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On some Weighted Inequalities
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Abstract. Necessary and sufficient conditions on a measure governing two-weight

inequality with the weights of power type for fractional integrals on nonhomogeneous

spaces are established. Various applications are given, in particular to potentials with

Radon and Hausdorff measures.

Keywords: Potential operators, nonhomogeneous spaces, two-weight inequality,
boundedness of operators, non-doubling measures

MSC 2000: Primary 26A33, secondary 42B20, 47B38, 47G10

1. Introduction

The main goal of the present paper is to give a complete description of those
measure spaces for which the two-weight estimate for potentials with measure
holds, where the weights are of power type. This enables us to generalize the
well-known classical theorem of E. M. Stein and G. Weiss [15] concerning the
two-weight inequality

( / ITyf(x)|q|w!A2d:v>q§A< / rf<x>|P|x|*1dx)p, l<p<qg<oo
Rn n

for the operator

wa(l')—/l%n#dy, 0<7<n,
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in the case of non-doubling measures. The boundedness of the potential oper-

ator
R A =T

| — t|*=

from L, (0,00) to L?,,(0,00), 1 < p < ¢ < 00, was obtained by G. H. Hardy
and J. E. Littlewood [9] (see also [14, p. 495], and [13] for two-weight estimates
with power weights for the operator T7,).

For the first time weighted estimates for integral transforms with positive
kernel defined on nonhomogeneous spaces (X, p, ;1) were obtained in [7] (see also
8, Chapter 2]), where the authors showed that the weak-type inequality

Vo€ X Kf(x) > A} < r( [ 1@t du<x>)”, 1 <p<g<o

for the operator K f(z) = [ k(x,y)f(y) du(y), k > 0, holds if

.
I’y

sup (VB(m,QNoT));( /X e K (2, y)w' ™ (y) du(y)) < o0,

zeX, r>0

where Ny is a positive constant depending on the quasimetric p; v is another
non-doubling measure on X, and w is a weight function defined on X. Using
this result they have established necessary and sufficient conditions governing
two-weight strong-type inequality for the operator K defined on measure spaces
with quasimetric and doubling measure, i.e., spaces of homogeneous type (SHT)
(see, e.g., [2] and [8] for the definition and some examples of SHT).

In [12] (see also [4, Chapter 6]) a complete description of non-doubling
measure p guaranteeing the boundedness of the potential operator

- f(y)
Io.f(z) _/X—p(x,y)l_a du(y)

from LP(u, X) to L9(p, X), 1 < p < ¢ < oo, has been obtained. In the same
paper theorems of Sobolev and Adams type for fractional integrals defined on
nonhomogeneous spaces have been established. Analogous problems in the case
of Euclidean spaces and curves were considered in [10, 11]. Some two-weight
norm inequalities for fractional maximal functions and potentials on R"™ with
non-doubling measure were studied in [6].

The paper is organized as follows: In Section 2 we give a definition of nonho-
mogeneous spaces and some well-known results concerning fractional integrals
on nonhomogeneous spaces. In Section 3 we formulate the main results of the
paper, while in Section 4 we prove them. Constants (often different constants
in the same series of inequalities) will generally be denoted by c.
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2. Preliminaries

Throughout the paper we assume that (X, p, ) is a topological space X, en-
dowed with a complete measure p such that the space of compactly supported
continuous functions is dense in L'(X, ) and there exists a non-negative real-
valued function (quasimetric) p: X x X — R! satisfying the conditions
(i) p(x,x) =0 for arbitrary z € X;
(i) p(z,y) > 0 for arbitrary z,y € X, x # y;
(iii) there exists a positive constant ag such that for all z,y € X the in-
equality holds p(z,y) < app(y, ) holds;
(iv) there exists a positive constant a; such that for arbitrary z,y,z € X
the inequality p(x,y) < ai(p(z,2) + p(z,y)) holds;
(v) for every neighbourhood V' of the point € X there exists a positive
number 7 such that the ball B(z,r7) = {y € X : p(z,y) < r} with
center in x and radius r is contained in V;
(vi) the balls B(z,r) are measurable for all x € X, r > 0 and, in addition,
0 < puB(z,r) < 0.
The spaces (X, p, ) with the above mentioned properties are called non-
homogeneous spaces. We shall also assume that pu(X) = oo, u{a} = 0 for all
a € X;and B(z,ry)\B(x,r1) # 0 forall x, ry and ry (z € X, 0 < ry <1y < 00).

Let w be p-a.e. positive function on X. We denote by LP (X) (1 < p < o0)
the weighted Lebesgue space which is the class of all y-measurable functions
f: X — R! for which

£l e x) = (/X | f(x)Pw(x) d,u(a:)); < 00.

