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Compactness and Sobolev-Poincaré Inequalities
for Solutions of Kinetic Equations

Myriam Lecumberry

Abstract. In this paper, we prove a regularity result on the velocity averages of the
solution of a kinetic equation whose data have a Sobolev regularity WP 0 < s < %,
p € [1,400), in the velocity variable. Namely, the velocity averages have the same
Sobolev regularity in the time-space variable.

Keywords. Kinetic equations, Sobolev spaces, Littlewood-Paley decomposition
Mathematics Subject Classification (2000). 35B65, 35D10, 35L

1. Introduction

We consider the Cauchy problem of the following kinetic equation:

0

5 (f(t,2,v)) +a(v) -V, (f(t,z,v)) = g(t,z,v) in D'(Rfx RY xRY), (1)

when the initial data is zero:

fO,z,v)=0 Y(z,v) € R*,

We assume that a is a C™ function from RY to RY and that the source term g
is in L} (R x RY x RY), so that the solution f of (1) exists and is unique in
L} (RS x RY x RY) (see [13, p. 67]).

In addition to the usual time and space variables (¢, x), kinetic models in-
volve the velocity v as a third variable and yield to equations of the form (1).
Let us point out that we consider in this paper only the case when the dimen-
sion N of the space variable is equal to the dimension of the velocity variable.
For instance, famous kinetic equations such as Vlasov and Boltzmann equations
are of the form (1) with a(v) = v (see [3] for a description of these equations).
The kinetic formulation of a scalar conservation law with entropy condition also
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yields to the problem (1), when the dimension of the space variable is equal to
one. Indeed, it is shown in [11] that if u € L}, (R;"x RY) is the entropy solution
of the conservation law

9 ) . ! (To+ N
@(u(t,x)) + div, (A(“(tvx))) =0 in D(R™x RY) (2)

uw(0,-) =ug,  up € L™,
then the function f defined on R x RY x R, by

1 if 0<v<u((t,z)
ft,z,v) =< =1 if u(t,z) <v<0 (3)

0 else

satisfies the kinetic problem (1) where a(v) = A’(v) and g is the derivative in v
of the entropy measure. We refer to [13] for a review of kinetic formulations. Let
us point out that our restriction to the case of a same dimension for space and
velocity variables only allows us to study kinetic formulations of conservation
laws in one space dimension.

It was observed in [8] that compactness and regularity results exist, not for
the solution f of (1), but for velocity averages of f. For any ¢ € C°(RY), the
velocity average p of f associated to ¢ is defined by

plt,x) = [ f(t,z,v)p(v)dv V(t,z) € RTx RV, (4)

RN

For any f € L} (Rfx RY x RY)  the set of all velocity averages of f, denoted

loc

by V(f), is defined as follows:
V(f) :={p € L, (Rfx RY)|3¢ € C*(R") such that (4) holds}.

The velocity averages of the solution f of (1) are of physical interest : in the
case of transport models, they may correspond to the density of particles, the
moment density or the energy density (see [3]), whereas in the case of the kinetic
formulation of the conservation law (2), the solution of the conservation law u
is in V(f) where f is the solution of the associated kinetic problem. The main
result obtained in [8] is a gain of regularity for the velocity averages of f : if
f,g are in L2(Rfx RY x RY) and satisfy (1) with a(v) = v, then any velocity
average of f isin H 2 (R;"x RY). Such results are called in the literature “kinetic
averaging lemmas” (for a survey of them, see [3]). Among all of them, we may
quote the result given in [5] (in a weaker form) and in [2] (in the present form).

Theorem 1.1 (DLM, B). Let f,g € LP(R; x RY x RY) with 1 < p < 2,
satisfying (1) with a(v) = v for all v € RYN. Then any velocity average p in
V(f) is in Hy YP(RI+N),
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For any s € R, H;(]Rd), 1 <p< 400 and d € N*, denotes the fractional
Sobolev space defined by

HyRY) = {f € LP(R) | F (1 +]-[))2Ff) € L (R},

where F and F~! denote the Fourier transform and the inverse Fourier trans-
form in R?, respectively. A norm on H3(R?) is given by

/]

Let us mention that the regularity result obtained in Theorem 1.1 also holds
when f is a solution of (1) with a € C*(R,R"), as in the case of the kinetic
formulation of a scalar conservation law in space dimension N, as soon as a
satisfies the following non-degeneracy condition (see [11]) :

my = [ fllee + |77+ - )27 A

VM >0,3C >0 such that V¢ € RN w € Rs.t. €]+ |u| <1,Ve >0
L' ({ve[-M,M]|]a(v)-{+u| <e}) < Ce. (5)

Recently, P.-E. Jabin and B. Perthame improved the embedding of Theo-
rem 1.1, assuming some regularity in the variable v of f and g. This assumption
has some relevance when the equation (1) comes from a conservation law : the
function f defined by (3) for w € L], is in L and the derivative in v of f is a

Radon measure in R;'x RY x R,. By interpolation, f € LI(R/x RY W"4(R,)),
for any v < £ and ¢ < 2. In [10], they proved the following result:

Theorem 1.2 (JP). Let fe Li(RxRY, W 4(RY)), g€ LP(RyxRY, WH»(RN)),
with1 < p,q < 2, 1—% <y <3 and B < 3, satisfying (1). If either a(v) = v for
allv € RN, ora € C®(R,RY) satisfies (5), then any velocity average p € V(f)
is in W' (Rfx RY) for any s’ < 0 and ' < r with 1 = o+ 0 and

loc

- a(v,q)
Caly,q)+1—a(B,p)’ ©)

where the function o is defined by

L+y -2 if v <
a(VaQ): y=1
2_74_27 Zf’)/>

N= N~

The space W*P(R%), also called in the literature fractional Sobolev space,
is defined for 0 < s < 1,1 < p < +o0 and d € N* by

Wer(RY) = {f e /(R | //R % da dy < +oo} |
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A norm on W#?(R?) is given by

b = 1+ ([ PO ) %

Actually, W*P(R%) C H (R%), but, unless p = 2, the inverse inclusion is not
true (see [14]).

The approach for proving the above velocity averaging lemmas is to write
the velocity average p as a sum of two functions, for the first one, the assumption
on f is used, whereas the assumption on ¢ is used for the second one, and to
conclude by a real interpolation argument.

