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Conditions for Correct Solvability
of a Simplest Singular Boundary Value Problem
of General Form. 1

N. A. Chernyavskaya and L. A. Shuster

Abstract. We consider the singular boundary value problem

—r(x)y' (z) + q(x)y(z) = f(z), z€R
lim y(z) =0,

|z|—o0

where f € L,(R), p € [1,00] (Loo(R) := C(R)), r is a continuous positive function on
R, 0<q€e Llloc. A solution of this problem is, by definition, any absolutely contin-
uous function y satisfying the limit condition and almost everywhere the differential
equation. This problem is called correctly solvable in a given space L,(R) if for any
function f € L,(R) it has a unique solution y € L,(R) and if the following inequality
holds with an absolute constant ¢, € (0, c0) :

1Yl < llfll,@), f € Lp(R).

We find minimal requirements for  and ¢ under which the above problem is correctly
solvable in Ly(R).
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1. Introduction

We consider the singular boundary value problem

—r(z)y'(x) + q(x)y(x) = f(x), z€R (1.1)
|zl‘i£nooy(x) = 0. (1.2)
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Here and throughout the sequel f € L,(R), p € [1,00] (Loo(R) := C(R)) and
0<reCR), 0<gqeLXR). (1.3)

(In (1.3), we use the symbol C'¢(R) to denote the set of functions defined
and continuous for x € R.) Throughout the paper, we assume that the above
conventions are satisfied. We also define a solution of problem (1.1)—(1.2) as
any absolutely continuous function y satisfying (1.2) and satisfying (1.1) almost
everywhere on R. The main result of the work is a criterion for correct solvability
of (1.1)«(1.2) in L,(R). Note that we call problem (1.1)—(1.2) correctly solvable
in a given space L,(R) (see [6, Chapter I1I, §6, no. 2]), if the following conditions
hold:

I) For every function f € L,(R), there exists a unique solution y € L,(R)
of (1.1)—(1.2);

IT) The solution y € L,(R) of(1.1)-(1.2) satisfies the following inequality with
an absolute constant ¢, € (0,00) :

1Ylle < ol fllp, ¥ f € Ly(R). (1.4)

We now discuss the main feature of problem(1.1)—(1.2). Its solution y, if it
exists, has the form (see Lemma 4.1 in Section 4):

y(z) = (Gf)(z) < /:o Flt)exp (—/; %ds)f(t) dt, zeR. (L)

Thus, in order to study (1.1)—(1.2) one has to find minimal requirements to r
and ¢ under which the integral operator G : L,(R) — L,(R) is bounded, and,
in addition, all the functions from its image vanish on +0o0. We emphasize that
conditions for an integral operator of the form (1.5) to be bounded in L,(R)
may be found by means of Hardy-type inequalities (see [11] and Theorems 3.1
and 3.2 in Section 3). Therefore, it is necessary to strengthen them by a criterion
for the validity of (1.2). Note that such a restriction of the initial question does
not make it less meaningful. This a priori statement is based on our papers
[3], [4] where it is shown that the study of boundary properties of solutions of
singular differential equations is a problem separate from the problem of correct
solvability of a differential equation in a given space, and thus it requires special
analysis.

Let us now briefly describe our work. The requirements I)-II) for p € (1, ),
p =1 and p = oo are studied separately since the known statements on estimat-
ing the norm of the operator (1.5) can be divided into exactly three cases (see
Section 3). Thus in Section 2, we give three groups of theorems, each of which
contains a general (unconditional) criterion for correct solvability of (1.1)—(1.2):
Theorems 2.1, 2.5 and 2.8 and a particular criterion of Theorems 2.4, 2.7 and 2.9,
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which can be applied under a certain a priori assumption on r and ¢ (see Sec-
tion 2, (2.9)). Theorems 2.1, 2.5 and 2.8 contain conditions expressed in a
non-local form, and it might be hard to check them in concrete cases. The
statements of Theorems 2.4, 2.7 and 2.9 contain only conditions expressed in a
local form. It is much easier to check them in concrete cases since one can use
standard tools of local analysis (see Section 8).

In addition, following a suggestion of S. Luckhaus, we complement Theo-
rems 2.1 — 2.9 by Theorem 1.1 (see below). This theorem presents an example
of the relationship between r, ¢ and the parameter p € [1, oo], which guarantees
the correct solvability of the problem(1.1)-(1.2) in L,(R).

Theorem 1.1. Suppose that the following conditions hold:

1) The functions r(x) and q(z) are positive and continuous for x € R.
2) There exist a > 1 and b > 0 and an interval (o, 3) such that

r(t) q(t) r(z)

<—=%, —=<a for |[t—z|<b——=, x¢ (a,p);
@) (e sty TRl
and, moreover, 3a®exp (—%) <1

Then problem(1.1)~(1.2) is correctly solvable in L,(R), p € [1,00], if and only
if the conditions from the following table are satisfied:

SHE
<

Space Li(R) | L,(R), 1 <p<oo C(R)
Conditions for ro >0 gy >0 q(z) — o0
correct solvability | qo > 0 ¢ >0 as |z| — oo

Here p' = p(p —1)7! for p € (1,00) and
. : . 1 1

ro = ;léf&’l“(x), qo = ;2£Q(x)’ Oy = ;g]gr(x)zjq(x)? .
Remark. This article is the first of two parts. In this part, we state general
criteria and give an example of their application. In the second part, we shall
state the theorems which supplement the first part. Some statements in this
part are given without proofs. (Proofs can be found in [5]). Finally, note that
this work is a development of [1], in which the problem (1.1)-(1.2) with r(z) =1
was studied. Proofs of the statements of [1], which can be obtained from the
results of this article, are available in the preprint [5].

Acknowledgement. The authors thank Z. S. Grinshpun and S. Luckhaus, and
the anonymous referee for useful remarks and suggestions which significantly
improved the paper.
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2. Main results

Below we give the main results of the first part of this work. Here and through-
out the sequel, the symbols ¢, c(+), 1, ¢, ... denote absolute positive constants
which are not essential for exposition and may differ even within a single chain of
calculations. Let us introduce an auxiliary function d. We temporarily assume
that in addition to (1.3), we have also

S =00, 5L /_io % dt. (2.1)
Then for every x € R, we have a uniquely determined function d where
d(z) = inf{d: ®(z,d) = 2}, B(x,d) = /M@dt. (2.2)
d>0 oeq T(t)

The functions of type (2.2) were introduced by M. Otelbaev (see [10, 12]).

Theorem 2.1 (§4). Let p € (1,00), p' = p(p — 1)~'. Problem (1.1)-(1.2) is
correctly solvable in L,(R) if and only if the following conditions hold together:

1) M, < oco. Here M, = sup M,(x), where (2.3)

z€R

wior= [ oo 949

@ . (2.4)
© 1 [Ma(€ v
1 e (o0 ) o]
2)S; =00 (see (2.1)) (2.5)
3) Ay < oo. Here Ay = sup Ay(x), where
T€eR
z+d(z) dt
Ay(x) = : :
(@) / o 7 FP 2.7)

Corollary 2.1.1 ([5]). Let p € (1,00), and suppose that problem(1.1)—(1.2) is
correctly solvable in L,(R). Then its solution y satisfies the inequality

()

Remark 2.2. Theorem 2.1 is “not convenient” for application to concrete prob-
lems (1.1)—(1.2) since the condition (2.3) is non-local, and therefore may be hard
to check. At the same time, under an additional assumption (to (1.3)),

<c@fllp, ¥ f(2) € Ly(R).

p

dy < 00, dy=supd(z), (2.8)

z€R
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conditions (2.3) and (2.5) hold automatically(see Theorem 2.4 below), and the
checking of 3) can be made by local tools (see (2.7), (2.8). In the following
lemma we obtain the properties of r and ¢ guaranteeing (2.8).

