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Identification of Memory Kernels Depending
on Time and on an Angular Variable

Alberto Favaron

Abstract. We deal with the problem of recovering a memory kernel k(t,n), depending
on time ¢t and on an angular variable 7, in a parabolic integrodifferential equation
related to a toric domain. We show that the problem can be uniquely solved locally
in time if the kernel & is not assumed to be necessarily periodic with respect to . On
the contrary, under a periodicity condition for k(t,-), we show uniqueness assuming
existence.
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1. Introduction

Thought the problem of recovering time dependent memory kernels has been
largely considered in literature, the corresponding one for memory kernels de-
pending on both time and space is quite recent, at least as far as integrodifferen-
tial equations are concerned. We refer, in particular, to [1], [2], [5]-[7] where this
problem was first attacked, in an essentially one-dimensional approach. In [1]
and [2] the kernel depends on the time and on one space variable although the
state function depends on a vector in R"™, n > 2, whereas in [5]-[7] the kernel is
assumed to be degenerate, i.e., of the form k(t,z) = Zjvzl m;(t)p;(z), but with
the space-dependent functions p;, j = 1,..., N, assumed to be known, too. As
a consequence, the identification problem reduces to the vector-identification
problem consisting of recovering the /N unknown time-dependent functions m;;,
j=1,....N.

Starting from the abstract results of [2], two attempts of extending the
theory to more general kernels have been worked out in [3] and [4]. There,
the assumption of degenerateness has been skipped and the interest shifted to

A. Favaron: Universita degli Studi di Milano, Dipartimento di Matematica “F. En-
riques”, Via Saldini 50, 20133 Milano, Italy; favaron@mat.unimi.it

ISSN 0232-2064 / $ 2.50 (© Heldermann Verlag Berlin



736 A. Favaron

kernels depending on both time and space, but with the spatial dependence
occurring through scalar functions of all the variables at disposal. However, a
common feature in [3] and [4] is the radial character of the admissible unknown
kernels and of the domains underlying the basic equations.

Here, instead, we consider kernels depending on time and on the angular
variable 77 which, in dimension three, represents the angle between the z;-axis
and the projection of z = (1, x9,x3) on the (z1,xs)-plane. For this purpose,
as for the radial case was quite natural to deal with spherical coronas or balls,
here the geometric domain €2 in the fundamental equations is a torus, i.e. a
domain for which the sections with any plane containing the x3-axis do not
depend on 7. Moreover, the fact of being able to solve our problem in a torus
gives a further support to an idea already suggested by [3] and [4] and that
we are led to believe to be of a general character. That is, that there must be
a very strictly relationship between the geometry of the basic domain and the
kind of kernels we can hope to recover.

We want to stress that, in contrast to one’s expectations, in the first part of
our treatment we do not require the kernel k(¢,-) to have any periodicity with
respect to 1. Indeed, having in mind a torus, it could seem reasonable that,
for instance, a relationship of type k(t,—%) = k(t,3%) should hold for any ¢
in the solvability interval. This is not the case: for, in general, an additional
periodicity condition makes fail the equivalence result of Section 5. Therefore,
unless we are not particularly lucky to get the periodicity free, the kernel & to
be recovered may have a jump along one of the planes cutting the torus and

containing the xz-axis.

The case of periodic kernels is investigated too, but we are only able to show
the uniqueness of a solution, assuming its existence. However, this is not quite
unusual, since, dealing with inverse problems, we are often concerned only with
the problem of the uniqueness of solutions, the existence being a priori justified
physically.

Finally, we refer to [4, Remark 1.2] for the physical model which our identi-
fication problem refers to and for the physical motivations for investigating it.
Of course, with respect to [4] the second dependence variable of the kernel k
must be replaced by 1 and some changes are needed, but the essential sense
remains the same.

2. Statement of the problem

Let 6 > R > 0 and let 2 be the torus {z = (2/,x3) € R®: (|2/| —§)? + 23 < R*},
where 2/ and |2/| denote the pair (1, 25) and the scalar (z2+22)2, respectively.
As usual, given a Banach space Y and two functions v w: [0,T] — Y the
symbol “x” stands for the convolution operator (v * w) fo v(t — s)w(s)ds.
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We investigate the problem of recovering the unknown kernel k, depending on
two scalar variables ¢, 1, appearing in the following integrodifferential equation
of parabolic type, where (¢,x) € [0,T] x Q:

Dyu(t, z) = Au(t, z) + [k(-, p(z)) * Bu(-, 2)](t)

(2.1)
+ [Dyk(-, p(2') * Cul-, 2)](t) + f(t, x) .
Here A and B are two second-order linear differential operators, C is a first-order
linear differential operator and p(z’) denotes the continuation of arctan (z—j)
according to

arctan (i—f), r1 >0, 2o € R
p(x) =4 %, =0, 25 >0 (2.2)
7T+arctan(i—f), r1 <0, z9 € R.

Moreover, we assume that A, B and C have, respectively, the following forms:

3 3 3
A= Z ij(aj,k(x)Dwk)a B = Z Dfrj<bj7k<x)Dwk)7 C= ch(x)pr (23)
Jk=1 Jk=1 j=1

with coefficients satisfying the properties
Q; j & W2’+OO(Q) y Qi = Qji, bi,ja c € W1’+OO(Q) R Z,] = ]_, 27 3. (24)
In particular, the a; ;’s have to be such that A is uniformly elliptic.

Remark 2.1. Denoting by I' the half-plane {x € R? : x; = 0, x5 < 0}, the
function p defined by (2.2) satisfies

m
lim inf N=—=
y—z,y€Q\I', zeQNl )O(y ) 2’

limsup  p(y) = —.
y—a, yeO\T, 2€QNT 2

Hence, for z € Q N T, it might be not clear how to intend (2.1), for instance
if Au(t,-) is not continuous. This suggests to require that (2.1) is satisfied
almost everywhere in space rather than everywhere and, consequently, that
with respect to space the suitable function setting is that related to LP-spaces
rather than to spaces of continuous functions. To this purpose, in the sequel,
for brevity, we will always write “V (¢, x) € [0,7] x Q”, but having well clear in
mind that this notation stands for “V¢ € [0,7] and for a.e. x € Q.
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To establish our results the uniform ellipticity of A is not enough. Indeed,
we have to restrict our attention to the class of differential operators A whose
coefficients satisfy, in addition to (2.4), also the following further conditions:

2| a1 (2)25 + aga(z)2? — 2ay o(7)2170) = )\(i—f) VreQ (2.5)
[a11(z) — aga(x)]T172 + a12(2) 15 — 23] =0 Vo e o (2.6)
al’g(.r)l’g = CL2’3<$>I‘1 Vre 5’9, (27)

where A € CL(R), the set C}(R) being defined by

Gi®) = {ge C'®): lim g(y) =mi €R, lim pg(y)=0}.  (23)

y—=+o0

We stress that, contrarly to [3] and [4] where all the coefficients a; ;, 7, j = 1,2, 3,
take part in a condition similar to (2.5) (cf., for instance, formula (1.20) in [3]),
in this case only coefficients a;, j,k = 1,2, appear. This allows us to consider
a largest class of admissible operators A, since we can choose the coefficients
a;3, © = 1,2,3, quite freely, provided that the ellipticity condition and the
symmetry of the matrix (a;;)?,_; hold. Anyway, such a largest freedom is
balanced by the boundary requirements (2.7) and (2.8) which were unnecessary
in [3] and [4]. The technical reasons forcing us to impose them will be clarified

later, in Lemma 4.1 and Remark 4.4.

Now, we introduce the co-ordinates (r, ¢, ) € (0, +00)x (=%, 2) x (—Z, 1)
related to Cartesian ones via the formula

(21,22, 23) = 02 (¢, %) + 7Z(p,0) (2.9)

where we have set T(p, ) = (cos@sinf,sin¢sinf, cos ). Therefore, denoting
respectively by n(x) = (ny(x), na(z), ng(z)) and da the unit outer normal vector
at x € 0N and the volume element of €2, standard arguments of elementary
calculus show that n(z) is the vector z(¢p,#) and

dz =r(0 +rsinf)drdedd, (2.10)
where r is allowed to vary in the interval (0, R), only.

