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Existence of Periodic Solutions of
a Class of Planar Systems

Xiaojing Yang

Abstract. In this paper, we consider the existence of periodic solutions for the fol-

lowing planar system:
Ju' = VH(u) + G(u) + h(t),

where the function H(u) € C3(R?\{0}, R) is positive for u # 0 and positively (g, p)-
quasi-homogeneous of quasi-degree pg, G : R? — R? is local Lipschitz and bounded,
h € L*(0, 2m) is 2m-periodic and J is the standard symplectic matrix.
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1. Introduction

We consider in this paper the existence of periodic solutions for the following
planar system

Ju' = VHu) +Gu) +h(t), (= djdt) (1)

where H(u) € C3(R?\{0}, R) is positive for u # 0 and positively (g, p)-quasi-
homogeneous of quasi-degree pq, that is, for any u = (x, y)Te R?, A > 0,

H(MNx, \y) = N1H(z, y),

here p > 1 and ¢ is the conjugate exponent of p, that is, % + % = 1, the function
G : R? — R? is local Lipschitz and bounded, h = (hy, ho) € L*°(0, 27) is
2r-periodic and J = (9 ') is the standard symplectic matrix.

If G =0, system (1) reduces to a Hamiltonian system

, 0H ,  of
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with Hamiltonian function H = H (u) + (h, u).
Under above conditions, it is easy to see that the origin is an isochronous
center for the autonomous system

Ju' = VH(u), (2)

that is, all solutions of (2) are periodic with the same minimal period, which

we denote by 7.
1

For example, let p > 1, %4— i 1,
aat) + Byl

H(z, y) =
(z, y) p .

G=0, h(t)=(=f(),0)

with a > 0, # > 0 and satisfy

1 1 2
Dy <_1+_1> -
ar B n

where the positive constant D, > 0 will be given at the end of this paper (see
Example 1) . Then system (1) reduces to

' =¢g(y), Y =—ad(zt)+ Be,(x7) + f(t)

which is equivalent to the second order p-Laplacian

(p(2')) + agp(a™) = Bop(a™) = (1),

where ¢,(x) = |z|P~2z, p > 1 is a constant and =" = max{x, 0} is the positive
part of x, x= = max{—=z, 0} is the negative part of .

The existence of periodic solutions for second order differential equation

o+ f(x)z’ + g(z) = f(1)

has aroused the interests of many mathematicians (see, for example, the refer-
ences [1 — 8] and references therein). Recently, Capietto and Wang [3] studied
the following asymmetric nonlinear equation:

2"+ f(x)x +azt —bx” + g(z) = p(t). (3)

Assume F(z) = [; f(s)ds and g(z) are bounded and p(t) is 2r-periodic and

continuous, a, b are positive constants satisfying the resonance condition
ﬁ + ﬁ = 2. Let ¢(t) be the solution of the initial value problem

n

" +art —bz” =0, z(0)=0, 2/(0)=1.
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Assume in addition that the limits lim, .4 F(x)=F(£o00) and lim, 1+ g(x) =
g(£00) exist. They showed that (3) has at least one 2w-periodic solution pro-
vided that either the function

$(0) = ; 9(2@ = 9(‘;0)] — %/0 D060+ 1) dt
or the function
54(6) = ZIF(+00) = Pl=o0)l = 5= [ p(6/0 +1)a

is of constant sign.

More recently, Fonda [6] considered system (1) with p =¢ =2, G = 0. He
gave a general description of the dynamics of the solutions, for example, the
existence and multiplicity of 27-periodic solutions, boundedness and unbound-
edness of solutions. In this paper, inspired by the works of Fonda, Capietto and
Wang, we shall consider the existence of a 2m-periodic solution of system (1).
The results of this paper generalize and refine some results of [3] and [6].

Let S(t) = (Si(t), Sa2(t)) be the solution of (2) satisfying H(S(t)) = 1 for
all £ € R and has minimal positive period 7. In this paper, we denote by (a, b)
the scalar product of vectors of a, b.

