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Shannon Sampling
in the Clifford Analysis Setting
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Abstract. The paper concerns the generalization of the one-dimensional sinc function
to (n + 1)-real variables within the Clifford analysis setting. The exact interpolation
with Shannon sampling is proved.
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1. Introduction

The sinc function on the real line R is

1 T 1
SiHC(Qf) — 2_/ elxtdt _ SlIl(’T('I)'

s ™

—T

It has a holomorphic extension to the complex plane C:

1 T i
sinc(z) — 2_/ elztdt _ SIH(WZ)‘

™ Tz

—T

Systematic studies on sinc function in one complex variable and applications to
numerical solutions for problems in partial differential equations and geometry
may be found in the work of Stenger [11] and Lund et al. [5].

For a set A, let X4 denote the characteristic function of A. Sinc function
in R" is defined by

sinc(z) = (271r)"/ ezl X (€) dE.
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The sinc function in R™ may be further extended into two larger underlying
spaces. The extension to several complex variables involves complexification of
each of its real variable. In that case it is a tensor product of the one-dimensional
sinc functions, and it has explicit expressions in terms of elementary functions.
This case is studied in [3]. The goal of the present paper is to extend it to R?}
in the Clifford analysis setting. The latter extension has no explicit expressions
in elementary functions. The definition and the analysis of the extended sinc
function are based on the generalized exponential function e(x,§) in R} x R"
(see the following section) extending the classical exponential function ef8) in
R"™ x R™, and the corresponding Paley—Wiener Theorem studied in [4].

2. Preliminaries

Let eq,...,e, be basic elements satisfying e;e; + eje; = —20;5, 4,7 = 1,...,n,
where 0;; is the Kronecker -function that equals to 1 if ¢ = 7 and 0 otherwise.
Let R" ={z =x1&1+ -+ 2,6, : 2, ER, j = .,n} be identified with the

usual Euclidean space R", and R} = {zg + z : a:o € R,z € R"}. Elements in
R? and R™ are called vectors. The real (or complex) Clifford algebra generated
by e1,...,e,, denoted by R™ . or respectively C™, is the associative algebra
generated by ey, ..., e,, over the real field R, or respectively the complex field
C. A general element in R(™ | for example, is of the form z = Z g Tseg, where
es =e; €, --€,, and S runs over all the ordered subsets of {1,...,n}, namely
S={1<iy<ig<---<iy<n}, 0<1<n, where ey = ¢y = 1.

The natural inner product between x and y in C™, denoted by (z,%), is the
complex number )¢ xg¥g, where x = Y xgeg and y = Y syses. The norm
associated with this inner product is given by |z| = (z,2)2 = (X5 |x5|2)%.
The conjugate of a vector x = xg + x is defined to be T = x¢y — z. It is easy
to verify that for 0 # z € R} with 27! = %, we have z7 'z = z2=! = 1. The
n-dimensional unit sphere {x € R} : |x| = 1} is denoted by S™. We denote by
B(z,r) the open ball in R} centered at = with radius 7.

Below, we will study functions defined in R” or R? taking values in C™
which have the form f(z) = > 5 fs(v)es, where fg are complex-valued func—
tions. We Wlll use the C’auchy Riemann operator D = D, —|— D, where Dy = (%O

and D = e1 4+ -+ Ee”' We also write Dy = a‘zo amo ->eg. We define the
“left” and “rlght” actions of the operators D by

Df - Zzafsees, Z

=0 S =0 S

respectively.
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If in a domain (open and connected) 2 it holds Df = 0 , then we say that
f is left-monogenic; and if fD = 0, then right-monogenic in . If f is both
left- and right-monogenic, then it is monogenic. There hold the correspond-
ing Cauchy’s theorem and Cauchy’s formula in terms of one-sided monogenic
functions for which we refer to [1].

