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Spectral Properties of a
Fourth Order Differential Equation

Manfred Moller and Vyacheslav Pivovarchik

Abstract. The eigenvalue problem y™* (X, z) — (gy')'(\, ) = A2y(\, z) with bound-
ary conditions y(\,0) = 0, ¥”(A,0) = 0, y(A\,a) = 0, ¥"(\,a) + iady’ (N, a) = 0 is
considered, where g € C1[0,a] and o > 0. It is shown that the eigenvalues lie in the
closed upper half-plane and on the negative imaginary axis. A formula for the asymp-
totic distribution of the eigenvalues is given and the location of the pure imaginary
spectrum is investigated.
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1. Introduction

Small transversal vibrations of a homogeneous beam compressed or stretched
by a force g can be described by the partial differential equation

ot 0 0 0?
@U(%t) - %g(fﬁ)%u(%t) = —@U(%t)-

We suppose g to be a sufficiently smooth real-valued function; throughout this
paper g € C'[0,al, a > 0, will be assumed. If g > 0, then the beam is stretched,
if g < 0, then it is compressed. Let us impose the following boundary conditions
at the left end

82

da?

u(0,t) =0, u(z,t) =0,

=0
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which correspond to a hinge connection. Let the conditions at the right end be
92

U((Z, t) = 0, @

u(z,t) = —a 8t8xu<x’ t)

Tr=a r=a

The last boundary condition means that the hinge connected right end is subject
to viscous friction a > 0 in the hinge. Substituting u(z,t) = ey(\, z) we
obtain the ordinary fourth oder differential equation

y W\ @) = (9v) (N z) = Ny(\, 2), (1.1)

with boundary conditions

y(A,0) =0, (1.2)
y" (A, 0) =0, (1.3)
y(A,a) =0, (1.4)
y" (A, a) +iaXy' (N, a) = 0. (1.5)

For technical reasons we also allow « to be zero in some of our statements.

It is shown that all eigenvalues A of the problem (1.1)—(1.5) lie in the closed
upper half-plane or on the negative imaginary axis. A formula for the asymp-
totics of the eigenvalues is proved in Theorem 5.2, and the fine structure of the
distribution of the pure imaginary eigenvalues is discussed in detail in Section 6.
For constant g even more details about the pure imaginary eigenvalues can be
given; this is done in Sections 7 and 8.

A similar result on the location of pure imaginary eigenvalues was obtained
in [8] for the so-called generalized Regge problem, which is an analog of our
problem generated by the Sturm-Liouville equation

—y" +q(x)y =Ny, y(0)=0, y(a)+ (ieX+ B)y(a) =0.

It should be mentioned that the eigenvalue problem in [8] for a second order
differential equation is simpler than the fourth order differential equations in-
vestigated in this paper. In particular, in [8], geometric multiplicities of pure
imaginary eigenvalues are always one, there are no nonzero real eigenvalues,
and the subsequence {/\,(f)} described in Theorem 6.5 is absent.

Self-adjoint fourth order differential equations have been studied intensively,
both for small transversal vibrations of beams and in hydrodynamics. We just
mention a few of them. In [4] the study of inverse problems for the Timoshenko
beam leads to a fourth order differential equation which is a quadratic pencil
with respect to the eigenvalue parameter b* ([4, (10)]), with boundary conditions
depending linearly on b* ([4, (5), (7), (8)]); it is shown that for certain choices of
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the parameters geometrically double eigenvalues exist. In [2] asymptotics of the
eigenvalues of the corresponding boundary problems with different selfadjoint
boundary conditions were investigated. The paper [10] is concerned with oscil-
lations of solutions of the differential equation (without boundary conditions)
and separation of their zeros. The problem of small transversal vibrations of
the so-called Timoshenko beam with dissipative boundary conditions was con-
sidered in [9], where the asymptotics of eigenvalues were investigated. Finally,
in [1] several higher order eigenvalue problems in hydrodynamics can be found.

2. Birkhoff regularity

For the definition of Birkhoff regularity we refer to [7, Definition 7.3.1].

Theorem 2.1. Replacing \ with 12, the eigenvalue problem (1.1)—~(1.5) is Birk-
hoff reqular for all o > 0.

Proof. We first note that the characteristic function of (1.1) as defined in [7,
(7.1.4)] is w(p) = p* — 1, and its zeros are i*~*, k =1,...,4. Choosing

1

C(z, p) = diag (1, o1 /f’) <¢<k—1><l—1>>
k=1

according to [7, Theorem 7.2.4.A], it follows that the boundary matrices defined
in [7, (7.3.1)] are given by

1 000 1 1 1 1
WO =g 5 o com= T
00 0O o 0 0 0
0 0 00 0 0 0 0
R I KECROR N E
0 dau®> 1 0 T2 V3 M4

where v; = @ap®+ (=1)71u?, 7 =1,...,4. Choosing Cy(p) = diag(1, p?, 1, u®)
if & > 0, we obtain Cy(1) "W (p) = W + O(u~1), where

1 1 1 1 0 O 0 0

o (1 -1 1 -1 m |0 0 0 0
Wo™ = o o0 o0 o]’ Wo' = 1 1 1 1
0 0 0 O o —a —ia o
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According to [7, Definition 7.3.1 and Proposition 4.1.7], the matrices A of the
problem are the four 4 x 4 diagonal matrices with 2 consecutive ones and 2 con-

secutive zeros in the diagonal in a cyclic arrangement. By [7, Definition 7.3.1]
the problem (1.1)—(1.5) is Birkhoff regular if

WA + W = A) (2.1)

is invertible for all four choices of A. Now it is easy to see that, after a permu-
tation of columns, the matrices (2.1) are block diagonal matrices consisting of
2 x 2 blocks taken from two consecutive columns (in the sense of cyclic arrange-

ment) of the first two rows of WO(O) and the last two rows of Wél), respectively.
These matrices are obviously invertible. We thus have shown that the problem
is Birkhoff regular.

If = 0, then the same conclusion holds with Cy(n) = diag(1, p?, 1, pu?). O

3. Differential operators and spectrum
Let A, K and M be linear operators acting in Ly(0,a) & C with domains

D) = {v = ()] s v e W00, 0 =/ 0) = yt0) =0
D(K) = D(M) = Ly(0,a) & C,

() k) - ()

It is easy to check that A = A* is bounded below, K >0, M >0, M+ K =1,
and M|pcay > 0. Let us consider the operator pencil

L\ a) =M —ia)K — A

given by

with domain D(L) = D(A) independent of the spectral parameter A. Clearly,
Ly = L(0,0) = —A with ¢ = 0 is a Fredholm operator, and the operator
L(\, ) with general g is a relatively compact perturbation of Lg. Therefore,
by the perturbation theory of Fredholm operators, see [5, Theorem IV.5.26],
L(A, &) has a compact resolvent.

