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Non-Compact and Sharp Embeddings
of Logarithmic Bessel Potential Spaces
into Holder-Type Spaces

David E. Edmunds, Petr Gurka and Bohumir Opic

Abstract. In our recent paper [Compact and continuous embeddings of logarithmic
Bessel potential spaces. Studia Math. 168 (2005), 229 — 250] we have proved an
embedding of a logarithmic Bessel potential space with order of smoothness o less
than one into a space of A(-)-Hélder-continuous functions. We show that such an
embedding is not compact and that it is sharp.
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1. Introduction

In the recent paper [8] we have derived embeddings of Bessel potential spaces
with smoothness o € (0, 1), modelled upon generalized Lorentz-Zygmund spaces,
into spaces of A(-)-Hélder-continuous functions. Here we discuss non-compact-
ness and sharpness of those embeddings.

To be more specific, we need some notation. Given two (quasi-)Banach
spaces X and Y, we write X — Y or X —— Y if X C Y and the natural
embedding is continuous or compact, respectively.

Let p,g € (0,00], m € N, ay,...,a, € R and let Q be a measurable
subset of R™ (with respect to n-dimensional Lebesgue measure). The generalized
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Lorentz-Zygmund (GLZ) space Ly g.a,....an (1) consists of all measurable (real
or complex) functions f on 2 such that the quantity

() ro

is finite. Here ¢y, ..., £, are (logarithmic) functions defined on (0, c0) by

[ PY——
q,(0,00)

G(t)=0(t) =1+ |logt|, £;(t)=1+1logl;_1(t) (j>1),
f* denotes the non-increasing rearrangement of f given by

ff@t) =inf{A>0;

{zeQ|f(@)]>A}, <t} t>0,

|G|, stands for the n-volume of a measurable subset G of R™ and || - ||4,(a) is
the usual L9-(quasi-)norm on an interval (a,b) C R. (For more details about
the spaces Ly g.aq....am (€2) see [2]-[7], [9], and [11].)

The Bessel kernel g,, o > 0, is defined to be that function on R™ whose
Fourier transform g, is

3.(6) = 2nF(1+[¢P)72, ceRy,

where by the Fourier transform fof a function f we mean

~

fz) = (2m)”

|3

/ i (y)dy, € R

R"

Let 0 > 0, p € (1,0), ¢ € [1,0], a1,...,a, € R. The logarithmic Bessel
potential space H Ly, y.a,....0m (R™) is defined by

.....

[ellopgan,am = 1 Fllpgan,...cm- (1)

(By f * g we mean the convolution of functions f and g.)

Let £ be the class of all continuous functions A : (0,00) — (0, 00) which are
increasing on some interval (0, d), with 6 = 6()) > 0, and satisfy limy_o, A(t)= 0.
Let A € £ and let Q be a domain in R”. The space C*0)(Q) of \(-)-Hélder-

continuous functions consists of all those functions u € C(2) for which the

norm lu(z) — u(y)|
u(r) —uly

wlgoncr @ = sup fu()] + sup oY

[llconc @) weg‘ (@) ven Az — y))

TFY
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is finite. Here C(Q2) stands for the family of all functions which are bounded
and uniformly continuous on €. (For more information about such spaces see
[1] or [10].)

We write A < B (or A 2 B) if A < ¢B (or cA > B) for some positive
constant ¢ independent of appropriate quantities involved in the expressions A
and B, and A~ Bif A< Band A 2 B. If p € [1, o0, the conjugate number p’
is defined by % + z% = 1 with the understanding that 1’ = co and oo’ = 1.

In [8] we have extended Theorem 4.9 of [5] (to the range o € (0,1)) and
proved the following embedding.

Theorem 1. Let 0 <o <1, 2 <p<oo,1<g<oo,meN, ap,...,a, €ER
and let

Aty =t [ @), t>o0.
j=1

Then

H Ly gian..oom (R™) — OO’/\(')<@)' (2)

The aim of this paper is to show that the embedding of H L, g.a; ... a. (R™)
into C%*)(Q), where € is a nonempty domain in R”, cannot be compact and
that the embedding (2) is sharp with respect to the function A.

