculties in the case n = 1 was shown in [16].
The kernel K" (x) of the operator T, ,, has a singularity of order 2 at most, and

thus it will not affect essentially the properties induced by Kc(yl)(a:). Therefore,
the following properties are still true for T, ,, n > 1.
Theorem 3.8. Let f € CHQ,H(C)), then

(i) fork=1,2,3,

Ox(Tan f)(2) = /[a’m (x—y)}f( ) dy + ey, f(;)
(Tras o) = [ 10)00 = )] dy+ L,

(ii) for k=1,2,3 and for alln > 2
OTunf)le) = [ [OhaK 0 = 0] ) dy
OTr0nd)0) = [ )00 K =)
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Proof. (i) Its proof can be found in [16].

(ii) In the case n = 2, we have

eio“x_yl

Toof(x) = /Q (14 iale —y| + a(z —y)) f(y) dy.

Am|z —y|

The kernel of this integral has a singularity of order 1, hence it can be allowed
to exchange the differentiation and the integration. Therefore, (ii) holds for
n = 2. For n > 3, the kernels of these integrals have no singularities, thus (ii)
is easily seen. |

The following theorem can be proved by using the ideas in [16, Theorem 3.3]
together with the above theorem and analogous estimations as in Theorem 3.6
for the kernel functions 0K, ,(x —y),n > 1.

Theorem 3.9. The operators OxTp, : Ly(L,H(C)) — L,(Q,H(C)) are well-
defined and continuous for alln > 1 and 1 < k < 3.

In the following section, we now are able to come to our main result con-
tinuing the mapping properties of T, ,, between spaces of continuous functions.

3.5. Mapping properties of 7, ,,. In this section we will give the most im-
portant properties of 74, ,, in Theorem 3.12 and Remark 3.13.

Theorem 3.10. The operator To, = Ly(QLH(C)) — W, (Q,H(C)) is well-
defined and continuous for alln > 1.

Proof. From Theorem 3.9 we see that 0yT, ,, : L,(Q,H(C)) — L,(Q,H(C)) is
well-defined and continuous for n > 1. In order to show T, . f € W (Q, H(C)) for
every f € L,(2,H(C)), we at first verify that the operator T, ,, acts invariantly
on L,(Q2, H(C)).

For the case n = 1, its proof can be found in [16]. In the case n =2, if 1 <
q < 3 we have T, » € L(L(Q,H(C)), W, (Q,H(C))). Consequently, we can say
that To5 € L(Lg(Q,H(C)), W} (Q,H(C))) for 1 < ¢ < 3. Using Sobolev’s imbed-
ding theorems (see inclusions (2.2)) leads to T, 2 € L(Ls(2,H(C)), Ls(£2, H(C)))
for 1 < s < +00. The assertion of this theorem follows immediately from The-
orem 3.7 for every n > 3. |

Theorem 3.11. When €2 is a bounded domain in R?, then Ty, : C(Q,H(C)) —
C(Q,H(C)) is bounded and

() |1 Tutllec@.c@y < Y2 tmedione max {fg(%ﬂﬁ + ) dy}

(ii) [|Taz2llzc@),c@) < f—fe_lmadiamﬂ max {fg (2]af + ﬁ) dy}

e
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(lil) HTa,nuﬁ(C(Q),C(Q)) < l/_fe—lmozdiamﬁ I?Eaé( { fQ (2|a’|x_y|n—2+|x_y‘n—3) dy}
for every n > 3.
Proof. Let f € C(Q,H(C)), and note that C(Q, H(C)) is dense in L (2, H(C)).
For p > 3, by the remarks preceding the theorem, together with Theorem 3.9
we have f € L,(Q,H(C)) and T,f € Cy(2,H(C)). With an arbitrarily fixed
x € Q) we get the estimates

ITusf @) < V2 / KO (@ - o)1/ )] dy

\/5 —Ilmaoa max. xr— 1 1
< 32 flgye etz [ (mar ; )dy
4 Q |$ —?J| |

x —y|?

I Taf (o) lsey < V2 / KO — )/ ()] dy
QO
\/5 —I1lmaoa max xr— 1
| (2|ar i ) ay,
4 Q |5E - ?/|

and for n > 3,

T f (@) ) < V2 / KD (x — )1 (9)]dy
Q
< \/_

2 —lma max xr— n— n—
52 gy memete [ alalle =yl + fo - ™).
T Q

Taking the maximum with respect to x € €2, the norm inequalities (i) — (iii)
hold. |

Theorem 3.12. The following assertions hold:

(i) The operator Ty, is the algebraic right-inverse to the operator D, i.e.,
for any f € CY(Q,H(C)) N C(Q,H(C)), we have D T, 1f(x) = f(z) for
every x € €.