Lemma 2.3 (§3). The conditions S; = oo and dy < oo (see (2.1) and (2.8))
hold together if and only if

Ja€ (0,00): B(a) >0, B(a) d:efirelﬂg /iﬂ %dt. (2.9)

In the next statement, conditions for correct solvability of (1.1)-(1.2) in
L,(R) contain only local requirements.

Theorem 2.4 (§4). Let p € (1,00), and (2.9) holds. Then problem (1.1)—(1.2)
is correctly solvable in L,(R) if and only if A,y < 0o (see (2.6)).

Now we give conditions for correct solvability of (1.1)—(1.2) in L{(R).

Theorem 2.5 (§5). Problem(1.1)—(1.2) is correctly solvable in Li(R) if and
only if the following conditions hold together:

1) S; =00 (see (2.1)) (2.10)
2)rg >0, 19 = glglelﬂg'f’(x) >0 (2.11)
3) My < co. Here My = sup M, (z) < oo, where (2.12)

M (z) = ) /_OO p ( t/r(g)dﬁ) dt, € R. (2.13)

Corollary 2.5.1 ([5]). Suppose that (1.1)—(1.2) is correctly solvable in Li(R).
Then its solution y satisfies the following inequality (see (2.11))

<2fl V1€ L), (2.14)

r

15 + qu
1

Remark 2.6. Inequality (2.14) shows that on the set of solutions of problem
(1.1)—(1.2), equation (1.1) has the property of separability in the space L}(R)
where 0(x) = -=7» © € R. Note that the problem of separability of singular
differential operators was first considered in [7], [8].

In the next theorem, conditions for correct solvability of (1.1)—(1.2) in L;(R)
contain only local requirements.

Theorem 2.7 (§5). Suppose that condition (2.9) holds. Then the problem (1.1)-
(1.2) is correctly solvable in Li(R) if and only if ro > 0 (see (2.11)).
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In the following theorem, we give conditions for correct solvability of prob-
lem (1.1)- (1.2) in C(R).

Theorem 2.8 (§6). Problem (1.1)-(1.2) is correctly solvable in C(R) if and
only if Ag = 0, where Ag = lim A(x). Here

|z|—o0

Alz) = /:o % exp (_/; %dg) dt, 1R (2.15)

Moreover, if Ay =0, then S; = oo (see (2.1)).

A local form of the condition for correct solvability of (1.1)—(1.2) is given
in the following theorem.

Theorem 2.9 (§6). Under assumption (2.9), problem (1.1)~(1.2) is correctly
solvable in C'(R) if and only if Ay =0, where Ay = ‘ lim A(x). Here

z|—00

B z+d(z) dt
Az) = / —:, xR
z—d(z) T(t)

In the next theorem, we give conditions for correct unsolvability in L,(R),
p € [1,00] of the problem (1.1)—(1.2).

Theorem 2.10 (§7). Let p € [1,00]. Then under the conditions (2.9) and

lim ¢(z) =0 or lim gq(z)=0, (2.16)

the problem(1.1)~(1.2) cannot be correctly solvable in L,(R).
To conclude the section, we give a statement of the estimates for d.

Theorem 2.11 (§3). Suppose that there exist a continuous positive function q;
and a function qu € LY(R) such that q(x) = qi(x) + q2(x) for x € R and, in
addition, »1(x) — 0, s05(x) — 0 as |z| — oo, where

— s o+t Jal@)  alz-1)

)= z|§2£<(ﬂ;)) /0 [ r(z+1t) 2 r(z) + r(z—t) }dt ’ (2.17)
B - T+z QQ(t)

)= |2]<2 o /xz r(t) dt‘ ' (2.18)

q1 (z)

Then the following relations hold:

q1(z)
r(z)

d(z) =1+e(x), |e(@)] < arpale) + ()], |o]>1 (2.19)

et < dz) < ey, zeR (2.20)
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3. Auxiliary results and technical assertions

In the first part of this section, we present various assertions used in the proofs
of Theorems 2.1-2.10. In the second part, we prove some of them.

3.1. Statement of auxiliary results.

Theorem 3.1 ([11, Chapter I, §6, no. 6.5]). Let AC(R)™) be the set of abso-
lutely continuous functions F' on R such that F(x) — 0 as x — oo, and let w
and v be measurable and positive functions in R. Then the Hardy inequality

Jwt P, < cllob ), 31

holds for all F € AC(R)™) if and only if H®) < co. Here HP) = sup H")(x),

zeR

(/ ) (/:Ov(t)—p’/pdt>ﬁ, z €R,

andp € (1,00), p' = 2%. Moreover, the following estimates hold for the smallest
constant C' in (3.1):

L
7

H® < < (p)%(p/)p H®)

Theorem 3.2 ([12, Chapter 2, §7]). Let p € (1,00) and let 1,0 be continuous
and positive functions on R. Denote by K the integral operator

(K £)(t) = () / To©)f(©)de. teR. (3.2)

Then the operator K : L,(R) — L,(R) is bounded if and only if H, < co. Here
H, = sup Hy(x),
z€eR

4
Y

Hp(x)—{/_w pdt} V ot pdt} =t e

The following inequalities hold:
Hy < || Klp—p < (p)» (0¥ Hy. (3.4)

Theorem 3.3 ([9, Ch.V, §2, no. 4-5|). Let K be the integral operator (3.2).
Then

T

K 1s = supola) [ e a (3.5)

—00

K lete)-c =supta) [ 600t (36)
S T
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Lemma 3.4. Let S; = oo (see (2.1). Then the function d(z) is defined for
x € R. Moreover, d is continuous and positive and

d(z +h) —d(z)| < |h| if |k <d(z), z €R. (3.7)

Definition 3.5. Suppose that there are given x € R, a positive continuous
function s, a sequence {z,}nen, N = {£1,£2,...}. Consider the segments
A, =[A,,Af], A =z, +5(x,). We say that a sequence of segments {A,,}°,
({A,},2_ ) forms an R(z, »)-covering of [z, 00) (resp., (—oo, x]) if the following
conditions hold:

1) Af=A,, forn>1 (resp.,, At | =A; forn < —1)

2) AT =z (resp., AT} = 2), Upsy An = [2,00) (resp., U<y An = (=00, 2]).
Lemma 3.6. Suppose that a positive continuous function s satisfies the follow-
ing relations

lim (t — »#(t)) =00 (resp., tLiEnoo(t + #(t)) = —00). (3.8)

t—o00

Then for every x € R there exists an R(x, )-covering of [x,00) (resp., an
R(z, »)-covering of (—oo, x]).

Lemma 3.7. Let Sy = oo (resp., S1 = 00, see (2.1)), where
> q(t
Sy = / alt) 4y (3.9)
o T(t)
Then for every x € R there exists an R(x,d)-covering of [z,00) (resp., an
R(z, d)-covering of (—oo, z]).
3.2. Proofs of auxiliary assertions.