2. Main result and proofs

Our main result reads as follows.

Theorem 2. Let the assumptions of Theorem 1 be satisfied. Let n > 2 and
Q C R"™ be a nonempty domain. Then the embedding

H Ly gon,....am (R") — CO’/\(.)(Q) (3)

is not compact. Moreover, if a function p € L satisfies § € L, then the embed-
ding
H Ly gia.....am (R") — Covﬂ(‘)(Q)

does not hold.

To prove Theorem 2, we need some preliminary work. We modify the idea
from [7] to construct suitable test functions. Assume that G is a function with
the following properties:

G is positive and continuous on (0, 1]; (4)
t G(t) is nonincreasing on (0, o], where 9 € (0,1] is a fixed number;  (5)

G(3) SG(t), t €(0,1] (6)
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(notice that the assumption (5) is stronger than (4.2) of [7]). We use mollifiers
to assign to the function G a family of functions {G,}. Let ¢ € C§°(R) be
a non-negative function such that fR ¢ =1 and supp ¢ = [—1,1]. We define the
function ¢., € > 0, by

e:(t) :=1p(%), teR,
and we put
LR (TSR BESE LN

3
16’4~ 16

Now, we extend G by zero outside the interval (0, 1] and we define functions G,,
r € (0,1), by

gr(t) = ((X[r,oo) ¢ g) * Spi)(t) ) teR. (7)
For any r € (0, i), let a, be a positive number, let
h(z) :=a, G (|z]), zeR", (8)
and
Ur(‘r) =1 (ga*hr)(x)7 Tr = (xl,...,xn) eRn' (9>

Our first aim is to show that the functions u, belong to the source space
in (3). To this end, we shall need the following result.

Lemma 1 (cf. Lemma 4.1 of [7]). Let r € (0,1) and let G, be the functions
defined by (7), where G satisfies (4)—(6). Then

G, € C°(R), supp@, C [5,1] and G, >0. (10)

Moreover, there are positive constants Cy and Cy (independent of r and t) such
that

gr(t) S C’1 g(t) X[g,l](t)’ le (07 1] (11)
gr(t) > Ogg(t), te [27“, %]

We shall make use of the next assertions.

Lemma 2. Let h belong to the Schwartz space S, 0 > 0, j € {1,...,n} and
let R; be the Riesz transform. Then there exists a finite measure v on R"™ such
that, for any v = (x1,...,x,) € R™,

i (go * h)(x) = =0 (27) 72 [go * (Ry(v % g1 % h)) | () + [ g0 * (35 h(y))] ().

Proof. The equality can be derived analogously to (4.48) in [7]. O]
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Lemma 3 (cf. Cor. 4.12 of [7]). Let 1 <p < oo, 1 <q¢g<o0, a,...,a,, €R

and let v be the measure from Lemma 2. Then, for all f € L, 4a,... (R”),
90 * fllpgiarmam S I fllpgior,ams @ =0,
HijHp,q;al ,,,,, am ~ ||f||pqa1 ,,,,, amy J=1,...,m,

[V % fllpgaram S 1 llpgsan....am

We shall also need the following estimate.

Lemma 4. Letn > 2, p > ~ ,qE[loo]%:

fO'F all f c Lp,q;al ,,,,, Qam (Rn)7
g1 * f”pq‘al ,,,,, am S Nl gar,am:

Proof. The assumption p > —"= and the equahty ==-—= 1mp1y that p € (1,n).
Thus, the result follows on applylng Theorem 3. 1 of [7] O

Lemma 5. Let p, ¢ € (1,00), aq,...,a,, € R. Let g be a positive function
which is continuous in (0, 1] and nonincreasing in some interval (0,70] C (0, 1].
Then, for all r € (0,19),

19Uy D) X (WD) lpganr,..am < Vilr) +Va(r),

where
Vilr) = tz_é(ﬁgﬁj(t)) "
1@v)=rz(f1@“”>gw)

Proof. The estimate can be proved analogously to the estimate (4.3) in
Lemma 4.1 of [4]. O

The next lemma provides the upper estimate of ||u||o:p.gar....am» Where u,

are the functions given by (9)

.....