(il) DoTonf(z) = Ton-1f(z) for every x € Q,n > 2.

(iii) DT o nf(z) = f(x) for every x € Q,n > 1.

Proof. (i) In Theorem 3.8 it has been shown that 07, ; is a strongly singular
integral operator which has a singularity of order 3. Thus, (i) is proved by two
techniques which can be found in [30, Theorem 2.6].

(ii) By Theorem 3.8, the operator D, , acting on T,,f(z) can be inter-
changed with integration for any n > 2 as in these cases the singularity at
y = x of the kernels Dach(yn) (x —y),n > 2, is not worse than O(m) allow-
ing differentiation under the integral of T, ,, f. By using Lemma 3.1 the identity
(ii) holds.

(iii) By induction, together with (i), (ii) we obtain (iii). |
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Remark 3.13. For each n > 1 the operator T, ,, : L,(§2, H(C)) — W(Q2, H(C))
is well-defined and continuous. Consequently, we obtain Tj, ,, : sz(Q, H(C)) —
W;*”(Q, H(C)).

4. Integral representation of solutions to the
general inhomogeneous polynomial equation

In this section, we will investigate Cauchy—Pompeiu type representation formu-
las in quaternionic analysis for the general polynomial operator [[/_,(D+a, )",
where oy, # it v # p.

4.1. A fundamental solution for a general polynomial operator. Using
the fundamental solution of the Helmholtz equation, a fundamental solution
can be constructed for the product of Helmholtz operators. In a similar way as
in [25, 29], starting with the fundamental solution K((ll)(x) for the D,, operator,
a fundamental solution for the operator []/_ (D + a, )" in Q is constructed.

Lemma 4.1. Let oy, o, ..., o be mutually different complex constants. Then
(i) the function K&, (x) := m(KSR (x) — K&?(w)) is a fundamental so-

lution for the operator D, D,,.
ey Kt ke okj1 k1 ki ka,eeokj_1—1kj
(ii) if Kéll,a;...,ajfll,aj )<I) and Kc(yll,a;...,aj,f,aj J)(x) are fundamental solu-

- k1 ks kj—1 Hki—1 k1 k2 kj—1—1 pk;
tions for the operators Dt D2 ... Doy Do)y~ and DGt D2 ... Do”y " Dajy,

1
respectively, then the function

(k1,k2,....k;-1,k;)
oo el o ()

1

_ (kl,kg,...,k"_l—l,k') . (k1,k2,....kj—1,kj—1

- i _ i <Ka1,o¢2,...,o¢;_1,aj ! (m> KCXLOQ,...,O(;_LO(; (x>
(6751 Q;
. . kj—1 kj
is a fundamental solution for the operator ijl D’O‘g ...DJ 7 Ddl.
(iii) 4t holds

hu (k€7k€+17---7kl/7---7k3m—17k7m) J— (k€7k€+l7---7(k3u_hu)7---7k‘m—l7km)

Doc,, Qp Q] 5eeey Oy yenes Qi — 1,0, ($) - Q01 5ee s QA yen s — 1,0,y (I)

in the distributional sense, where ¢ < v < m,0 < h, < k,,k, € N,
1=24,...,m.

Proof. For the proofs of (i) and (ii) we refer the readers to [29]. In order to
prove (iii) we also need the following notions. Since D, K () = DK (x) for
all k£ € N, it is easy to see that

Dhl/ (klvkl+1:-~~7kl/7~~-7k'm71akm)(x.) — Dhu (k€7k1+1:~~~7kl/»~~~7k7n71akm)(x)
Y

Ty Oy ™ 7O, 04 10y Qe ey i — 1,0, T 0y ™ O 04 ] 5y Oy ey Oy — 1,00y
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and for all ¢ € C°(Q,H(C)) with the right H(C)-distributions, we have
<Dh K(kg,kg+1 ..... kuyenny km_1,km)($)’ ¢(£L‘)>

72,0 Y Qi 1 eesQ e 100,

= —(Dr Ko i) (@), Do, 6(2))
Using (ii) step by step then (iii) is seen. |
Remark 4.2. From (i) and (ii) in the above lemma by a straightforward com-
putation we obtain

kok
(1,1,...,1,1) KW
Kolamn@ =2 11 =05 _a) (@),
=
These results are used to prove Cauchy—Pompeiu type representation formu-
las in quaternionic analysis for the general polynomial operator [[7_, (D+a,)*,

where oy, # «, if v # p.