Similarly, according to [7, (6.3.1)], we can associate a boundary eigenvalue
operator function T'(\) : W2(0,a) — L*(0,a) & R* given by

y@ — (gy') — Ny

y(0)
TNy = y"(0)
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By Theorem 2.1, the operator function T'(\) with A replaced by p? is Birkhoff
regular. So the spectrum of T'(\) consists of an infinite number of normal eigen-
values. Note that we write T'(A) but L(\, «) since we will mostly deal with the
latter operator pencil and its dependence on « will frequently be made use of.

Since the components y(0), y”(0), y(a) are independent of A, it is easy to
see that there is a one-to-one relation between a chain of an eigenvector and as-
sociated vectors yo, y1, . .., y; of T'(\) and a chain of eigenvectors and associated
vectors Yo, Y3, ..., Y, of L(\, ). Therefore, when dealing with eigenvalues, their
geometric and algebraic multiplicities, and chains of eigenvectors and associated
vectors, we can take the operator pencils L(A, ), T'(A) or, more informally,
(1.1)—(1.5), whichever seems to be more appropriate. So we call the spectrum
of the operator function L(A, ) the spectrum of the problem (1.1)—(1.5).

The eigenvalues of (1.1)-(1.5) are continuous and piecewise analytic func-
tions of the parameter a which can loose analyticity only at multiple eigenvalues,
see, e.g., [3]. When a = 0 the eigenvalues are located on the real axis and on

the imaginary axis symmetrically with respect to the real and to the imaginary
axes. This is clear from the identity L(A,0) = \2M — A.

Lemma 3.1. All eigenvalues of L(\, «v), a > 0, lie in the closed upper half-plane
and on the imaginary azxis and are symmetric with respect to the imaginary aris.

Proof. Let Y) be an eigenvector corresponding to the eigenvalue A\, of the op-
erator pencil L(\, a). Then

N (MY, V) — idpa( KYy, Vi) — (AYy, Vi) = 0.
Taking the imaginary part of this equation we obtain
2ReA, ImA, (MYy, Yy) — aReA (KYy, Yy) = 0.
This yields either ReA\; = 0 or
2ImA\, (MY}, Yy) — a( K'Yy, Yi) = 0.

Since M | p(a) > 0 and K > 0, we obtain ImA; > 0. The symmetry follows from

(—N2MY —ia(—NKY — AY = XMY —ia KY — AY
forall A € C and Y € D(L), where Y denotes the conjugate complex of Y. [

Lemma 3.2. All nonzero real eigenvalues of L(A\, ), a > 0, (if any) are
semustmple, i.e., the corresponding eigenvectors do not possess associated vec-
tors. All real eigenvalues of L(\, ), o > 0, are independent of «.
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Proof. Let A\g be a real nonzero eigenvalue, Y a corresponding eigenvector and
assume that there is a corresponding associated vector Y;. Then
MNMYy —idoaKYy — AYy =0 (3.1)
20 MYy — iaKYy + NMY] — idgaKY; — AY; = 0. (3.2)
From (3.1) we obtain
Ao (MYo, Yo) — idoa(K Yo, Yo) — (AYy, Yp) = 0,

which shows

(Yo, Yy) = 0. (33)
Due to K > 0 equation (3.3) implies
KY, = 0. (3.4)
Then from (3.1) we deduce
NMYy — AYy =0, (3.5)

and (3.2) leads to
200(MYo, Vo) — ia( K'Yy, Yo) 4+ AH(MY1, Yg) — idoa(KY1, Yp) — (AY1,Yp) = 0.
Using (3.4) this gives
W0(MYy, Yy) + (Y, MYy) — (Y, AYy) = 0, (3.6)

and then (3.5) implies (MYp, Yy) = 0, which contradicts M|pa) > 0.

Note that (3.5) is also true for A\g = 0 if (3.1) is satisfied, whence it follows
that any real eigenvalue )\ is independent of a. O

Lemma 3.3. Let A = —it, 7 > 0, be an eigenvalue of L(A\, ), « >0 . Then A
18 semistmple.

Proof. Let Yy be an eigenvector for the eigenvalue —i7 and suppose there exists
a corresponding associated vector Y;. Then

—7?MYy — TaKYy — AYy =0 (3.7)
—2iTMYy — iaKYy — 7°MY] — TaKY; — AY] = 0. (3.8)
Applying (3.8) to Yy we obtain
—2iT(MY, Yo) — iKYy, Yo) — 72(MY1, Yp) — ra( KY4, Yp) — (AY1, Yp) = 0
or, what is the same,
—2iT(MYy, Yp) —ia(K Yy, Yo) + (Y1, —7° MYy — TaKY, — AYy) = 0.

Due to (3.7) this implies 27(M Yy, Yo) + a(K Yy, Yo) = 0 which contradicts the
inequalities 7 > 0, M|pa) > 0, « > 0, and K > 0. O
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Lemma 3.4. Let \g(o) = iT, 7 € R\ {0}, be an eigenvalue of L(\, «), a > 0.
Then:

1. Re /\k(O) =0 and Im )\k(O) > 0; here” means derwative with respect to o.

2. If 7 <0, then Re Ap(a) = 0 and Im Ap(a) > 0 for all o > 0.

3. If 0 is an eigenvalue of L(\, ) for some o > 0, then it is an eigenvalue
for all a > 0, its geometric multiplicity is the same for all a > 0, whereas
its algebraic multiplicity is the same for all o > 0. If the geometric mul-
tiplicity of the eigenvalue 0 is 1, then the algebraic multiplicity for o =0
s 2, whereas its algebraic multiplicity for o > 0 is 1 or 2. If the geomet-
ric multiplicity of the eigenvalue 0 is 2, then the algebraic multiplicity for
a =0 is 4, whereas its algebraic multiplicity for « > 0 is 2 or 3.

Proof. First we have to justify the differentiability at ag = 0 for all A = i,
7 # 0, and for ag > 0 and A = i1, 7 < 0. This is clear if the eigenvalue is simple.
Since the eigenvalues under consideration are semisimple by Lemma 3.3 — for
a = 0 and 7 > 0 observe the symmetry of the problem — nonsimple eigenvalues
have geometric and algebraic multiplicity 2, where we have used that due to the
boundary conditions (1.2), (1.3), the geometric multiplicity can be at most 2.
Then it follows from general results, see, e.g., [3] or [6], that the eigenvalues
are differentiable. But in our case this is easily seen. Indeed, since there is an
eigenvector y of (1.1)—(1.5) with y'(a) = 0 at Ax(ayp), one eigenvalue A\g = A(ap)
is an eigenvalue for all . If now m(\, ) denotes the characteristic determinant
of (1.1)—(1.5), which depends analytically on A and «, then also

m(A, «)
A—Xo

m(A, a) =

depends analytically on A and «. But now Aq is a simple zero of m(A, ) at A,
and thus the other eigenvalue A/ («) depends analytically on « as well.