Remark 2.2. The set of co-ordinates defined by the right-hand side of (2.9) is

called the set of toric co-ordinates (r, p,0). It differs from the set of spherical

ones, since here r and 6 represent the polar co-ordinates centered in z, =
T 37

0Z(p, ) and parameterizing the plane P, = span{e,,es}, ¢ € [-7, 5], where
e, = T(p,5) and e3 = (¢, 0).
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We observe that conditions (2.5)—(2.7) rewritten in terms of toric co-ordi-
T 37 T 37

nates are equivalent to require, for any (r, p,0) € [0, R] x [—5, 7] X [—5, 7];

ayq1(r, @, G)Sin2<p + g2(r, p, 0)cos®p — a1 (T, p, 0) sin(2¢)

= Atany) (2.11)

(0 + rsind)?
(2o, 0.0) — 11 (R, 0.0 ) 4 G o(R.ip.0) con(2p) = 0 (2.12)
a13(R,p,0)sing —az3(R,p,0)cosp =0, (2.13)
where
g(r,¢,0) = g(0%(p, 5) +17(p,0)) Vg€ LY(Q). (2.14)

Coming back to our problem, uy : @ — R and u; : [0,7] x Q — R being
two prescribed smooth functions, we supplement equation (2.1) with the initial
condition

uw(0,z) = up(x) Ve, (2.15)
and with the conormal boundary value condition
Dyu(t,x) = Dyui(t,x) Y(t,z) € [0,T] x 99, (2.16)

where v(z) = (1(2),1(x), v3(x)) is defined by vi(z) = S35, ajr(z)ni(x),
j=1,2,3.

Since we are concerned with an identification problem, we will assume also
that the following two additional pieces of information are available

q)[u(t> )](90) = gl(tgp) v“?@) € [O’T] X [_g7 3?#]’ (2'17)
Ulu(t, )] :==go(t)  Vtel0,T], (2.18)

where @ is a linear operator acting on variables r and 6 only, while ¥ is a linear

operator acting on all the space variables r, ¢, 6.
By using the shortening ®[w(-)] = ®[w], Y]w(-)] = ¥[w] for any w : @ — R,
from (2.15)—(2.18) we (formally) deduce that our data have to satisfy the fol-
s 37r].

lowing consistency conditions, where ¢ € [-F, 5

CID[uO](go) = gl<07 90) ) ‘I’[uo] = 92(0) , Dyug = Dyu1(07 ) : (219)
Convention: from now on we will always denote by P(C) the identification

problem consisting of (2.1) and (2.15)—(2.18).

In order to give a concrete example of admissible linear operators ® and W,
first, recalling the definitions of P, and x, given in Remark 2.2, we denote by
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™

%(p), ¢ € [—3,25], the subset of P, consisting in the two-dimensional ball of

centre z, and radius R, i.e.,

() ={r € Qip(@') = ¢, v —a,| <R} Veel[-5 T (2.20)

2

Then, when ¢ : [§ — R,6 + R] — R and ¢ : Q — R are two smooth assigned
functions, taking into account (2.9), (2.10) and (2.14) we set

ﬂm@=—¥L—/ o(|2)v(z) do(x)

o(r,0)0(r, p,0)dd
7TR2/ /g

wmszmwwm
- (2.22)

/ rdr/ (6 +rsinf)do O(r, 0,0)0(r, ,0) dep.

(2.21)

mu

Here my(X(p)) and do(x) denote, respectively, the two-dimensional Lebesgue
measure and the two-dimensional volume element of ¥(¢), whereas

7(r,0) = 3(5§ +rsinf) Ve L'(§—R,6+R). (2.23)
For the brevity’s sake, we introduce the following definition.

Definition 2.3. An operator triplet (A, ®, ¥) is said to be admissible for the
problem P(C) if
(i) the operator A defined by (2.3) is uniformly elliptic and its coefficients
a;;, 1, =1,2,3, satisfy also the further conditions (2.5)—(2.7);
(ii) the operators ® and U are defined, respectively, by (2.21) and (2.22),
where functions ¢ and 1 are chosen so that ¢ € C'([§ — R,§ + R]) and
Y € CYQ).

Remark 2.4. In order to show that conditions (2.5)-(2.7) are meaningful
we exhibit a class of coefficients a;;, 7,7 = 1,2, 3, satisfying such properties.
Suppose there exist a,b € Cy(R) N W>T>(R), d € W?+t(§ — R,§ + R),

€ WT=(Q), j = 1,2, 3, with a and ¢y, respectively, positive and non-positive
and cs|gn = c3]aq, such that

a;5(z) = |2'[*a(32) + 25_;b(32) — ojler(z) +d(2'])], j=1,2

1(x) = —x129 [b(z—l) + c1() +d(|‘75/|)]

a;3(x) = asj(x) = cjp(x)z;, i=1,2.

a12(z) =a

N
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Easy computations show that in this case (2.5)—(2.7) are satisfied with A = a+».
In particular, (2.6) holds true in all of Q and not only on its boundary 9.
Moreover, denoting by f*, f~, , respectively, the positive and the negative parts
of a function f, for every x € Q and ¢ € R? it easily follows

Z% )&i& > {a(22) — b7 () —d*(|2') }')PI¢ P

7,k=1
+ ag3(2)&5 — 2max||cj ol lI€1€

> {a(22) - b(2) - d" (') — max ] e J o/ PIE
- 2
+ {asa(a) — max 1 o -
Hence, assuming

— : - + I —
D= te[jnoggm][a(t) =b ()] - e d™(6—s) — max lei le@) > 0,
which amounts to requiring that a is large enough with respect to b=, d ™, cj,J=
2,3, and choosing, for instance, ag 3 greater than (§ — R)*D +max;j_s3 <5 e
the uniform ellipticity of A is guaranteed for a very large class of functions c;1,

= 1,2. In this sense, it must be interpreted the freedom in the choice of
the coefficients a; 3, i = 1,2, 3, previously remarked. Of course, (2.4) must be
satisfied, too. To this purpose, an example of function a,b and d could be
a(t) = C +e(t), b(t) = e(t) and d(t) = t, where C' is a great enough positive
constant and e(t) = t2/(t* + 1).

3. Basic assumptions and main results

Let the triplet (A, ®, ¥) be admissible according to Definition 2.3. As in [3],
in order to find out the right hypotheses on the linear operators ® and WV it
is convenient to rewrite the differential operator A in the co-ordinates (r, ¢, 0)
introduced in (2.9). First of all, we observe that performing easy computa-
tions the gradient V, = (D,,, D,,, D,,) can be expressed in terms of V., ) =
(D, Dy, Dy) by the following formulae:

7i2(p,0) Do+ 75,3(0,0)
T

D, =7 79Dr :
! 7i1(,0) +5—|—rsm€ v

D07 j:172737 (31)

where
T11(p,0) = cospsing, T2(p,0) = —sinp, 713(p,0) = cospcosb
T21(p,0) =sinpsing, T q(p,0) = cosp, To3(p,0) =sinpcosd  (3.2)
7—3,1(@7 0) = COS 07 7_3,2((,07 9) 0

0, T33(¢p,0) = —sin 6.
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As a consequence, for any 7 = 1,2, 3, we obtain

: fi2(r9.0) | Fis(r,0,0)
;aj,k(x)pxk = fia(r 9. 0)Dy + Gt Dy + S22 Dy, (33)
where the functions f;, j,k = 1,2, 3, are defined by
Fialro @, 0) =35y @in(r, 0, 0)mi(0,0), Gl =1,2,3. (3.4)