2. Representation for the general polynomial operator. In this sub-
section, the representation formulas of solutions to the general inhomogeneous
polynomial equation [[?_,(D + a,)* f = g in Q is proved.

Theorem 4.3. Let © be a bounded domain in R3 with a smooth boundary
00 =:T and f € C*(Q,H(C)) N CHQ,H(C)). Then

- / KD (2 — )ii(y) Doy () dT, (4.1)

where Kéll&(:c) are given in Lemma 4.1 and oy, as are different complex con-
stants.

Proof. Note that
Dameal,x = DCVMEDOQ@"

4.2
DT,—a,nyg})(x —y) = _Dr,a,ch(xl)(x — ). (4.2

Applying the quaternionic Cauchy-Pompeiu formula (3.1) for D,, , f(y) we ob-
tain
Dayyf(y)
—— [ K= D@D s ()05 + | KE = 0)DasDas s (1)
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This leads to
flz)=— : K (z — y)ii(y) fly) dTy
(W, (1) (o s .
= [ e DD s ) (13)
1), DD i
+ Qw(m)( )(75 9)Day g Das.gf (y) 4,

where 1[1( ) az)(x = [, K (x — y)KSQ) (y — ) dy. On the other hand, we
have in the dlstrlbutional sense that

Do, K (2) =6(x), Do, K{)(2) = (), (4.4)
so that for any ¢ € C°(Q2,H(C))

(D4 an)KMY (2),6(2))

= (DT @) - K@), o)
ST {<<D K@), 0(x)) — (D + a2 — 0z + ) K (2).6(x) |
<K(1) >

Therefore, Dy, Ky, () = K{)(2) in the sense of distributions. For z,7 €
with x # 3 the quaternionic Cauchy—Pompeiu formula yields

1 - ~(1), (1,1 N
K‘g‘ll 22( ) w(al @ ( ’y> o w((a)l):((al,)QZ)(m’ y>’
where
1 1 ~
77b((o¢)1) a1)a2 / K(l )Kézll 22 (y - y) dry

Substituting this equality into equality (4.3), we obtain

_ /Kgg(x_y) Ty = [ KU, = 00 Doy ) T

& [ KGR =) Das D 0)
/ Bl (v (1 D)78(F) Dy . (5) dL
/ w(al) (a1 az) I y)Dal yDa2 yf( )
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Applying Stokes’” formula (2.7) again gives
50 e e DD Do )Ty = [ 30 (42 0,9) Do Do ) d
- [ Do yww(;j;;@ ) Das i ()5

Using the definition of K4, () and the equalities (4.2), (4.4), and noting that
Fsy#xeQ, I' >y +#g e, we obtain

1), (1,1 .
D0 i) (ar.a @ / )ii(y) K (y — ) dry.
Since [. K K8 (z—y) *(y)Kc(n) (y—g)dl'y = 0 (see the proof of [19, Theorem 3.1])
we have D, _,, yw(@l a(llii)(:c, y) = 0. This leads to (4.1). |

Remark 4.4. If a; = —a; we have the representation formula in terms of the
Helmholtz operator as in [19, Theorem 4.1].

In order to obtain a generalization of the above theorem, we need the fol-
lowing lemma.

Lemma 4.5. Let aq,ao, ..., qa, be mutually different complex constants. Then
i ez m =0 forall2<n €N,
_ 2 2 1 1 1
Proof. For n = 2, we have Z;‘:l H?’V:LV# (a,, 7 = e T ars = 0By
direct caculation we also get > i [T, 4 m = 0.
In the case n > 3, we suppose that this lemma holds for some n. We now
. . n+1 n+1
consider the function f(z) = Y. (z — i) [[2, ki W Note that
n+1 n+1 1 n n 1
flon) = ) (i —ai) || 7——— = —— =0
e el =g =2 e =
v#i v#i

by inductive hypothesis. Similarly, f(o;) = 0 for all 1 < j < n. Therefore,
f(x) has (n + 1) zeroes a;, 1 < j < n + 1. However, it is a polynomial
of degree one. Thus, f(x ) = 0. Then, we have f'(x) = 0. In other words,

o) =S 0 L = =0, i.e., the lemma holds. |

v=1,v#i ( a,,—a)

Theorem 4.6. Let f € C"(Q,H(C)) N C"(Q, H(C)). Then

~— [ KO =i ) ar
—Z / KOk @ )i) [ Do @)D, (45)

/ K0 o= 0 [T P ),
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where K&ll 102'2';’1,:;1 Lo (T) 18 given in Remark 4.2 and oy, ag, . . ., oy, are mutually
different complex constants.