If w = 1, then instead of L? (X) we use the symbol LP(X).

We consider the integral operator of the form

_ f) N
]af(x)_/xp(x,y)l—o‘du(y)’ 0<a<l.

The next statement is from [12] (see also [4, Theorem 6.1.1]).

Theorem A. Let 1 < p < q¢ < oco. Suppose that 0 < o < 1. Then the
operator 1, is bounded from LP(X) into LI(X) if and only if there exists a
positive constant ¢ > 0 such that

_ pg(l— )

pB(z,r) < o, :
pPg+p—q

for arbitrary balls B(x,r).
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In particular, from Theorem A it follows (see Corollary 6.1.1 of [4])

Theorem B. Let0 < a<1,1<p< é and% = %—a. Then I, acts boundedly

from LP(X) into LYX) if and only if uB(x,r) < cr, where the constant c is
independent of x and r.

The latter statement by the different proof was also derived in [5] for metric
spaces. We shall need the following Hardy-type transforms defined on X:

Hoy f () = / £(y) duly)
{y:p(z0,y)<p(z0,z)}

H, f(x) = f) du(y),

/{y:p(mo ,y) ZP($0 7$)}

where z is a fixed point of X. The next statement is from [3] (see also [4,
Section 1.1]).

Theorem C. Let 1 < p < g < oo. Suppose that v and w are p-a.e. positive
functions on X. Then:

(a) The operator H,, is bounded from L (X)) to LI(X) if and only if

Ay = sup (/ v(y) d#(?/)) (/ wl_p/(?/) d,u(y)) < 00,
t>0 {y:p(wo,y) >t} {y:p(wo,y) <t}

(b) The operator H,, is bounded from L% (X) to LI(X) if and only if

Ay = sup (/ v(y) du(y>> </ w' ™ (y) du(y)) < oo.
t20 {y:p(wo,y) <t} {y:p(zo,y)>t}

Moreover, there exist positive constants c;j, j = 1,---4, depending only on p
and q such that c;A; < ||[Hy|| < coAy and c3Ay < ||Hy || < iAo

3. The main results

In this section we formulate the main results of this paper.

Theorem 3.1. Let 1 < p < ¢ < o0, ﬁ—% <a<l a# %. Suppose that

ap—1<pB<p—1 cmd)\:q(%—i-g—a) — 1. Then the inequality

([ s tiotan e )" < o [ 15000 ntan)’.

with the positive constant c independent of f and xq, xg € X, holds if and only if

B
B= sup M<oo. (2)

a€eX, r>0 r
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Remark 3.2. It follows immediately from (2) that p{a} = 0 for all a € X.
Therefore for sufficiency of Theorem 3.1 we can omit the assumption that the
measure ¢ has any atoms.

Remark 3.3. Note thatif l <p<g<ooand 0 < a < i — %, then from the
two-weight inequality
1Kafllcary < el fllrzm): (3)

for example, for the one-dimensional potential

_ f(y)
z) = /R 7 yjia

it follows that U%(x)/w%(x) =0 a.e. on R. Indeed, if (3) holds for some weight
pair (v,w), then putting the function f = w' "X (4.4, in the inequality (3)

we observe that
1
alil 1 T+r
r e — v
r r—r

for all z € R and r > 0. Passing r to 0 we see that (4) will not remain valid

1
v

<c (4)

[~}
VR
S| =
h
I3

s
SH

|

bS]
N——
3

unless vi(x)/w%(x) =0 a.e..
JFrom Theorem 3.1 it is easy to obtain the following corollary for the op-
erator )
- Y
2 f(e) = ploo) @ [ W
X p(x7 y)lia
Corollary 3.4. Let 1l <p<oo, 0<a< ]—1). Then the inequality

(/N“f )PP dpu( ) <c(/\f e ) (5)

where the positive constant ¢ does not depend on xo and f, holds if and only if
the measure p satisfies the condition (2).

dp(y)-

Theorem 3.1 can be also formulated in the following form:

Theorem 3.1°. Let n be a positive number. Suppose that 1 < p < q < 00,
s<a<na#F s ap-—n<f<n(p-1) and)\:q(%—l—g—a)—n. Then
the znequalzty

(/X ’Jaf(x)\qﬂ(xo,a:)Adu(w)y < C(/X‘f(x)‘pp@ow)ﬁdu(x));

for the operator W)
B Jy
Jof () —/XWCZM(?J),
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with the positive constant ¢ independent of f and xq, holds if and only if