If A\, =i7, 7 € R, is an eigenvalue of L(\, «), o > 0, then
—r2(MY,Y) + 7a(KY,Y) — (AY,Y) = 0. (3.9)

Here Y is an eigenvector corresponding to A; which depends analytically on «.
Differentiating (3.9) with respect to az we obtain

— X (MY,Y) +71a(KY,Y) — (AY,Y) = 72 (MY,Y) + 17a(KY,Y)

. . . 3.10
— (AY,Y) + 2it Ay (MY, Y) —iaXp(KY,Y) + 7(KY,Y) = 0. (3.10)

Obviously,

—7H(MY,Y) +1a(KY,Y) — (AY,Y) = ((-7°M + 7aK — A)Y,Y) =0
—THMY,Y) +71a(KY,Y) — (AY,Y) = (Y, (—7*M + 7oK — A)Y) = 0.
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Substituting these equations into (3.10) we obtain

B iT(KY,Y)
C21(MY,Y) — a(KY,Y)’

Ak (3.11)

provided the denominator is different from zero. Since M| pa) > 0and K > 0,
statements 1 and 2 follow.

We turn our attention to statement 3. Since L(0,a) = L(0,0), the state-
ment about the geometric multiplicity is obvious. Also, since L(\,0) is a func-
tion of A%, each eigenvector of L()\,0) corresponding to the eigenvalue 0 has an
associated vector zero. Assume there is an eigenvector Y, corresponding to the
eigenvalue 0 of L(A,0) which has a chain of associated vectors Y7, Y5, i.e.,

—AYy =0, —AY; =0, MY;— AY,=0.

Taking the scalar product with Y, in the last equation and observing the first
equation and the self-adjointness of A, we infer

0= (MYp,Yp) — (AY, Yp) = (MY, Y),

which gives Y = 0 since M|pa)y > 0; a contradiction as Yj is an eigenvector.
The assertions for o = 0 are proved.
Now let > 0. If 0 is an eigenvalue of L(\, o) with an eigenvector Y, which
has an associated vector Y7, then
—AYy =0, —iaKYy— AY; =0. (3.12)
It follows that
and K > 0 implies
KYy, =0, (3.13)

and therefore y{(a) = 0. This has two consequences: firstly, the solution y, of
(1.1)-(1.5) is independent of «, and secondly, the boundary conditions at a are
yo(a) = yp(a) = yi(a) = 0, so that at most one linearly independent eigenvector
can have an associated vector. Assume this eigenvector Y, has a chain Y7, Y5
of associated vectors, i.e., (3.12) and

MYy —iaKY, — AY; =0
hold. This leads to

By (3.12) and (3.13) we thus arrive at the contradiction (MYp,Yy) = 0. Al-
together, the algebraic multiplicity is at most 3 and independent of «. This
completes the proof of the assertions for a > 0. O
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4. Asymptotics of eigenvalues for g =0

In this section we consider the eigenvalue problem (1.1)—(1.5) with g = 0. A for-
mula for the asymptotic distribution of eigenvalues is proved, which will be used
to obtain the corresponding formula for general g. Since we also want to count
all eigenvalues with their proper multiplicities, we have to carefully define the
corresponding characteristic equation. So we take the canonical fundamental
system y;, j = 1,...,4, with yj(.m)(()) = §jm+1 form =0,...,3, which is analytic
on C with respect to A. Because of the boundary conditions y(0) = y”(0) = 0
we only need y, and y4. We put g = v\, A # 0. Tt is easy to see that

1 1
yo(x) = o sin(px) + o sinh(ux)
1 1
ya(z) = T8 sin(px) + 2 sinh(pux),

with the proper interpretation as a limit for A = 0. Representing the boundary
conditions (1.4), (1.5) by functionals By, By, the (reduced) characteristic matrix
of the boundary value problem, as represented by T'(\) defined in §3, becomes

B
Since

(2(x) ya(@)) = (sin(uz) sinh(pz)) (_ __>

2 23

it is easy to see that the characteristic equation 2det M = 0 becomes
p(p) = iapo(p) + 1 (p) =0, (4.1)
where

¢o(p) = — (sin(pa) cosh(pa) — sinh(pa) cos(pa))

|[\37;|’_‘

1(4) = = sin(ja) sinh(pa).
First we will give an asymptotic distribution with exact indexing for the zeros
of p. Obviously, %gpo(,u) is the characteristic function of the above problem
with boundary condition (1.5) replaced by y’(a) = 0. This problem has an
operator realization B — \?] with a non-negative selfadjoint operator B, so that
the zeros of ¢y, as a function of A = p?, are real. Hence the zeros of ¢, lie on
the real and imaginary axes.

A power series expansion shows that 0 is a double eigenvalue, denoted by /l(jf.
Next observe that o(u) = 0 implies cos(pa) # 0 and cosh(ua) # 0, whence the
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nonzero zeros of ¢q are given by those p # 0 for which tan(ua) = tanh(pa).
Since tan’(z) > 1 and tanh(z) < 1 for z € R\ {0}, the function tan(z)—tanh(z)
is increasing with positive derivative on each interval ((k — 3), (k+ 1)), with
the exception of the point 0. On each of these intervals, the function moves from
—00 to 400, so that we have exactly one simple zero fii of tan(ua) — tanh(ua)

in each interval ((£k — )%, (£k + 3)%), k a positive integer and no nonzero
zero in (—Z, I). Since tanha — 1 as # — oo and y;;, = —p;, we thus have
T w
— k=4 —to(k™Y), iy = k= —— 4ok, k=1,2,....
luk: +4CL+O( )7 Hy a 40,+0( )’ ) &y

As tan(ivya) = itanh(ya) and tanh(iya) = itan(ya), the nonzero pure imagi-
nary zeros of g are simple and of the form

PR SRR PN .
_ = k= — ——|— =1,2,...
Al = zka +Z4a +o(k™), [, zka Z4a o(k™), k 2.,

which shows that the zeros of ¢q, counted with multiplicity, are ﬂf, keZ.
Let o(p) = coth(ua) — cot(ua). Since

cot ((‘Y—W + iv) a> = cot(iya) = icoth(vy) € iR U {o0}
a
for j € Z, v € R, we have
|cot(pa) £ 1| >1 for p= E—l—i% v €eR.
a

For pa = x + iy we conclude

41y —x—1y
coth(pa) = “——e' — +1

em—i—zy — e T

uniformly in y as * — +o0o. Hence there is jo € N such that

‘coth(( —I—w) ) (—1)%n@

for all j € Z with |j| > jo and v € R. These two estimates lead to

<1
2

1 gm ) ) .
Iwz(u)|2§ foru=—+w,JeZ, 7] > jo, v € R.