Proof of Theorem 3.2. Necessity: Let p € (1,00), and suppose that the op-
erator K : L,(R) — L,(R) is bounded. Denote by [t1,s] the arbitrary finite

interval and
oY, if €€ [t t
ACERA e ln, bl
0, lff ¢ [tl,tg].
From the continuity of 6, it follows that f, € L,(R) and

||f0||p—/t PP ge = / )P de. (3.10)

Moreover,

t1

_W{Mﬂlmﬂaﬁ@mqpﬁ

(/_; pu(t)? dt) (/:G(f)P’dg)p. (3.11)

WKﬁmﬁz/

v
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Now using (3.10) and (3.11), we obtain

51z ([ ey )" ( / b(e)” e g (312)

Since ty, to are arbitrary, from (3.12) we obtain the lower estimate of (3.4).

Sufficiency: In (3.1), set w(z) = p(x)?, v(z) = O(x)~P. Then HP) = H, < oo
and (3.1) holds for every F' € AC(R)™) by Theorem 3.1. Denote

=

F(z) = /OO 0(s)f(s)ds, VfeL,(R), zeR. (3.13)

Since H, < oo, then 6 € L,(z,00) for every x € R; by Holder’s inequality
the integral (3.13) converges for every x € R, F' is absolutely continuous, F' €
AC(R)H), F(z) — 0 as x — oo. In addition, almost everywhere

L iy — b
_mF(x)_f( ), [ € LyR). (3.14)

Thus Theorem 3.1 together with (3.14) reduce to (3.4):

1 1 1
ICE Dy = 1Flly < ()7 ()7 Hy ||

=@ H O

Proof of Lemma 3.4. Clearly, ®(z,0) =0, ®(z,d) — oo as d — oo. For a fixed
x € R, the function ®(x,d) is continuous, non-negative and does not decrease
on (0,00). Then the equation ®(z,d) = 2 has at least one solution and therefore
the function d is defined.

Let us verify (3.7) for h € [0, d(z)]. The following two relations are obvious:

T+d(@) oy (w+h)+(d(2)~h) oy
2- [ a0 > / a®) g (3.15)
. (

i) T() eth)—(dz)—n) T(t)
a+d(z) (¢ (@z+h)+(d(@)+h) (¢

)= at) 4y < / at) (3.16)
v—d(z) T(t) (w+h)—(d(z)+n) T(t

From (3.15) and (3.16), we obtain, respectively,
d(x+h)>d(x)—h, d(z+h)<d(z)+h. (3.17)

Clearly, (3.17) is equivalent to (3.7). The case h € [—d(x),0] can be treated
similarly. From (3.7) it follows that the function d(z)is continuous for ze R. [
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Proof of Lemma 3.6. Let us verify that an R(x, s)-covering exists for [z, 00)
(the case (—oo, x| can be treated in a similar way). Set o(t) =t — »#(t) — .
Then ¢(x) = —»(x) < 0, and by (3.8) there is an a > z such that ¢(a) > 0.
Since s is continuous, so is ¢, and ¢(x) < 0, p(a) > 0. Hence there is an
x1 € (r,a) such that ¢(z,) = 0, ie., 2 = 21 — »(x1). Set AT = x1 & »(21),
and the segment A; = [A],Af] is constructed. The segments A,, n > 2,
with the property A} = A, are constructed in a similar way. Let us verify
that J,~; A, = [x,00). If this is not the case, then there is a z € (z,00)
such that At < z for all n > 1. Since the sequence {x,}°°, is increasing (by
construction) and bounded (z, < Al < z, n > 1), it has a limit 2o < z.
Moreover, co > z —x > 2% > | »(z,), and hence »(z,) — 0 for n — co. Then
»#(z9) = 0, a contradiction. The lemma is proved. O

Remark 3.8. Lemma 3.6 is proved by M. O. Otelbaev’s method (see [12, Chap-
ter 1, §4], [10, Chapter III, §1]).

Proof of Lemma 3.7. According to Lemma 3.6, it is enough to verify that
lim (z — d(z)) = o0, ( lim (z+d(z)) = —oo) . (3.18)

Equalities (3.18) are checked in the same way. Let us obtain, say, the first one.
Assume that lim , | (z—d(z)) = ¢ < co. Then there exists a sequence {z, }>*
such that z,, — oo as n — oo and z,, — d(z,) < ¢+ 1 for n > 1. Together
with (2.2), this implies

Tn+d(zn) ¢ Tp+d(zn) t

2:/ @dtZ/ @dtﬁoo as n — oo,
Tn—d(Tn) T(t) c+1 T(t)

a contradiction. Therefore (3.18) is verified. O

Below we need the following lemma.

Lemma 3.9. Let S} = oo (see (2.1)). The inequality n > d(x) (resp., 0 <n <
d(x)) holds if and only if

T+n t T+n t
/ @ dt > 2 (resp., / @ dt < 2) ) (3.19)
v T(t) v T(t)
Proof. Necessity: Let n > d(x). Then by (2.2), we have
0 o (¢ z+d(z) ¢
[ [,
z—n T<t) z—d(x) T(t)
Sufficiency. Suppose that (3.19) holds; however, n < d(z). Then by (2.2),

we get
z+n ¢ z+d(z) ¢
2< [ @dm/ 40 o,
z—n T(t) z—d(z) T(t)

a contradiction. Hence n > d(x). O
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Proof of Lemma 2.3. Necessity: Let Sy = oo, dy < oo (see (2.1), (2.8)). Set
a = dy. Then

z+do ¢ z+d(z) ¢
B(dy) = inf ﬁdt > inf Q =2.
z€R z—do T(t) zeR z—d(zx) (t)

Sufficiency: Let B(a) > 0 for some a € (0,00), and let k£ be the smallest
natural number such that (2k 4+ 1)B(a) > 2. Let x be an arbitrary point from
R, z, =2+ 2na,n==+1,+2,... £ k. Then

z+(2k+1)a zr+a k Tn+a Tn+a
q(t) q(t) / q(t) / q(t)
—<dt = dt dt

/ [t [ e z o

z—(2k+1)a T(t) n—a Tp—a

> (2k+1)B(a) > 2.

Lemma 3.9 and the above inequality imply d(z) < (2k+1)a, i.e., dy = sup,cg d(x)
< (2k + 1)a < oo. Since dy < 0o, we conclude that S; = oo. O

Proof of Theorem 2.11. For x € R and n > 0, we get (see (2.2))

2®(z, )
_ 0@ +/77 {Ch(x ) 0@ alr= ﬂdt +/m ) 4 (3:20)

r(z) g r(z+1) r(z) r(z —t) _, ()

Set m(x) = (1 + s (z) + %g(x));((wx)). Then 31 (x) 4 s00(z) < 1 for || > 1, and

the equation (3.20) implies
20(z,m(x)) > 2(1 + s01(2) + 200(2)) — 201(2) — 202(x) > 2. (3.21)

From here d(z) < n(z) for |x| > 1 (see Lemma 3.10 and (3.21)). Similarly, we
set My = (1 — 51 () — %Q(x));((”?). Then n9(z) > 0 for |z| > 1, and (3.20) implies

20(z,m9(x)) < 2(1 — 201 (x) — 202(2)) + 501(x) + 200(x) < 2.

Together with Lemma 3.9, this implies d(z) > no(x) for |z| > 1. We thus
get (2.19). Estimates (2.20) are easily derived from (2.19) taking into account
that the functions r, ¢; and d are continuous and positive on R. O
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4. Proof of the main results in the case p € (1, 00)

In this section we prove Theorems 2.1 and 2.4. Below we need the following
assertion.

Lemma 4.1. Let f € L,(R), p € [1,00]. If the problem (1.1)~(1.2) is solvable
(not necessarily correctly solvable), then its solution y is unique and can be
represented by formula (1.5).