Proof. For n = 1, formula (4.5) coincides with the Cauchy—Pompeiu represen-
tation. For the case n = 2, we have already shown (4.5) in Theorem 4.3. In
order to prove this formula for any n > 2 assume it holds for n—1. By inductive
hypothesis we have

/ )ii(y)f(y)dT,
-1
—Z/&m%ijmwﬂ%u@m
k=1
n—1
[ KRG e [T Dot )y
k=1

Applying the Cauchy—Pompeiu formula (3.1) to [[,_ 1 D, ,f(y) gives

n—1
[ Pevufw) /K”y 7)ii ~HDW,f
k=1

/ Uy — yHDak,yf

It follows
/ )ii(y) f(y) dr,
7j—1
—Z/QQ%M“—M@HmMMW
1,1,..,1,1), 7A)
/wal,ag, HQn—1) HDakvyf
1,17 71,1 1 ~ - -
/ w (a1,02,...;,0n—1) n)) (l‘, y) H Dak»ﬂf<y)dy7
k=1
where Q/J(i;lllm,l 1()% D, (Oén) (z,9) fg a117,lc§2,’ (T — y)Kgn)(y — §)dy. By in-

ductive hypothesis, applying it for Kal;loz2 13)71 Lan( — 7) as well as using the

assertion (iii) of Theorem 4.1 step by step, we obtain

(1,1,...,1,1), (1)
w(am, 1), (e )(x y)

3
-

_ (1,1,...,1,1) . 7(1,1,. (1,1,...,1) ~
- Kaha%myan—lyan (I ) + w 041,0427 oY k) (ak,ak+1,...7an)(‘r7 y)’

1

B
Il
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where

T(L,1,01), (11,1 ~ e, - 1., ~
Do o) (@, 8) = / KD (a—y)i(y) KD (y—g)dD,
Hence,

fla)= - / KDz — y)ii(y) f(y) T,

n—1 j—1
-3 / KLt (o )ii(y) [] Doy f () dT
j=2 k=1

n—1
- /F K& bl (@ —y)ii(y) H Do,y f(y) dT
SR RNEE) §
n—1 n—1
7(1,1,...,1), 1,1, L1 N -
S D3 ,y>]n<y>HDaj,gf<y> ar
k= 7j=1

1

(4.6)

n—1

7 (1,1,..
/Q[ 1/’%042 )(akyakﬂ, an>“"y]HD%yf

k=1

Applying the quaternionic Stokes’ formula (2.7) yields

rn—1 n—1
JAD R e <x,g>}ﬁ<g>HDaj,gf@> ar;

- k=1

Cn—1 n
(1717 717 (1717 7
/Q Zw (a1,a2,...;01),( ak,ak+1, Qn) 'I. y II O‘J’yf

- k=1 Jj=1

rn—1
E 171’ ? 7 171’ ?
_/Q D_a"’yw (a1,02,.08),( ak,ak+1, -0m) CL’ 3 } HDO‘J’yf

- k=1

Using the assertion (iii) of Lemma 4.1 and Remark 4.2 we get by Lemma 4.5

1) ~
Z D—amy¢ 04170427 HQ akvak-!—lv He )(I7 y)
n—1

ﬁ KD (o g)i() KSD (g — )T,
k=1
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Substituting this into equality (4.6) we obtain equality (4.5), i.e., Theorem 4.6
is proved. |

In order to obtain the generalized representation of solution for Hf;zl(D +
al,)k” f = g, we now as an example construct the representation of solutions for
the inhomogeneous equation D3 D, f(x) = g(z) in a bounded domain €, where
a1 # ag. The integral representation formulas for higher order D, equations
n [19], Theorem 4.6 and Lemma 4.1 are used.