By interchanging coth and cot we obtain the same estimate for p = v + z ,
J € Z, |j| > jo, v € R. Hence, for p on the square with vertices 57 + zya,
where j € N, |j| > max{jo, i—i},

alpol)| = 120 sin(yua) sinh )
> o |]sm(ua) sinh(pa)|

= el )

> [p1(p)]-
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Hence, by Rouché’s theorem, ¢ and ¢ have the same number of zeros inside
the square. Putting

woo(p) = sin(pa) — cos(ua),

¢o1(p) = (1 — tanh(ua)) cos(pua) — j—i sin(pa) tanh(pa),

we obtain
o2 () : = L('u) = woo(1t) + @o1(p)-
i cosh(pa)
Note that -
ugozkgjtﬁ, ke Z,

are the zeros of @g9. Let Cf, be the circle of radius p < 4= with centre at u{’. Due
to p < 5 theses circles do not intersect. Since |pg| is periodic with period 7,
there is a constant p(p) > 0 such that |pe(p)| > p(p) for all p € C} and all
k € 7Z. We estimate ¢, on these circles for sufficiently large positive k:

2 2
|1 — tanh(ua)| = < (e Rena

- |62ua_’_1| < e2Repa 1

|cos(ua)| < Cy, |sin(pa)] < Cy, |tanh(ua)| < Cs

for € C7, where the constants C; are independent of p and k is large enough.

Thus we obtain

C —hRneua
o1 ()] < ﬁ + CseRer

for p € C} and k > ko(p) large enough. Since the right hand side tends to 0 as
Rep — o0, it follows that

e ()] < lpoo(w)l, (1 € Cf, k> ko(p))-

Applying Rouché’s theorem we obtain that each of the circles (for k large
enough) contains exactly one zero of g, and thus exactly one zero of .

Using that ¢ is an even function and the symmetry argument of Lemma 3.1,
there are corresponding sequence of zeros of ¢ on the negative real axis and along
the imaginary axis.

As we have shown earlier, inside sufficently large squares, ¢ and ¢y have
the same number of zeros, whereas the last result shows that there are zeros
which have the same asymptotics as the zeros of . We summarize the results
of this section, taking Lemma 3.1 into account:
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Lemma 4.1. For g =0, there is a positive integer ko such that the eigenvalues

A, k € Z, of the problem (1.1)«(1.5), counted with multiplicity, can be enumer-

ated in such a way that the eigenvalues \, are pure imaginary for |k| < ko, and

Ax = =N for |k| > ko, where A, = (f15)? with

I—a) vo(l), ifk>0
T
4a

ﬂf:i(kf+
a
Ak = +i (k§+ ) +o(), ifk<o0.

In particular, there is an odd number of pure imaginary eigenvalues.

5. Asymptotics of eigenvalues

We again replace A with p2. Then, according to [7, Theorem 8.2.1], (1.1) has
an asymptotic fundamental system {n;, 72, 13,74} of the form

'V*l$

09, 1) = 6,5 (, p)et™ (5.1)

where

dj e cy—1\—r iz —uiv— 1z — j
Oy (2, 1) = {Z(w D7 on(x)e }6 MU fo(pM), (5.2)

dz’ —
k = 0,1,..., and k can be chosen to be sufficiently large if g is sufficiently
regular. Since the coefficient of 3 in (1.1) is zero, [7, (8.2.3)] gives @o(z) = 1.
Further functions ¢y, ¢, ... will be determined when the need arises.

It now follows that the characteristic function of (1.1)—(1.5) is

4
D(:u) = det (/YJ}k exp(‘g]}k))j,k:l?

where

Yk = 0000, 1), Yo = Or2(0, 1)
V3.6 = 5k,0(a7 #)7 Yok = 51@2(&, M) + Z'Oz,u25k,1(aa M)

1
Eip=¢E2k=0, E3p=cap=1 —pa.

For g = 0 we already know the asymptotic distribution of the eigenvalues, see
Lemma 4.1. Denote the corresponding function D by Dy. Due to the Birkhoff
regularity, g only influences lower order terms in D, and therefore it follows from
the estimates in [7, Appendix A.2] that, away from small disks around the zeros
of Dy, |[D(N) — Do(N)| < |Do(N)| if |A] is sufficiently large. The function D(\)

is not analytic, but this estimate extends to the analytic equivalents with, e. g.,
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a fundamental system y;, 7 = 1,...,4, with yj(.m)(()) = jmy1 form =0,...,3,
since these fundamental systems for general g and g = 0 are asymptotically
close. Hence applying Rouché’s theorem both to large circles centred at zero
avoiding the small disks and to the boundaries of the small discs which are
sufficiently far away from 0, it follows that the eigenvalue problem for general g

has the same asymptotic distribution as for ¢ = 0. Hence Lemma 4.1 leads to

Lemma 5.1. For g € C'(0,a] there is a positive integer ko such that the eigen-
values N\, k € Z, of the problem (1.1)—(1.5), counted with multiplicity, can
be enumerated in such a way that the eigenvalues A\ are pure tmaginary for

k| < ko, Ao, = =i for k > ko, where A\, = p? with
T

T
— k=
Hk a+4a

+0(1)

as k — o0o. In particular, there is an odd number of pure imaginary eigenvalues.

In [7, Appendix A] an estimate below of D(u) has been given. With the
methods used there one can also obtain more precise estimates of the location
of the zeros of D. To this end we first observe that D has the form

m=1

where the 1;(;) are polynomials in 6,,(0, ) and d,4(a, p) and wy = 1 + 4,
wy=—1414,w3=—-1—14,wy=1—1, ws =0. For example, we can write

5
Dl(ﬂ) = D(M)eﬂulua _ wl(ﬂ> + Z wm(u)e(wmfwl)ua'

m=2
It now follows from wy —w; = =2, w3 —w1 = —2—21, Wy — w1 = —20, Wy — Wy =
—1—1, that for argu € [—%’r, 2] we have lelwm—wna| < e=singlula for =2 35,

and these terms therefore can be absorbed by ;(u) as they are of the form

o(p~*) for any integer s. Hence, in the sector arg p € [—3F, Z],

Dy (1) = 1 () + tha(p)e = = iy (1) + ha(pp)e >, (5.3)

To find the eigenvalue asymptotics along the positive real axis observe that the
Birkhoff regularity, see Theorem 2.1, implies that 1 and 15 have nonzero terms
apart from the o-terms. Due to the symmetry of the problem, the asymptotics
on the other half-axes are not explicitly needed.