Here, we want to address the question of existence of averaging lemmas
without making further assumptions on f than to be in L}, The method
described above can’t be applied anymore. Actually, very few results are known
if f is not assumed to be at least in LP with p > 1. In [8], it is given an example
of a sequence g, bounded in L' such that the sequence of velocity averages of
the solutions f, of (1) (with g replaced by g,) is not weakly compact in L] .
Thus, some stronger assumption on g is needed to get regularity or compactness
results for the velocity averages of f. For instance, in the case N = 1, it is shown
in [8] that if a sequence (g,) is bounded in L}, (Rf x R, x R,) and uniformly
integrable, then the sequence of any velocity average of the solution f, of (1)

(with g replaced by g,) is compact in L}

loc*

In the present work, we shall make the assumption that the source term g
has some regularity in the velocity variable v, whereas the solution f of (1) is
only known to be in L}, .. Such a situation appears for instance while considering
blow-ups in studying the structure of the singular set of the entropic solution u
of (2), with any L* initial data. In [7], it is proved in the case N = 1 that
the entropy measure y of the problem (2) (in the kinetic formulation of (2), the
source term g = J,u) concentrates on the 1l-rectifiable singular set of u, when
assuming that the set of zeros of A” is locally finite and that the solution of (2)
is an entropic solution (i.e., satisfies a sign condition on entropy measures).
Actually, it was already known in the general N-dimensional case, without
restricting to the entropic solution of (2), that the singular set of u coincides,
up to a H"-negligible set, with the set of points of R* x RY where the upper
N-dimensional density of u is positive (see [12] for N = 1 and [6] for the
general case). Here, H”" denotes the N-dimensional Hausdorff measure. To
prove the concentration of 1 on this set, in the case when N = 1, the approach
in [7] is to show that p "doesn’t see” the points (to,z) where the upper 1-
dimensional density of u is 0 (i.e., limsup,_,, M = 0). The usual blow-
up process consists of studying the limit of the rescaled functions u,(t,z) :=
u(to + rt,xo + rx). But, when the sequence «, := Mi‘)’xo)) goes to 0 for
some sequence 1, — 0, then one has to divide by a,, the rescaled functions to
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get a non trivial equation at the limit. In this case, the sequence of functions
folt,x,v) = f(t°+r"t£‘)+r”x’”), where f is defined from u by (3), satisfies (1)
with a Radon measure gn Whose total variation is bounded independently of n.
But, f, is not bounded in L*°, since a,, — 0. In [7], the authors prove that
the second derivative in v of the entropy measure (i.e., the first derivative in
v of g for the associated kinetic problem) is a Radon measure on Rt x R?
(here the assumption that the solution is entropic is crucial, for more details
see [7]). With this regularity in the velocity variable, they are able to prove
a weak L! precompactness result for velocity averages which allows to obtain
the concentration result. Our goal was to improve this weak L' compactness
result. We manage to prove some Sobolev-Poincaré type inequality. Precisely
our main result is the following:

Theorem 1.3. Let f € L. (R x RY x RY) satisfying (1) and coming from

loc
the zero initial data. Let us assume that either a(v) = v for all v € RY,

or N =1 and a € C*(R,R) satisfies (5). If g € L} (R} x RY, W.P(RY))

loc oc
with p € [1,400) and s € (0, ), then any velocity average p € V(f) is in
WEP(RE x RY). Moreover, for any T € (0,400) and I a compact of RV,

[ollwss o<y < CHQHLP([O,T]xJ,Wsm(K))a (8)

where C, T are positive constants, J, K are compacts of RN which only depend
on s,p, T and on the support, the sup and Lipschitz norms of a, its inverse a™*
and ¢, where ¢ is the C° function to which p is associated by (4).

The result is given for the solution of the Cauchy problem with zero initial
data. Actually, since the initial data and the source term play an equivalent
role, the same result holds when the initial data is not zero but has the same
regularity in v as the source term g.

Our result can be resumed as follows : for 1 < p < 400, the regularity W*P
in the variable v for g is transfered to the variables (¢, x) for any velocity average
of f, under the condition s € (0, %) On the contrary of velocity averaging
lemmas (the method has been described above), we don’t need any stronger
assumption on f than to be in L} . Moreover, we can treat the case p = 1,
which is not possible as soon as the argument is based on interpolation, like it
was for the previous velocity averaging lemmas. Actually, the regularity result
yielded by our method is all the better since p is close to 1. For the case p = 2,
our method does not improve the previous result of [5] and [2] obtained without

the v-regularity assumption.

Now, let us compare our result to the one of [10] (Theorem 1.2) where the
v-regularity of g is taken into account. Assume that g € LP(RxRY WHP(RY)).
On one hand, by Theorem 1.3, any velocity average of f is in I/Vlﬁo’p (R x RY),

if 3 € (0, %) On the other hand, in [10] it is proved, under the assumption
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that f € LRI x RY, WPI(R))) with 1 < ¢ < 2,1~ 7 < < g, that any
velocity average of f is in W'lsolc’rl (Rt x RY), where s’ < § is given by (6). When
l<p<2and e (%,%),

a

0= ., wherea=1+~—-1¢€(0,1].
a—1+4-254 75 €01

One can easily remark that the sign of § — (3 is positive if a > % — 1 and negative
else. For instance, # will be greater than 0 if v = ¢, ¢ = 1——125 with € small
enough. As expected, it is when the information on f is poor (v is close to 0
and ¢ is close to 1) that the method we use to obtain the regularity result of

Theorem 1.3 is really efficient compared to the one used in [10].

In the context of the kinetic formulation of a conservation law, when a
satisfies the following weaker non-degeneracy assumption:

VM >0,3C > 0,36 € (0,1] suchthat V¢ € R¥u € R s.t.|¢] + |u| < 1,Ve >0 :
L' ({v e [-M,M]|]a(v) - & +u| < e}) < Ce, 9)

the method of [5], [2] and [10] yields to regularity results for velocity averages
(which are weaker than the one quoted before) : if f,g € LP, 1 < p < 2, sat-
isfy (1), with a satisfying (9), then the velocity averages of f are in HY/P) (R?).
The problem of the adaptation of our method to the case where a only satisfies

the weaker assumption (9) in the one dimensional case remains open.

One of the main motivations of our work was the question of the concen-
tration of the entropy measure on a N-rectifiable set in the problem of a scalar
conservation law, which remains open for any space dimension N > 2 or in
one space dimension but when the solution of the conservation law is not en-
tropic. If we manage to improve the compactness result used in [7] to prove
concentration, the restriction to the case of equal space and velocity dimensions
prevents us from dealing with conservation laws in space dimension strictly
greater than 1. Adapting the proof of Theorem 1.3 to the case when the space
dimension is not equal to the velocity dimension is not straightforward. The
main idea of the proof of Theorem 1.3 is to make the space variable slide into
the velocity variable by a simple change of variables. But, if the dimensions
are not the same, this exchange can’t be done anymore. We then leave open
the interesting question of the generalization of Theorem 1.3 when space and
velocity dimensions are different.