Hence, using (3.1) and applying it to relations (3.3), easy computations lead to

Aw (0% (p, %) + 1Z(p,0))
2
_ Ti2(,0) fia(r, o (3.5)
_Llé—i-rsinQD“D(é—l—rst ) ZP] w(r, e, 0),

where we have used 735 = 0 and where w is related to w € W?P(Q) via formula
(2.14). The second-order linear differential operators P;, j = 1,2, 3, are defined,
respectively, by

o k:2 (Ta ¥, 9) k3 (Ta ¥, 0)
P.=D, (kl (7“, ©, Q)Dr + 5+ SiH@D@ + ; Dy (36)
2 : 7_32 907 fj,3(rra 9079)
o+r 81119 De [fj (r e, 0) Dy + r De] (3.7)

3
; 0
7’3:Z—TJ’3(f’)De[fj,l(r,so,Q)D et o)y Saln D] s
J=1

where the functions k;, j = 1,2, 3, appearing in (3.6) are defined by

3
ki, 0,0) = 751(0,0) fu(r,0,0), 1=1,2,3. (3.9)

j=1
Now, recalling the definitions of 7;2, j = 1,2, in (3.2) and using Leibniz’s

formula for the derivative of the product, we easily deduce

Z T2, 0 [fﬂ(T .%.9) }

(5—1-7“51116 Dy 0 +rsinf (3.10)

[MD ] 4 (e, 0)D,
(0 4+ rsinf)? (6 +rsinf)?’

where we have set

Li(r,0,0) = fa_ja(r,p,0) cosp + (=1) fi2(r,p,0)sinp, j=1,2. (3.11)
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Taking into account (3.4), we see that the functions (6 + rsinf)=2l(r, ¢,0)
and l5(r, , 0) coincide, respectively, with the left-hand side of (2.11) and (2.12)
(with R being replaced by 7). Therefore, by virtue of assumption (2.5), from
(3.10) it follows

7_]2 Spv f]2(79070)
12
Z(H—rsm@ v (5+7"Sln9 = A1+ Py, (3.12)

where we have set

A = Dy[A(tan ) D, , (3.13)
Py = (6 + rsind) "%ly(r, p,0) D, . (3.14)

Replacing (3.12) in (3.5) we finally obtain the basic decomposition formula

4

Aw(6Z (. 5) + 139, 0)) = Avi(r,0,0) + > Pii(r,¢,0). (3.15)

j=1

We can now list the main properties of operators ® and ¥ appearing in (2.14)
and (2.15) in the framework of Sobolev spaces related to LP(2) with

€ (3, 400). (3.16)

As usual, Z;, j = 1,2, being Banach spaces, £(Z;;Z3) denotes the Banach
space of all bounded linear operators from Z; to Z; equipped with the uniform

operatorial norm. In particular, given a Banach space X, £(X) = L(X; X) and
X*=L(X;K), K e {R,C}. We assume:

e L(LP(Q); LP(—-3,25)), Ve LP(Q)* (3.17)

Plwu] = wdlu] V(w,u) € LP(—%,%) x LP(Q) (3.18)
D,®u)(p) = ®[Dyul(p) YueW(Q), Voe (-3, %) (3.19)
PA=A®+ D on WEP(Q), @€ LIWHP(Q); LP(—Z,3))  (3.20)
UA=T'on W2P(Q), ¥, € WP(Q)* (3.21)

Here A, is the second-order differential operator defined by (3.13), whereas
WEP(Q) is the function space defined by

WeP(Q) = {w e W?P(Q) : Dyw=0}.
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To state our result concerning the identification problem P(C) we need (see,
e.g., [3]) also the following assumptions on the data f, ug, u1, g1, go:

fe ™0, T L (),  f(0,-) € W>P(Q) (3.22)
up € WH(Q),  Bug € BEP(Q) (3.23)
up € C*HP([0,T; LP()) N CHA ([0, T); W2P(12)) (3.24)
vo = Aug + £(0,-) — Dy (0, ) € WEP(Q) (3.25)
[A% + koB + kiCluo + [Ds + AJf(0,-) — D?usi(0,-) € BE¥PT(Q)  (3.26)
g1 € C2A(0,T]; 17(=5, %)) 0 O ([0, T W27(=3, %) (327
Ai1Dygi(t,-) € LP(—=2,%5) Vie[0,T], j=1,2 (3.28)
g2 € CP(0, T R), (3.20)
where 0 < # < § < 3 and function kg in (3.26) is defined by formula (5.17).
Here, for v € (0,1), p1 € (1,400), po € [1,+00], 2y — 1/p1 # 1, the Besov

spaces BZ1P?(Q) represent the interpolation spaces (LP(Q), WP ()., (cf.
10, Subsection 4.3.3)).

Remark 3.1. We can now make it clear why we have assumed \ € 6’,} (R) (cf.

(2.8)). Essentially, such belonging is for assumption (3.28) to make sense when
(3.27) holds. Indeed, from (3.13) we get

N (tan )

A Dygy(t, ) =
1Dig1(t, ) cos?

Dy Dy (t, ) 4+ Atan ©) D2 Dygy (1, )

might happen

2 ) m
7). Now, from

to blow up, seriously compromising its belongmg to LP(—7,
(2.9) and (3.2) we deduce the formulae

and hence, when ¢ goes to (—3)", (5)* and (3%)~, A1Dyi(t, ¢
3

2
= (6 +rsind) ZTJQ ©,0)D,,,
7j=1

2
= (0 4+ rsinf)? Z 75,2(0,0) Tk 2(0,0) Dy,
J,k=1

2
(0 4 rsinf) Z sz 0, 0)D,, .

k

Therefore it is easily seen that both D,D,g(¢,-) and DQDtgl( -) belong to

LP(—Z,25) and hence, to ensure A, Dyg;(t,-) € Lp(—g, 7”), it is quite natural

to search for a function A such that both X (tan ¢)/cos? ¢ and A(tan ) belong
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to L°(—Z,3T). This is true, for instance, if A belongs to C}(R). Indeed, in

27 2
such a case, the following holds for ¢o = —%, %, 2
' (tan ) 2
lim ———— = lim +1DN(y) =0, lim Atany)= lim A(y) = 7.
e co @ Jm (7 + DX (y) Jim, (tanp) = lim A(y) =1

Coming back to our basic assumptions we assume that ug satisfies also the
following conditions for some positive constant my:

Jo(uo)(p) = |®[Cuol(p)| > mo Vo€ (=5,%) (3.30)
Ty (o) == W[J (ug)] # 0, (3.31)

where, for any x € (), we have set

s

(o OBl , N[ [F 0lBu(©
Ju)le) = (B o) = B ul(pla) 0 >> p[/p@,) B[Cuo)(©) dg}‘

Finally, we list the consistency conditions for the function vy defined by (3.26):

D[vo) () = Dig1(0, ) — @[Dyur (0, ))() Vo € [-5, ] (3.32)
Uvo] = Dyga(0) — W[Dyua (0, -], (3.33)

and we introduce the following Banach spaces, where s € N\ {0}:
UPP(T) = CP([0,T); LP(Q)) N C*HP([0, T WP(Q)) . (3.34)

Similarly, replacing W2?(Q) with W2P(Q) in (3.34), we define spaces U&7 (T).
In this context we can now state our first result.

Theorem 3.2. Let assumptions (2.4) and (3.16)—(3.21) be fulfilled together with
the uniform ellipticity of A. Moreover, assume that the vector (ug,uy, g1, ge, f)
enjoy properties (3.22)—(3.29) and satisfy (3.30), (3.31) as well as the consis-
tency conditions (2.19), (3.32) and (3.33). Then, there exists a T* € (0,T]
such that the identification problem P(C) admits a unique solution (u,k) €
UPP(T*) x CP([0,T*]; WHP(—Z,21)) depending continuously on the data. The
result is true even in the case of an operator triplet (A, ®, V) admissible in the
sense of Definition 2.3.

The techniques developed for proving Theorem 3.2 do not guarantee that k
satisfies

k(t,—T) = k(t,2T) Vtel[0,T7], (3.35)

and, consequently, we should expect k(t,-) to have a jump along the section

(—2) = S(3) (cf. (2.20)). We stress that the choice of —% and 2 is made
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only for convenience and for agreeing with the definition (2.2) of p(z’). Actually,
any other interval of amplitude 27 could have been chosen, the only effect of a
different choice being that of making the discontinuity section of k(¢, ) rotate.