If we define 2Z-periodic functions Ay () and po(6) as

L ( T ho(£)Sa(0 + t) dt + n®y(8)),  ifp>2
M) =14 1 ( UTh(), S0+ 1)) dt + nq>2(9)) , ifp=2 (4)
L(J m(®)Si(0+ ) dt +n@s(0)),  if1<p<2
and
-1 (f(f“ ha(£)S4(6 + 1) dt+n\111(0)), ifp> 2
po(0) = { —1 ( 2T (n(t), S'(6+ 1)) dt + n\If2(9)> . ifp=2 (5)
LT e+ 0)S1(0 + ) dt+n¥y(0)), 1< p<2,
where

D1(0) = go(+00, +oo)/ So(6 + t) dt + go(+4o00, —oo)/ So (0 +t)dt

Iy I

+ g2(—o0, +oo)/ So(6 +t) dt + go(—00, —oo)/ Sy(0 + 1) dt

Iy I__
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Py (0) = g1(400, +00) S1(0 +t) dt + g1 (+00, —00) S1(0+1t)dt

+ g1(—o0, +oo)/ (0 + 1) dt + g1 (—o, —oo)/ S,(0+ 1) dt

Iy I
4 a0, +oo)/ So(0+ ) dt + gs(+00, —oo)/ Sy(0+ 1) dt

Iy j

+ gg(—OO, +OO) 52(9 + t) dt + g2<—OO, —OO) 52(9 + t) dt
Iy I__

P3(0) = g1(400, +oo)/ S1(60 +t) dt + g1 (400, —oo)/ Si1(0+1t)dt

and

Iy Iy

+ gl(—oo, +OO) S1<t9 + t) dt + gl(—oo, —OO) 51(0 + t) dt

I I
H 0OH
Uy (0) = —go(400, +00 0 +t)dt — go(+00, —00 0+1)dt
1(6) = — g )| g rnd - ) gger
H OH
— g2(—00, +00) 851<0+t>dt g2(—00, —00) i asl(eﬂ)d
OH oH
=g +oo,—|—oo/ 0 +1t)dt + g1(+o0, —0 0+t)dt
! ) g+ o A 8Sg( )

U»(0)

Ws(0)

with

OH
+ g1(—o0, +oo) KE o (0 +1)dt + g1 (—oo, oo/ EYR (0+1t)dt
2 _ 2
0OH OH
— go(+00, +00 0 +1t)dt — go(400, —00 0+t)dt
o ) u+&%( )dt = g [ o504
OH OH
— ga(—00, + 0+t)dt — - / 0 +1t)dt
92( o0 OO)/ 851( ) 92( o0 OO) . asl( )
H 0H
= ¢1(+o00, +00 0+ t)dt + gi1(+o00, —0 0+t)dt
o ) M+&%< ) dt -+ g )| a0+
(=00 +oo)/ OH g4 tydt + gu(—o0, —00) | (o4 1)at
gl Y Ii+ 852 gl 9 I 852

Iy ={tel0,Z]:5(0+1t) >0, S(0+t)>0}
Lo ={tel0,Z]:5(0+1t) >0, S(0+1t) <0}
Iy ={tel0,2]:5(0+1t) <0, S(0+1t)>0}
I_={tel0,Z]:5(0+1t) <0, S2(0+1t) <0},

then we have the following result:
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Theorem 1. Assume 2 =ne N, He C*(R? R), h = (hy, he) € L>(0, 2),
G(u) = (g1(zx, y), g2(z, y)) € C’(RQ,RQ) are local Lipschitz and bounded. More-
over, let the limits

lim g1(z,y) = g1(£o0, £00), lim  ga(,y) = g2(+00, +00)

T,y—Foco r,y—=Fo0

exist and assume that there exists a constant oy > 0 such that the following
limits hold:

lim [gi(2,y) — gi(00, £00)|(a” +47)70 =0, i=1,2.
€Z,Yy— L0

Then system (1) has at least one 2mw-periodic solution provided that the function
A1(0) or the function po(0) is of constant sign.

If we define another two 27-periodic functions A;4,(6) and () as follows:
itp>2 0=p—2,

(L2 (£)S1(0 + t) dt, 0<o<1
Ao(8) = § 7o IS0+ ) S
" +c,,f0 ha(t)S5(8 + 1) fif ha(7)Sa(6 + 7) dr dt,
\cpf t)S5(0 +t) f0h2 )S2(0 + 7) dT dt, o>1
if p =2,
Ao (0) = Aa(0) = >\1(9>)\/1(0) =0 VOeR,
1 21 t
(o) = /0 (S"(0+1), h(t)) /0 (S(0+7), h(r) dr dt
if 1<p<2,a:;%1,
(L [T ha(t)S(0 + t) dt, 0<o<l
1
Mo (6) = af 820+t)dt o
—l—cqf t)S1(0 +1) fo hy(7)S1(0 + 7) d7 dt,
\C(If t)S1(0+t) fohl )S1(0 + 1) dr dt, o> 1,