The Fourier transform of functions in L!'(R") is defined to be

FOEQ = [ 19w

where § = §1e1 + -+ - + {,€,, and the inverse Fourier transform, if applicable, is

1

F 0@ = g [ = 9a9e

For a function defined in R} we denote f(z) = (f|r»)(z) and F(f) = F(f|rn).

I~

Crucial to this study is an extension of the exponential function e
Denote, for x = z¢ + z,

e(z,8) = e (z,8) +e (z,8) (1)

with

*(a,€) = 9Tl ), 2)

where x+(§) = (1+ 1%) It is easy to verity that y4 enjoy the projection-like
properties:
XX+ =X4x-=0, xi=x+ x++x-=1L

It is easy to verity that e(x,&) is monogenic in z € R} for any fixed {. Gen-
eralizations of the exponential function of this kind can be first found in [8]
and then in [6] in which ¢ is further extended to C". Generalizations of the
exponential function of similar types can also be found in [1, 9], and [10].

For f € L*(R"), we will concern the Hardy-space decomposition f = f +
f~, where f* is the boundary value of a function in the Hardy HZ-space in
the upper half space R"™ = {# = 2g+ 2 : 790 > 0,z € R"}, and f~ is the
boundary value of a function in the Hardy H2-space in the lower half space
R = {2 =29+ 2 : 29 < 0,z € R"} (see [6], also [7]). The corresponding
Hardy space functions in the upper and lower half spaces, still denoted by f*
and f~, are given by

1

[ FN©F@ s £n>0,

respectively.
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In the sequel, in mathematical equalities or inequalities C' and C” etc. de-
note positive constants that depend only on the space dimension n, and the
function-like notation C(u),C(y/u) denote polynomials in u and +/u, respec-
tively, with positive coefficients depending only on n, and they may vary from
one occurrence to another.

3. Exact interpolation with shannon sampling

Based on the extension of the exponential function given by (1) and (2) the sinc
function in R} is defined by

o [ (@) d ®)

sinc(z) = @) 3 3

Due to the decomposition of e(z,§) into e*(z, {) and e™ (x,§), the sinc function
can be decomposed into a sum of two functions,

sinc(x) = sinct (z) + sinc™ (), (4)

where

1

sine® (z) =
(z) (2m)"

| @ OX (@ de

and e*(z,§) is defined as in (2). We further have sinc™(z) = Iy (z) + i} (z)
with

Iy (x) =

i) o Foolél g¢
(& (&
2(27T)n /[ﬂ,ﬂ" -

+1 §
IF(x) = / 2 ellwd) oFaold] ge.
! ( ) (27]-)” [—m,m]|™ |§| -

DO

For n =1, z = x + iy € C, the sinc function sinc(z) satisfies the estimate

Cle™l

|sinc(z)| <
2|

Y

which is consistent with the estimate in the Classical Paley—Wiener theorem.
In the above pattern sinc(z) may be decomposed into sinc™(z) and sinc™(z),
where sinc® (z) may be split into the sum of /5" and i/i". Indeed, with e; replaced
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by —i, we have
]. T ]_ t
sine™(2) = o~ /_ ] e”“eﬂ"“5 (1 + l%) dt
= Iy (2) +il(2)
[ Fy + e[z sin(rr) F ycos(mz)]
a 27 (22 + y?)

+i { +rFet™ [;UWC(C;SQ(T;)E y sin ()] } .

It follows that
sinct (2)| <
|sinc™ (2)] <

.,  —o00<7y<o00.

In the sequel these estimates will guide us to prove the estimates of sinc®(z).
For h > 0 fixed, define the cardinal function of f to be

C(f.m)@) = 3 fhk)sine (“”” ‘h’%,

kezn

where from (3),

x — hk h™

sinc( - _) = 2 /Rn e(x — hk,§) X = =)a(§) d€. (5)
We will concern the interpolation via the cardinal function. The one dimensional
cardinal function was discussed in [13]. The context of several complex variables
is discussed in [3]. These, together with Theorem 3.4 to be proved below, suggest
that the functions whose cardinal function converge to the function itself are
characterized by the Paley-Wiener Theorems in the corresponding underlying
space.