The point is that (3.35) makes, in general, the equivalence Theorem 5.2
below fail. In Section 7 we will give a detailed explanation of this fact. Here,
instead, we want to emphasize that for periodic kernels we are still able to
show uniqueness, assuming existence. To this purpose, we first need to define

some function spaces suitable for working with periodic functions on an interval
[a,b] C R, a < b. The spaces Wi?(a,b), j € NU{0}, are defined by

W (a,b) = {w € W(a,b) : w(a) =w(b)}. (3.36)

In particular, in accordance with the definition of LP-spaces as Sobolev spaces
of order zero, when j = 0 in (3.36) we use the shortening:

LP(a,b) = {we LP(a,b): wla)=w(b)}. (3.37)

Note that, due to the Sobolev imbedding W*?(a,b) — C*~/?([a,b]) for any
k > 1 and p > 1, definition (3.36) is meaningful (for j > 1) whereas (3.37) is
forced.

We then get the following result.

Theorem 3.3. Let all the assumptions of Theorem 3.3 be satisfied, except
for replacing any space WHP(—Z 3%) i € N U {0}, with the correspondent

Jor 20 2
WiP(—Z, 37”) There exists T* € (0,T] such that, if the identification prob-
lem P(C) admits a solution (u, k) € U*PP(T*) x CP([0, T*]; W'P(—Z,38)), then

the solution is unique. The result is true even when the triplet (A, ®, V) is
admissible in the sense of Definition 2.3.

Observe that the replacement of LP(—%,2F) with Lp(—7—2r, %) does make
sense, since (2.21) implies ®[v](—2) = ®[v](3F) for every v € LP(Q).

4. Preliminary lemmata

Here we show that if the triplet (A, ®, ¥) is admissible in the sense of Defini-
tion 2.3, then, for p € (3, +00), the pair (®, V) satisfies the abstract assumption
(3.17)—(3.21). As a consequence, the last part of Theorems 3.2 and 3.3 will
simply derive from what we will prove later in the general abstract situation.
FFrom now on, by (-,-) and I(r,,0) we denote, respectively, the canonical

inner product in R?® and the Cartesian product (0, R) x (—%,3F) x (=%, 38).

Lemma 4.1. Let the triplet (A, ®, V) be admissible according to Definition 2.3.
Then, if p € (3,+00), the linear operator ® satisfies the decomposition (3.20).
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Proof. Let w € Wé’p(Q) and let apply ® to Aw taking (3.15) into account.
First, w € W?(I(r, p,0)) being related to w € WZP(Q) via (2.14), from (2.21)
and (3.13) we easily get ®[A1w]|(p) = A1 @[w](p). Therefore, from (3.15) it
follows

OlAw] = A Q[w] + > O[P;@]  Yw e WE(Q). (4.1)

=1

Now, from the Sobolev embedding W'P?(Q) — C'=3/7(Q), p € (3,+00), and
from expressing V,, ) in terms of V, (cf. (2.9) and (3.2))

3
Vireo) = Z (Tk1(9,0) Dy, (6 + 78in0)73.2(, 0) Dy, , 77 3(0,0) Dy, ), (4.2)
k=1

we find that D, @, (Dyw)/(64rsin @) and (Dyw)/r belong to C*=3/7(I(r, ¢, 0)).
Hence, after observing that (cf. (3.14))

(b T, 9 l2 9) ~
Q[Pywl(p 7TR2/ /g 5+7"Sln9) D,w(r, ¢, 0)do, (4.3)

recalling (3.6)—(3.8) we can proceed to transform the expression of 25:1 O[P;uw]
in (4.1) by integration by parts. To this purpose we first introduce the following
vector functions:

k2 (7”, ®, 8) k3 (7’, 2 0)
4.4
J+rsind’ r (4:4)

i,2\Ts 79 ,3\T, ;0 .
Fj(r,so,e)Z(fj,l(r,so,e),?’ir;fne),f”?’(r(p )), j=1,23.  (45)

F(?”, ®, 9) = (kl(ra ®, 9)7

Then, using the definition of the conormal vector v given after formula (2.16)
and the fact that Z(p,#) is the unit outer normal vector at = € 02, from
formulae (3.2), (3.4), (3.9) and (4.2) through lengthy computations we get

3
<F(R7 wae)av(r,g&ﬂ)w 7907 Z 7907 @70)>(ijw)(R>9079)
= (4.6)
D,,w)( ,0).
where A, (R, .0) = (32 (R, 0.0),5a(R. 9.0).315( R .0)), § = 1,2,3. Now,
observe that (2.23), (3.4) and (4.2) imply, respectively, A(r, —Z) = A(r, &),
fir(r,o,—=5) = fin(r, e 37) J.k = 1,2,3, and Dyw(0,p,0) = 0. Therefore
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—_—

taking into account formula (4.6) with (D,w)(R,y,0) = 0 (recall that w €
W&P(Q)), an integration by parts lead us to

[le 7TR2 / dr / T 807 7 (1' @,0)w(r7 P, 9)) (47)

x D, [r¢(r,0)] df

wm

3

B[Pyil(¢) = W;2§jlzdr/}<ﬂ@:%0xv@%mwv~z@> ",

x Dyl7j3(¢,0)0(r,0)] df

3m
2

Moreover, since the 7;5’s, j = 1,2, 3, depend on ¢, only, we obtain

1 /‘2 O(R,0)li_i(R, ¢, 0) DEW(R, ¢, 0)
=93 - v
_z 0+ Rsind

z (4.9)

2 R
1 1~
— > [ ar [T naensates

— 5(7’ Q)f] 1( ) 5(7"7 Q)fj,?)(ra 9070)
x D, k{DT[ 5+r81n9 }—i_De[ d +rsind }}d@,

where we have set
l]’(ra 12 9) = [Dgo_ng,l(n 2 9)] Cos @ — [ngp_?)fl,l (7’, ¥, 9)] sin ¥ j = 37 4. (410)
Easy computations, taking advantage of definitions (3.4), shows that

sin(2y)

13(7”7 ®, 9) = {[52,2(7"7 P, 9) - 51,1(7’7 P, 9)] + 51,2(7“, ®, 9) COS(280)} sin 0

+ [61,3 (7”, ¥, 9) sin ¥ = 62’3<7’, ¥, 6) Cos 90] cost.

Hence, from (2.12) and (2.13) we deduce l3(R, ¢, ) = 0. Therefore, rearranging
(4.3) and (4.7)—(4.9) we finally deduce

O[Aw] = A, D[w] + O1[w] Yw € WEP(Q),
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where we have set ®;[w](p) = Z?zl O[P;w](p) with

S e[P;al(y)

L [FHROLER TR )
0+ Rsin6

1 [ 32 6(r,0)ly(r, 0, 0)
) 7 Y D
4 —/0 rdr . 0t rsmO? LW (r, ¢, 0)do

o A A L

1 R )
N W Z /(; d?”/ <Fjj<7', ¥, (9)5 v(r,gp,@)w(r, @, 9)>
j= _r

X DQ[Tjg((p, (r 6)] dé

Z/ dr/g 750(0) DE 0 (r, 0, 0)

— T¢(T, 9)fj,1<7a7 ¥, ) 6(717 e)fj,?)(r? ¥, 9)
x D, k{DT[ d + rsinf ]+D9[ d+ rsinf ]}d@.

We now prove ®; € L(WP(Q); LP(—%,2F)). Using assumption (2.4) for the
a;;’s, it is easily shown that functions f;;, k; and l,,,, 4,7 = 1,2,3, m = 2,4,
defined by (3.4), (3.9), (3.11) and (4.10) they all belong to W2+(I(r, p,0)).
Therefore, since 0 < § — R < §+rsinf <+ R, (r,0) € (0, R) x (=%, %), from

2
(4.11) it follows

|<1>1[w1<so>|scl{ (R0 |de+z/dr/ﬂ|wa, ) o

/ d'f’/ 8) + Dew(r,% 6)) de ’
x 5+TS1H¢9 T

the constant C; being positive and depending on 9, R, max; j—1 23 || @i ;|lw2 -+ ()
and ||@|lcr(s—rs+m)), only. Now, from the Sobolev embedding W'?(Q) —
C'=3/P(Q), p € (3,+00), the trace of a function w € W'P(Q) is well defined.

