Zeitschrift fiir Analysis und ihre Anwendungen (© European Mathematical Society
Journal for Analysis and its Applications
Volume 25 (2006), 535-554

The Hilbert Problem for
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Abstract. In this work, we extended classical Hilbert boundary value problem to
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1. Introduction

Douglis [5] and Bojarskii [4] developed an analogous of analytic function for
elliptic systems in the plane of the form

ws — qu, = 0, (1)

where w is an m X 1 vector and ¢ is an m X m quasi-diagonal matrix. Also
Bojarskii assumed that all eigenvalues of ) are less than 1. Such systems are
considered because they arise from the reduction of general elliptic systems of
first order in the plane to a standart canonical form. Subsequently Douglis and
Bojarkii’s theory has been used to study elliptic systems in the form

ws — qw, = aw + bw

and the solution of such equations were called generalized (or pseudo) hyperan-
alytic functions. Work in this direction appear in [7, 8, 10, 11]. These results
extend the generalized (or ”‘pseudo”’) analytic function theory of Bers [3] and
Vekua [15]. Also classical boundary value problems for analytic functions were
extended to generalized hyperanalytic functions. A good survey of the methods
encountered in hyperanalytic case may be found in [2, 9].
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In [12], Hile noticed that what appears to be the essential property of elliptic
systems in the plane for which one can obtain a useful extension of analytic
function theory is the self commuting property of the variable matrix (), which
means

Q (21) @ (22) =@ (22) Q (21)

for any two points 21, 22 in the domain Gy of . Further such a () matrix can not
be brought into quasi-diagonal form of Bojarskii by a similarity transformation.
So Hile [12] attempts to extend the results of Douglis and Bojarskii to a wider
class of systems in the same form with equation (1). If Q (2) is self-commuting
in Gy and if @ (2) has no eigenvalues of magnitude 1 for each z in Gy, then Hile
called the system (1) generalized Beltrami system and the solutions of such a
system are called Q-holomorphic functions. Later in [13, 14] using Vekua and
Bers techniques a function theory as given for the equation

wz — Qu, + Aw + Bw = 0, (2)

where the unknown w(z) = {w;;(2)} is an mxs complex matrix, Q(z) = {¢;;(2)}
is a self commuting complex matrix with dimension m x m, and g1 # 0 for
k=1,...m. A={a;;(#)} and B = {b;j(2)} are commuting with (). Solutions
of such equation were called generalized (QQ-holomorphic functions.

In this work, we generalize the classical Hilbert boundary value problem for
analytic functions to the solutions of the equation (2) with the jump condition

wy —Hw_=h

where H is commuting with ) and h is an m X s complex matrix. In general,
there is no similarity principle for generalized ()-holomorphic functions; hence
the local behavior of these functions is not the same as for ()-holomorphic func-
tions. Consequently this forces us to impose some conditions on coefficients of
equation (2). For this reason we assume that the coefficients have also compact
support. Also we assume that @ is commuting with Q.

We recall next a few elementary properties associated with the operator
D := 2 —QZ. First there exits a so called generating solution ¢ (z) := ¢g (2) +
N (z) which satisfies the equation D¢ = 0, where N is the nilpotent part of ¢
and ¢q is the main diagonal term of ¢ satisfying the Beltrami equation

900 _ 00

0z 0z =0

where |A| # 1. Moreover ¢(z) has the following property:

M

1@ ()=o) < et
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2. Fundamental kernels

The fundamental kernels permit the formulation of the Hilbert boundary value
problem for generalized ()-holomorphic functions as a Cauchy type integral
relation.

Lemma 2.1. Let G be a reqular domain, and uw € C(G), Du € LP(G) where
2 <p<oo. Then

Adaﬁ(z)u(z) zzi//G@(z)Du(z)dxdy,

where u commutes with @ in G.

Proof. Let {1,} be a sequence in C!(G) such that ¢, — Du in L*(G). By
Theorem 3.6 in [13], Jg1, — Jo(Du) pointwise uniformly in the whole plane C.
In Theorem 6 given in [12], we set v = ¢, u = Jib,, to obtain

/F 46(2) (o) (2) =2 [ [ 622000 (2) dwdy

Letting n — oo, we have

/F do (2) (JoDu) (2) = 2 / /G 6. (2) Du (2)dz dy .