In a second part of this paper, we insist on the fact that our result includes
the case p = 1, which seems to us the most interesting case. We obtain that any
velocity average p € V(f) is in W2 (RT x RY) for any s € (0,1) as soon as we

loc
assume ¢ to be in L. (R* x RN, W (RY)). The result is optimal in the sense

that we can’t hope to get p in W2 (R x RY). Indeed, velocity averages of f

oc
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typically present N-dimensional singularities (“shock waves” in the case of the
kinetic formulation of a conservation law), even if the source term g is smooth,
so that they can’t belong to W (Rt x RY). The

appropriate space for velocity averages would be the space of BV functions.
We may wonder if we can estimate the BV norm of p by the L{ BV, norm of
the source term ¢. In dimension 2, the space of BV functions is continuously
embedded in the space of L? functions. Then, a first step in the case when
N =1 would be to obtain an estimate of the L? norm of p. Actually, we show
that a Poincaré-type inequality for the L? norm of velocity averages can’t hold :
we give a counter-example which consists of approaching by L' functions (g.)
a Dirac mass in the two-dimensional (t,z) space (Proposition 3.1). Therefore,
we can’t hope to obtain any BV estimate for velocity averaging with the only
assumption on the v-regularity of the source term.

We then restrict the set of source terms to Radon measures g in R x R
whose derivative in v, 0,¢, is also a Radon measure and which also have the
following property:

lim sup 9 (Br(t,z) X R)
R—0 R

< +oo forae. (t,x) € (0,+00) x R. (10)

The new assumption (10) is relevant since it is satisfied when the kinetic equa-
tion (1) comes from a conservation law with entropy condition (see [6] and
[12]). But, even for this restricted set of source terms, which excludes Dirac
masses in the (¢, z) space, we will show, giving a second counter-example, that
we can’t get a BV estimate of the velocity average by the L%’wBVU norm of g
(Proposition 3.2).

Finally, still in the case N = 1, we establish a “weak” Poincaré-type in-
equality involving the L** norm of velocity averages.

Theorem 1.4. Let f € L}, (Rf xR ) satisfying (1) and coming from the zero

initial data. If a € C®(R,R) satisfies (5) and g € L*(R/x R,, BV(R,)), then
any velocity average p € V(f) is in L>*°(R;fx R,) and satisfies

pll5.00 < Cllgllzy, pve- (11)

The paper is organized as follows: Section 2 is devoted to the proof of
Theorem 1.3. First we consider the case of a(v) = v, v € RY:

0

5 (f(t,z,v)) +v-V, (f(t,z,v)) = g(t,z,v) in D' (RTx RY x RY)

f(0,z,v) = 0.

(12)

We show the regularity of velocity averages of solutions of (12) in the space
variable (Proposition 2.1), using the explicit formula of f in the case when g is
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smooth, and then using a density argument. Then, we explain briefly how to
generalize the preceding proof to the problem (1) when N = 1 and a satisfies (5)
(Proposition 2.2). Finally, we prove that space regularity implies time regular-
ity for velocity averages of solutions of (1), using Fourier analysis arguments
(Proposition 2.3).

In Section 3, we consider the particular case of p = 1. First, we give the
example which contradicts the L? Poincaré-type inequality. Then, we give the
second example where the assumption (10) holds and which contradicts a BV
estimate for the velocity averages. We finish by proving Theorem 1.4.
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the Mathematic Department of the ETH of Ziirich for three months. There, the
discussions she had with Tristan Riviere contributed a lot to the achievement
of this paper and she would like to thank him. She also thanks the whole
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Before going into proofs, let us fix some notations: F f and F~!f will denote
respectively the Fourier transform and the inverse Fourier transform of f. From
time to time, the notation F f can be replaced by the simpler one f . When we
consider the partial Fourier tranform (resp. the inverse partial Fourier) in the
variable X of f, we will write Fx f (resp. Fx'f).

For all ¢ : RY — R, supp(¢) denotes the support of ¢, ||¢]|s denotes the
sup norm of ¢, Lip(¢) denotes the Lipschitz constant of ¢, and Lipx(¢) denotes
the Lipschitz constant of the restriction of ¢ on K.

For any set A C R™, 14 denotes the indicator function of A and LV (A)
denotes the Lebesgue measure of A. B(x, R) denotes the closed ball centered
in z of radius R in RY, Bg denotes B(0, R). The Euclidean norm in any R¥ is
always denoted by | - |.

A function f belongs to LP (RY), 1 < p < +oo0, if and only if, for any
compact K C RV,

1

| fllzrry == (/K Iflpdx) " < o0

A function f belongs to W P(RY), 0<s<1 and 1 <p<+oo, if and only if for
any compact K C RY

1
Ve - 1w, Y
I lbverisr =1l + ([ SEZLEE doay) < 4o

A multi-variable function f is in L (R™ W>P(RY)), N;m € N*, 0<s<1 and
1 <p< 400, if and only if for any compacts K C RY, J Cc R™,

1Flzoamwraey = (I gz ) < +oo-
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2. Proof of Theorem 1.3

2.1. Space regularity (case a(v) = v). In the case when a(v) = v for all
v € RV, we prove partially the regularity result of Theorem 1.3 : the following
proposition only gives the regularity of velocity averages of the solution f of (12)
in the space variable.

Proposition 2.1. Let f € L] (R xRYxRY) satisfy (12). Let us assume that g
is in L, (Rf < RY,WEP(RY)) with 1 < p < +oo and s € (0,7). Then, any
(R, WEP(RY)), and for any T € (0, +00)

loc

velocity average p € V(f) is in L}
and I a compact of RY,

1ol oo, wer ) < CllgllLeoryxswse ), (13)

where C' is a positive constant, J, K are compacts of RN which only depend on
s,p, T and on supp ¢, ||¢|lee and Lip(¢), where ¢ is the C° function to which
p is associated by (4).

Proof. First, let us assume that g € C®(R} x RY x RY). Then, the solution f
of (12) is given by the following formula:

¢
ft,z,v) = / g, — (t —7)v,v)dr V(t,x,v) € RT x R,
0

Then, for all t > 0 and for all z € RY,

p(t,z) = /RN /tg(T,x — (t = 7),0)é(v) dr dv

//RN g (7,2 =) (_T)(t_lT) d= dr

using Fubini’s theorem and doing the change of variables z(v) = = — (t — 7)v.