B(a,r
aeX, r>0 rm

From Corollary 3.4 we can derive

Proposition 3.5. Let 1 <p < oo, 0 < a< %. Then the operator 1, is bounded
in LP(X) if

wry P(T0, ) *dp(x)
D= sup fB( 2 < 00 (6)
aeX; r>0 r

for some point xy € X. Further, if I, is bounded in LP(X), then
fB(ar a,x ad’u( )

Dy = sup < 00. (7)
aceX;r>0 r

We now apply the Theorems 3.1 and 3.1 to some special measure spaces.
A non-negative Borel measure m on C is called a Radon measure if m is finite
on compact sets and

m(A) =supm(K) = inf m(U)

for every Borel set A, where the supremum is taken over all compact sets K C A
and the infimum is over all open sets U containing A. We say that a Borel
measure m on C is a Carleson measure if m is a Radon measure and there
exists a constant C' := C'(m) > 0 such that

m(D(z,¢)) < Ce

for all disks D(z,¢) := {r € C : |1 — z| < €}. For the definition and some
examples of the Carleson measures see, e.g., [1, p. 185].

Proposition 3.6. Let m be a Radon measure on C. Suppose that 1 < p < q <
00, 7—3—a<a<1 a#—, ap—1<pf<p—1 andA—q( —l———oz)—l. Then
the two-weight mequalzty

(fimescns - zOPdm(z))‘l’ <e( [1rpl: - Zowdm(z))?’

for the operator
KCM
1) = [ amo),

with the positive constant ¢ independent of f and zy, zg € C, holds if and only
if m is a Carleson measure.
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Let v be a simple locally rectifiable curve in the plane and let v be a measure
on vy given by
v(A) ==y N A
where |y N Al is a length of ¥y N A. Then v is a Carleson measure if and only if
«v is a regular (Carleson) curve, i.e., there exists a positive constant ¢ such that

the inequality
vi(yN D(z,r)) <cr

holds for all z € C and r > 0. For r smaller than half the diameter of ~, the
reverse inequality
vi(yND(z,r))>r

holds for all z € C. Note that there exist nonregular curves (see, e.g., [1,
pp. 5/6)).
We have the next statement for the operator

Kj‘f(z):/%du(t), 0<a<l.

Proposition 3.7. Let v be a reqular curve with v(y) = oco. Suppose that 1 <
p < q< o0, %—é <a<l a# %, ap—1l<fB<p—1 cmd)\:q(i—l—g—a)—l.
Then there exists a positive constant ¢ such that the inequality

</”|K$f(2)|q|z_z°|kd”(z));5 ( / |f(z)|pIZ—z0|BdV(z));7

holds for all zy € v and f.

Now we consider the case of s-sets. Let I' be a subset of R" which is an
s-set (0 < s <n) in the sense that there is a Borel measure y on R™ such that
(a) supp pu =T}
(b) there are positive constants ¢; and ¢y such that for all x € T' and all
r € (0,1), arr® < p(B(x,r)NT) < cord.
It is known (see [16, Theorem 3.4]) that p is equivalent to the restriction of the
Hausdorff s-measure H; to I'. We shall thus identify p with H|r.
Given z € I, put I'(z,r) = B(x,r) NT". Let

Kﬁf(x)zﬂ%d?{s, 0<a<s.

Proposition 3.8. Let1<p§q<oo,§—§§a<s,a7é§,ozp—s<ﬁ<

s(p—1) and \ = q(i + % — a) — 5. Then the inequality

(/F |K7 f(2)|"]x — l’o!Ast(w)); < C(/F |f(2)|P|z — x0|” st(x)) ;’

with the positive constant ¢ independent of f and xq, holds.
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Note that since the Cantor set in R™ is an s-set (see [16, 4.9]), where
. log(3™ — 1)
log 3
we can obtain two-weighted estimate for potentials on a Cantor set in R". For

the theorem of Sobolev type and other weighted results for fractional integrals
defined on curves and s-sets see [10, 11].

4. Proof of the main results

We now are ready to prove the main results.

Proof of Theorem 3.1. Necessity. Let us put the function f,,,(z) =
X B(wo,r)\B(zo,r/2) () in (1). Then it is easy to see that

(/X | Tofo.(2)]2p(20, m)Adu(x)) 1

> ( / <fafm,r<x>>qp<xo,xﬁdﬂ(x))
B(zo,r)\B(zo,r/2)

> e (u(Blao, 1) \ Blao,/2)) 0.