By [13, Corollary 3.4], in G, Jg (Du) = u — &, where ® is Q-holomorphic in G.
Furthermore Jg (Du), u € C (G), and thus ® € C' (G) . Now we may use [12,
Corollary 7] with w = ®, to conclude [.d¢(z)®(z) = 0, and the lemma is
proved. O

Definition 2.2. For fixed A and B, we define the operator

Cw = Dw + Aw + Bw (4)
and an associated operator

Cv=Dv— Av+ BT

where B* is defined by
B = 925;;_ 1¢ZB

Theorem 2.3. Let G be a reqular domain, and A and B € LP(G) with 2 < p <
oo. If w and v € C(G), and satisfy, in G, Cw = 0, Cv = 0, then the integral
—5 [ do(z)v(2)w(z) is a real matriz, where v is commuting with Q.
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Proof. Since w, v € C(G), we have Dw = —Aw — Bw and Dv = Av — B*v €
LP(G). By Lemma 2.1 and [13, Theorem 3.9],

;_il Fd(bvw = —//G ¢, D (vw) dz dy
- — //G ¢, [vDw + (Dv) w| dx dy
_ / /G (6-Bvw + ¢. Bow) dz dy

which is a real matrix. OJ

Theorem 2.4. Let A and B be commuting with Q in LP? (C), where 2 < p < oc.
Then there exist a complex matriz of two variables commuting with @, X1 (z, )
and X5 (z,C), with the properties

1. in C—{(}, forj =1,2,

D.X; (Zv C) +A<Z) X; (27<) —|—B(Z> X; (27<) =0

(here D, denotes our differential operator D where differentiation is with
respect to the variable z rather than C);

2. for X; € B*(C), a = 1%2, and w;j (z) = O (|z]7?) as |z| — o0, j = 1,2,

| —

X1 (2,¢) = 5 (@(0) = ¢(2)) " explwn (2) —wi ()]

X3 (2,0) = —5 (9(Q) = 6 () exp Lo (2) — w2 (Q)].

Proof. We temporarily fix a point ¢ in C, and define a function B by

We have B € LP? (C), since

1B <@ =@M 166G = OB EI< M@ IBE)].
Let us consider the integral equation
w(z)+Jw(z)—Jw(()=1, ze€C, (5)
where Jw = J(Aw + Bw). If we define an operator S by

(Sw) (z) = Jw () — Jw (), =z€C,
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then equation (5) may be written as
w(z) + (§w> (z)=1. (6)

Since by [13, Theorem 4.3, J is compact in the space B (C), S is compact in
B(C). Therefore, in order to show that equation (5) has a unique solution
in B(C), it is sufficient to show the homogeneous equation has only the zero
solution. Suppose that v € B(C) satisfies

v(z)+Ju(z)—Jv () =0, zeC.
Differetiating this equation, we obtain
Dv + Av + Bv = 0.

Since v(¢) = 0, by [13, Corollary 4.2], v = 0.

Thus we may let w be the unique solution to equation (5). By [13, The-
orem 4.4] this solution is commuting with ). Differentiating equation (5), we
obtain

Dw+Aw—i—l§w:0.

By [13, Theorem 4.1], w has the form w(z) = C'expw;(z), where C' is a lower
diagonal constant matrix, w; is a matrix valued function in B®®, o = 22 and

wi(z) = O(]z]"). But since w(¢) = 1, we conclude C' = exp [—wl(g‘)p], and
w(z) =explw (2) — w1 (()] =w(z,(). We now set

X1 (2,0 == () —¢(2) " w(z()
(6 () — ¢ (2)) " explwi (2) — w1 ().

Then, for z € C — {(},

DzXl <27C>: (¢(C)_¢(2))_ Dzw(z, )

= AR X (20 -~ B X (0.

For the proof of X5 we replace the 1 on the right-hand sides of equations (5)
and (6) by —i. This serves to define the functions wy = —iexp(wa(z) — w2(())

and X; (2,¢) = L(6(C) — 6(2))Mun(z,€). 0
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Definition 2.5. The fundamental kernels ; and €25, associated with A and B
in LP?(C), are

Q1 (Z7C)
QQ (ng)

Xl (Zag)"i_iXQ (Z,C) (7)
Xl (zvc)_iXQ (Z7C)7 (8)

where X; and X, are the functions described in Theorem 2.4.

Theorem 2.6. The fundamental kernels )y and Qo satisfy:
1. for each ¢ in C, in C —{(}

D (2,0) + A(2) 4 (2,0) + B (2) Qs (2,0) =0
D05 (2,0) + A(2) 2 () + B (2) 21 (2,0) = 0
2. for fized ¢, and j = 1,2,
[ QI =0 (=) as |2 = oo;
3. as|z— (| — 0,
[ (20 = (6 =6 () =0l =<7 (9)
1922 (. Q) = 01z =<7 ). (10)

Proof. Property 1 is readily verified from 1. of Theorem 2.4. Property 2 follow
from the relations

(¢(2) — ()"

0 (2,0) = P2 oy 0y (2) — e (2) + 03 2 () — 2 ()]
0, (2,0) = PO =L o 1 (2) w1 (2) — exp (2 (2) 2 ()]

because each w; is bounded in C, and by (3).