Proof. Let y be a solution of (1.1)—(1.2). Then

lroen (- [ )] = ew (- [ Da) e ay

Let a € (0,00). We integrate (4.1) along the segment [z, z + a] and get

y(z + a) exp (— / m;{(—g ds) — y(@)

- - e (_ / f % ds) F€)e.

In (4.2) we take the limit as a — oo. From (1.2) it follows that the limit in the
left-hand side of (4.2) exists. This proves (1.5). O

(4.2)

Proof of Theorem 2.1. Necessity. Suppose that(1.1)—(1.2) is correctly solvable
in L,(R). Then (see (1.5) and (3.2)), its solution y can be written in the form

y(x) = (CF)(x) = (K f)(x) = () /OOG(t)f(t)dt, VieL®),  (43)

where
s “a(s)
_ _ as) R (4.4
p(z) = exp ( ) > exp ( /0 o) ds), S (4.4)
The operator G = K : L,(R) — L,(R) in the case (4.3)—(4.4) is bounded, and

Clearly, H,(x) = My(z), x € R, and this implies

therefore H, < oo (see (3.3)).
ck (2.5). If S; < oo, then using (2.3) we obtain for

M, = H, < oo. Let us che
xGR

ez [ oo (o [ 5o [ o ([ o)l
oot [ [ oo (o [ 25 0)a] =

3
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a contradiction. Hence S} = oco. Let us check that (2.6) holds for

det [ dl

Tp/ = 00, Tp/ = /0 ’l“(t)p/ . (45)

Then we get analogously Sy = oo (see (3.9)). Let us now turn to (2.6) and

prove it ad absurdum. Let A, = oo (see (2.6)). Let us show that there exists

F € L,(R) such that (GF) # 0 as |[t| — oo, i.e., (1.2) does not hold for all

f € L,(R). This contradicts the correct solvability of(1.1)—(1.2) in L,(R). Let

be a positive number which will be chosen later, and let a, = inf,cr Ay (7).

Clearly, 0 < a, < 00, and for every integer k > a,» + 1 there is a point z;, such
that

< Ay(xy) < (k+1)°, k>ay+1. (4.6)

Since A, (x) is continuous (see Lemma 3.4 and (2.7)), then |zx| — oo as k — oo.
Since 51 = S = 0o (see (2.1), (3.9)), from (3.18) it follows that one can choose
a subsequence {xy, }52, such that |zj, | — 0o as n — oo, and the segments

Ak" = [A];n,A;:n} = [C(an — d({L‘k")7$kn + d({L‘kn)}, n = 1, 2, Ce

are disjoint. Let a be another positive number (also to be chosen later), and

e tEA
fo () = { OFRT (BT =12 (4.7)
0, t¢ A,
F(t) =Y fr.(t), teR. (4.8)
n=1

Let us verify that F' € L,(R) for a > %. Indeed, we have

- 1 dt = 1
FlP = E < E . 4.

n=1

Let us estimate (GF)(t) from below for t = A, = 3, —d(xy,). By (1.5), (4.8),
(2.2) and (4.7), we get

@85> [ e (= [ S8

k

> exp (- /Akn % ds) /Akn fin(i)t) dt (4.10)
8

(1+ k)~
>k, + 1)

> exp(—2)
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For > « we obtain from (4.10) that (GF)(t) / 0 as [t| — co. Let a € (%, Bl
B> (p—1)~'. Then (4.9) and (4.10) imply that problem (1.1)-(1.2) is correctly
non-solvable in L,(R), a contradiction. Hence A, < oo. Let now T, < oo
(see (4.5)). First, let us show that (regardless of the value of 7)) there exists
¢o € R such that the inequality

z —d(z) > ¢ (4.11)

holds for all z > 0. Assume the contrary. Then there is a sequence {z,,}22 ; such
that x,, — d(z,) < —n, x, > 0,n=1,2,.... Together with (2.2) and (2.5), this

implies

Tnt+d(zn) 0

2:/ ﬁdtZ/ ﬁdtﬁoo as n — oo,
Tn—d(zn) T(t) -n T(t>

a contradiction. Hence (4.11) is true. Then the function A, (x) is absolutely
bounded for > 0. Indeed, from (4.11) we get for x > 0

z+d(z) dt 0 dt % ¢
Ay = —— < —_— — = T, . 4.12
P (l') /m‘_d(m) T(t)p/ — /c‘0 T(t)p/ +/0‘ T(t)p, c+ p < o0 ( )

Taking into account (4.12), let us assume now that A, = oo, where A, =
sup,<o Ay (z). We then can repeat all the arguments from the preceding case
(T,y = o). The only difference is that the initial sequence {x;}3, (see (4.6))
is known to satisfy the property x;, — —oo as k — oo. Taking into account this
remark, we reduce this case (7, < 00) to the preceding one (7, = 00). We thus
proved the necessity of all the conditions of the theorem.

Sufficiency. Since M, < oo, then J,(z) |V:p,< oo for x € R. Here (see
(2.3)-(2.4))

J,(z) = /:o L e (—y/; @ds) dt < oo, z€R. (4.13)

r(t)” r(s)
Therefore, from Holder’s inequality, it follows that the integral (G f)(x) con-
verges for f € L,(R) and z € R. Hence, the function (Gf)(z), z € R is
defined and, obviously, satisfies (1.1) almost everywhere on R. From the equal-
ity My(x) = Hp(x), v € R, (see (4.4), (3.3) and (2.4)) and Theorem 3.2, we
get (1.4).
Now we consider (1.2). Below we need the following lemma.

Lemma 4.2. Suppose that conditions (2.5)—(2.6) hold. Then J, < oo for any
v > 0 where J, = sup,ep J,(z) (see (4.13)).

Proof. If T,y = oo (see (4.5)), then Sy = oo (see above), and by Lemma 3.7
there is an R(z, d)-covering {A,}52, of [, 00). Then

/t%dSEQ(n—l) fort € A,, n>1. (4.14)
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Indeed, for n = 1 estimate (4.14) is obvious, and for n > 2 we have

/i Z/A z /A%ds n_2=2(n—1). (4.15)

1

\Y
i

By the properties of {A,}22, and by (4.15) and (2.6), we get

J,(z) = Z/An T(i)p, exp (_,,/; % ds) dt

Let now T}, < oo. Since S = 0o (see (2.5)), by Lemma 3.7 there is an R(0, d)-
covering {A,}22, of (—o0,0]. When estimating J,(z), first consider the case
x < 0. Then z € A, ng < —1 and (2.2) imply

[ e ([ 1)
- [ H5e) [ (v/A )
.

no
0 t

(4.16)

— exp(2v) Z/ — exp (—V/A:O%ds>dt
< exp(20) Z/ exp( /A’“@ds)dt

(s
< exp(2v)Ay Z exp (— 2v|ng — k|)

k=ng

< exp(2v)Ay Z exp(—2vm)
m=0

= c(v)Ay.
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Using (4.16), we now get for z <0

J,,(x):/xzo exp( U/i TES ) ) |
:/x exp( VL mids) /O #exp(—y/x %ds)dt

< dt
— C(V)Ap’ +/(; T(t)pl
= C(l/)Ap/ —+ Tp/.

For z > 0, J,(x) < T}y is obvious. Thus, J, < ¢(v)A, + Ty < oo. O

Now it is easy to see that y = (Gf)(x) — 0 as z — oo. Indeed from Holder’s
inequality and Lemma 4.2, it follows that

0<|(Gf)(x)] < Jf% {/Oo ]f(t)\pdt]aﬁ 0 asx — oo.