For any T' € (0,+00) and for any compact I C RY  we have to estimate
the quantity

p(t,x) — p(t, y)|P
dx dy dt
/ /12 Iw—y\s PN
/ // dx dy dt
2 |517—?/|8p+N

g (12, 52) 0 (5

) =0 (r. 2 42) 6 (1) | oy d

Let us take M > 0 such that supp(¢) C By,. For all x € I and for all u € [0, T,
let us denote B(x,uM) by Jy .. If 2 ¢ J, ., then qb(%) = 0. Then, for any

0 JRN
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(z,y) € I* and t > 7 € [0, T], we can restrict the integral in z on the compact
Jt_q—’x U Jt_q—’y- Since ;CN(Jt_T’m) = EN(Jt_T’y) = C()(t — T)NMN, with CO > 0,
using Holder inequality for the integral over 7, and then on the integral over z,
we have

// dx dy dt
P |$—y\s”+N
o (.2 52) 6(52) — g (7.2 @;::)¢(i’:f)]mdzdf
dx dy dt
p—1
<T ///12 |x_y|sp+N

[ lstam= o) - stz o) e

drdydtdr N(p—1)
<[] u_mwf "
<[ ) 0() — ol ) ()
Jt—r2UJt— 1y

where (' is a positive constant depending on M and T

Let us set J := {z € RV | dist(z,I) < TM}, then J contains J,, for all
u,z) € [0,T] x I. Using Fubini’s theorem and doing the changes of variables
v == and y =

:r: z —z\|P

‘g 7525 t 'r T) g(T 2 t— 'r)qb(zt/—'r)‘
A< dtdrd dx d
CR// / e f]. |x yFP N 7] e

dt dr dz g(r,z,2")(x') — g(1. 2,y )oW)|" |
< .
01/ / / |t_7_|8p//R2N |$ _y|sp+N dx'dy

Now, let us remark that since ¢ is in W?(RY) and ¢ is a Lipschitz funtion with
compact support in RY, then g¢ is in W*P(RY). Precisely one can easily show
that

[/ g(r, 22! f) 902 OO 4 4y < Collg(r, 2 ey, (14)

x Y |sp+N

X dr

where C5 depends on ||¢||o and Lip(¢), and where K is the support of ¢.
Since, by assumption sp < 1, we then only have to estimate the L' norm of a
convolution of L' functions:

19(T, 2 Moz
A= 0102/// It - 7’|8p L dzdtdr < Cllgllp oy mesoy
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where C' depends on T, s, p, supp ¢, ||¢||- and Lip(¢). Hence (13) is proved for
any g € C®°(RT x R?Y).

Now, let g € L} (Rfx RY WSP(RY)). Let T € (0,+00) and I be any
compact of RY. Let ¢ € C(RY). We define as above compacts J and K. Let
6 € C(R'2V) such that supp 6 C [0,T] x J x K, ||0||« = Lip(d) = 1, and
let us extend g by 0 on (—o0,0) x RV,

Let £ € C°(R™") such that £ > 0, supp £ C By and [ £ = 1. Let us set
&t 2, v) = ntT2E(nt, na, nv) for all (¢, z,v) € R1™2N and g, := g0%&,. Then
gn converges to g0 in LP(R,x RY W#P(RN)), and

G0l o Ry xry W@y < 1190l Le@xrY wer@y))-

For all n € N, let f,, be the solution of (12) with g replaced by g,. Since g, is
in C°°(R*2N), then f, is given by

t
fult,z,v) = / gn(T,2 — (t —T)v,v) dr V(t,z,v) € RT x R?Y,
0

Since the LP norm of g, is uniformly bounded, then (f,) is bounded in L? and,
up to a subsequence, (f,,) converges in the distributional sense to the function f
satisfying (12). For all n € N; let p, be the velocity average of f, associated
to ¢ by (4), then (p,) converges in the distributional sense to p the velocity
average of f associated to ¢. But, since g, € C*°(R'™"), we know from above
that

| onll e o, wer @) < Cllgnllroryxawsrixyy < Cllg O Lo@iey wer@yy),

where C' > 0 depends on T, s,p, supp(¢), ||¢||. and Lip(¢). Using the esti-
mate (14) with # instead of ¢, we have

||99||LP(R1+N,WW(RN)) < Co||9||Lp([o,T}xJ,Wsm(K)p

where () is some positive constant.
Therefore, the weak limit p of p, is in LI (R, W P(R,)) and satisfies

loc loc

HpHLP([OvT},Ws,p(I)) < C’C’OHg||Lp([07T}XJ,Ws,p(K)). Proposition 2.1 is proved. O

2.2. Space regularity (N = 1). In the one dimensional case, we generalize
the preceding result to the case when a € C* satisfies the non-degeneracy
condition (5). We obtain the same result as for the case a(v) = v.

Proposition 2.2. Let f € L} (R x R,x R,) satisfy (1). Let us assume that a

loc

satisfies (5) and g € LV (Rf x Ry, W2P(R,)) with 1 < p < 400 and s € (0, %)

Then, any velocity average p € V(f) is in LY (RS, WoP(R,)), and for any
T € (0,400) and I a compact of R,

o1l ooy wsery) < CllgllLeo.r)xswse (),
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where C' is a positive constant, J, K are compacts of R which only depend on
s,p, T and on the support, the sup and Lipschitz norms of a, its inverse a~!
and ¢, where ¢ is the C° function to which p is associated by (4).

Proof. If a € C satisfies (5), then the derivative @’ of a can’t vanish. Indeed,
let us asume that there exists vy € R such that a/(vy) = 0. Let us take M such
that vy € (=M, M). By the Taylor formula,

Vo e [-M,M]: |a(v)—a(vy)| < Ci(v — 1),
where € = sup(_y pla”|. Thus,
{ve[-M M| ‘ (v —1)? < Cil} c {ve[-M M| ‘ la(v) — a(vy)| < €} .

By (5), we have £!({v € [-M, M]| (v — vg)* < Cil}) < (e for all € > 0. But,
for € small enough,

c({ve | w-w? < £}) = /&

which yields to a contradiction. Therefore, a’ is either positive or negative,

and for any compact K of R, infg |a’| > 0. Moreover, since a is either strictly

increasing or strictly decreasing, then a is bijective and its inverse a~! is in

CL(R).

We first assume that g € C°(R* x R?), and then we conclude by the same
density argument as in the proof of Theorem 1.3. When g is in C*®(R* x R?),
the solution f of (1) with zero initial data is given by

t
f(t,z,v) = / g(t, 2 — (t —7)a(v),v) dr V(t,z,v) € Rt x R%
0
Let ¢ € C°(R) and p € V(f) associated to ¢ by (4), then for all (¢,z) € RTx R,

p(t,z) = /Ot/K g(t,x — (t —1)a(v),v)p(v) dvdr,

where K is the support of ¢. Since infg |a’| > 0, we can make the change of
variable z(v) = x — (t — 7)a(v) and we get

' | ey @07 (E
o= [ [ ot (@) S B L

where J,, = & — ua(K) for all (u,z) € RT x R. Let us remark that for all
2@ Jiru, @ (ot_1 (f__f)) = 0. For any T' € (0,400) and I a compact of R, let

us set
t t p
// p(t,z) — p(t, )| dz dy.
2 |95—?/|8p+1
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Then,