To show 3., first when zI + N is an m X m complex matrix where N is
nilpotent, it is possible to write

—_

3

Nk
exp(z + N) = (exp2) Y 1
0 !

i

and it is easily seen that the matrix valued function exp(z + N) is uniformly
Lipshitz continuous whenever z + N remains bounded. Hence, since wj; is in
B%2(C) we have the result. O
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Theorem 2.7. Let G be a reqular domain, and let A and B be in LP*(C) where

2 < p < 0. Furthermore let w be in C(G) and satisfy Cw = Dw+Aw+Bw = 0

in G. If Qy and Qs are the fundamental kernels for the associated equation
Cv = Dv — Av + B*v, then

w(z), ifz€q,

_P—l/r{dgb(g)Ql (€, 2)w(¢) = do (C) 2y (g,z)w(é)} B {0, fz¢ G,

where the constant matriz P is defined by
P / (2] +2Q)"" (Id> + Qd),
|z|=1

is called P-value for the generalized Beltrami system (see [12, p. 107]).

Proof. Let )?/1 and )?; be the corresponding solutions of Cv = 0 as described in
Theorem 2.4. Using Theorem 2.3, we obtain the formulas, for j = 1,2,

J{B0% 6000 -60% w0}

- /< _ {d0(O X (C2)w(Q - do (X2 w Q) ifzeC
0 if 2z ¢ G,

where ¢ is a sufficiently small positive number. We multiply by ¢ the equation
for j = 2 and add to the equation for j = 1 to obtain

/F{dﬁb(C)QNl(C, 2w () — dgb(C)QA;(C’Z)w(C)}

— /C _ {d6(0) (¢ =) w(Q) = do ()% (C2w Q) f2€6
% if 2 ¢ G.

Using (9) and (10) we obtain, for z in G,

- {cms O (C2)w(0) - do () (G2 w <c>}

O )¢—z|=e

= lim do (€) (¢ (2) — o (¢)) w(C).

=0 J)¢—z|=e

But Hile showed (see [12, p. 114]), using the continuity of w, that the latter
limit is Pw(z). Thus the theorem is proved. O



542 S. Hizliyel

Theorem 2.8. Let A and B be in LP?(C), where 2 < p < oo. Let Qr, Qy be

the fundamental kernels for the equation Cw = Dw + Aw+ Bw = 0 and €y, {2y
be the fundamental kernels for the equation Cv = Dv — Av + B*t = 0. Then,
for z #¢,

Ql (Z,C) :_S/—i (C?Z)7 QQ (ng) :_ﬁ; (CvZ)
Proof. Let z, ¢ be fixed, z # (, and let € be small enough such that 0 < ¢ <
|z —¢| < 1. Then by the previous theorem, for j = 1,2,

X, (2.0) = —P / 06 (5) €01 (5, 2) X; (5,C)

js—cl=2

o /|s<=1 do (s) S22 (5, 2) X; (s, €)

€

e A—ce dep (s) Q1 (s,2) X; (s,€)

+ P /M:e de () Qs (5,2) X; (5, €)-

Using Theorem 2.6 and the relations (9), (10), we obtain the estimates

Q;(s,2)||, 1%, (s,2)| =0 (s ) as |s| — oo

s
—
\.Cn
Y
S~—
—
-
—~
Y
SN—
|
-
—
N
S—
S—
[l

: _ O (1s— %) s fs— ¢l = o0

X2(s7<)_(¢(§)_2;b(2))_ =O<’S—C‘_%) as ‘8—C|—>OO.