Theorem 4.7. Let f € C*(Q,H(C))NC3(Q, H(CT)), ay # ag, ay, a9 € C. Then

2:/[(041 T —y )Diil; (y)dr,
—/FKs;:zm DD, ),

+/QK(SC?;7,1OC)2( - ) a1,y aQ?Jf( )

Proof. Applying the quaternionic Cauchy-Pompeiu formula for D3 o f(y) we

get
/ K (y - 9)i(@)D?, ;£ (7) dr
+ /Q KOéz (y - y Daz yDil yf(~)d?j
It follows
/ K (x = y)ii(y) DL f(y) dTy
/¢a1) (e1,02) (z,9)7i(y )Dg’q,gf(?j) dl'y (4.7)

/w(?) (00141 a2 $ y>DOé2 me yf( )dy7
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where 1 al)o(;z OQ)(x 7) = Jq Kgi)(x — y)K&?(y —7)dy, and it is easy to see that
K4, (1) = ——— (KW (a) = K@)
KED,(@) = ——— (K@(a) - KD, (0)
KS2,@) = —— (K@) = K&, ()

DY ES () = K& (@) (v=1,2,3)

1,02 aq,02

in the sense of distribution, because of Lemma 3.1 and Lemma 4.1. Applying
the representaion for higher order powers of D,, in Theorem 3.2 to Kg, a, (2 —7)

gives

(3),(0,1) (1/) 4 v,1)
¥ (z,9) = K& (2 +Zw ooy (,0),

(a1),(a1,a2)

where w(al)%afél)(x 7 = | Ka1 x — y)ﬁ(y)Ké%TaVQ’I)(y — g)dl',. Substituting

this into (4.7), then applying the Stokes’ formula again with x # y, shows that
/ K (r — y)iily) Dl (y) T,
/ K0, — y)(y) D, f () dT,
+ | KO, = )DL, Dt ) dy
-/ Z D s (0, 0) D Do )

Namely, for arbitrary fixed x and g, the functions Kg? (x—y), KC(J? (y—19), k=
1,2, are C'-functions in the whole domain  except for the two points z and §.
Therefore, for Q,. =Q —{ye Q,ly—z| <e}, Q. =Q—{y e Q,ly—yg| <¢e}
and Q. =Q —{y € Q||ly —z| <eand |y — g| < e} with € > 0 small enough,

/ KO (z — y)i(y) KO (y — §) T, = /8 . — y)ii(y) K (y — ) dT,
/ KR RS )
/K(3)<JZ Wiy KD (y — §) dT, —/m —y)ii(y) K (y — §) L

/ KK 9 i,
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and

lim [ K{(@ —y)iiy) K (y — §)dT,
e O e
= K@z — )+ lim : KMz —y)KP(y — ) dy
lim [ K(e —y)iiy) K (y — §) T,
€= 0y ¢

Applying now Stokes’ formula for €. and observing D, _,,, Kgfl) (z —y) =
_Dal,zKéi) (z—y) = Kc(yll)(x — y) shows

K@@ —yiy)KPy—g)dly = — [ K (z—y)KP (y—5)dy

a1
Qe

T / K@ (z — ) KDy — ) dy.

00

On the orther hand

/ KM@ -y K@y -7 dy/ VK@ (y — 9) dy
/ KM (z —y)KP(y —9) dy
ly—gl<e

/ K@@ -y KV (y -7 dy—/ VKM (y — 9) dy

/ K& = KL — i) dy
ly—z|<e
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From equality (3.5) it follows that

lim EQ) (@ —y)i(y) K (y — §)dl, = 0

=70 Jy—gl=e

lim KX (@ = y)i(y) KS (y — §)dl, = 0

=0 Jjy—aj=

lim K@ (z = y)ii(y) K (y — §) dly = 0

70 ly—gl=e

iy [ R )K= K =)
lim K (@ —y)i(y) K (y —g)dl, = K& (x - ).
T ly—gl=e

Using the above equalities and the Cauchy—Pompeiu representation formulas
(3.1) and (3.2) for D" (n =1,2) and K(gi)(x — ) we obtain

. 1 2 ~
lim [ K-y KDy~ §)dy =0
ly—gl<e
lim K& (2 —y) KD (y —§) dy = 0.
e—0 ly—z|<e
This leads to
3
> Dicealh ) = = X [ = )Ry = ), o,
v=1
Hence Theorem 4.7 is proved. |

In a similar way as in the proof of Theorem 4.7 and using the represen-
tation formulas for higher order D,, operators in [19, Theorem 3.2] as well as
Theorem 4.6, by induction we can also prove the next result.

Theorem 4.8. Let f € C™(Q,H(C)) N C"(Q, H(C)) and X! _, k, = n. Then

3 / K ( — y)it(y) D% f(y) dT,

1/1 1
Y [ K e ) D2 DS S
vo=1
2 .
-5 [ it e e = itz T,
vi=1 pn=1
J
| Kt @ = ) [ D ) do

v=1

where aq, ag, ..., 051, 0 are mutually different complex constants.
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