A</ / dx dy dt
I2 |$_y‘3p+1

[]'Jtr,cc (Z)g (77 Z, a'_l ( f__f)) m

0 th‘r,zUthr,y

- 1Jt*‘r,y(z)g (7—’ 2y a_l (ij:f)) al (a—l (Z—Z))

dxdydt
<C p=l
1/ //p/ gl =7

< | L (g (207 (22)
th‘r,zUthf,y

LB (™ (5) G

using the Hélder inequality and noticing that £(J,,) = ul'(a(K)), for any
(u,z) in RT x R. Let us set J := {z € R| dist(z,1) < TL'(a(K))}. Then, for
all z € [ and for all T <t € (0,7, J_,, C J, and we have

A<CI///dzciT7c—iz
A

1y, (@)g (1, 2,07 (2)) ﬁ

ey S D ard
L. 09 (2™ () G| Ty

Doing the changes of variables 2’/ = a™* (&2
obtain

A<cl///d§fffz
sl

P @) lew)lE -,
|a<l’ ) - a(y/)|sp+1(t )Sp+1 dx'dy
d)(z) 3(y) }p

dt dr dz g(1,2,2) 5% — g(1,2,y) 52
<Oy Li a2/// // () W gz dy.
1 Lipy(a) o Jo Jrlt=7I" ) Jke a(z) — a(y)|sPHt Y

But, o' is locally Lipschitz and does not vanish, therefore % is locally Lipschitz
and has compact support. Moreover, a~! is Lipschitz on K so that for all
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x,y € K we have % < Lipg(a™'). Therefore, using the estimate (14),
we have

A < Clgllzeqomxawse ),

where C' depends on T, s, p, supp(¢), Lipx(a), Lipg(a™t),
Proposition 2.2 is proved.

a

Q,HOO and Lip (%)
O

2.3. Time regularity. We finish the proof of Theorem 1.3 showing that space
regularity implies time regularity for the velocity averages. Let us stress on the
fact that the following result does not require the v-regularity assumption on g
or any further assumption on f. Also, let us remark that this result (quoted
in the case when space and velocity dimensions are equal) holds even if the
velocity dimension is not the same as space dimension.

Proposition 2.3. Let f € L} (Rfx RY x RY) satisfying (1). Let us assume
that g € L7 (Rfx RY x RY) with 1 <p<+oo. Let s € (0,1). If any velocity
average p € V(f) is in LY (RF, W2P(RY)), then any velocity average p € V(f)
is in WP (R x RY).

loc

Proof. We extend f, g (resp. any function of V(f)) by 0 on (—oo, 0) x R*V (resp.
on (—o0,0) xRY). Let K be any compact of R~ R and § € C>°(R'*) be such
that 0 = 1 on K. Let g€ C®(RY) and pe V(f) be the velocity average of f as-
sociated to ¢ by (4). Let us show that, under the assumption of Proposition 2.3,
po = p0is in W*P(R™) this will prove that p € W P(R; x RY).

Since f satisfies (1), then the following equality holds in D'(R*T x RY):

8t</ftxv dv)—i—dlvm(/ftxv ()¢(U)dv)

= /Rg(t x,0)p(v) dv.

Let us set p(t, z):= [, f(t, z,v)p(v)a(v)dv € V(f), §(t,z):= [ g(t, z,v)p(v) dv.
Multiplying (15) by 6, we get

(15)

% +div,(pg) = G in D'(RTx RY), (16)
where pp = pf and G = g@—p —pdiv, (). Clearly, G € LP(R*™). By assump-
tion, p and p are in L7 (R, W'lf)f(RN)) Thus, pg and pp are in LP (R, W5P(RY)).

To prove that pg € W*P(RMV) we will use the characterization of W*P(R%),
forde N, 0 <s<1land 1< p < +o00, in terms of Besov norms. Indeed, we

have (see [14], Sections 2.2.2 and 2.5.7)
WH*P(R?) = Bs (R?) Vs € (0,1), Vp € [1,+00).

Let us recall how the Besov space B; (Rd) is defined. The set A, is defined to
be the set of all sequences (1;)jey in C*(R?%, R) such that
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supp 7; C {X € R? | 27! < |X| < 27H} vj>1

- supp 10 C {X € R?||X]| <2}

- 21 Dnjllee < Co Vo= (ai)1cica €N, ol = 30,y Vi €N
- D eni(X)=1 VX € R

Let (¢;)jen € F1Aq = {(f_lnj)jeN; (nj)jen € Ad}. The Besov space B;,p(Rd)
is defined by

+o0
B, ,(R?) = {f € L(RY) \ > (29165 * fllee)” < +oo},
7=0

and a norm on B (R?) is given by

+oo %
1£15;, = (Z (27¢; = f||m)p> : (17)

J=0

The Besov space B;p(Rd) does not depend on the choice of the sequence (¢;),en

¢
in F~'Ay : another choice will yield to an equivalent norm. For any Eqb])jeN
in F~'A4, the norm (17) is equivalent to the norm (7), when s € (0,1) and
p € [1,400).
We can construct a sequence (¢;)jeny € F~ A4 in the following way : let ¢ in
C>(R?) such that supp ¢ C {1 <|X| <2} and such that o(2X) + ¢(X) =1,
if | X| € [3,1]. Then, the sequence (¢;);en, defined by

. 4
) {¢(2 X) VX eRY, Vi >1 (18)

¢;(X) = .
() 1- Y% 6(279X) VX eRY j=0

is in Ag. Then, (¢;)jen defined by ¢; ;== F~'¢;, ¥j € N is in F~'A,.

Let ¢ € C°(R'*N) such that supp ¢ C {(7,€) € RN, 1 < (72 41¢?)7 <2},
We define the sequence (¢;)jen from ¢ by (18). Then, py € W*P(R*) if and
only if Z;;og (259]|p; * pal|1»)" < +00. Moreover, in this case, there exists C' > 0
such that

1
+o0o P
| pol|wer < C (Z (2%7| 5 * penm)p) :
5=0

Let us choose (¢;);en € F'Ay. Since pg € LP(R, W*P(RY)), then there exists
a constant C' > 0 such that

“+oo
|3 @ < e M) dt < Cllollpo
j=0
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By the monotone convergence theorem, we can pass the integral under the sum

to get
“+oo

. p
> (2 wskemnllzy. ) < Cloall e (19)

=0
The same inequality holds for py.

Now, let xo € C®(R"™) such that 0 < xo < 1, xo = 1 on {|7] < [¢]} U
{I7] < 3}, supp xo € {|7] < VB[¢[} N {|7] < 1} and

C

where K is an integer depending on the dimension 14N in the following way :
K> % Let us set x1 :=1 — x¢. For any 5 > 1, we have

[D*xol(7,€) < V(r,€) e RN Va e N*Y o < K,

~

f(¢] * p9) = ¢j(7—7 g)ﬁG(Tv 5)
= Xo(7, &) (1, €)po(7, &) + X1.(7, €)d; (T, £) pu (7, €).