Wherecp:%>Of0rp>2andcq:2p;2p>0f0r1<p<2,thenwe
have

Theorem 2. Let the conditions on H, h in Theorem 1 hold. Assume G(u) =
A (0) = 0, where A\i(0) is given by (4) with ®;(0) =0, i = 1, 2, 3. Then sys-
tem (1) has at least one 2m-periodic solution provided that the function Ay, (0)
(for p > 1) or the function pui(0) (for p=2) is of constant sign.
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2. Generalized polar coordinates transformation

Since H is positively (g, p)-quasi-homogeneous of quasi-degree pq, we have for
any A > 0 and u = (z, y)T € R?,

H(Maz, NPy) = N1H (x, y). (6)

Taking the derivative of both sides of (6) with respect to A and then letting
A =1, we obtain the generalized Euler’s identity

1 OH(z,y) 1 O0H(z,y)

» o7 +5?/Ty H(z, y). (7)

For r > 0, §(mod2m) € R, we define the generalized polar coordinates
transformation P : (r, §) — u as

P:ou=(z,9)" = (r5,0) r%SQ(e))T. (8)

Then the map P is a diffeomorphism from the half plane {r > 0} to R*\{(0,0)}
and is area-preserving: dx A dy = —dr A df, the functions r, 0 are of C? as far
as u(t) does not cross the origin. By assumption, for all » > 0,

H(r%Sh T%S2> =rH(S;, S2),

we get
OH 0z OH OH dy  OH

9r 08, |95, By 89S, 05y’
which implies

OH . 10H OH ., 10H
or 9SS, oy | 9S,

This is equivalent to

. 1— 1 8H 1 1 8H
VH(u)= (r 25, 5, ) 9)
Substituting (8) into (1) and using (9), we obtain
o ou  Ou -1 0H RES! oH
—+0J—= 79— h). 1
T T 0 = (7" 95, asg) +(G+h) (10)

By the generalized Euler’s identity (7) and by using (Ju, u) = 0 for any u € R?
a scalar product in (10) with 2* yields

./ Ou Ou OH oOH ou
9<J%’E> <p51(951 52852> <(G+h> 8r>

:1+<(G+h) g:f>



Periodic Solutions of Planar Systems 243

But it is not difficult to verify (J%%, %) = retat = 1, we get therefore
0 = 1+ ((G+h),2%). Similarly, a scalar product of (10) with 2% yields

90
' =—((G+h), ). We get therefore

9’:1+<(G+h),%>, r':—<(G+h),%>, (11)

where h = h(t) and u is given by (8).

Now we discuss (11) according to p > 2, p =2 and 1 < p < 2, separately.
1
Let p = r# for p > 2, then (11) is changed into the form

1 ou 1 ou
0 =1 G+ h = —(-1)Z2 '— _(G+h = -1~ 12
+< + ,pp ap>’ p < + ,pp 50/ (12)

where u = (pS1(6), pP~19(6)). Similarly, we let p = r2 for p = 2 and p = ra
for 1 < p < 2, we can obtain similar forms of above approximation. For py > 1,
by the boundedness of S, S’; G and h, for any t € [0, 27|, we obtain

p(t) =po+0(1), p ' (t)=py' +O0(py?), 0(t)=6+t+O0(p"), (13)

where by O(1) we mean a function a(p,t) which is bounded uniformly in (p,t)
for p > 0,t € [0, 27] and by O(p~%) we mean a function b(p,t) such that
1p%b(p, t)]| is bounded for p > 0, t € [0, 2] and k > 0.

Substituting (13) in to (12) and integrating over [0, 27| with respect to t,
we get, by analyzing the cases p > 2, p = 2 and 1 < p < 2 separately, the
following asymptotic expression:

01 =00 + 21 + M (60)py " +o(py '), 1= po+ po(fo) + o(1), (14)

where by o(1) we mean a function A(p, §) which is 27-periodic in § and satisfies
lim,— 100 A(p,0) = 0 uniformly for § € R, and by o(p~*) we mean a function
B(p, 0) which is 2m-periodic in § and satisfies lim, o p*B(p, ) = 0 uniformly
in § € R for k> 0. A\ () and po(0) are given in (4) and (5) respectively.

In case G = 0, substituting (13) in to (12) and integrating over [0, t] C
[0, 27] with respect to t, we get

0(t) = 0o+t + M (6o, t)pg" +0(pg ")
p(t) = po + po(bo, t) + o(1) (15)
p~H(t) = pyt = polBo, oy + olpg?),
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where
.