Consequently, @ being related to w via (2.14), for any ¢ € [—%, 27] we have

(4.12)

3m

2 ~
[ 1@(R,0.0)100 < 2xlwllcrvian < Cllwlwrowy,  (413)

_
2
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where the positive constant C is independent of w. In addition, denoting by
P’ the conjugate exponent of p, for any v € LP(I(r, ,0)) we have

/ dr/ 0)| do

< [2# / v dr]p (4.14)

[ 5+rsm0 Mo(r, ¢, )|pd9} p,
—3

us

and the right-hand side of (4.14) is in LP(—%,2) when p € (3,400). Formula
(4.2) imply that D,w, (D,w)/(6 +rsin®) and (Dyw)/r belong to LP(I(r, ¢,0))
when w € W1P(Q). Hence, recalling (2.10), from (4.12)—(4.14) we easily obtain

3
||q)1[w]||LP(*§,3%) < (4 ||w||W1,p(Q) + ||w|e) + Z ||ijw||Lp(Q)] (4.15)

< 2Cs||w||wrrc)
and this completes the proof. |

Lemma 4.2. Let the triplet (A, ®, V) be admissible according to Definition 2.3.
Then, if p € (3,400), the linear operator ¥ satisfies decomposition (3.21).

Proof. We only sketch the proof since the procedure is very close to that of
Lemma 4.1. First, taking (3.15) into account, let us apply ¥ to Aw, where w €
Wé’p (€2). Then, performing integration by parts similar to those in Lemma 4.1
it is easy to check

U[Aw] = ¥, [w] Yw € WEP(Q),

where, recalling 732(¢) = 0 and denoting by ]:;j('r, ©,0), j =1,2,3, the vector
function Fj(r,¢,0) defined by (4.5), but with zero second component, ¥, is
defined by U [w] = I + Iy + I3 + I, with

/ d'f’/ d@/ T 907 7 ( G)w(rv 9076)>

D,[r(d + rsin G)w(r, ©,0)] dy

mm
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s g e
I3 .= — Z /0 dr / 7( do / B} <F}‘(T, @, 0)7 v(r,tpﬁ)w(ra ¥ 9)>
=1 -3 —3

X Dp[(0 + 7sin )7 5(¢p, 6’){/;(7“, ©,0)] dp

R

- {A(tan P) Dy (r, 0, 0) -

3
(0 + rsin®)do ’ D,w(r, ¢,0)
—3

m\:\

w(ﬁ ¥, (9)[2(7“, ¥, 0)
(0 + rsin )2 } de

As said before, due to (2.4), all the functions f; ;, k;, 4, j = 1,2, 3, and /5 belong
to W2T(I(r,,0)). Moreover, due to (2.4) and (2.5) (cf. also (2.11)), the
function A o tan belongs to W2+°°(—Z 2I). Therefore, since ¢» € C*(Q), using
formula (4.2) and an estimate similar to (4.15) we easily deduce ¥; € W'?(Q)*.

This completes the proof. |

Corollary 4.3. Let the triplet (A, ®, V) be admissible according to Defini-
tion 2.3. Then, if p € (3,400), the linear operators ® and V satisfy assumptions
(3.17)—(3.21).

Proof. From definitions (2.22) and Hélder’s inequality it immediately follows

W]l < [Pllo@llvllzve < Calldllo@llvlire Yo e LP(Q),

where the positive constant Cj is independent of v. Hence, ¥ € LP(Q2)*. Con-
cerning operator ® defined by (2.21), instead, using an estimate similar to
(4.14), it can be easily checked that ® belongs to £(LP(2); LP(—Z,2T)). There-

20 2
fore (3.17) is satisfied. Since definition (2.21) easily implies (3.18) and (3.19)
and since decompositions (3.20) and (3.21) are established, respectively, by

Lemma 4.1 and Lemma 4.2 the proof is complete.

Remark 4.4. From the first integral on the right-hand side of (4.9) and the
fact that the trace of the derivatives of w € W1P(Q) are not well-defined, we
see that without the boundary assumptions (2.12) and (2.13) no estimate of
type (4.15) is allowed, unless of requiring the tangential derivative of w to be
zero on 0%, too. Moreover, contrarily to [3] and [4] where also the Dirichlet
case was treated, here we have limited ourselves only to the conormal boundary
condition. The reasons for this choice lie in formulae (4.6), (4.7) and (4.9).
Indeed, from such formulae we deduce that in order to obtain estimate (4.15)
in the Dirichlet case, we are however forced to require the conormal derivative
to be zero on 02 and, in addition, either assumptions (2.12) and (2.13) to be
satisfied or the tangential derivative to be zero on 052, too.
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5. The equivalence result and the basic system

Similarly to what is done in [3], we reduce our problem P(C) to an abstract
fixed-point system having the same functional form of that detailly studied

in [2]. First, let us suppose that (u, k) € U>PP(T) x CP([0, T]; W'P(—Z,38)) is

a solution to problem P(C), and introduce the new triplet of unknown functions
(v, h,q) defined by

v=Dw— Dy, h(t)=Fk(t,—-Z), qt,p)=D,k(t,¢), (5.1)

and related to v and k via the following formulae

u(t, z) = uy () — 1 (0, 2) + uo(z) + /0 o(s, ) ds (5.2)

K(t, o) = h(t) + / o(t,€) A€ = h(t) + Eq(t, ). (5.3)

Now, for any (t,¢,2) € [0,T] x [ — 3, 3] x Q we set
= —([10) + Eal o] * [Bo(.2) + BDan ()] ) () (5.9)
= (gl p(a") % [Co(,2) +CDus (-, )] ) (1)

and
2(t,x) = D f (t,x) — (Dy — A)Dyuy (L, ), (5.5)
Ny (ur, g1, f)(t, ) = (Dy — A1) Diga(t, ) (5.6)
— &1 [Dyun(t, )] (p) — @[Def (2, )] (),
Ny (u1, g2, f)(t) = Diga(t) — Wi[Dyun(t, )] = W[D.f(t, ). (5.7)

Hence, differentiating (2.1) with respect to ¢t and using (2.15)—(2.18) and (5.4)—
(5.7), we deduce that the triplet (v, h, ¢) solves the following identification prob-

lem, for any (¢,¢,z) € [0,T] x (=%, 35) x Q:

Dyw(t,x) = Av(t,z) — Ny(v, h,q)(t, p(z)) + q(t, p(z'))Cuo(t, )
+ [h(t) + Eq(t, p(x"))]|Buo(t, z) + 2(t, x)
v(0,z) = vo(x) (5.9)

v satisfies the homogeneous conormal boundary condition (5.10)
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Olu(t, )(p) = Digi(t, ) — ®[Dyua(t, )} () (5.11)
Vo(t, )] = Diga(t) — V[Dyun (£, )] (5.12)
q(t; ©)®[Cuo] () + Eq(t, 0)P[Buol(¢)
= N} (w1, g1, [)(t, ) — @1lo(t, )] (9) (5.13)
+ ®[Ni (v, h, q)(t,)](@) — h(t)P[Buo] ()
W(q(t,-)Cuo + Eqt, )| Buo] = Ny (u1, g2, f)(t) — Wa[v(t, -)] (5.14)

+ W[Nw(v, b, q)(, )] = h(t)¥[Buo].

Here the latter two equations are easily obtained by applying ® and ¥ to (5.8)
and taking advantage from (3.18) and decomposition (3.20), (3.21).