We now want to find the asymptotics (note that 7.0 = )

[ = kg F T =Y Temk " o(kT), k=12 (5.4)

m=0
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Next we find the term 74 in the expansion of 7 in (5.4). We calculate

_ |73 Y14 |31 732
wl(u) B V72,3 V24| V41 V4.2
= [03,0(0, 1£)64,2(0, 11) — 64,0(0, 12)d3,2(0, )]
x {d1,0(a, w)[d22(a, ) + icp®6a1 (a, )]
— ba0(a, p)[612(a, 1) + iop?di1(a, 1))}
_ |72 3| |31 V34
¢4(,u) V2,2 V23] | V41 V44

= [02,0(0, £)93,2(0, 1) — 63,0(0, 11)d2,2(0, )]
X {5170(61, VJ) [54,2(61, HJ) + iaﬂ254,1(a’ :u)]
— du(a, 1) [012(a, p) +iap?d1(a, 1)}

Then v (1) = 2a(1 + ) + O(u), va(p1) = 2a(1 — i)pi° + O(ut) as p — o,

PP () = 201 +4) + gt +o(ph) (5.5)
p0a(p) = 20(1 = 4) + aap” +o(u™h). (5.6)

Also note that

1 s s -1 a 1
— = (k—4+ — 1 =—(1—— k2
i < a+4a+0( >) 7Tk3( 4k)+0( )

implies
N a _
) = 201+ 8) + 7 20 4 o)
N a _
() = 201 — )+ 7 P10 4 o)

. . 2
e—QZTk(Z — e—Qsz,oa eXp (_27/a <% + O(k-_l)>> — _Z — a’]’:k,‘71 _|_ 0(]{;_1)

Since Dy (u) = 0 can be written as

0 = g W1 () + po "a () e 27,
comparison of coefficents of k=1 leads to

1y — e 1

= da(l_1) ~ Sra (V11 + a1 + (Y11 — Ya1)).

Tk,1

A lengthy but straightforward calculation leads to

11 =dalei(a) = ¢1(0)) +4,  thay = da(ei(a) — ¢1(0)) — 4. (5.7)
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Therefore

Thl = %(80‘(%(@ —¢1(0)) +8i) = %(801(61) —1(0)) + %.

Finally we need to find the function ¢;. According to [7, (8.2.45)],

Y1 = 5T@m61,

where eT = (1,1,1,1), e] = (1,0,0,0), and the 4 x 4 matrix function @[1] is a
solution of (see [7, (8.2.33) and (8.2.34)] — note that QI = I, by [7, (8.2.18)])

Q" — QM =0 (5.8)

1
QUL+ (el uee™ e, =0, v=1,... 4. (5.9)

Here Q4 = diag(1,4, —1, —i). Clearly, (5.8) implies that C/Q\m is a diagonal matrix,

~

whence ¢ = Q[llll and thus ¢} — %g =0, i.e., we can take

o () = i /0 "ot dt. (5.10)

Theorem 5.2. For g € C1[0,a], there is a positive integer ko such that the
eigenvalues N, k € Z, of the problem (1.1)—~(1.5), counted with multiplicity, can
be enumerated in such a way that the eigenvalues A\, are pure tmaginary for
k| < ko, A\, = =i for k > ko, where A\, = p? with

T T 11/1 [ 7
—k—+—+-=|- Hdt+— ) +O(k™?
14k + +M(4/Og(> +a>+ (k%)

a 4da

as k — o0o. In particular, there is an odd number of pure imaginary eigenvalues.

6. The real and pure imaginary eigenvalues

First pure imaginary eigenvalues will be investigated.

Lemma 6.1. [t holds:

1. There is a number 7= > 0 such that for all 7> 7~ and o > 0, —i7 is not
an eigenvalue of the pencil L(\, ).

2. There is an eigenvalue iT of the pencil L(\, ) on the imaginary axis with
the asymptotics T = % + O(é) as « "\, 0, whereas all other eigenvalues
on the imaginary azis remain uniformly bounded as a ™\, 0.
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Proof. 1. In the notations of §5, let = (1 —14)y, v > 0. Then A = pu? = —2in?%.

Since argpu = —7 € [—%”, %], we have to show that there is o such that D

given by (5.3) has no zeros D;((1 —i)vy) = 0 for v > 7o. Observe that

e—2i,ua _ e—2i(1—i)fya _ 6—2(1'—&—1)711 _ 0(7_2)7
so that with (5.5), (5.7), and (5.10),

(1 )] Da((1— i)y) = 2a(1 + ) + Lo+ an)

da(er(a)— 1(0) +
(1 =)y

2 , _

= 5(1%—@) lav+ alpi(a)— 01(0)+1+ O((1 + a)y ).

The statement follows by choosing 7o > |g01( )—¢1(0)|+1 such that the absolute

value of the remainder term O((1 + a)y~!) is bounded by 1(1+4 a) for v > 7.

2. Observe that replacing A by —\ and a by —a does not change the eigen-
value problem and that the symmetry in Lemma 3.1 as well as the results in
§5 also hold for a < 0. With p = (1 —4)y, v > 0 and A = —pu? = 2iy?, the
eigenvalue equation therefore reads

—ay = a(pi(a) —¢1(0)) + 1+ O((1 + @)y ™) = 0.

Although D; is not an entire function, we can argue as in §5 that there is an
entire function which satisfies the same representation as above. In particular,
by Rouché’s theorem, D; has exactly one simple zero

1=~ — @)+ @ 0) +0() (61)

which also satisfies

1=~ —@ila) +4i(0) + Ofa),

and there is no other v(«) with y(«) > 0 and y(a) — oo as a \, 0. Thus

M =2 = 01(0) + 1(0) + 0(@)) =25 —4i= (1(a) — (0)) + O(1)

is the only eigenvalue of L(X, ) in a disc about 2i(= — ¢y(a) + ¢1(0))? whose
radius can be chosen to be a positive multiple of i For sufficiently large é, both
Ax and — ), belong to this disc, and each must be an eigenvalue of L(A, ) by
the symmetry of the eigenvalues. This implies A\; = — )., and therefore A\, = i
with 7= 2% + O(%) e R. O
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Note that the behavior of all eigenvalues in the upper half-plane is “discon-
tinuous” as a approaches zero since Theorem 5.2 gives that ImA\, = -~ + O(3).

Using Lemmas 3.1, 3.4, and 6.1 and in particular the fact that no eigenvalues
can leave or join 0 from below on the imaginary axis as « varies in (0, 00), we
arrive at

Theorem 6.2. It holds:

1. If the pencil L(\,0) has eigenvalues on the negative imaginary axis and if
iT0, To < 0 is the pure imaginary eigenvalue of L(\,0) with the smallest
imaginary part, then all pure imaginary eigenvalues it of the operator
pencil L(\, «) for a > 0 satisfy T > 7.

2. The number k of eigenvalues of the pencil L(\, «), a > 0, on the negative
imaginary azis, (counted with multiplicity) is independent of «.

3. If a ™\, 0, one eigenvalue leaves the positive imaginary axis through +ioo,
whereas no eigenvalue leaves the negative imaginary axis.

Theorem 6.3. The eigenvalues of the operator pencil L(\, «), a > 0, possess
the following properties:

1. All the eigenvalues lie in the closed upper half-plane and on the imaginary
axis and are symmetric with respect to the imaginary axis.

2. The number of real eigenvalues is finite, and the number of pure imaginary
eigenvalues is finite and odd, counted with multiplicity.

3. All (1f any) of the nonzero real eigenvalues are simple.
4. If g > 0, then all eigenvalues lie in the closed upper half-plane.