L[y ha(r)Sa(0 + 7) dr,  ifp > 2
)\1(9, t) - %f(f<h(7_)a S(9+T)> dr, ifp=2 (16)
%fothl(T)Sl(e‘i'T)dT, ifl<p<?2

f0h2 )SL(O +T1)dr, ifp>2
po(6, t) = < 2f0 ), S"(@+7))dr, ifp=2 (17)
f0h1 S/9+T)d7' ifl<p<?2.

Substituting (15)—(17) in to (12) and integrating over [0, 27| with respect to ¢,

under the assumption A\;(f) = 0, after some elementary calculations we get
po(0) = Nj(0) = 0 and

01 = 0o + 21 + My (00)po ) + 0(py )
p1 = po+ o (00)po” +0(py?),

where A\ 1,(#) is given in Theorem 2. Moreover, we have the following relations:

Ao(0) = M(ON(0) =0 it p=2

(18)

Iu(e)_ _/\/1+U(9>7 2<p§3’02p_2>0 (19)
’ —- LX), p>3,
p1(6) is given in Theorem 2 if p = 2, and
XL (0), 2<p<20=%(2>0
Lo (0) = { plias ) 3 >P : p—1 (20)
—55A0(0), 1<p<3.

Combining the above discussions, we obtain the following lemmata.

Lemma 1. Let 27” =n € N and the conditions of Theorem 1 hold. Then for
po > 1, the Poincaré map

P2 (00, po) — (61, p1) = (0(27: 00, po), p(27; 00, po))

of the solution of (11) with initial value (0, po) has the asymptotic expression
of (14) where p = rP, re or 1 according top > 2,p =2 and 1 < p < 2,
respectively, A1(0), po(0) are given in (4) and (5) respectively.

Lemma 2. Let 27” =n € N and the conditions of Theorem 2 hold. Then under
the assumption \1(0) = 0 and for po > 1, the Poincaré map

P (6o, po) = (b1, p1) = (9(277;907P0)a P(27T§90,po))
of the solution of (11) with initial value (6o, po) has the asymptotic expression
of (18) where p = 1P, r2 or 14 according top > 2,p =2 and 1 < p < 2,
respectively, M\1,(0), p1(6) are given in Theorem 2 and u,(0) satisfies (19) or
(20). Moreover, for p =2, X\y(0) = A\ ()N} (0) = 0.
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3. Proof of Theorems

Proof of Theorem 1. The proof of Theorem 1 is similar to the proof of Theo-
rem A in [3], so we only sketch it.

From Lemma 1, the Poincaré map of the solutions of (11) has the form
of (14). If A, is of constant sign, then there exists a constant ¢y > 0 such that
A (0) > ¢ or A\(0) < —cgy. Therefore, the image (6o, p1) of (6y, po) under the
map P does not lie on the ray 6 = 6, if p is large enough. By the Poincaré-Bohl
Theorem (see [9]), the map P possesses at least one fixed point, which implies
that system (11) and hence system (1) has at least one 27-periodic solution.

If 119(0) is of constant sign, then there exists a constant ¢; > 0 such that
either (i) po(f) < —cy <0 or (i7) po(d) > ¢y > 0 for all 8 € R. In case (i), we
have p; < pg for py large enough. Therefore, the Brouwer fixed theorem ensures
the existence of a fixed point of the map of P. Hence system (11) and therefore
system (1) has a 27-periodic solution. In case (ii), we see the map P~! has the
corresponding property of P, therefore P~! has a fixed point, which implies that
system (11) and therefore system (1) as at least one 27-periodic solution. [

Proof of Theorem 2. 1t follows from Lemma 2 that the Poincaré map of the
solutions of (11) has the form of (18). The rest of the proof of Theorem 2 is
similar to that of Theorem 1, so we omit it. O

Remark 1. If A\;(0) = 0, the results of [3] and [6] can not be applied here
since by (19) and (20), for p # 2, the function p,(#) is either identically zero or
changes signs at least two times in [0, 27), by its 27-periodicity.