Remark 5.1. Assume now that the triplet (v,h,q) belongs to US™P(T) x
CP([0,T];R) x CP([0,T]; LP(—Z,2T)) and solves (5.8)—(5.14). Then, if we de-

fine u and k according to (5.2)2an2d (5.3) it clearly follows that the pair (u, k)
belongs to U*?P(T) x CP([0,T]; WP(—%,3%)). In addition, if the function u
appearing in (5.2) satisfies the consistency condition (2.19), then, performing
integrations with respect to time, we easily deduce that the pair (u, k) solves
problem P(C). Hence, problem P(C) and problem (5.8)—(5.14) are equivalent.

Since definition (5.4) implies Ny(v, h,q)(0,z) = 0 for every x € Q, from
(5.13) and (5.14) we easily find the initial value k(0, -) of k. Indeed, letting

U1() == N{(u1, g1, )(0, ) — P1[wo)(¢) Ve € (—3,2%),

and recalling (5.3), from (5.13) and (5.14) we deduce, for any ¢ € (—3,2F)

D k(0, 0)@[Cuo] () + £(0, 9)P[Buol(¢) = v1(p), (5.
U[D,k(0, -)Cug + k(0, -)Bug] = N3 (u1, ga, £)(0) — 1[vg].  (

Integrating the first-order linear differential equation (5.15) we obtain the fol-
lowing general integral depending on an arbitrary constant C":

(0.0) = Cosg [ 2O o]

Lo |, e i o = o)

2

(5.17)

Then, substituting this representation of k(0,-) into (5.16), we find that the
constant C' is equal to [J1(uo)] " { N2 (u1, g2, f)(0) — U [Te] — U1 [vg] } where J; (ug)
and vy are defined, respectively, by (3.31) and formula (3.17) in [3] (with the

vector (11, la, ||, Rs) being replaced by (31, Ta, p(a'), —7)).



754 A. Favaron

Of course, the previous argument works only for t = 0 since when t = 0, the
data (ug,u1, g1, 92, f) occur, only. Therefore, due to (5.3), to determine k(t,-)
for any t € [0,7] we have to solve system (5.13) and (5.14) for h and ¢. To
this purpose, for any (t,y) € [0,T] x (=73, 37“), we first consider the following
integral equation for ¢, where g € L'((0,T) x (—%,2%)) is an arbitrary given

2
function:

q(t, ©)@[Cuol(p) + Eq(t, »)®[Buol(¢) = g(t, ¢) . (5.18)

Since (5.3) implies D, Eq(t, ¢) = q(t, ) the solution to the differential equation
(5.18) for Eq(t,-) satisfying Eq(t,—%) = 0 is given by

[t [ elBul©) ] ate)
Balt.o) = | pl/ D[Cuo) (©) dg} FCuf(o) 7 Lt e)- (619

Therefore, differentiating (5.19) with respect to ¢ we obtain the following rep-
resentation formula for g:

[ME]

0(t:9) = a1~ PBul(@ L]t o). (520)

Replacing g with the right-hand side of (5.13) and denoting by J3(ug) the op-
erator

J3(uo)g(p) = m [I — ®[Buol(¢)L]g(p), §e€ L' (~T,3%),
from (5.20) we easily find, for any (¢, ¢) € [0,T] x (=%, 2):
P[Buy)(p)

q(t, ) = h(t )W [L®[Buo)(¢) — 1] + Na(v, h,q)(t, ¢)

+N3(u0>ul,gl,f)(t790)»
where we have set
Na (v, h, q)(t, @) = J3(uo) {P[N1(v, h, q)(t, )](¢) — P1[v(t,)](0)}  (5.22)
N?E)(u()vul’gl»f)(v ) ‘]3( )N (ulvglaf)(t7§0)

Now, from (5.19) we derive

(5.21)

LO[Bug)() — 1 = — exp { / : q)[[lgzz]]((g dg] (5.23)

and we substitute this expression into (5.21). Then from (5.14) it is easy to
check that h solves the following equation, for any ¢ € [0, T7:

h(t)Ji(uo) = No(uo, u1, g1, g2, f)(t) — W1lv(t, )] + Y[N1(v, b, q)(¢, )]

(5.24)
— W[N>(v, b, q)(t, -)Cuo] + ‘I’[E(Nz(v h, q)(t, ))Buo]
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where J;(ug) and No(ug, u1, g1, g2, f) are defined, respectively, by (3.31) and

NO(“Oy U1, 91, 92, f)(t) = Ng(ulﬂ g2, f)(t) - ‘I}[Ni?(uovulvgla f)(t7 )CUO]
+\I/[E(Ng(u0,u1,g1,f)(t, ))BUQ]

Hence, from (5.24) we conclude that h solves the fixed-point equation
h(t) = ho(t) + N3(v, h,q)(t) Yt e [0,T], (5.25)
where we have set
ho(t) = [J1(uo)] ™ No(uo, ur, g1, ga, £)(1), (5.26)
N3(v, b, q)(t) = [Jl(uO)]*l{‘I’[Nl(v, h,q)(t, )] = Y[Na(v, b, q)(t, -)Cuo]
+ B (Na(v, b q)(t, ) Buo] — Wi[u(t, )] }.

So, using again (5.23) and replacing the right-hand side of (5.25) into (5.21),
we conclude that ¢ satisfies the fixed-point equation

q(t, ) = qolt, ) + J2(uo) (V) N3 (v, h, ) (t) + Na(v, h, ) (t, ), (5:28)

Ja(ug) and qg being defined, respectively, by

(5.27)

D[Buy)(¢p) 2 O[Bu[(£)
s =g [ Segge] om
qo(t,n) = Ja(uo) (9)ho(t) + Ny (uo, ur, g1, £)(t, ). (5.30)

Thus, the pair (h,q) solves the fixed-point system (5.25) and (5.28) and the
following equivalence theorem holds true.

Theorem 5.2. The pair (u,k) € U*PP(T) x CP([0,T]; Whr(—%,35)) solves
problem P(C) if and only if the triplet (v, h,q) defined by (5.1) belongs to
USP(T)xCP ([0, T]; R)x C#([0, T); LP(—Z,35)) and solves problem (5.8)(5.12),
(5.25), (5.28).

6. The auxiliary abstract result

Taking advantage of the equivalence Theorem 5.2, here we sketch out how
to reformulate problem P(C) in an abstract space framework. Then, for the
reformulated problem we recall the main local existence and uniqueness result
stated in [2] and to which we refer for the proof.

Let X be a complex Banach space with norm || - ||x and let A : D(A) C
X — X be a linear operator, with a non—necessarily dense domain, satisfying
the following assumption:
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(H1) the resolvent p(A) of A contains the half-plane Sy = {A € C : ReX > 0}
and there exists My > 0 such that [[(z] — A)7|zx) < Mo|l + 2|7 for
every z € 5.

Since for any z € Sy we have |z| < |1 + z|, due to Proposition 2.1.11 in [§]

assumption (H1) guarantees that A is sectorial, the constant w, § and M of

Definition 2.0.1 in [8] being replaced, respectively, by 0, ( = 7 — arctan(2M,)

and M) = 2M,[1 + 1/(4M)?)2. As a consequence, A generates an analytic

semigroup {e4};>q of linear bounded operators from X to itself. Moreover,

the non emptiness of p(A) implies that A is a closed operator, so that D(A),

endowed with the graph norm ||z|pay = ||z||x + ||Az|x, turns out to be a

Banach space. Hence, as usual, we can define the family of spaces D4(v,q),

0 <vy<1,1<q< 400, which are intermediate between D(A) and X (cf. [8,

Subsection 2.2.1]). Actually, from the equivalence D4(7,q) = (X, D(A)),4 (cf.