Taking the Fourier transform in (¢, z) of (16), we get —iTpp(7,§) —i§- po(T,€) =
G(7,€). Since supp x1 C {|7] > 3}, then we have

F(63% p0) = 30l 6,7, (7€) — xa(7, )3 7, ) Y
- X1 (7—7 g)éj(Tv g)%

T‘hU.S7 (bj * Py = Wjo — Wj1 — Wj2 where

wijo = f_l (XO (77 5)@%’(7’, 5)159(7_7 5))
G(r, g))

1T

wjp =F! (Xl(ﬂ €)d;(7,€)

and
+o0 +00 —+00 +0o
> 2Py pallhe <D 2P wjoll e + Y 2P lwinll, + D 27 |lwpallf,. (20)
j=1 j=0 j=0 j=0

Let us recall some results on the theory of LP multipliers which will be useful
to estimate each term of the right hand side of (20).

Let M,(R™") be the set of L multipliers in R i.e., the set of all func-
tions m defined on R such that for all f € LP(R'"N), F~Y(m Ff)e LP(R'TY).
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The M, norm is defined by ||m/||;, := inf{||F(mFf)|e ||| fllzr=1}. We re-
call a sufficient condition on a function m to ensure that m € M,(R'*V) (see
for instance [4, Lemma 6.1.5]) : if m € WS2(R'"), where K > 4 then m
is in M,(R'"™) and there exists a constant C' > 0 such that

IF mFP)llee < Cllmllwrall fle Y € LPRTY), V1<p<+oo.

With this result, we can show the following lemma.

Lemma 2.4. Let h € C°(RY™Y) such that supp h € {27 < (7% + ]2z < 20}
with o € N*. Let h; := h(27-). Let K € N such that K > 2N Let m €
C>=(RY™N) such that

C

|Dm(7,§) < CENDEE

V(7€) e RN va e N'™YV o < K. (21)

Then, m = mh; € M,(R"*N) and [|m|y, < C where C does not depend on j.

Proof of Lemma 2.4. First, let us remark that for any f,m : R"*Y — R, for
any b > 0,

F U mFHX)=F  (m@)F(FO)()0X) vX e RV
Thus,

1F X mF N =07 ||F(mb)F(FO)) ()
< b5 Im(b ) lwra | FO ) o
— [lm(b)lwra| £l o

as soon as m € WHA(R"N). Hence, for all b > 0, |[m|la, < [[m(b-)|we.
Therefore, we have ||m||a, < ||/(27)h|wxe for all j > 1. It is not hard to
see that (21) implies that ||[/m(27-)h||yx2 < C where C' does not depend on j.
Thus, Lemma 2.4 is proved. O

I

Let us start with the term wjo:

Bj0(7,€) = Xo(7, ) 05(7, €)po(7, ).
Since supp(xo¢;) C {2771 < (72 + 1€2)z < 27 n{|r| < V3|¢|} = Df U Dy
(see Figure 1), tAhen supp(xo¢;) C {2972 <[¢]<27+'} and Zf;i_z Up(€) =1 for
all £ € supp(xo¢;). Hence,
1

Gio(1,€) = Y Xo(T.£)5(7, V() po (7. €).

k=j—2
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Figure 1: supp(x(]éj) C Df U Dy, supp(xlgﬁj) C Df U Dy

By Lemma 2.4 and by the assumption on xg, mg(7,&) := xo(T, 5)95]-(7', §) e M,
and

Jj+1 Jj+1
[wjollr < Z [Imollh, Hftx(wk )Pe(ﬂﬁ))Hif’ISC Z |1k *2 Pe||§§x7 (22)
k=j—2 k=j—2

where C' does not depend on j. Therefore, by (19) and (22),

+00 j+1

> 29wl SOZW 2 lwxe pollzy,
=1 k=j—2
B (23)
<C 22 Pllebw o poll7r
j=1 )
< Cllpollzpmss-

Next, let us consider wj;:

61 = (7 )8y (r, 6 ETE) ( )

Let h € C2°(R?) such that supp hC {5 < (7% + |§|2)% <4} and such that h = 1
on {1<(r?+ BE <2}. Let us define h; := h(27-). In this way, h; = 1 on
supp qBj, and we have

(5)

w1 (1,6) = x1(1,€) 2 (m,6)G(1,9).
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Since G € L/(R'N), then .G = F (14167 + 79)74G) € By, (RI*Y) (see
[14, Section 2.3.8]), and

“+oo
> 297l¢; x LG, < C||G1% (24)

But, by Lemma 2.4, my(7,§) = x1(, g)M h;(t,€) € M,, and its norm
does not depend on j. Indeed, as supp x1 C {|7] > [£]} N {|7| > 3}, one can

easily show that m4 (7, &) = x1 (7, g)w satisfies (21). Since

1T

o11 = my(7, )85 (1. OF (LE)(r, €),
then ||y [, < Cll6, * Z.GI%,. By (24), we get

—+00
> 27 |willfs < CIGG- (25)

Finally, we consider wjs:

0(r,6) = (7,637, 21,
Since supp(xidy) © {271 < (2 + |6 < 21} 0 ] > €]} = DF U Dy,
then supp(quzASj) C {l§] < 2T U {2772 < |7] < 271} (see Figure 1), and
Z]H (&) =1 for all € € supp(XlngSj), and we have
j+1
2(r€) = 3 (T 3 (r€) GulE)6 - ol ©).

k=0

Let us set, for any function f defined on R, J;f := f‘l(ff). By Lemma 6.2

of [4], ||Jif|lr < C2F||f||». Applying this result to the function ty * pg(t, )
we have for almost every t € R, [[Jithy, *, po(t, )[|75 < C 28|y, 4 pol(t, Ne
Integrating in the variable ¢, we get

|10k 0 BollBe < C 2[4y 5, po®
t,x t,x

where J10y, %, po = Fit (0n(€)€ - po(T,€)).
Let us set mg(T, f) Ixa(r, f)qu (1,€). Let h; be the functlon defined above,
let us recall that h; = 1 on supp ¢;, then m3(7' §) = =m(r, 5)@ (1,€), where

m(7, &) == xa(r, §)h;(1,£). Since supp(h;) C {27~ 3<(7- -|- €12 )z <+
then supp(x1h;) C {2j‘4 < |7| < 29%2} and m satisfies

2-1C

1+N 1+N
ErEper V(MO ERTE Va e N Ja| < K,

| DT, )] <
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where C' does not depend on j and K > LN By the same argument as
Lemma 2.4, one can show that ms = meg; € M,(R*™™), with ||ms]/s, <277C.
Then,

J+1 J+1
lwiallf, < 277C D ([ Tutw * polle < 279C > 21y, # pollF
k=0 k=0
and
foo +o0 ‘ Jj+1
> 2 wpallf, < O 2N D i
j=1 j=1 k=0
+0o0o +0o0o '
<SS (55w wenin
(26)
+0o0o
<CY 2|y ol
k=0
< Cllpoll e
By (23), (25) and (26), we have
o0 ‘
> 205 % pollty < C (Ionlly o + 150z + 1GIE) - (27)
j=1

By assumption, all the terms in the right hand side of (27) are finite. Moreover,
g0 * polle < lldollLrllpolle, then Y270 2977|¢y; % pgl7, is finite and py is in
WeP(RYN) | which proves Proposition 2.3. O

Proof of Theorem 1.3. Theorem 1.3 is a consequence of the Propositions 2.1,
2.2 and 2.3. What we still have to prove is the inequality (8).