To check (1.2) for x — —oo, we use the following two lemmas.

Lemma 4.3. Let S; = oo (see (2.1)). Then for every n € (
zo(n) < 0 such that for every x < xo(n) the equation in d >0

d(d) d:f/ %ds =1 (4.17)

o0), there is an

has at least one solution d(x,n) and z + d(z,n) < 0.

Proof. Clearly, for d € [0,00) the function ®(d) is continuous, non-negative,
and ®(0) = 0. Since S; = oo, there is an z¢(n) < 0 such that

0
/ @ ds > 2.
zo(n) T(8)

Set p(z) = —x for every o < z¢(n). Then

x+p(x) 0
/ ﬁdszf ®d32277>77.

r(s) o(n) r(s)

Thus ®(0) = 0, ®(u(z)) > 1 and therefore, since d is continuous, in the segment
[0, u(z)] there is at least one root d = d(x,n) of equation (4.17), and since
d(z,n) < p(x) = —z, we have z + d(z,n) < 0. O
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Let d(z,n), < x¢(n) be the smallest root of equation (4.17):

d(z,n) = inf d-/Hd@d— < 2o(n) (4.18)
z,m) = inf ¢ d: = s=mn, x<xz0(n)¢. :
Lemma 4.4. Let 51 = oo (see (2.1)). Then

lim (7 +d(z,n)) = —oc0, 1 € (0,00). (4.19)

Proof. Let lim,_,_(z +d(z,7)) = ¢, ¢ € R. Then ¢ < 0 (by Lemma 4.3 and
(4.18)). Furthermore, there is a sequence {z,}>°, such that z, — —oo as
n — oo and z, + d(z,,n) > ¢ — 1 for all n > 1. Hence

Tn+d(Tn,n) c—1
77:/ ®ds>/ ®ds—>oo for n — o0,
Tn Tn

r(s) r(s)
a contradiction. Thus lim (z+d(z,n))=—o00c. This equality implies (4.19). O

Fix now n € (0,00). Let xo(n) be the number defined in Lemma 4.3 and
x < x¢(n). From (4.18), Lemma 4.2 and Hoélder’s inequality, it follows that

o<lenwr =i [Cioren (- [ t X i) an

z+d(z,n) z+d(w,n)
Sc/ |f(t)|P dt + cexp (—/ ®d8>

. > p _ t @ d ) d
é+d(z,r]) |f(t)| eXp( /erd(x,n) T(S) ’ '

x+d(z,n)
< / FOP dt + coxp(—n)lIf |1

Since f € Ly(R), from (4.19) we obtain

z+d(z,n) z+d(z,n)
OS/ |f(t)|pdt§/ lf@®)Pdt —0 asz — —oo,

—00

which implies
0< lim [(Gf)(@)[" < cexp(=n)[|f]}. (4.20)

In (4.20) the number 1 € (0, 00) is arbitrary. Hence in (4.20), we can take the
limit n — oo. We get lim ;. [(Gf)(z)| =0, hence 0 <lim , ___[(Gf)(z)| <
lim, . [(Gf)(z)| = 0. The last relations finish the proof of Theorem 2.1. [J
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Proof of Theorem 2.4. Necessity: The necessity of the condition A, < oo (see
(2.6)) for correct solvability of problem(1.1)—(1.2) in L,(R) follows from Theo-
rem 2.1.

Sufficiency: Suppose that (2.9) holds. Then S; = 0o, dy < oo, by Lemma 2.3.
Then by Lemma 3.7, for every = € R there exist R(z,d)-coverings {A,},2
for (—oo, x]. Below we need the following lemma.

Lemma 4.5. Let S; = 0o and dy < oo (see (2.1) and (2.8)). Then I,, < oo for
every v > 0, where I, = sup,cp 1,(x),

Iy(x):/;exp <—y/j%ds) dt, xeR.

Proof. If t € A,,, n < —1, then

/x % ds > 2(|n| —1), n< -1 (4.21)

The proofs of (4.21) and (4.14) are similar. Further

b= 35 [ (oo [ L)

n=-—00
-1

<2 Z d(x,)exp (— 2(|n| — 1)V)

n=—oo
o0

< 2dy Z exp (— 2(n — 1))

n=1

= c(v)dy < 0. O

From Lemmas 4.2 and 4.5, it follows that M, < oo :

1
7

My(x) = (I())7 (Jy (€))7 < (L,)7 ()

Thus the conditions of Theorem 2.1 are satisfied and therefore the problem
(1.1)-(1.2) is correctly solvable in L,(R). O

=

Pt < 0Q.

5. Proof of the main results in the case p =1

In this section, we prove Theorems 2.5 and 2.7.

Proof of Theorem 2.3. Necessity: Suppose that problem (1.1)—(1.2) is correctly
solvable in L;(R). By Lemma 4.1, its solution y is of the form (4.3)—(4.4), and
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therefore (3.5) implies (2.12)—(2.13). Furthermore, if S; < oo (see (2.10), then
M; < oo and

M, = supi/ exp (—/ ®d3> dt > exp(—Sl)supL/ 1dt =
z€R T(‘I) —00 t T(S> z€R T('T) —oo

a contradiction, and hence S; = oco. Further, let o = 0 and let a be a positive
number which will be chosen later. Since 7y = 0, from (1.3) it follows that
there is a sequence {z,}>%, such that r(z,) =n"% n=1,2,..., and clearly,
|z,| — 00 as n — oo. From (1.3) it also follows that there are numbers d,, > 0,
n=1,2,..., such that

1 2
— <r(t) < —, te€lr,—0p,Tp+0,], n=12,....
U E T2 A AP A
Let w, = min{d,,d(z,),1}, n = 1,2,.... Making §, smaller (if necessary),
we can choose w,, n = 1,2,... so that the segments A, =|x, — w,, T, + wy],
n=1,2,..., are disjoint. We introduce the functions
=, tel,
fult) = " , n=12 ...
0, t¢ A,

= ifn(t), teR.

Let us verify that F' € Ly (R) for a > 1. Indeed,

1 2w, ~=1
F|, = W ()] dt = = — < 0.
nulz/u ) WMLZW S

We now estimate (GF)(t) from below for t =t, =z, —w,, n=1,2,...:
Tn+wn 1 t q(s>
F > — — AN
@R [ e (< [ Bas) o

1 In+twn 1 In+twn
27/ —— exp —/ wds dt
2wy, - N T —wn ’r(t) Tp—Wwn T(S)
S exp(=2)
- 2
Thus, (GF)(t) 4 0 as |[t| — oo, a contradiction. Hence ro > 0.

Sufficiency: Consider the functiony = (Gf)(z), z € R, f € L1(R) (see (1.5)).
Since rg > 0 (see (2.11)), the integral (G f)(x) converges for all x € R, and we
have

|@MMs%£im(/’8 )U\ﬁ<—/ ol (5.)
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Thus, the function y = (Gf), © € R is defined for f € L;(R) and, obviously,
satisfies (1.1) almost everywhere on R. From (4.3)—(4.4), (3.5) and (2.12)—(2.13),
it follows that the operator G : L;(R) — L;(R) is bounded, and we obtain (1.4).
The inequality (5.1) implies (1.2) as  — oo. The proof of (1.2) as z — —oo
for p=1and p € (1,00) is similar (see §4). O

Proof of Theorem 2.7. Necessity: If problem(1.1)—(1.2) is correctly solvable in
Ly(R), then ro > 0 by (2.11).