Proof. For 1. see Lemma 3.1; 2. follows from the asymptotics in Theorem 5.2.

To prove Statement 3 we note that nonzero real eigenvalues are semisimple
by Lemma 3.2. Thus it remains to prove that nonzero real eigenvalues are
geometrically simple. Denote by y;(A, z) the solution of (1.1) which satisfies

the conditions yj(.m)()\,O) = 0jmer1 for j =1,...,4, m =0,...,3. The general
solution of (1.1) which satisfies (1.2) and (1.3) is given by

y = c1y2(\, ) + caya(\, ). (6.2)

Hence, if A were not simple, then (6.2) would be the general solution of (1.1)-
(1.5), and thus (1.4) and (1.5) and the fact that y; (), -) is real would lead to

yi(A,a) =0, yi(N\a)=0, y/(Aa)=0 (6.3)

for A\ = 1,2. But the set of solutions of (1.1) satisfying (6.3) is one-dimensional,
which contradicts the assumption that A is not simple.

For the proof of Statement 4 note that g > 0 implies A > 0. Any eigenvalue
—i7 with 7 > 0 with corresponding eigenvector Y, would satisfy (3.7), and hence

_TQ(M)/by }/E)) - TQ(K}/E),K)) - (A)/bv }/0) = 07
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which is impossible because of 7 > 0, « > 0, K > 0, A > 0, and M|pa) > 0. O

Proposition 6.4. Let \i(ag) = —iT and \,(og) = iT (g > 0, 7 > 0) be
eigenvalues of L(X\, ). Then they are eigenvalues of L(\, «) for all « > 0
and at most one of them can be multiple. In particular, if M) is a double
eigenvalue of L(\, ag) on the negative imaginary axis, then also —\(cg) is an
eigenvalue of L(\, ).

Proof. The set S of solutions of (1.1) with A\ = —72 satisfying the boundary
conditions (1.2)—(1.4) is a vector space of dimension 1 or 2. If the dimension
of S'is 2, then for each o € R it has at least one nonzero element y such that also

y'(a) + ary'(a) = 0.

This means that —i7 and 7 are eigenvalues of L(\, «) for all & > 0. In par-
ticular, this case prevails if A has geometric multiplicity 2, proving the last
statement of Proposition 6.4. If the dimension of S is 1, then S must be the
eigenspace for both A = —i7 and A = i7, and choosing a nonzero y € S, this
would be the first component of an eigenvector for both eigenvalues of L(\, «).
Then (1.5), applied to both A =it and A = —it, gives

y'(a) — aoty'(a) = 0 = y"(a) + aw7y/ ().
Clearly, y”(a) = 0 = ¢/(a) follows, and hence
y'(a) £ ary'(a) =0

for « > 0. This proves that ¢ and —it are eigenvalues of L(A, «) for all o > 0.

If both eigenvalues —i7 and iT were geometrically double, then dim S = 2
and S would be the eigenspace for both —i7 and ¢7. In particular,

y(a) =y"(a) + ary'(a) = y"(a) — ary'(a) = 0

for all y € S. But this leads to y(a) = ¢'(a) = y"(a) for all y € S, which
is impossible since the solutions of the fourth order differential (1.1) satisfying
these initial conditions form a onedimensional space. Note that if one of the
eigenvalues —i7, i7 is geometrically double, then y € S with y/(a) = 0 is the first
component of an eigenfunction for all o, and therefore the first components y
of the eigenfunctions of the geometric simple eigenvalue must satisfy y'(a) = 0.

Finally we show that when —it is (geometrically) double then i7 is alge-
braically simple. Suppose that the eigenvalue 7 has an associated vector Y7,
and denote the eigenvector by Yy. Then 2i7(MYy, Yy) — iao(KYp, Yy) =0, i.e.,

2 / (@) Pde — aoly () = 0, (6.4)

where y is the first component of Y. We have seen in the previous paragraph
that y'(a) = 0. Thus (6.4) leads to the contradiction y = 0. O
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Recall from Theorem 5.2 that the pure imaginary eigenvalues of the operator
pencil L(A, a) have been denoted by A, with |k| < ko. The following theorem
is concerned with these eigenvalues.

Theorem 6.5. The pure imaginary eigenvalues of the operator pencil L(\, a),

a > 0, can be split into two finite sequences /\21) (k=—kK1,...,2(ko—p—1)—kKyq)
and )\,(f) (k= %1,...,£p) for some nonnegative integers k1 and p, having the

following properties:

1. The eigenvalues A = it € iR with 7 < 0 are semisimple with algebraic
multiplicities 1 or 2.

2. The eigenvalues )\](:) fork=—-1,-2,... —k1 and )\,(f) fork=—-1,-2,...,
—p (if any) are exactly the eigenvalues in (—ioco,0), counted with multi-
plicity. The eigenvalues )\,(f) fork=—1,-2... —p are independent of «
and )\,(3) = _)‘(7211 fork=—-1,-2,..., —p.

3. We assume the eigenvalues )\,(cl) and /\,(62) are arranged in nondecreasing
order along the imaginary axis: Im \; v) > Im A for k > n and j =1,2.

Then()>Im/\11 >Im)\1 --->Im)\(,,l1 and Im \® <Im)\(2Jrl <
<Im)\ <O<Im)\(2 --<Im)\p
4. If ky > 0, then none of the numbers z|/\(_1])| (j =1,...,K1) equals a term

of the sequence )\S) (k=—kK1,...,2(ko—p—1) — K1).

5. If /41 > 1, then the number of terms of the sequence )\,(gl) in the intervals
(i \)\ | z|)\_(3+1 N (j=1,...,k — 1) is odd.

6. If k1 > 0, then the number of terms of the sequence )\](€1) in the interval
[O,i|>&%|) is even or zero.

7. 1If /<;1 > 0, then the number of terms of the sequence )\,(Cl) in the interval
p

8. If ki = 0, then the sequence /\,(Cl) has an odd number of terms, which lie
on the nonnegative imaginary axis.

_,ﬂ| i00) is even or zero.

Proof. 1. By Lemma 3.3 these eigenvalues are semisimple, and (1.2), (1.3) imply
that the geometric multiplicity of any eigenvalue cannot exceed 2.

2. We extract the symmetric elgenvalues —i7, 47 for 7 > 0 from the sequence
of Mg, |k| < ko and denote them by )\k , where p is the number of 7 > 0 for
which both i7 and —i7 are eigenvalues. The remaining part of 2. and the
statement 3. follow by suitable indexing and from Proposition 6. 4

4. If z])\ | is an eigenvalue of L()\ a) then one copy of )\ ) and z])\ \
is moved to the sequence of /\( ), and /\ - as well as 2|)\( )| Would be multlple
eigenvalues, which is impossible by Proposmon 6.4.