8, Proposition 2.2.2]) the spaces D(7,¢q) turn out to be interpolation spaces

between X and D(A). This implies (cf. [8, Corollary 1.2.7]) that there exists a

constant ¢(7y, ¢) such that

12[lDa(r.0) < C(%Q)||$||§(_7||37||773(A) Vy € D(A). (6.1)
Therefore, the sectorialness of A and (6.1) imply
- _1

[(z1 — A) 1||L(X;DA(%,1)) < Mfz|72 Vze X, (6.2)

where . denotes the open sector {y € C: |arg | < (}U{0}. To see that (6.2)
holds true, observe first that (H1) with z = 0 implies that A is an isomorphism
from D(A) onto X. Consequently, for y € D(A), we find

lylloe) = 147 (Ay)llx + 1 Ayllx < (Mo + 1)l Ayllx - (6.3)

Now, for every z € X and z € ¥, from the sectorialness of A we get
(=1 — A) " allx < Mlz| " [l=llx . (6.4)

whereas, using (6.3) with y = (21 — A)"'z and taking advantage of A(zI —
A)™l = z(2I — A)7! — I and sectorialness again, we easily obtain

(=1 = A) " allpeay < (Mo + DA — A) " allx < Mfl|2]|x, (6.5)

with M} = (My+ 1)(M}+1). Replacing z with (21 — A)~'z in (6.1) and using
(6.4) and (6.5), we deduce (6.2) with M; = ¢(3, 1)(MoM!)z. Observe also that
by the previous arguments, (H1) implies (H1)-(H3) in [3] and [4].

In order to reformulate in an abstract form problem (5.8)—(5.12), (5.25) and
(5.28) we need the following list of assumptions involving spaces, operators and
data, where 0 < < a < % and qp is defined in the next Remark 6.2:
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(H2) Y, Y1, D(B), D(C) are Banach spaces such that ¥; <— Y and D(A) —
D(B) — D(C) — X, DA(l 1) — D(C);

(H3) B : D(B) — X and C : D(C) — X are linear operators such that
BA™' € L(X) and CA™! € L(X;D(C));

(H4) F e L(Y; Y1), P € L(X;Y), &, € L(D(C);Y), ¥V € X*, Uy € D(C)

(H5) M € B(Y x D(C); X) N B(Y; x X; X);

(H6) J; : D(B) - R, J, : D(B) — Y, Js : D(B) — L(Y), are three
prescribed (nonlinear) operators;

(H7) up € D(B), vy € D(A), Cug € D(C), Ji(up) # 0, Bug € Da(e, +00);

(HS8) ho € CP([0, T;R), go € CP([0,T];Y);

(H9) z € CA([0,T); X); 2, € C°([0,T); D(C)), 2 € C°([0,T]; X);

(H10) Awo + M(qo, Cug) — M(Eqo, Buy) + 22(0 1) € Da(P, +00)
Now, denoting by K the convolution K(x, fo ( ), (s)) ds our

direct problem depending on the pair (A, q) is the followmg to determine a
function v € C*([0,T]; X) N C ([0, T]; D(A)) such that

() = Dol + AJo(t) + [h * (Bu + 20))(t) + K(Eq, Bo + )(2)
+ K(q,Cv+ 21)(t) + M(q(t), Cup)
+ h(t)Bug + M(Eq(t), Bug) + 22(t) VYVt € 0,71,
v(0) = v,

(6.6)

Remark 6.1. In the explicit case (5.8), we have A = A — A\, with a large
enough positive \g, and zy = BDyuy, 21 = CDyuy, 2o = Dyf — (Dy — A)Dyuy.
Functions vy, hg and ¢ appearing in (H7) and (H8) are defined, respectively, by
(3.26), (5.26) and (5.30), whereas the bilinear operator M is the multiplication
operator M (w1, ws) = wiws.

To rewrite the fixed-point system (5.25), (5.28) in an abstract form we need
first to introduce the following operators:

Ri(v,h,q) = —i(uo){\ywug(uo)cp[zvl(v, h, q)], Cuug) — Ny (v, h, q)]
— U M(EJ5(u0) B[Ny (v, h, q)], Buo)] }
Ro(v, h, q) = Jo(uo) Ry (v, h, q) + J3(uo) [Ny (v, h, )]

and

Si(v) i(uo){w[M(J3<uo)c1>1[v], Cug) — M(E.J(ug)®: [v], Bug)] — \Ifl[v]}
Sy (v) = Jo (1) Sy (v) — J5(ug) Py [v],
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where (cf. (H7) and (5.4)) we have set Jy (ug) = [J1(uo)]™* and
Ni(v,h,q) = —h* (Bv+ 29) — K(Eq, Bv + 29) — K(¢q,Cv + 1) . (6.7)
Then, the fixed-point system for h and ¢ can be rewritten more compactly:
h=ho+Ri(v,h,q) +51(v),  ¢=qo+ Ra(v,h,q) + Sa(v). (6.8)
ho and gy being the elements appearing in (HS).

Remark 6.2. Since N;(v,h,q)(0) = 0, from (6.7) we can easily compute the
initial values hg and ¢y of functions h and ¢:

o = ho(0) + Sa(vo) = h(0), G = qo(0) + Ss(vo) = ¢(0).

In particular, in the explicit case we get ho = ko(mo), Go(n) = D, ko(n), the
function ko being defined by (5.17).

We can now recall the following theorem (cf. [2]).

Theorem 6.3. Under assumptions (H1)—-(H10) there exists T* € (0,T) such
that for any T € (0,T*] the problem (6.6), (6.8) admits a unique solution
(v, h,q) € [C™F((0,7): X) N CP([0, 7]; D(A))] x CP([0, 7| R) x C/([0, 7];Y).

7. Proof of Theorems 3.2 and 3.3

To prove Theorem 3.2 we take advantage of the equivalence results of Section 5
and of the abstract ones of Section 6. Indeed, by virtue of Theorems 5.2 and
6.3, all we need to show is that the abstract assumptions (H1)-(H10) are sat-
isfied when the Banach space framework of Section 6 is that related to the LP
and Sobolev spaces of Section 3. For saving space, here we limit ourselves only
into sketching the basic ideas, since the proof of (H1)—(H10) is really close to
that in [3]. Instead, we want to focus our attention on the difficulties arising in
checking the periodic condition (3.35) and on the reasons for why such condition
makes the “if 7 part of Theorem 5.2 fail. Due to this failure, our solvability pro-
cedure enables us to prove only the uniqueness of a periodic solution, assuming
its existence.

Proof of Theorem 3.2. First, for any p € (3,400), we choose the Banach
spaces X, D(A), Da(3,1), D(B), D(C), Y and Y; according to the rule

X =17(Q), D(A) = WeP(Q),  Dald,1) = B&(Q),
D(B) = W*P(Q) D(C) = WhP(Q), (7.1)
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where LP and WP in the definition of Y and Y; are replaced, respectively,
by LP and W'? (cf. (3.36) and (3.37)) in the periodic case. Observe that,
due to definition of spaces B&'"2(Q) given after formula (3.29), the choice
of Da(3,1) makes sense, since Dy(1,1) = (X,D(A))%J. Moreover, BgP' ()
being a subset of the space B'"!(Q) defined in [10, Subsection 4.3.1], the choice
(7.1) ensures that assumption (H2) is satisfied. Indeed, from p € (3,+00) and
Theorem 4.6.1(a), (b) in [10] we have B'P1(Q) — B'P2(Q) — WHP(Q) and
hence Dy(3,1) < D(C), as required in (H2). The other inclusions in (H2) are
trivial. Then, A, B and C being defined by (2.3) and )¢ being a large enough
(fixed) positive constant, we define the operators A, B and C' with domains

D(A), D(B) and D(C) as follows:
Au= (A —XI)u, uw € D(A); Bu=Bu, u€ D(B); Cu=_Cu, ue D).