In [4] we obtain the Paley~Wiener Theorem in the Clifford algebra setting
stated as follows.

Theorem 3.1 (Paley—Wiener Theorem). Let f € L*(R"), and R a positive
number. Then the following two conditions are equivalent:

(i) f may be right-monogenically extended to the whole R}, and there erists
a constant C such that | f(z)| < Cefll for all x € RY.

(i) suppF(f) C B(0, R).
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Moreover, if these conditions hold, then

n/ F(f)(Ee(x,§)dE, = eRY.
B(0,R)

A function f in RY is said to be of ezponential type R if there holds
[f(x)] < Cef™, w e RY,

where C' is a positive constant. For any h > 0, denote by PW (7) the totality
of the functions f, right-monogenic in R}, f|g» € L?*(R"), and of exponential
type 7.

The Paley—Wiener Theorem 3.1 is a natural generalization of the classical
theorem in C. For generalizations to C", see [12] and [2]. The following theorems
characterize the functions in the Paley-Wiener class PW (7).

Theorem 3.2. If f € PW(7), then for all v € RY,

1) =g [ e () o

hn R

Proof. Since f € PW(7), the Paley-Wiener Theorem 3.1 shows that

1
10 = G [, FO@eln )
1
=G ], PO de
1
- o | PN (el ) d

Using Parseval’s Theorem and (5), the above is equal to

o [ FOF@ g e ete )@t = o [ fpine (T )

Itis a consequence of (3) and Theorem 3.1 that sinc(§) belongs to PW (y/n7).
Further examples of functions may be constructed using the following theorem.

Theorem 3.3. If g € L*(R"), then p € PW(y/nT), where

ple) = [ attysine (“1) (6)
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Proof. Applying Parseval’s Theorem to the right-hand side of (6), owing to (5),
we have

o) = e [ A7 (sine(7) ) (-

) (2};:)" e O W el y) X g (v)] dy
- (271r)" - F(9)w)e(w,y)Xi—z = (y) dy

This shows that supp F(p) C [=F, 7]" C B(0,/n%). From Paley-Wiener The-
)-

orem 3.1, we have p € PW(y/n% |

As main result, the exact sinc interpolation of functions in PW (7) is given
by the following

Theorem 3.4. If f € PW(7), then for all x € RY,

) =@ = 3 fsine (25, )

kezn

where the series on the right-hand side is absolutely and uniformly convergent.
Moreover,

Fm) = o [ 110 sine (%) it

Proof. The relation f = fRn ) sinc <t hk) dt follows from Theo-
rem 3.2.

To show (7), we need to use the fact that 3, /. | f(hk)|* is finite. We show
this by proving,

S Ul = [ 1roF i (5)

kezn

In fact, from Paley—Wiener Theorem 3.1,

f(t) = ! /B(O 2 f(f)@)ei@@dx = ! /[_ f(f)(&)ei@,ﬁ dzx.

(2m)n , - (2m)n

The Fourier coefficients of F(f) in the cube [, 7|" are

= S0K) = e [ AD@
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where R = 7. The Plancherel Theorem gives

/[_RR]n FA@Pde = @R 3 el = 2m)" 3 [F(hE)P".

kezn kezn

Taking into account that supp(F(f)) C [—R, R|", Parseval’s Theorem on L*-
functions in R™ gives

/ FH@Pdz= [ 1F @) d= @0 [ 150)Pd
[-R,R]" R" R®

Putting these equalities together, we obtain (8).