360 M. Moller and V. Pivovarchik

5. By Lemma 3.4, eigenvalues on the negative imaginary axis are nonde-
creasing in the parameter a.. In particular, an eigenvalue on the negative imagi-
nary axis )\,(:) = )\1(61)(04) belongs to a continuous branch of eigenvalues, for which

A,(Cl)(O) is therefore also an eigenvalue on the negative imaginary axis. But for
a = 0 the eigenvalues are symmetric. Note that if an eigenvalue A (on the
negative imaginary axis) has an eigenfunction y with y’(a) = 0, then it will be
an eigenvalue for all a. Hence A = A§2) and A has geometric multiplicity 2. If all
eigenfunctions y would satisfy y'(a) = 0, then A and —\ would have geometric
multiplicity 2, which is impossible by Proposition 6.4. Therefore, if A = )\,(fl),
there is an eigenfunction y with 3'(a) # 0, and by (3.11), this implies that
}\,(cl) > 0 (in particular for « = 0). ;From statement 1 of Lemma 3.4 it therefore
follows that the eigenvalue i])\,(:)(())] becomes an eigenvalue )\7(11)(04) on the pos-
itive imaginary axis for small o > 0 with |)\$Ll)(oz)| > |)\,(€1)(oz)|. This proves 5.
for small o (with the odd number being 1). As « increases, eigenvalues )\S) on
the positive imaginary axis can never cross the (moving) numbers i\)\,(j | with

/\,(Cj ) on the negative imaginary axis, see Proposition 6.4. Also, eigenvalues can
leave and join the nonnegative imaginary axis only in pairs.

7. follows as for 5. if we observe that, for a > 0, an odd number of eigen-
values moves onto the imaginary axis from 700 by Theorem 6.2 3. Statements
6. and 8. follow from the other statements since the number of )\,(;) is odd. O

We do not know if double eigenvalues on the negative imaginary axis exist.
In the next section we will see that for constant g, L(\, ) does not have

nonzero real eigenvalues. However, for nonconstant g we have:

Example 6.6. There are functions y € C'*°[0,1] with y > 0 on (0,1), y(0) =

J(0) = y(1) = /(1) = y"(1) = yD(1) = 0, 5/(0) £ 0, y(1) # 0, 3 has only
one zero, say zo = 3, in (0, 1), which is simple, and y® (1) — y®(z0) > 0. Let

N|=

A= (0 =) ([ (o) ds
o) = () =P+ [ yioar) L

Then g € C*[0, 1] and A is a positive real eigenvalue of (1.1)—(1.5).

7. Real and pure imaginary eigenvalues for constant g

Let a > 0. We divide our investigation into various subcases; a summary will
be given in the next section. The characteristic equation of the differential
equation (1.1) is

2= g2t =N =0,



A Fourth Order Differential Equation 361

which gives the characteristic exponents

g g*
=4/ Z 44/ + N2 1
z \/2 T (7.1)

where for definiteness we use the argument in [0, 7) for the square root.

7.1. Real eigenvalues for g > 0. Here we consider g > 0 and A € R.

First let A = 0. Then the characteristic equation has simple zeros at +,/g
and a double zeros at 0, and the solution of (1.1) subject to y(0) = y”(0) = 0 is

y(z) = ey sinh (\/gz) + .
Substituting the boundary conditions (1.4) and (1.5) gives ¢; = ¢ = 0, and
thus A = 0 is not an eigenvalue.

If now A # 0, then the four characteristic exponents are +vq, +ivy, where
0 < 12 < vy, and the general solution of (1.1) subject to y(0) = 3”(0) =0 is

y(x) = ¢y sinh(vyx) + o sin(vax).

Again substituting (1.4) and (1.5), the determinant of the matrix of the resulting
2 x 2 system for ¢y, cs has real and imaginary parts

— (v} + v3) sinh(r1a) sin(sa),
o\ (o sinh(v1a) cos(vea) — v; cosh(v1a) sin(ea)),

at least one of which is nonzero. Thus X is no eigenvalue.

7.2. Real eigenvalues for g < 0. Here we consider g < 0 and A € R.

For A = 0 the characteristic equation has simple zeros at +i\/|g| and a
double zeros at 0, and the solution of (1.1) subject to y(0) = y"(0) =0 is

y(z) = crsin (/]g]z) + cou.

Substituting (1.4) and (1.5) gives ¢ = 0, and a nontrivial solution exists if and
only if sin(y/|g|a) = 0, i.e., if and only if \/Ea = km for a positive integer k.
This eigenvalue is geometrically simple. To show that it is algebraically simple
assume, by contradiction, that there is an associated function y;. Then, see (3.1)
and (3.2), y; satisfies the same differential equation and the same boundary
conditions as y, with the exception that y{(a) = 0 is replaced by y{(a) +
iay'(a) = 0. But then y;(x) must be a multiple of sin(y/|g|x), and y'(a) # 0,
y/(a) = 0 shows that this last boundary condition is not satisfied.

If now A\ # 0, then the four characteristic exponents are +uvy, +ivy, where
0 < 11 < 11y, and the general solution of (1.1) subject to y(0) = y”(0) =0 is

y(x) = ¢y sinh(v12) + o sin(rpx).

Similar to the case g > 0 it follows that A is no eigenvalue.
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7.3. Pure imaginary eigenvalues for g < 0. Here we consider A € iR, A # 0.
Putting A = i7, 7 € R\ {0}, the characteristic exponents become

g g*
— /L 2
. ¢2,Q i

We have to distinguish three cases: |7| < %, || = %, and |7| > %.

Case I: 7= :I:‘%'. In this case, u = *£14/ % =: 44v, both double character-

istic exponents, v > 0. The general solution of (1.1) subject to y(0) = y”(0) =0
Is
y(x) = ¢y sin(ve) + cox cos(ve).

Substituting (1.4) and (1.5), the determinant of the matrix of the resulting 2 x 2
system for ¢y, ¢y is

sin(va)[ — 2vsin(va) — v*acos(va) — at cos(va) + artvasin(va))
— acos(va)| — v*sin(va) — atv cos(va)

= — 2usin®(va) + at(va — sin(va) cos(va)).

Note that this term is always negative if 7 < 0, so that there are no eigenvalues
A= —i%. If 7 > 0, then —2v sin®(va) dominates for g close to 0, whereas atva
dominates for large |g| (note that 7 and v depend on g), so that there is an odd
number of g € (—o0,0) for which A = z"%l is an eigenvalue.

Case II: 0 < |7| < 9. Here z = ivy, +ivy, where 0 < 15 < ;. The
general solution of (1.1) subject to y(0) = y”(0) =0 is

y(x) = ¢1sin(v1x) + g sin(vox).