Q=

On the other hand,

S =
B[

( / rf<x>rpp<xo,as>ﬁdu<m>)”Sc(u<B<xo,r>\B<xo,r/2>>> 3

Summarizing these estimates and taking into account that the inequality (1) is
independent of xy and r, we have

(1(B(o.1) \ Blao,r/2))) o7 ritet

By the condition of the theorem we have %—I—a— 1 —g =—1-— % + 119' Consequently
L0(B(zo,7) \ B(wo,7/2)) < c. The latter inequality yields

8
»r < c.

uB(xg,r) = Z p(B(zo, 2°r) \ B(zo,2"'r)) < ¢ Z 2kr = 2cr.

k=—00 k=—o00
Sufficiency. Let f > 0. Let us introduce the following notation:

Ei(z) = {y :p(wo,y) < 2,

Bale) = {y D) < o) < 2a1p<xo,x>}

Es(z) = {y : p(zo,y) > 2a1p(x0, )}
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We have
/X (0, 2) (Lo ()7 dp(x)
<of p(xow( /E RO du(y))qdu(x)

+e | plzg,x A(/EQ pla y)“‘ldu(y))qdﬂ(w)
+c plo, @ A(/Eg pla,y)* du(y))qdu(ﬂf)
=N+ 1L+

It is easy to verify that if p(zg,y) < p(xo %) then

To, T
p(x0, ) < aip(xo,y) + aparp(z,y) < il g ) + araop(z, y).

p(z0,T) < p(% y)‘ Consequently,

Hence 5 <
a1ao

B < e [ pan, a0 (@) dita).

Further, taking into account the inequality A < (1 — a)g — 1 we have

+oo
/ L 2V gy () = 3 / plwo, ) dp(z)
xo,r)>t 2

0 ¥ 2Ft<p(zo,@) <2k +1t

+oo

k=0
_ (1 . 2/\—1—(01—1)q—|—1)—lclgt)\—}—(oa—l)q—‘rl7

where the positive constant ¢ depends only on «, A and ¢. Analogously by
virtue of the condition § < p — 1 it follows that

/ 10(530, 93)5(1—17/) < cBtP-p)+1
p(zo,2)<t

Summarizing these estimates we find that

1
ap{ ([ sl (o))
t>0 p(gpo7x)2t

‘ ( / p<xo,x>ﬁ<lp’>du<x>)” } < Bt
p(zo,z)<t
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with the positive constant ¢ independent of xy and f. Here we used the condition
A= q(% + g —a)—1. Now the first part of Theorem C leads us to the inequality

p

I < bl( /X p(wo,)” (f(y))pdu(y)> ,

where the positive constant by is independent of zy and f.

Repeating these arguments for I3 and using the second part of Theorem C
we derive the next estimate:

P

Iy < bg(/}(p(xo,y)ﬁ(f(y))p du(:u)) ,

with the positive constant b, independent of xy and f.
To estimate [; we consider the cases o < ]lj and a > ]lg separately.

1

The case o < 1. In this case the condition o > % — implies ¢ < p*, where

p* =p/(1 — ap). First assume that ¢ < p*. In the sequel we use the notation
F, = {a: L 28 < pwg, 1) < 2’““}

_ 1
F, = {y : a—12k_2 < p(xo,y) < a12k+2}.

By Hélder’s inequality with respect to the exponent %* and Theorem B we find
that

L= [ sanor( [ N Fole) ) it
= Z/Fk P(»’UM)A([EQ(I) f(y)p(fv,y)"“ldu(y))qdu(x)

keZ

< ([ ([ f(y)p(:v,y)“1du(y))p*du(x))

keZ

S

*
P _—q

<( | ploo 2P dp(a))

<5 S 2 ([ ()@ duto))

keZ

S

B

< CZQk(Hp;*q)( : ) du(y))
keZ k

q
p

< [ a0y pe)iuta))
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If g =p*, then A = % and consequently using directly Theorem B we have

L<eY 2% / o (Fxs,) @) du(x)

keZ

<c) 2% ( . fly) du(y)) v

keZ

<e( [ stannr sty du(y))i-

The case o > é. In this case by Holder’s inequality with respect to the exponent
p we get the following estimate

L [ paor( [ ) aww) ([ N ol ) () ) o).