We next show that in the uniform convergence sense,

F@) = C(fh) @) = 3 F(h) sinc (— ‘hhk) veeR.  (9)

kezm

Let ¢(x) be an infinitely differentiable function such that supp(¢.) C [-7F, 7™,
el <1 and ¢ — X(—z.z}» ae. as e — 0. Define

1 .
LH@) = e [ PO (10
@)™ Ji-g 210
For any fixed e > 0 and z € R, expanding ¢.(t)e''“Z on the cube [—Z, F]" into
its multiple Fourier series in n-variables, we have
pe(t)eit = Y~ MED S (k, 1), (11)

kezn

where

1 s (k) :
S.(k,z) = —— —im (1)l gt
(&) (2R)" /[—R,R]n TR [Pt ] dt

are the Fourier coefficients of ¢.(t)e!®2). Since the function ¢.(t)elt® has con-

tinuous first and second derivatives and vanishes on the boundary of the cube
[— X, Z]", a routine argument based on integration by parts shows that

h’ h
Cle,x
1S, (k, 2)] < (kQ )

Vx € R".

So the series (11) is absolutely convergent, uniformly in ¢ for any fixed € and z.

Inserting the series (11) into (10) and exchanging the order of integration
and summation, justified by the uniform convergence, we have

R /{_W FO@ | S (k,n). (12)
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Inserting the expression

[ —— / F()B)ED g = L / F(F) ) d,
B(0,%) _z

(2m)"

(12) becomes

If(x) =) f(hk)S.(k ). (13)

kezn

On taking the limit ¢ — 0 to (13), first consider its left-hand side. Since
F(f) e L*(B(0,%)) € L'(B(0,F)), we have

| F(f) Q) (t)e' | < |F(f)(0)ee®| € LY([-E, 2]").

Moreover, by the definition of ¢., we have

lim F(f)(£)6.(2)e ) = F(f)(1)et2),

e—0

Using Legesgue’s Dominated Convergence Theorem, the left hand side of (13),
by recalling (10), tends to

1
(2m)"

. Fowa = s,

where the last equality is a consequence of the Paley—Wiener Theorem 3.1.

Next, consider the series on the right-hand side of (13). For any positive
number M, using the Cauchy-Schwarz inequality, we have

< ( > |f(h@|2> ( >, ISe(E,z)IQ) :

|k|>M |k|>M

> f(hk)Sc(k, z)

|k|>M

Note that the function ¢(t)e'® € L?([—F, %]"). The Bessel inequality gives

1
2

h\ 2 :
S stk ) = (50) 100 g

|k|>M
h\?, ,
- i(t,z)
= <2w> [ PSR

< (C < oo.

Owing to this estimate and (8), the series in (13) is convergent uniformly in e
and z. Now take limit ¢ — 0 on the right-hand-side of (13). Since we can
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exchange the limit procedure with the summation, that is based on the just
proved uniform convergence in €, the limit procedure can be passed onto each
term S¢(k, z). By invoking the relation

— hk
lim S,(k, z) = sinc (m . ) ,

e—0

we obtain (9).

The relation (9) shows that, when restricted to R™, the left-hand-side and
the right-hand side of (7), viz. f(z) and C(f,h)(x), respectively, coincide with
each other. Now f is right-monogenic in RY, if we can show that C'(f, h) is also
right-monogenic in R}, then the corresponding uniqueness theorem in Clifford
analysis (see [1]) will allow us to conclude (7), and thus complete the proof.

Below, we will devote ourselves to proving the uniform convergence of the series
C(f,h)(z), and thus the monogenicity of the sum C(f, h)(z).

The rest of the proof depends on the following technical lemmas.
Lemma 3.5. It holds:
() i

[T (T + [2;1)

where C(|xo]) is a polynomial of |x|.

|sinc(z)] < Vr € RY, (14)

Proof. Using the decomposition of sinc into sinct and sinc™ as cited in (4), it
suffices to show the estimate

O(|o]Jev™loo]
[T (1 + [5)

We only need to prove the last inequality for sinc
similar. By definition

1 : 1
sinc™ (z) = / M8 o—ol€| — <1 i £ > dé = IF(z) + il (2),
[_7(771—]”

|sinc™ (z)] < Vx € RY.