Sufficiency: Suppose that condition (2.9) holds. Then S; = 0o, dy < oo by
Lemma 2.3, and there is a R(z,d)-covering {A,},2_ of (—oo,z], * € R (see
Lemma 3.7). Then (4.21) implies

1 “q(s) )
M; < —su exp | — —Zds | dt
S D /A p( / (s)

n=—oo

< —sup d(x,)exp (—2(|n| — 1
S 3 ) exp (—2(jnl = 1)
2dy
< 2N Vexp (—2(n—1))
"o n=1
Cd()
= — < o0.
To
To complete the proof, it remains to use Theorem 2.5. O

6. Proofs of the main results in the case p =

In this section we prove Theorems 2.8 — 2.9.

Proof of Theorem 2.8. Necessity: Suppose that problem(1.1)—(1.2) is correctly
solvable in C'(R) and y = (Gf)(z), x € R is its solution (see Lemma 4.1). Then
if f(x) =1, z € R, we obtain (Gf)(z) = (G1)(z) — 0 as |z| — oo, i.e., A9 = 0.

Sufficiency. Since Ay = 0, A(z) € C(R) (see (1.3)). Then from (4.3)-
(4.4) and (3.6), we obtain that the operator G : C'(R) — C(R) is bounded.
Therefore, the function y = (Gf)(x), x € R, is defined for f € C(R) and
satisfies (1.4) and, obviously, (1.1) almost everywhere on R. Since Ag = 0, the
estimate |(Gf)(x)] < A(@)|/ fllcw), * € R, implies (1.2). It remains to check
that S; = oo. Let S} < oo. If £ < 0, then (see below) (6.1) follows from (2.6),
and (6.1) implies (6.2) by the condition Ay =0 :

Ax) > /;O %exp (— /xt % ds) dt > exp(—51) /xo %, (6.1)
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and hence o
dt
0= lim A(x) >exp(—95;) lim E > 0, (6.2)
T——00 T——00 . T
a contradiction. Hence S; = oco. Theorem 2.8 is proved. 0

Proof of Theorem 2.9. Necessity: Let B(a) > 0 for some a € (0,00). Then
S1 = 00, dy < oo by Lemma 2.3. Since the problem(1.1)—(1.2) is correctly
solvable in C(R), then Ay = 0 and

00 1 t
0= lim A(x —d(z)) > lim — exp (—/ als) ds) dt
|z| =00 |z[—o0 z—d(z) T(t) z—d(z) T('S)

z+d(z) z+d(zx)

> lim exp <—/ ®d5> / dt

|z| =00 z—d(z) T(S) z—(d(z) T(t)

z+d(z)

= exp(—2) lim _dt

lwl—o0 Jy—a@ T(t) T

Thus A(z) — 0 as |z| — oo.

Sufficiency: Let B(a) > 0 for some a € (0,00) and Ay = 0. Then S; = oo,
dp < oo by Lemma 2.3, S5 = oo (because dy < o0), there is a R(z,d)-covering
{AR}2, of [x,00), = € R, (see Lemma 3.7) and, finally, A = ||Al|c®) < oo.
Furthermore, for a given £ > 0, there is an xo(g) > 1 such that A(x) < g for

|z| > xo(€). Let ng be a natural number such that 44 exp(—2no) < e. Then the
following relations are fulfilled for |z| > Zo(g) = xo(e) + 2n0dp :

U Ay Clx,x + 2nody), [z, 2 4 2nodo] N [—x0(€), 2o ()] = 0.
k=1
Consequently, for |z| > Z((e), we obtain

A(:U):nf:/Ani—t)eXp<—/xt%ds) dt

=1

SZexp(—Q(n—l))/A %

no [e'S) (63)
:Z:exp(—Q(n—l))/A %+Z exp(—2(n—1))/A %

<£ i exp (— 2(n — 1)) + Aexp(—2ny) iexp (—2(n—1)) <e.

n=1 n=1

From (6.3) it follows that Ay = 0. It remains to apply Theorem 2.8. O
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7. Correct non-solvability of the boundary value problem

In this section we prove Theorem 2.10.

Proof of Theorem 2.10. By Lemma 2.3 we have S; = 00, dy < co. Let g(z) — 0
as © — oo (the second case of (2.16) can be considered in a similar way).
Then for a given € > 0, there is x¢(e) such that g(z) < ¢ for x > z¢(e).
Below = > z¢(¢) + dy. Obviously, ¢(t) < € for t > x — d(x) since © — d(x) >
xo(e) + do — d(x) > xo(e). Let the problem (1.1)—(1.2) be correctly solvable for
some p € [1,00]. Further we study separately the following cases: I) p € (1, 00);
IT) p = 1; III) p = oo. In each case, we obtain a contradiction which proves the
statement of the theorem.

Case I): Since Ay < oo, then (2.2), (2.7) and (2.15) imply
z+d(z) dt L z+d(x) dt I 1
2< 6/ — < ced(z)? / — < ced(x)?l’A;’ .
z—d(z) T’(t) z—d(z) T(t>p

Thus, d(z) — oo as © — 00, a contradiction, since dy < o0.
Case II): Since ry > 0 (see (2.11)), then from (2.2) it follows that

z+d(z) z+d(z) 2
2:/‘ ﬁﬁﬁge/ A2,
z—d(z) T(t) x

Thus, d(x) — 0o as © — o0, a contradiction, since dy < 0.
Case III): From (2.2) and (2.14), it follows that

z+d(z) z+d(z)
_ / at) _ / _dt
o—d(z) T t) z—d(x) T‘(t)
Thus, fl(m) — (0 as x — oo, a contradiction, since A = 0. O

8. Example

Let a, 3 € R, v > 0, and
r(z) = e, q(x) = " ePllcos e x e R. (8.1)

In this section, we study a condition of correct solvability in L,(R), p € [1, o],
for problem(1.1)—(1.2) in the case (8.1) (below for brevity, we write “problem

(8.1)).
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8.1. Necessary conditions for correct solvability.

Lemma 8.1. The problem (8.1), is correctly solvable in L,(R), p € [1,00], only
if 6>« and > 0. In the latter case, S1 = oo, dy < oo (see (2.1), (2.8)).

Proof. By Theorems 2.1, 2.5 and 2.8, the problem(1.1)—(1.2) is correctly solvable
in L,(R), p € [1,00] only if S; = oo. It is clear that in our case S; = oo only if

B > a. We shall show that in this case (2.9) is fulfilled. Let a = %, x > a and

¢ is some point on the segment [x — a,x 4+ a]. We denote
ft)=e" 4+ e cose, t>0,0=3—a>0. (8.2)

Below we use the mean value theorem [13, §12.3] and get
z+a T+a
q(t)
0=/ o=l

rt+a
> / (1 + cose™)dt

—a

1 r+a
=2a+ — / e [ye cos e dt

Y Jr—a
1
= 2a + (sin e”tlg )
,yez’—a r—a
2 1
>2a——=—->0.
Yo

For z € [0, al, the function F(z) is continuous and positive. Therefore Fy(a) =
min,ep,q £(z) > 0. Let @ = min{y~ !, Fy(a)}. Then F(z) > a for all z > 0.
The case z < 0 can be considered in a similar way. Thus, (2.9) holds. By
Lemma 2.3, we have dy < oo. Moreover, > 0 by Theorem 2.10, and therefore
the lemma is proved. O

8.2. Estimates of the auxiliary function of growth. Below we assume
that conditions § > «, § > 0 hold. We shall establish inequalities for d on R
in three separate cases: 6 < v, 8 =, 8 > . We need the following notation.
Let the functions ¢ and 1) be positive and continuous on R. We write ¢ < v if
there is a ¢ € [1,00) such that ¢ 'y(z) < 9(z) < cp(z), x € R. Moreover, in
the proofs, we consider only the case x > 0 where the functions r and ¢ in (8.1)
are even.