Now, the proof of (H1) is the same as that of (H1) in [3]. Due to definition (2.3)
and assumption (2.4) we can easily show the estimates

_ p—1 _
IBA™ gllzrio) < 277 Jmax [[bijlwreo|lA tgllwzaq) (7.2)
_ p—l _
||CA 1g||W1,p(Q) S 23 P iglla2x3 ||CZ||WL°°(Q)||A 1g||W2,p(Q) . (73)

In addition, endowing D(A) with the graph-norm, Theorem 3.1.1 in [8] and
inequality (5.8) in [3] imply, for every g € LP(2)

1A gllw2r0) < Gl A7 gllp) < (M +Dllgllzr@) (7.4)

where ¢, and M are positive constants depending, respectively, on p and the
uniform ellipticity constants of A. Combining (7.2)—(7.4) and recalling (7.1) we
get BA™! € £(X) and CA™! € L(X;D(C)). Hence (H3) is satisfied, too. Now,
the proof of (H4)-(H10) follows exactly that of (H7)—(H13) in [3], but with r,
Ry and Ry being replaced, respectively, by ¢, —7 and 37” |

Let us now turn to the periodic case. First, we briefly show where condi-
tion (3.35) makes the equivalence result of Section 5 fail. Recalling (5.1) and
(5.3) the 2m-periodicity of k(¢,-) must be reinterpreted as the requirement that
q satisfies the additional property

Eq(t,%5) =0 Yte[0,7). (7.5)

Now, if the triplet (v, h, q), v being defined in (5.1), solves problem (5.8)—(5.14)
then ¢ satisfies the fixed-point equation (5.28). Hence, for (7.5) to be satisfied
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we must have

3T

L) = / dot,€) d€ = 0 Wt e [0,T] (7.6)
L(t) := erg(v,h,q)(t,f) d¢=0 Vit el0,T] (7.7)
I5(t) :== Ns(v, h,q)(t) /i Jo(u)(§)d§ =0 Vit e [0,T], (7.8)

where Jy(ug), qo, Na(v, h,q) and N3(v, h,q) are defined, respectively, by (5.29),
(5.30), (5.22) and (5.27). Now, since gy and J2(ug) depend on the data, (7.6)
and (7.8) can be easily satisfied, only by forcing the assumptions on the vector
(uo, u1, g1, 92, f). In particular, due to definition of Jy(ug), (7.8) reduces to

i.e., to the non-restrictive requirement

~3 O[Buyl (o) >
/ aicusl() 47"

More difficult , instead, is to satisfy (7.7). Indeed, from definition (5.22) we
easily deduce that, for every ¢t € [0,7T], (7.7) is equivalent to

5 QN (0. h ) (1)) ~ DO T[S BlBulie) T
/ 3[Cuo] €) eXpUgr S I € =0 9

Wl

Unfortunately, Ni(v, h,q) (cf. (5.4)) contains v, h and ¢ in so an involved way,
that there is a very little hope in (7.9) to hold true. This is the reason for why,
in general, problem P(N) with the additional condition (3.35) and problem
(5.8)—(5.14) are not equivalent.

Proof of Theorem 3.3. From Theorem 6.3 it follows that problem (5.8)-
(5.12), (5.25) and (5.28) admits a unique solution (v, h,¢) which must be that
defined through (5.1). Therefore, the assert follows by a contradiction argu-
ment if we show that the existence of two different solutions (u;, k;), j = 1,2,
to problem P(N) with condition (3.35) implies the existence of two different
solutions (vj, hj,q;), 7 = 1,2, to problem (5.8)-(5.12), (5.25) and (5.28). So,
first, let uy # uy but v = vy. Then uy and uy differ one to each other for a func-
tion ¢; depending on the spatial variable x, only. Due to the initial condition
u1(0,2) = uz(0, x) = ug(x), such function ¢; turns out to be identically zero, i.e.,
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uy = ug, and we get a contradiction. Similarly, if k1 # ks but (hy,q1) = (ha, ¢2),
then k; and ks differ for a function ¢y depending on ¢, only. On the other hand,
hy = hs implies c; = 0. In fact, for any ¢ € [0, 7], we have

hl(t) = l{il(t, —%) = k2<t, —%) + Cg(t) = hg(t> + Cg(t) = hl(t) + CQ(t).

Then k;y is equal to ks, completing the contradiction. |

We conclude with some final remarks which justifies further the existence
assumption of Theorem 3.3. Due to the solvability condition (3.30), equations
(5.13) and (7.5) can be rewritten, for any ¢ € [0, 7, as the following first order
scalar differential equation

{DcpEQ(tv 90) = _F(tv ®, EQ(t7§0)>7

i i (7.10)

where we have set

F(t, ¢, Eq(t, ) = w{[h(t) + Eq(t, )| ®[Buol(p) + ®1v(t, ) ()

— 0[N0,k q)(1))() — NP, 91, (1) |-

Of course, if we find a solution Eq(t,-) to (7.10), then problem P(N) with the
additional periodicity condition (3.35) and problem (5.8)—(5.14) turn out to
be equivalent, and we are done. Since (7.10) is a first order boundary value
problem, it seems, at a first glance, that we can find a solution by applying
the results in [9]. Indeed, in [9] it is shown that if f € C([0,27] x R) satisfies
lim|g 400 f(¢,2) = 400 uniformly on [0,27], then there exists s; € R with
$1 2 miny 2. xr f, such that the problem

(o) + flp2(p) =s (s€R),  x(0)=2(2n),

has zeros, at least one or at least two solutions according to s < s1, s = s or s >
s1. Therefore, we try to apply this result to (7.10), by showing that, ¢ € [0, 7]
being fixed, 0 > sy > min_x sx),p F(t,-,-). Unfortunately, here the situation is
quite different, since, actually, F(¢,-,-) depends also on v(¢,-), h(t) and ¢(t,-)
and, in fact, a better notation for F' would be F'(¢,v(t,-), h(t), q(t,-), ¢, Eq(t, p)).
As a consequence, the minimum of F on [—7, 37”] x R is not uniquely determined,
but it depends on some a priori estimates for the unknowns v, h and q. This
means that we need to know an additional constraint on the growth of the
solution (u, k) to the original problem P(N). In general such constraint is not

satisfied, so that the previous technique cannot be applied to our case.

Another possible approach suggested by (3.35) is that of rewriting k(t, )
in terms of its Fourier expansions, but in this case we encounter the following
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problem: u has to be rewritten in terms of its Fourier expansion, too, not only
k, and series product appear from the convolutions k(-, p(z’)) * Bu(-,x) and
Dy k(-, p(x')) * Cu(-, x) in (2.1). This implies that the Fourier method cannot be
applied successfully because of the different dependence on the local variables
of the named convolution terms.

References

1]

Colombo, F. and A. Lorenzi: Identification of time and space dependent relax-
ation kernels for materials with memory related to cylindrical domains, I, I1.
J. Math. Anal. Appl. 213 (1997), 32 — 62, 63 — 90.

Colombo, F. and A. Lorenzi: An identification problem related to parabolic
integro-differential equations with non commuting spatial operators. J. Inverse
11 Posed Probl. 8 (2000), 505 — 540.

Favaron, A. and A. Lorenzi: Parabolic integrodifferential identification prob-
lems related to radial memory kernels 1. J. Inverse Ill Posed Probl. 9 (2001),
489 — 525.

Favaron, A. and A. Lorenzi: Parabolic integrodifferential identification prob-
lems related to memory kernels with special symmetries. J. Inverse Ill Posed

Probl. 11 (2003), 67 — 86.

Janno, J.: An inverse problem arising in compression of visco-elastic medium.
Proc. Estonian Acad. Sci. Phys. Math. 49 (2000), 75 — 89.

Janno, J. and L. v. Wolfersdorf: A general inverse problem for a memory kernel
in one-dimensional viscoelasticity. Z. Anal. Anwendungen 21 (2002), 465 — 483.

Janno, J. and L. v. Wolfersdorf: An inverse problem for identification of a
time- and space-dependent memory kernel of a special kind in heat conduction.
Inverse Problems 15 (1999), 1455 — 1467.

Lunardi, A.: Analytic Semigroups and Optimal Regularity in Parabolic Prob-
lems. Basel: Birkh&user 1995.

Mawhin, J.: First order ordinary differential equations with several periodic
solutions. Z. Angew. Math. Phys. 38 (1987), 257 — 265.

Triebel, H.: Interpolation Theory, Function Spaces, Differential Operators.
Amsterdam: North Holland 1978.

Received 28.07.2004; in revised form 08.02.2005