* as the proof for sinc™ is

(2m)m €]
where
1 .
I+ z,8) o —2olél g
0 ( ) 2(27T)n /[ﬂ,ﬂ}" ¢ ¢ §
1 S
[+( ) / @8 p—zol€] 2> d£
! 2(27T)n [—m,m]|™ |§|
We first show that
V| zo|
I ()] < Elzole Vz € R™. (15)

[Ti= (T [50)
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Consider
(L)) (L e (@) = Y o, 2 I (@),
0<k<n

where for 1 <k <n, 1 <i; <...< i, <n, and for £ = 0 the corresponding
term is |I; (x)|. Note that

ak iz —x

Applying integration by parts k times with respect to d¢;,, . . ., d&;, , respectively,
the above is dominated by

k
1
C(|a:o|)eﬁ”0/ > Gl dg < C(|zo|)eV™ =l 0 <k <n.
[=mm =1 1S a
So, (15) follows.
Now we show that

C(‘xoy)e\/ﬁﬂ—lwol
ILo (L Ja])”
The strategy is to find appropriate estimates for

0 ()
J(a:):a—%ff(:v):—C /[ }ne‘@’@e olel¢ ag

I ()] < Vi € R (16)

and then, using the relation I (z) = — [ J(t+x) dt get the estimate for I} (z).
Using the same method as in deducing the inequality (15) we have

[l (1 + Jl)
This estimate is for general x € R}, and in particular more exact for xg < 0,

which will play a role latter. For positive x(, however, we need an estimate that
guarantees the integrability of J(¢ + z) at the infinity.

| J(2)] <

Vr € RY. (17)

Now we show that for zo > 1,
C
J(z)] < 7 ;
)l < o [ [i= (w0 + |2i])

where C' is a constant depending only on the space dimension n. Below, we
restrict ourselves to n = 2. For n > 2 the proof is similar. As defined, for
n =2,

Vax € R", (18)

J(z)=-C / el emmoltlede.
[—7r,7r]2 o
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Applying the identity

f/ © e idu

(see [12]) for B = w¢[¢| to the exponential function in the integrand of J(z), we
have

-C e ™ [T 051+ ges

7, \/_ g 4516 d&y d&p du

_40 (/ &isin(zi&y)e ) (19)
x ( / cos(aaa)e” 52)

First study the last integral. On one hand,
o0 2 2
< / = dés = C’\/ﬂ.
0 To
On the other hand, the Second Mean Value Theorem of integration gives

/77 cos(x9&s)d ¢
0

|2
The last two estimates may be combined together to obtain

CVu+C  C(Va)

J(x) =

" =5¢3
/ cos(waéz)e” 4u d&y
0

5| <

" 3
/ COS<I2§2>6_ 4u dfg
0

g —:E2£2
cos 052d&, | < = , 20
/0 (2262)e 52‘ S T ol 7ot |z (20)
where C'(y/u) is a polynomial in /u.
Next, we have, similarly,

. Cu
/ & sm(:vlfl)e / e 2L dfl < - (21)

0 0

To get an estimate in terms of |z, |, consider the function f(t) = te=*6""/**, Since

[ =(01- %)6%3#/@7 the maximum of f(t) is \;—Q?e*%, occurring at \é_?u

2u

We discuss two cases. First assume to =
From the Second Mean Value Theorem of 1ntegrat10n, we have

i aged
/ §rsin(z1&y)e” e d&
0

to w2¢2 T 2262
:/ &isin(ziéy)e i déy +/ Eusin(zi&r)e” i dgy
0 to
V2ue 2 [t V2ue=z [
- —/ sin(21§1)d6, + —/ sin(x1&)d&;.
o m Zo ¢

0
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Since

+ /772 sin(z1&1)d& | < <

to |$1‘

b

/ 0 sin(z1&1)d&
n

we obtain

CVu

.T0|.T1"

/ & sin(z1&y)e” ‘0151 d& | <

Combining this with (21), we obtain

" o3 C(yi)
/0 & sin(z1&r)e dé | < olzo 411 (22)

where C'(y/u) is a polynomial in \/u.