Lemma 6. Letn > 2,p > ", g€ (1,00), ay,...,a, € R. Then the functions
ur, 7 € (0,79), defined by (9 ) (wzth G given by (4)—(6)), satisfy

where

Wl(T) =

e ( f[lﬁ;’-‘j (t)) g(t)
Wi( '—”H(ﬁ@j >

q;(r,1)



78 D. E. Edmunds et al.

Proof. Since u, € S (cf. (10) and the fact that g, % f € S for f € S and o > 0),
we can use Lemma 2 and the definition in (1) to get

S a 19Uy Xtz (D g

Moreover, using Lemma 5 with ¢ = G (observe that this function satisfies the
assumptions of Lemma 5) and the identity % = % + 1, we arrive at

IRA(v # g1 % b )llpgias o S @ [Wa(r/2) + Wa(r/2)]. (13)

.....

S arll 1yl Gy xiz.0 (9D lp.giarom (14)
< a [Wh(r/2) + Wa(r/2)].
Finally, by (12), (13) and (14) we obtain the result. O

To prove the non-compactness of the embedding (3), we shall need the
following assertion.

Lemma 7. Let o € (0,n), R € (0,1) and let

a, <C  for allr € (0,1) with some C € (0,00). (15)
Moreover, let the function G from (4)—(6) and the numbers a, satisfy

R
ar/z " 1G(t)dt — 00 as r— 0. (16)
2

r

Then there exist e = e(0) € (0,1), r1 = ri(R) € (0, %) and a positive constant c

(independent of R and ri) such that for the functions u, defined by (9), (8)
and (7),

(o) = unle)] = 10(0) = un0)] | 2 era, [“eiG(0ar (1)

2r
for every r € (0,71) and x = (er,0,...,0) € R™.
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Proof. The result immediately follows from Lemma 4.5 of [7]. O
Now, we are ready to prove the main result.

Proof of Theorem 2. We can suppose without loss of generality that
B:={z eR"z| <1} C Q. (18)

Let r € (0,1). Take v < 0 and put
Gty=t"v [ 6@, te(0,1], and a, =r7.
=1

The function G satisfies (4)—(6). Thus, by Lemma 6,

Lo
||ur||o;p7q;a1 ----- am ST [(/ ﬂQ%) +r7
r

2

S1 forallre(0,7), (19)

where u, are the functions given by (9). (Observe, that the assumptions
o€ (0,1)andn >2yield p > 2 >n > 1)

Taking R € (0, 1), we can see that the conditions (15) and (16) are satisfied
and so, by Lemma 7, there exists ¢ € (0,1) and r; € (0,%) and a positive
constant ¢ (independent of R and r,) such that

| [ur(2) — ur(@)] — [u-(0) — ur(0)] |

B Crl“//Q S TG (O dt = T 6 () = A
r j=1 J=1

for every r € (0,71) and x = (er,0,...,0). Consequently, for any fixed R € (0, i)
and every sufficiently small positive r,

e — urllgoncr @y 2 o) - UR(:U)A](;T[)U”"(O) O] ;((g) > ¢y, (20)

where ¢ and ¢y are positive constants independent of R and 7.

Finally, consider the sequence of functions {uy/}32,, with ko sufficiently
large. By (19), this sequence is bounded in H? L, 4.q, ... ., (R™) however, in view
of (20), it has no Cauchy subsequence in C%*")(Q}). Therefore, the embed-
ding (3) is not compact.

To prove sharpness, suppose that there is a function p € £ such that £ € £

.....

H? Ly gias,.can(R") = C*O(B). (21)
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Moreover, by Lemma 4.15 (iv) of [5], the condition £ € £ implies that
CO»N(')(E) SO COAC)(E).
Combining this embedding with (21), we arrive at
H°L (R") = C)(B),

p,q;e15...,m

which contradict the non-compactness of the embedding (3) with Q = B.
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