On the other hand, using (2) and the inequality o > % we observe that

q

bS]

/ p(z, )V dply)
Es(x)
S/ M(B(anp(x()ax))m{yp(x’y) </\W}>d)\
0

o)

’ 1
< Bp(zg,z) 7P +B/( - AG=D7 d\
p(xo,x) >~ P

= ¢Bp(xo, ) DY

Y

where the positive constant ¢ does not depend on x and xy. The latter estimate
yields

L <eBY Y| plawg,x) O ( /E 2(x)(f(y))pdu(y)>p du(x)

kez  Fk
. A+ (a—1)p’ +1)] P ’
< cB¥ %E;/F p(wo, = d#(l‘)(L(f(@/)) du(y)>
< cBﬁ”l22““[(&_1)#“)]5“)( / (f(y))”du(y))g
keZ Fy
— o2 ([ wra))
keZ

q
p

Sc( /X p(wo,)” (f(y)>pdu(y)> :

Theorem 3.1 is completely proved. [ |
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Proof of Theorem 3.1’ The proof immediately follows applying Theorem 3.1

to the nonhomogeneous space (X, py, 1), where py(x,y) = p(x,y)™. |
To prove Proposition 3.5 we need

Lemma 4.1. Let 1 < p < co. The operator I, 4, , is bounded in LP(X) if

o) P(T0, )P ()
D(xg) = e§<U-1P>o fB( ) . < 00. (8)

Proof. First note that the boundedness of I, ., , in LP(X) is equivalent to the
weighted inequality

s=[ ([ 1w (o, )O"’du(y)>pdu(w)
<c /X ()P o0, )™ duly), (f > 0).

The latter inequality follows easily applying (8) and Corollary 3.4 to the space
(Xa Ps ,ul)a d,ul(x) = p(-fCo, x)apd:u(w)a because

5= [ LT ] w)pte. i) o) dut) ) duo)
<c /X (fFW) p(xo, y)Pdu(y). N

Proof of Proposition 3.5. Let us take a point o € X and consider the op-
erator

A / (0, 2)* PV p(, )" F () duly).
X

Further, due to condition (6) we have

Sy = /X p(@o, )P (I f ()P dp(z) < ¢ /X plwo, 2)* P (f(2))? du(z), (f = 0).

Indeed, Lemma 4.1 with respect to the nonhomogeneous space (X, p, o), dpus(x)
— plg, 2)* “Pdp(w), yields

Sy = / (0, )" “p</ fy ) 1p(x0’y)apadu(y)>pdu(x)

(o, y)or—e

= /Xp(mow)a_ap(f(ﬂﬁ))p dp(z),  (f =0).

The latter inequality can be rewritten in the form

/X (0, )0 (L (F (o, 1) (@) diu(a) < /X (f@)Pdu(x).  (9)
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Consequently, using the notation from the proof of Theorem 3.1 we have

(T f ()P du(a) < ¢ F ol v duly) ) du()
/. (L. )
+0/X( EQ(I)f(y)p(%y)a‘ldu(y)>qdu(l‘)

+C/X (/Egmf(y)p(%y)“‘ld#(y))qdu(x)

=1 1+ IQ + 1 3.
Further, condition (6) implies

Dy () = sUp M(B(:Co,r)rl\f(:co?r/Q)) < 0.

Besides, it is easy to check that

aup / o (o)) (1, 1)

t>0

1
ol

P < 1Dy (x0)

=

P

cup / W)>tp<xo,x><a—1>p/du<x>> (uB(xo,1)

t>0

3=

S C2D1 (l’o)

Let us show the first inequality.

1
ol

< /p(zo,z)ztp(%’ x)(a_l)pd/‘(l’)) ;(MB(IO, £))?

1
7

() plao, ) Pdu(x) ) (nB(ao.1))?
=0 ¥ 2Ft<p(zo,z) <2k F1t
1

< C(Z(tgk)(a—l)PM{x 2 < plwg, 1) < 2k+1t}> ;(MB(xO,t))p
k=0

< (D1 (o)) ( Z(tQk)(a—l)(P—l)> "B (xo,t)¥

k=0

[

=
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Analogously, the second inequality follows. Using now Theorem C we find

P
zn@/pmaw”%/ f@@@)@@)
X {y:p(x0,y)<p(xo,x)}

SQANWW@

I3 < c/ (/{ypm S plzo,y)* " f(y) du(y))pdu(x)

<c/f VPdu(y

To estimate I we use (9). We have

bzé(awmmmWHw@fmm

m%www(émﬁ@mmw

o
o’

ol y)*dpy >) ()

<> | flyPduly)

kez Tk

<c /X ()P du(y)

For the necessity of Proposition 3.5 we put the function f,(x) = xB(ar) ()
in the inequality ||Zo f| zr(x) < c||f||Lr(x). Consequently, we observe that
_ B
D= sup @ < 00.
a€eX, r>0 reTe

Further, it is clear that

/ p(a, z)*du(z) < rD.
B(a,r)

Proposition 3.5 is proved. |
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