2u

Second, assume ty = (t) is increasing
in the whole range [0, 7. The Second Mean Value Theorem of integration and
the estimate e™* < I, ¢ > 0, then imply

s 252 2_2 ™ C —Z(Q)WQ Cf
z a2n e 4 u
/ Eisin(@i&r)e” o déy| = me / sin(z1&)dé | < < -
0 n | 1] g 21|
Combining this with (21), due to zo > 1, we have
7 =g Cu Cu

& sin(x € e d&| < < . 23

|, emtnte | < ot < cpRey o

By invoking (20), (22) and (23), the integral expression for J(x) given in (19)
is dominated by

L 7 [f(<ﬁ)++|c|>] {fm S TG T
as desired in (18).

Now for any xg, using the estimates (17) and (18) for n = 2, we have

I (z)] = ‘—/m J(t+z) dt‘

zq

<

/1 J(t +z)dt‘ + /loo | J(t + z)| dt

o

1
=Tt @D+ 2]

o 1
—i—C/ dt
v T o)

(Jzo])e 2l x |
S Wt )+ o) *C/l Gt Dt )

L 1 C(t)eV> dt‘ (24)
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Next we show that

> 1 C
| et S e aT (25)

The evaluation of the last integral is

/OO 1 In(1 + |z4]) In(1 + |z3])
dt = — +
A P ) e P (B P PN e )
I {— In(L + |2 [) 72D — In(L + [a ) D
|71 |2 (14 faa]) = (1 + [a2])
In(1 + |x1]) — In(1 + |x2|)}
(14 fa1]) = (1 + [a2])

Denoting y; = 1 + |z1] and yo = 1 + |z, the above is equal to

1 [ Iny¥? — Inyd +lny1—lny2}
|7 1|22 Y1 — Yo vi—y |

Since for any y; > 1 and yo > 1, the quantities (Iny}* —Inyd')/(y1 — y2) and
(Iny; —Inys)/(y1 — y2) both are bounded, we obtain

/°° 1 C
dt < .
1 A [ )+ [2a) 1] |2

Since obviously

i=1,2,

/1 t(t+|x1\)(t+|x2|) 1+|Z‘Z’ - 1—|—]xl\

we conclude

o0
/ ! it < ¢ < ,
1t |z )+ za]) L+ [@1| + |zo| + [21]|ze] = (L + [21])(1 + [a2])

as desired in (25).
Using the estimate (25) in (24), we have

O o el

I (z)] < Vx € RY. 26
WIS @y 20
Combining (15) and (26), we obtain
V2r|zo|
|sinct(z)] < Cllzohe Vx € RY.

(1 + |22 ) (1 + |a2])
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The above proof can be generalized to arbitrary dimension number n and
shows that

C(|x0|)€\/ﬁ7r‘$0‘
[y (1 + [i])

This completes the proof of Lemma 3.5. |

|sinct(z)] <

Vz € RY.

Now we show

Lemma 3.6. The cardinal function C(f,h)(x) is uniformly convergent.

Proof. Recall that

Cl. @) = Y fsine (2.

kezm

For any positive number M, using the Cauchy-Schwarz inequality,

S f(hk)sine (f”—h hﬁ) ‘

|k|>M

1 (27)
sinc z_hk AN
. .
Applying Lemma 3.5 to the square of the second factor, we have
Z sinc v—hk
h

|k[>M
T pp—
|k|>M H?’Zl [1 +

(NI

< ( 3 If(hk)|2>

|E|>M

(>

|E|>M

2

(28)