Substituting (1.4) and (1.5), the determinant of the matrix of the resulting 2 x 2
system for ¢y, ¢y is

sin(ria) [~ V3 sin(1pa) — atvs cos(vaa) | — sin(vea) [— v sin(via) — atvy cos(v1a))
= (v} — v3)sin(v1a) sin(vea) — al (vaasin(v1a) cos(vea) — vracos(via) sin(vaa)).
a
Since both terms are oscillatory, we have, both for 7 > 0 and 7 < 0, a finite
number of eigenvalues iT with 0 < |7| < %, where the number of eigenvalues
with 7 > 0 and 7 < 0, respectively, is positive for sufficiently large |g|.
Both it and —iT are eigenvalues for some 7 € (0, %') if and only if sin(v1a) =

T where ko < k; are positive integers. Thus

a

Br_ll, [F_ . ke _ld_ [
a? 2 4 ’ a? 2 4 ’

sin(rpa) =0, i.e., if v; =
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which is equivalent to

w2 2
9:_(]‘5%"‘]“%)?, T:k1k2¥- (7.2)

Hence both i7 and —i7 with 0 < 7 < % are eigenvalues if and only if there are
distinct positive integers ki and ko such that (7.2) holds.

We will show that these symmetric eigenvalues are simple. To this end let

f(7) = (v} — 13) sin(r1a) sin(za)

—a- (reasin(via) cos(vaa) — viacos(via) sin(rma)).
a
At g=—(k? + k%)g—j, T = kleZ—E, we have

dv dv
f'(r) = —ara <V2d—7'1 — 1 d—:) cos(via) cos(vsa).

Thus if any of those eigenvalues were not simple, then donfva) 0, which is

dr
impossible since
lg| g 2 & 2 g2 2 g g 2
A T VA A Tl ol IRV i w1 RV sl .
V2 > - 72 - 72
2 ld /g 2
2 1

is strictly decreasing as a function of 72.
Case III: |7|> 4. In this case, we can write z = £v & ik with 0 < v < k.
The general solution of (1.1) subject to y(0) = y”(0) =0 is
y(x) = ¢1 cosh(vz) sin(kz) + co sinh(vz) cos(kz).

Using the notations s, = sinh(ra), ¢, = cosh(va), s, = sin(ka), ¢, = cos(ka),
the determinant d of the coefficient matrix for ¢, ¢o in the system y(a) = 0,
y"(a) — aty’(a) = 0 can be written as
d= dl — OéTdQ
dy = ¢, s [(y2 — k)8, — ZVKCVS,J — 8,Ck [(u2 — k)8, + 21//@3,,04
= —2uk(cs? + s2c2) < 0,
dy = €8k [VCyCh — KSySi] — 810k [VSySy + K0y (7.3)
= U8.Cu(c2 — 52) — Keys, (82 + c2)

= US,Cy — KCySy
= gsin(2/€a) — gsinh(Ql/a) < 0.

Hence d < 0 if 7 < 0, and thus there are no eigenvalues at i7 if 7 < 0. By
Lemma 4.1 2. there may be finitely many eigenvalues of the form 7 with 7 > 2.
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8. Properties of the eigenvalues for constant g

Theorem 8.1. Let g be constant, g # 0, g # —(k? + k2) for any k1 € N,
ky € N, ki # ko. In addition to the properties stated in Theorem 6.3, the
eigenvalues of L(\, «) (o > 0) possess the following properties:

1. All the eigenvalues lie in the open upper half-plane and on the imaginary
axis and are symmetric with respect to the imaginary axis.

2. All the eigenvalues in the closed lower half plane are simple, and their
total number is zero if g > 0 and Ky = L\/E%J if g < 0, where | |
denotes the integer part. Denote these eigenvalues )\9 (j =1,2,...,Ko)
enumerated monotonically: |A\J| < [AJ| < --- < |AY,

3. All the points i|]\)| with ) # 0 are not eigenvalues.

4. If ko > 1, each interval ( AN D) (5 = 1,2,.., k50 — 1) contains an
odd number (with account of multzplzcztzes) of ezgenvalues, and if kg > 0,
the intervals (0,4|\}]) and (i|X°,, |, +ico) each contain an even number
(possibly zero) of eigenvalues.

Proof. 1. To prove 1. it is enough to combine the result of Theorem 6.3 1. with
the result of §7.1 and §7.2 on absence of nonzero real eigenvalues.

2. By 1., all eigenvalues in the closed lower half-plane lie on the imaginary
axis. There are none if g > 0, see §7.1. Now let g < 0. By Lemmas 3.3, all
eigenvalues 17, 7 < 0 are semisimple, and from the exposition in §7.3 it follows
that they are geometrically simple. Hence they are simple. In §7.2 we have
seen that this is also true for the eigenvalue A = 0. By Theorem 6.2 2. and
Lemma 3.4 3., the number kg is independent of @ > 0, where for A = 0 and
a = 0, only the geometric multiplicity is taken. For a = 0 the results from §7.2
and §7.3 can be extended to this case to show that kg = k1 + Ko + K3, where

{1 if /Jg] € 2= {1 if /14l e Z7
Ko = a

0 otherwise,

0 otherwise,

Ky = #{TE 0'9' \/i \/77'2€Z}
-+ (V) (E ) o]

3. It was proved in §7.3 that eigenvalues on the negative imaginary axis
can only occur in Case II and that no pair of pure imaginary eigenvalues which
are symmetric with respect to the origin can occur.

4. The statement 4 follows from 3. and Theorem 6.5 5., 6., 7. O
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Now let us consider the case of the exceptional value g = —(k? + /{:%)Z—; for
some k1€ N and ky € N, ky > k1. The eigenvalue \ = —iklkgg—; is double for
a = 0, remains stationary for a > 0, but becomes simple. Since the eigen-
values on the negative imaginary axis move upwards or remain stationary by
Lemma 3.4 3, and since they are simple, the number of pure imaginary eigen-
values below —ik; ]{722—3 is independent of @ > 0. Using the formulas in the proof

of Theorem 8.1 2, it is easy to see that this number is

Ky = # K(k:lg, \/@) U (\/@@E)) ”ZH —hy =y — 1.

Therefore we have in this case the following theorem.

Theorem 8.2. Let g = —(k? + k2)%, for some ki € N and ky € N, ky > k.
In addition to the properties stated in Theorem 6.3, the eigenvalues of L(\, ar)
(av > 0) possess the following properties:

1. All the eigenvalues lie in the open upper half-plane and on the imaginary
axis and are symmetric with respect to the imaginary axis.

2. All the eigenvalues in the closed lower half plane are simple. The total num-
ber of the eigenvalues in the closed lower half-plane is ko = |\/k} + k3].
Denote these eigenvalues )\? (j = 1,2,...,ko) enumerated monotonically:
A < [A9] < .o <AL,

3. Only the eigenvalue /\go_kﬁk1 = —iklkgg—i on the negative imaginary axis

has a symmetrically located eigenvalue on the positive imaginary axis.

4. Each interval (i|\)],i|A9,,]] (j = 1,2, ...,k — 1) contains an odd number
(counted with multiplicities) of eigenvalues, and the intervals (0,4 %) and
(2| AL, |, +i00) each contain an even number (possibly zero) of eigenvalues.
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