Let ¢ € C(RY) and p € V(f) associated to ¢ by (4). Let T € (0, +00)
and I be any compact of RY. Let § € C®°(R') such that § =1 on [0,T] x [
and supp 0 C [—1,T+1] x I, where I; is the set of points whose distance to I is
less than 1. Let us extend g (resp. any function of V(f)) by 0 on (—ooc, 0) x R?Y
(resp. on (—o00,0) x RY). Then,

+oo P
lollwe=rqorixy < llpollwsr@i+vy < C (Z 2P| p; P@H‘Zp) :

J=0

Since p is extended by 0 on (—o0,0) x RY  then supp pp C [0, + 1] x I;.
Hence, ||po|lrwsr < C|lplleor+1,wsr(r))- The same inequality holds for p
defined from p as in the proof of Proposition 2.3. Moreover, by definition of G,
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we have |G|l» < ||g|lLro,741)x1 x k) Where K = supp(¢). Therefore, by (27)
and by Proposition 2.1 or 2.2 applied to the velocity averages p, p, to the positive
constant 7'+ 1 and to the compact I, we have

pllwswo,mixn) < CllgllLro,r+1x swsrx))

where C' > 0, J compact of R which only depend on 7, s, p and on the support,
the sup and Lipschitz norms of a, a=* and ¢. Theorem 1.3 is proved. O

3. The case p=1

3.1. Optimality of Theorem 1.3. If we assume that f satisfies (1) with g in
LL (RS x Ry, WX (R,)), where s € (0,1), then, by Theorem 1.3, any velocity
average of f is in W' (RS x R,). But, if we assume that g is in L} (R} x
R,, W5 (R,)), can we obtain an estimation of the BV norm of velocity aver-
ages of f by the L; ,W'! norm of ¢g? The following proposition proves that a
Poincaré-type inequality in L? can’t hold, i.e., we can’t estimate the L? norm
of the velocity average of f by the L; , W' norm of g. A fortiori, since BV (R?)
is continuously embedded in L?(R?) (see [1], Theorem 3.47), the answer to the

above question is no.

Proposition 3.1. There exists a family (g.) of C®functions, uniformly bounded
in LY(RTR, WHH(R)) and there exists ¢ € C°(R) such that the L* norm of p.,
the velocity averages associated to ¢ of the solution f. of (12) with g. as source
term, is not bounded independently on €.

Proof. Let x € C°(R?) such that supp x C [-1,1]%, x > 0, and [, x = L.
Let tg > 1. For any € > 0, let us set x.(t,2) = Hx(=2,%). Then [y, x- = 1.

Moreover, if ¢ € L1 _(R?), then . ¢ — ¢ in L}, where 9(t, z) = ¢(t — to, x).

Let h € C*(R), h(v) =1 for all v € [—1,1], and supp h C [—2,2]. Let us
consider the following family of source terms:

g=(t, z,v) = x:(t, x)h(v).
Foralle > 0, g. € C°(R*xR xR)) and the norm of g. in L'(Rfx R, W (R,))
does not depend on ¢.
Let us take ¢ € C°(R) such that ¢(v) =1 for all v € [—2,2]. The velocity

average associated to ¢ of the solution f. of (12) with g. as source term is given
by

dzdr

t
pita) = [ 0.0 (2) =
T
:/ /XE(T>Z)1{t—T>0}h(i__jﬁ) dzdr
0 R

= Xe ¥ (I)(t, x>7
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where ®(t,z) = Lysoh(2)1. @ € L} (R?), therefore p. — @ in L},. But, one

can easily see that ® ¢ L? (R?). Thus, the L? norm of p. can’t be bounded
independently on ¢. U

3.2. A second example. The first example described in the previous section
consisted to choose a family of source terms (g.) which approaches a Dirac mass
in the two-dimensional (¢, z) space. When the kinetic equation (1) comes from a
conservation law with entropy condition, the source term ¢ is a Radon measure
which can’t concentrate on sets of Hausdorff dimension less than 1. Indeed, g
satisfies

sup g (Bg(t,z) x R)

M
R>0 R

< +00,

for almost every (¢,z) € (0,4+00) x R. But, even in this context, we can’t obtain
an estimation of the BV norm of velocity averages by the L%,xBV; norm of the
source term, as the following proposition shows.

Proposition 3.2. There ezists a family (g.) of C®functions, uniformly bounded
in LY(R; x R,, BV(R,)), such that for almost every (t,z) € (0, +00) X R,

1

3C >0, sup—/ /|g5(7‘,y,v)|dvdyd7'§0,
r>0 R Jpat2)/r

and there exists a ¢ € C(R) such that the BV norm of p., the velocity average
associated to ¢ of the solution f. of (12) with g. as source term, is not bounded
independently of .

Proof. Let ¢ > 0. Let x € C®(R) such that supp x C [-1,1], x > 0 and
Jx = 1. Let us set x.(-) :== Ix(:). Let h be the indicator function of the
interval [0 — 1,0 + 1] and let us set h. := h* x.. Then, h. — h in L' and
|hellzr < ||h]|zr. We consider the family (g.) defined by

g:(t,m,v) = xe(x — ot)h(v) V(t,z,v) € Rt x R%
Foralle > 0, g. € C°(R* xR?). For any T € (0, +00) and for any compact I of

R, |9zl (0,7 xR, BV ()) is uniformly bounded in €. For a.e. (¢,z) € (0, +00) xR,
there exists a C' > 0 such that

l/ /|ge(7>y,v)|dvdyd7‘§0 VR > 0.
R Br(t,x)JR

Let f. be the solution of (12) with g. as source term. Let ¢ € C°(R) such that
¢ =1on [o—2,0+2] and let p. be the velocity average of f. associated to ¢
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by (1.4). Then, for all (¢,z) € RT x R,

t
1
pe(t,x)z//gs(v 7f:f)¢(f:f)t_ dzdr
//X& Z—O"T )t dZdT
//Xa T"T)t_szdT.

to p defined by

The sequence (p.) converges in L]

! dr
p(t, ) 3=/ h(%=%") V(t,z) € RT x R.
0 Tt—1
Indeed, for any T € (0, +00),
dz 1
< {E zZ—0T _ T—0T
//‘Ps ol /// Xe(2 — )t—’T h(t_T)t—T dr dx dt
/// X x z— 0'7') _h(w)} dZ d’rd;)jdt
€ t—T t—1 t—1 )
since [ x. = 1. Thus,
//\p p\</// Xe( “”)—h(ﬂ)} = b de dt
: : T -1
fE Z—O0T rT—Z—O0T dx
+||xe||oo/// EE) = h (55T |7 |dzdr dt.