Lemma 8.2. Let 0 <0 <~,0=0—a«. Then

d(z) = e %z cR. (8.3)
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Proof. To apply Theorem 2.11, set
a(z) =Ml g(z) = P cos(e?®), zeR.

Let 6 < . Let us estimate sz, (z) (see (2.17)) for x — oo :

sl (.I') = sup / [ee(ft-l-t) _ 26026 + 60(:C—t):| dt'
|z|<2e=0= [JO
— 6990 sup / [QQtZ 4. } dt‘ S Ce—ZGx‘
|z|<2e—0 |JO

Below, when estimating s (), > 1, we use the mean value theorem [13, §12.3]:

T+z
/ % cos(e) dt‘

—z

Ttz (0—7)t
/ S [ve? cos(e™)] dt ‘ (84)
r—z "}/

s(x) = sup
|2]<2e—0=

= sup
2| <20

< cell—1z

Since 6 < «y, we have s (z) — 0, s5(z) — 0 as @ — oo. By Theorem 2.11
this implies (8.3). Consider now the cases § = 0 and # = . If § = 0, then
s (x) =0 and (8.4) holds. Therefore, we obtain (8.3) as above. Let § = ~. We
set n(x) = (14+~1)e 7, > 1. Then

/Hn(x) oy - (@) _ o=m(z) . sin(e7) -+ (z)
=e
z—n(z) g v z—n(z)
e x))3 2
> — {27n(x)+27(7n(|)) +] -——>2
gl 3! ¥

From here d(z) < n(z) for > 1 (see (3.19)). Let ¢ = min{4™', (27)"'},
n(x) = ee~7*. Then, for x > 1, we obtain

z+n(x) x4n(x) 4 3
/ f(t)dtSZ/ etdt = —e’® |:’W](l‘)+M+'“ < 2.
z—n(z) z—n(x) Y 3!
Hence d(x) > n(z) for x > 1 (see (3.19)). This implies (8.3). O

Lemma 8.3. Let 6 > ~. Denote by {xy}3 ., a sequence of points such that
\ze| = vy In[(2|k| + V)7, k = 0,+1,£2,.... Then

def _ 042y
de Zd(zy) < 2lk|+1)" 3, k=0,+1,42,.... (8.5)
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Proof. Let k> 1,d € [0,1], t € wy = [z — d, z + d]. Since f(xy) = f'(zx) =0
(see (8.2)), by Taylor’s formula we obtain

2 1
/1ﬂwﬁ:igﬁhw+§/’ﬂﬂw»@—mfm. (8.6)
Wk T YW
The following relations are obvious:
Flan) =22k + r] 5 =k k> 1, (8.7)
FE)] < e < e m < kT >0, Eew, (88
and hence
t/‘jw%fa)ﬂt——xkfcﬁ < k™, (8.9)
Wi
Let pu € (0,00) and ny = p[f” ()] 3. Then due to (8.6), (8.7) and (8.9), we get
for = (%)% and k> 1

TNk 3 0—ny
/‘ ft)dt < S +ck™ 5 <2,

—7k
Hence, dy > n, by Lemma 3.9. Similarly, we have for p = 93
r+d 0—n
/ fO)dt >3 —ck 3 >2, k>1,
TE—d
and hence dj, < n by Lemma 3.9. The relation (8.5) then follows. O

Lemma 8.4. The following inequalities hold:
d(z) <cdy for x € [vg,xps1], E=0,£1,£2,.... (8.10)

To prove (8.10) (for z > 0), we need Lemmas 8.5 — 8.10 below. The case
x < 0 can be studied in a similar way.

Lemma 8.5. For all k=0,1,2,..., the function f(t) (see (8.2)) has a unique
extremum (maximum) on the interval (xg, xpy1). If Zx is a corresponding ex-
treme point, then

e < Zp < 2+ k™2 for k> 1. (8.11)

Here u is some absolutely positive constant, z, = v~ In[(2k + 2)7].

Proof. The equality f'(t) = 0 can be easily brought to the form

L o2 def n 1 —~¢ L
y(cosge”’) e "o(t) =0, @t)=0y"e " —tg <§€7>. (8.12)
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Since f(t) > 0,t € (xg, 1) and f(zx) = f(zr41) = 0, then f(¢) has maximum
on the interval (z, z41). Furthermore, the first two factors in (8.12) are positive
on (Tg, Tpy1), and ¢'(t) < 0 for t € (zx, Tk11), @(xr)@(Tr+1) < 0. This means
that ¢(t) has a unique root on (xy, xx41), as desired. The lower estimate (8.11)
follows from an inequality f’(z;) > 0. Let k> 1, 2, = 2 + uk—2. By Taylor’s
formula, we obtain (8.13) with £ € (2, 2x)

Pl p, 19 @)

"(2) = f 1 — 8.13
f (Zk) f (Zk> + f,(zk) L2 91 f,(zk) X! ( )

Together with the obvious relations
Fla) = k5, 1f" () =k, f'(a) <0, k>1, (8.14)

we use (8.13) and (8.8) and obtain
f'GR) < flla) (=t +ep?k™).

Clearly, f'(2x) < 0 for 4 = 2c and k > 1. Therefore, the upper estimate (8.11)
is true. 0

Lemma 8.6. For all k> 1, the following inequality holds:
fleg +di) > flag — di). (8.15)
Proof. The inequality (8.15) is equivalent to (see (8.2))
e [1 + cos 67(”+d’“)] > e 0 [1 + cos eka_dk)}, k> 1. (8.16)
From (8.16) and the obvious equalities

cos [eV(’””dk)] = —cos [(2k + I)m(e™™* —1)], k>1
cos [ M| = —cos [(2k + )m(e ™ —1)], k> 1,

it follows that (8.16) is equivalent to

sin [(k: + %) (v — l)eﬂdk}
— | sin[(k+3)w(e —1)] |

0dy,

e k> 1. (8.17)

In this connection, we note that
1 d e
0<(/<:+5)7r(e”’“—1)§ckdk§ck 7 —0 ask — oo.

This means that in (8.17), the arguments of both sines tend to zero (as k — oc0)
and are positive. Therefore, (8.17) follows from the monotonicity of the function
sin z in the neighborhood of the point z = 0. O
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Lemma 8.7. The following equalities hold:

.2k — X . Tyl — 2k
lim =00, lim —/———
k—o0 dk k—o0 dk:

Proof. Below we use (8.5) and (8.11) to get

= OQ.

2y — T 2L — T 1 In(1+ 52— o
k koo 2k k1 ( 2k+1)20/{:3_v7—>oo

dy, dy, Y dy,

- _ 1
xk+1_zk>xk+1_zk_'uk2>l1n(1+m)_ K >c*1k%—>oo
de1 di41 Y dy, k2dy, —
as k — oo. 0

Corollary 8.7.1. For all k > 1, the function f(t) decreases monotonically on
the segment [z —d, x| and increases monotonically on the segment [xy, xy~+dy).