Example 1. Let us consider the following planar Hamilton system

o' = ady(y") —a”dy(y”) — F(x) + ha(t)

Y = —b%6,(a*) + b 6,(a") — glx) — haD), @)

where a®, b* are positive constants satisfying

Dp( 11 1 + 11 1 + 11 1 + 11 1) = - (22)
(@*)a(b*)r (at)a(b7)r  (a7)a(b*)r  (a7)a(b7)» "

with

1
-Dp - 1 1 B <l7 l) 9
I 12 \pryq
piqr
where B(\, p) = fol tA1(1 — t)»~1dt is the B function for A\, p > 0 and
¥ = max{+z, 0}, y* = max{+y, 0}, n € N, F(z), g(x) € C are bounded
and the limits lim, 1o F(z) = F(+oo) and lim, .1 g(z) = g(£oo) exist,
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hi(t), he(t) € L>(0, 27) are 2m-periodic, ¢,(u) = |u[P~?u for p>1. Especially,
let at=a"=1,bt=a,b-=p,F =h; =0, ho(t) = e(t), then (21) reduces to

(0p(2))" + adp(z™) — Bop(x7) + g(z) = e(t)

and (22) reduces to
1 1 2
Dy =+—=| =~
ar 55 n

Let (S(t), C(t)) be the solution of the initial value problem
¥ =aTo,(y") —a"dey"),  x(0)=0
Y = b, H b g aT). y(0) =gi(a) e,
Then it is easy to verify the equation
H(S(t), C(t) =1 VteR,

where

[ (@) + b7 (@ )] | et (yT)T +a” (y)]
p q '
Let 7 = 2% and A;(6), po(f) be defined in Theorem 1, it is not difficult to obtain

H(QJ, y) =

‘ ( 027r hao(1)C(0 + 1) dt + ”(I)l(e)) ; p>2
M) =1 3 ( ST (S0 + 1) + ha(H)C(0 +1)] dt + n<1>2<9)) Cp=2
(TS0 + 1) dt -+ ns(6) ) lep<s

where

1(0) = — F(+00) / CO+ 1) di — F(—o0) / CO+1)dt

S(0+t)>0 S(0+t)<0
Bs(6) = —F(+00) / CO0+ 1) dt — F(—o0) / C(0 + 1) dt
S(6+t)>0 5(6+t)<0
1 g(+o0) / S(0 4 1) dt + g(—o0) / S(0 + 1) dt
S(6+t)>0 S(0+t)<0
By (6) = g(-+00) / S(0 + 1) dt + g(—o0) / S(0+ 1) dt,
S(0+t)>0 S(6+t)<0
and
~5 (57 B (0 + 1) dt + 01 (6) ) p>2
0(0) = § =3 (37 IS/ O+ 1) + ha()C'(0 + 1)] dt + n3(0) ), p =

(
(f027r hi(t)S'(0 +1t) dt + n\Ifg(e)) : l<p<2,

2
1
q
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where

U1(0) = — F(+00) / C'(0 + 1) dt — F(—o0) / C'(0 + 1) dt
S(6+)>0 5(0+t)<0

() = —F(+00) /S 1y SO0 F(20) / [ L

+g(+oo)/ (0 + ) dt + g(—o0) SO +1)dt
S(6+t)>0 S(6+t)<0

\113(0):g(+oo)/ S(O+1)dt + g(— / S0+ 1) dt
S(6+t) S(0+t)<

with C" = C'(0 +t) = =bT¢,(ST(0 + 1)) + b ¢,(S™(0 + 1)).
Let p=2,a" =a" =1,b" =a,b” =b, hi(t) = p(t), ha(t) = 0, then (21)
reduces to (3) with F(z fo s)ds

Example 2. Let p = 2,0 = 3 = n = 1, H(z,y) = 3(2® + %), h(t) =
(ha(t), ho())" = (1, 1)" and

T T
g1(z,y) = go(z,y) = (5 + arctan x) (5 + arctan y>.

Then by Theorem 1, it is not difficult to show that S;(t) = sint, Sa(t) = cost

and
T

M) =T [

5 / sin(t+0)dt+/ cos(t+0)dt]>0

I+ Iy

for all # € R. Hence Theorem 1 implies that system (1) has at least one 27-
periodic solution.

Example 3. Let p > 2,a = 8 =n = 1, H(x,y) = (2" + [y"), h(t) =
(hi(t), ho(t)T = (1, )T and g1(z,y) = g2(x,y) = 0. Then by Theorem 2, it is
not difficult to show that A;(6) =0 and, for 0 = p — 2 > 1, we have

21 2 27
AH(,:cp/O S;(9+t)/0 SQ(T+0)d7dt:cp/0 S2(0 + t)dt > 0

for all # € R, where ¢, > 0 is a constant. Theorem 2 implies that system (1)
has at least one 27-periodic solution.

Remark 2. Similar to Theorem B in [3], we can prove the following result: If
the functions Ay and gy have zeros and all the zeros are simple and the zeros
of A1 and pg are different, moreover, if the signs of pg at the zeros of A\; in
0, 27”) do not change or change more than two times, then system (1) has a
2m-periodic solution.
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