The first term tends to 0 by the dominated convergence theorem and since the

function z — h (£=22) £ is in L' for any 7 < ¢ and its L' norm does not

t
depend on t,7. The second term also tends to 0, again using the dominated
convergence theorem and the convergence in L' of (h.) to h. But, the limit p of
(pe) isnot in BVj,.(R*xR). Indeed, since =2~ € [r—1,7+1] iff |z—ot| < (t—7),

then

t—|x—ot| dr
p(t,x) = / =Int—In|x —ot] ¢ BVpe(RT x R).
0

Therefore, the BV norm of (p.) can’t be bounded independently of ¢. O

3.3. Weak Poincaré-type inequality. We assume in this section that the
derivative in v of g, 9,9, is a Radon measure in R* x R? and we establish some
weak Poincaré-type inequality in the sense that, instead of the L? norm, we
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estimate the L% norm of the velocity averages. Before stating the result, let
us recall some useful facts about the Lorentz space L*»*°(R?) (also called weak
L? space). We refer to [9] for further details and proofs.

Let f:R? — R. The distribution function of p is defined by
A(a) =L ({z e R?*||f(z)] > a}) Va>0.
The non-increasing rearrangement f* of f is given by
f*(y) = inf{a > 0[ A(a) < y}.
The Lorentz space L*>*°(R?) is the space of functions f such that

1150 = sup (42 £(9) ) < +o.
y>0

This quantity only defines a quasi-norm on L%, but it is possible to define a
norm in L**, denoted by || - ||2.00, which satisfies

1£ 1300 < 11200 < 20 fll300  Vf € L2°(R?). (28)

Precisely, this norm is defined in the following way : let us define for all y > 0,

ok 1
= st — ,
) ECR2,£2P(E)2y'C2(E) /E 71

the norm || - [J2,00 is given by || fllo.c0 == [ f**[|5.4 for all f € L>>(R?). For
any subset ) of R?, [?>>°((Q) is defined in the same way : the definition of the
distribution function A of a function f defined on {2 is replaced by

Mla) = £2 ({x € Q||f(z)| > a}) Va >0,

and the sup in the definition of f** is taken over all E C Q.

Let us mention some properties, which will be useful in the following. First,
we have

1715 = sup (425 ()) = sup (A (@)

a>0

=

) Vfe L®(R?). (29

Secondly, we have,
Vy >0, f(y) <) (30)
and
() =r (31)
The last fact comes from the property of f** to be non-negative and non-

increasing. Let us remark that from the two last properties, one can obtain
easily the first inequality in (28).
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Proof of Theorem 1.4. Let us assume that g € C*°(R*x R?) and ¢ € C>*(R),
then, as in the proof of Proposition 2.2, p € V(f) associated to ¢ by (4) is given

by
plt, ) // rza x-z))¢(a_1(f—_f))t17dzdr

t—T

Let us fix y > 0. By (30),

PO = s s [t dd.
ECRt xR ) E
y<L2(E)<+oco

For any F C R x R such that y < L2(E) < +o0,

2(E) /E |p(t, z)| dt dx

< L2(E) /5 9 (12,07 (£2)) f,((Z:ll ((i;:z)))) —— dzdr dt dz
[ [l e 0 S ED 1]

Let us show that the function

U(t,x) = ‘9 (2,067 (£2)) Qs/(a—l (=2))

is in L>*(R* x R) for all (1,2) € [0,T] x R.
Since BV'(R) is continuously embedded in L*(R), then there exists C' > 0
such that ||g(7, z,")||ec < Cllg(7, 2, )| BV, for any (7, z) € [0, T] x R. Let K :=

supp ¢. Let M > 0 such that a(K) C [-M, M], then gb(( (&= 2))) =0 as

T

soon as |z — z| > M|t — 7|. Therefore, one have to take into account only the
points (¢, x) such that |z — z| < M|t — 7| and for these points, we have

1 < M2+ 1
t—7| = (|l — 22+ |t —72)2

Hence,
g (7 2, ool & llox
(1o = 2P + ]t — 7P2)?

0<V¥(t,z) <C

and

¢
al

{(t.2) | W(t,2) > a} C {(t,2) [ (|x = 2 + [t = 7)2 < E)lg(r, 2, ) o

o)
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for all & > 0. Thus, \g(a) < %Hg(T,z,)HgoH%Hio Then, by (29), ¥ €
[2%(R* x R) and

¥l < Clor e 2] < Clltr =l €0 32)
For any F C R™x R such that y < £L?(F) < oo,
1 / W(t,2) dtdz < U (y). (33)
) o
Since ¥ € L»*(R* x R), then, by (28) and (31), for all y > 0,
2O () < [0 < 2[ W[5 . (34)

Therefore, by (33) and (34), for any y > 0, for any £ C R* x R such that

y < L2(E) < +oo,
T
oo/ /||g(772a')||BvdZd’T
0 JR
¢

oo N9llLs v,

1 1
- < —3 )
o [l drdr < ot

= Cy_%

Hence, for any y > 0, y2p*(y) < C’||§||oo||g||LtlzBVU and (11) is proved when g
is C°. 7

Now, let g € L'(Rf x R,, BV(R,)) and ¢ € C=(R). Let f € L'(RT x R?)
be the solution of (1) and p € V(f) associated to ¢ by (4). Let £ € C°(R3)
such that supp £ C [-1,1], £ > 0 and [§ = 1. Let us set &, := n3¢(n-) and
gn = &, * g for all n € N, where g is extended by 0 on (—o0,0) x R Then,
gn — g in L'(R?, BV(R)) and 9nll: By, < Cllgllz: By, Forall n € N, let
fn be the solution of (1) with g, as source term, and let p, € V(f,) associated
to ¢. Up to a subsequence, f, (resp. p,) converges to f (resp. p) in the sense
of distributions (as explained at the end of the proof of Proposition 2.1). Since
gn is in C(R?), then

lonll3.00 < Clignllzy, sy, < CligllLy,bv.-

Therefore, (p,) is bounded in L»*(R*x R) and the limit p is in L>*(R*x R).
Moreover, by the lower semicontinuity of the norm || - ||2,c and by (28) we have

115,00 < 1Pll2.00 < [lpnll2o0 < Clipnllzee < Cllgllz:, 5.

Theorem 1.4 is proved. O
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