Lemma 8.8. The following equality holds:
- f(Z)
lim

Proof. 1t is obvious that f(Zx) = f(zx)+ f'(§)(2k —21), § € (21, Z) and | f'(§)] <

]
cel0tME < etz < k= for k > 1. From here and taking into account (8.11),
we obtain

= 1. (8.18)

f(Z) 1f' )] 1 bty _0_
f(z) flz) k2 sk

Lemma 8.9. For k> 1, the following inequalities hold:
fGr+de) > f(op+di),  f(2k — dii1) = f(@re1 + digr)-

Proof. Both inequalities can be verified in the same way. We prove, for example,
the first one. Below we use Taylor’s formula, the estimates of type (8.14) and
equality (8.18):

—1‘§c :%—>O as k — oo. O

FGe+die) > f(Z) (1 — ’2{;((2)’ dﬁ) > ¢ f(z) (1 ek m) > ¢ s

for k > 1. Below we again use Taylor’s formula f(z, + dy) = %di, € €
(2, x + di), and estimates of type (8.7) to get

"
Flap +dy) = f2(‘§) B <k =k, k> 1

Based on what we have found, we obtain for k& > 1

FGr+di) > k5 > ek 5 > flag + dy). O
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Lemma 8.10. The following inequality is true:

Proof. The following relations are obvious:

26(re—2d) . 8 (6 8 1/7(6)
Pl @ 3 ) BT T3 ) *
leetd) . FE) (6]
Pl T B ST 3 )

Here & € (ZEk — Qdk,l‘k), & e (l’k,l’k + dk) Clearly, (819) holds if

4 S &) L[ (&)]
3 f(w) f"(xr)

From (8.5), (8.7) and (8.8), it follows that (8.20) is indeed true for all k > 1. [

dp > 1+

dp, k> 1. (8.20)

Proof of Lemma 8.4. Below we consider (8.10) separately in the cases
) z € [zg, 2] and 1) & € [Z, g11]. Furthermore, we assume that k& > ko > 1.
Here kg is chosen so that for k > kg it is possible to use Lemmas 8.5 — 8.10. It
should be noted that inequality (8.10) is obvious for k& < k.

Case I): If x € [zk, xx + 2dk], then [xy — di, x4+ di] C [x — 3dg, z + 3dg]; and

therefore
z+3dy, Tp+di
/ f(t)dt > / f@t)dt = 2.

—3dg Tp—dg

From here d(z) < 3dy by Lemma 3.10. If € [z+42dy, 2], then [x—dy, z+d}] C
[z + dg, 2 + di]. Hence if t € [x — dg,x + di| and € € [z — dy, zx + di], then
f@t) > f(&) by Lemmas 8.6, 8.9 and Corollary 8.7.1. Thus, we get

T+dy T +dp
/ f(t)dt > / F(€)de = 2.

—dy, Tp—d

and d(x) < dy by Lemma 3.10.

Case II) If xr € [$k+1 — 3dk+1,$k+1], then [$k+1 — dk+1,$]€+1 + dk+1] g
[ — 4djy1, © + 4di41]; and we have

x+4dg 41 Tryr1tdes1
/ f@ﬁz/ F(t)dt =2,

—4dg 41 k+1—dk+1

From here it follows that d(x) < 4dy,1 by Lemma 3.10. If = € [Zy, 211 — 3dk1],
then [z —djy1, t+dgs1] C [Ze—diat1, Tha1—2dgr1]. Hence if t € [x—dpyq, x+djsq]
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and £ € [xp11 — dgi1, Thr1 + diia], then f(t) > f(€) by Lemmas 8.6, 8.9, and
8.10 and by Corollary 8.7.1. From here we obtain

THdp41 Ty1+drr1
[ rwas [T o=

—dg41 Tp1—dp41

and d(x) < diy1 by Lemma 3.10. It remains to note that dy < di,1 (see
(8.5)). O

8.3. Precise conditions for correct solvability of problem (8.1). Below
we study problem (8.1) with the help of Theorems 2.4, 2.7 and 2.9 and Lem-
mas 2.3 and 8.1. Since the requirement dy < oo in the case (8.1) is fulfilled “by
necessity” (see Lemma 8.1), then r(t) < r(z) for [t —z| < d(z), v € R (see (2.8)
and (8.1)). We use these relations together with conditions 8 > «, 8 > 0 (see
Lemma 8.1), without additional stipulation.

Theorem 8.11. Let p € (1,00). Then problem (8.1) is correctly solvable in
L,(R) if and only if one of the following conditions hold:

DB=a=0 (8.21)
2)3>0,7>f-a>0,p>1-5% (8.22)
3) >0, —a>y B+20+2y>0,p>1— 552 (8.23)

Proof. Let v > 8 — a. Then (2.7) and (8.3) imply:

z+d(z)
A/(x):/ dtxd(as) _ 1

' dwy T(t) T eorlel T eBatap)lel’

Therefore, A,y < oo if and only if § — a + ap’ > 0. Then, by Theorem 2.4, we
have the following relations:

a)if =0 = a<0,a(p) =1)>0 ==«

f—a—-7<0
b)if >0 = 0<f-a<y,pzl-%.

f>a, 20
j{
B—a+ap >0

Thus conditions (8.21) and (8.22) are obtained. Let now § —a > 7. We use
(2.6), (2.7) and (8.5) to obtain
0+2~ ap,

d _ _ap
Ay > sup Ay(ay) > ¢ tsup —r— > Lsup(2k| + 1) =0
|K|>0 k>0 €717 k|20

where Ay (1) = supjg>o fikjdik ﬁ. On the other hand, if x € [z, Tf41], then

from (8.10) and (8.5) it follows that

atd(@) d d y_ ol
Ay(x) = / <c (z) <e—r < c(2|k| + 1)_0;2 T

ap'|t|] — ap'|x| — ap'|xk| —
—d() QPH ep|| ep|k|
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and hence

Ay <csup(2|k|+1) e
k[ >0

Thus, A,y < oo if and only if the following relations are fulfilled:

B+20+27>0

520, f-a>y PO ez
} R
p>1-—

B—at2y | op’
3y + v >0 3a
B+2a+2y

which implies (8.23). It remains to quote Theorem 2.4. O

Theorem 8.12. The problem (8.1) is correctly solvable in L(R) if and only if
B>a>0.

Proof. This statement follows from Lemma 8.1 and Theorem 2.7. O

Theorem 8.13. The problem (8.1) is correctly solvable in C(R) if and only if
either one of the following conditions hold:

H)B>0,y>F—a>0 (8.24
2) >0, f—a>~, f+2a+2y>0. (8.25)

Proof. Let v > (3 — «. Then as above, we obtain

/M(f) dt _d(z) 1
a1 golal T Bl
Therefore, Ay = 0 (see Theorem 2.9) if and only if § > 0 and (8.24) is fulfilled.
Let 3—a>~. If Ay = lim fx+d =) dt =0, then (see (8.5))

|z — d(z) eolt

z € R.

wtde i
0= lim —— >¢ ! lim >c ' lim (20k] + 1)~ ’

|k|—o0 ealt| |k|—o0 €a‘xk| |k|—o0

—a+2y
3y

3 >0.

T —dg

This implies 3 + 2« + 2y > 0. On the other hand, for x € [xy, xr11] by (8.5)
and (8.10), we obtain

z+d(z) Ve
/ <00 <o < ofolh| + 1)

alt o eclx
_d(x)@H CH \k|

and therefore the condition 5 + 2« + 2y > 0 must fulfill the equality Ay = 0.
Thus, Ay = 0 if and only if

52075—04>7} N B>0, f—a>7y
B+2a+2y>0 B+2a+2y>0

which implies (8.25). It remains to use Theorem 2.9. O
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