(xj—hk;)
h

I
For a fixed h > 0, the last sum is uniformly bounded for all x € R® and M > 0,
and the factor in front of it, viz. C(|%|)eV™™®0l/" is uniformly bounded in any
bounded neighborhood of x. The first factor of (27), owing to (8), tends to zero
as M goes to infinity. These conclude that in any bounded neighborhood of x
the series C'(f, h)(x) is uniformly convergent. |

Since each function sinc[x;hk] is right-monogenic, the partial sums C'(f, h)(z)

are right-monogenic. Owing to Lemma 3.2 and the argument made before the
statement of Lemma 3.1, we complete the proof of Theorem 3.4. [
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Remark 3.7. For n > 2 we have a quicker proof of Theorem 3.4 by using the
weaker estimate

C(|x0|)e\/ﬁﬂ‘$0‘
ITjoi (L + [ag]) ™

Indeed, in the case, if replacing the sum on the right-hand side of inequality (28)
by
1
Z gn=17
>0 T, [1 |k ] "

the whole proof of Lemma 3.2 is still valid. The assertion of (29) involves to
show

sinc(z)| < Vz € RY. (29)

C(|x0’)e\/ﬁw\xol
I+l l) - (L + [, 4 ])

|1 ()] < Vz € RY, (30)

with any 1 < 4; < ... < i,_1 < n. This can easily be done by using the same
integration by parts method used for deducing (15). The method, however,
cannot be used to deduce (16), for in the integration by parts the factor £/|¢],
after being taken partial derivatives n times, will have the magnitude 1/|£]"
that is not locally integrable around ¢ = 0 There are n inequalities like (30).
Multiplying them together, we obtain

C(leDe\/ﬁﬂ—‘l'Ol

|1 ()] < = =
(L4 )5 - (L )

Vr € RY.

Combining this with (15), we obtain (29).
Remark 3.8. The inequality in Lemma 3.1 has a homogeneous form

[T;—i (ol + [5])

where C(|xo|) is a polynomial of |zo| with positive coefficients. For xy # 0, the
relations

|sinc(z)] <

Vx € RY, (31)

min{1, |zo|} 1 1+ |zo|
[zol + faj| T 14 fag| T Jwol + |z

jg=1...,n,

show that the inequality (31) is equivalent to (14). For zy = 0 inequality
(14) implies (31), but not vice versa. Hence the homogeneous form is actually
weaker.
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The following corollary can be deduced from Theorem 3.4 and the technique
in [4].

Corollary 3.9. There hold:
(a) Let

F(z) = 1 /n sinc (g) E(y—z)n(y)dy =€ Rf‘fl,

Wn
where E(z) = T/|z|"™ is the Cauchy kernel, and w, = QWn;I/F(%) is
the area of the n-dimensional unit sphere in RY. Then

F(x) = sinct(x) = = (sinc* By,) () + % (sinc* Q) (),

l\')l»—t

where

2 o 2 T

Poo(2) = —————57  and Qulz) = ———— =
) n (Jzf? +23) " ) n (Jz[? +23) "

are the Poisson andthe conjugate Poisson kernel. In particular, as xog — 07,
(sinc* Py,) (z) — sinc(z) and (sinc* Qu,) (z) — D7) R; (sinc) (z)e;,
where

Ry(f)(z) = lim — /| Rl (32)

e—0T Wy,

15 the jth-Riesz tmnsform of f.
(b) Let A =377, a Ba? Au = 0 in R™™, and u(0* + z) = f(x), where f is
the scalar part of a function in PW (7). Then, for v = o+ x € R

u(zo + z) Z (k) (smc< hk)*PxO) ().

2 ez
(c) Let A=3"7", 8352, Au =0 in RY, and w(0T + ) = Y7 Ri(f)(2)e;,

where f is the scalar part of a function in PW (7)) and R;(f) is as in (32).
Then, for © = o +x € R},

u(zo + ) Z f(hk) (smc(

kEZ"

hE) * Qm) ().
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