Letting € — 0, we therefore obtain

. P! —~ -1
X (2 0) = lim 7{ | #0862 -6

e—0

_ /| e D (5,2) [6(C) — 6 (z)]_l}
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As in the proof of the previous theorem, we remark that Hile has shown (see
[12, p. 114]) that the above limits are

X1 (2,0 = —5 (6 2) + 55 (. 2)]

X (20 = —: (B (€9 - B (¢.2)]

The relations (7), (8) complete the proof. O

Theorem 2.9. Let G be a reqular domain, and A and B in LP? (C) where 2 <

p < 0o. Furthermore, let w be in C (6) and satisfy Cw = Dw + Aw + Bw =0
i G. Then

e B fz € G

P—l/d O (2, —dé (O (2, _ v, f2eC

|46 (00 (2w (©) = o [0 (=, w(C] {O’ e

3. The Plemelj formulas

Let ' =T¢+ T +---+ T, be a collection of r + 1 disjoint contours in C* (C)
and let the interior of the contour I'y contain the other contours. By Gt we
denote the (r 4 1)-connected domain interior for I'y and exterior for I'y, ... T'.
By G~ we denote the complement of Gt + I' in the entire complex plane. To
be definite, we assume that the origin lies in G*. As usual, we orient I'y so
that it is counterclockwise positive, and thus clockwise positive for the other
contours I'.

Let us first show that we can define the singular Cauchy integral

Sip (1) == 2P /F 46 () [0 (C) — 6 ()] " (7)

in a principal value sense when 7 € I' and ¢ is Holder continuous on I'. We
assume that each contour composing I' is parameterized with respect to the arc
length from some fixed point on the contour. For 7 € I', 0 < ¢, let I'. = '\{( :
| — 7| < €} and 7; (€) be the endpoints of T..

For simplification, we introduce A (¢, 7) = =N Then

$0(Q)—o(r) °
/ 46 () [6(C) — 6 (] = / (60 (O) + AN () 3" (—1)F A* (7).
e e k=0

Since

dN (C) o 1 dAk—i—l +Ak+1 d¢0 (<>

B O =) Rl %0 () — 60 (7)
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we have
49 (Q) () - o ()" = - (?% +Z N
Thus
iy [ d0(¢)[0(¢) ~ 0(7)) " =t | i ?)“’0(2()
| N(Q) - N()\*
g J 2 (¢o<<>—¢o<r>) |

Define for (, 7 € I’

N(¢)=N(r)
O—d() CFT

@ (<7T> = M C —
$0(C) ls=s. ’

where s, is the value of the arc-length parameter corresponding to 7, and over-
dots denote differentation with respect to s. Since N, ¢g and 7 (s) all have
Holder continuous first derivatives with respect to their arguments, we conclude
that © (¢, 7) is Holder continuous with respect to each argument, separetely.
Moreover

| L do ()
i | 49O (O =0T =l | o

. m—1 (_ )kfl |28

+ lim =1 ok O] 71(e)

") 50w

Since ¢y is a solution of the Beltrami equation, it can be shown that the Beltrami
equation has a solution p (z) € C** (C) (see [15, Chapter II]). This solution can
be found by p(2) = ¢ (2) in the case of |A| < gop < 1 and by p(2) = ¢ (Z) in
the case of || > ¢o > 1 with nonegative constant gy. Hence we have

. doo (€) b0 (2 (€)) — o (7)
hm/ 50 (0) — o) 22 B 50 (71 (0) — o (1)

o e, ‘)\l < gy <1
a _7TZ.7 ‘)\l > qo > 1

e—0

P
5



The Hilbert Problem 545

Thus in view of the assumed Holder continuity of ¢,
i 2P [ 46 (0160 = 6 ()™ 2 0
~ lim 2P~ / 46 (O)[6(0) = 6 (M) (9 (C) = 9 (7)) + 9 (7).

e—0
€

Note that the integrand of the last integral is weakly singular, and hence this
term is defined in the usual sense. Hence for the principal value of Sy, we have

(5¢) () = lim2P" [ a0 (O (O = ()] ¢ (0

€

—2p7 [ QRO -0 (@ - e +pln). (D
If
vo(2)i= P [ BOBEQO -0 0O, 2eGTUGT,  (12)
then for 7 € T’
@), (1) =P [ 40(O (O~ (™ (0 (O~ ¢ (7)
+1im P [ d6(Q)6(0) =0 ()] o (7)

2€GT
Z—T

1

= 2 (5¢) (1) + 50(7).

With an analogous argument, that is, for 7 € I', z € G~ and z — 7 we obtain

1

(®¢)_(r) = 5 (S¢) (1) — 39(7).

Also it is easily seen that the Holder continuity of ® follows from the Holder
continuity of the Cauchy integral (see [6, p. 41]) and the Holder continuity of
first derivatives of Beltrami homeomorphisms. Thus we have

Theorem 3.1. Let ¢ be an m x s complex matriz in C* (I') and let S and
by be as defined in (11) and (12). Then

(®¢). (1) = 5 (S) (1) + 3 (7)
(®¢)_ (1) = 5 (S (1)~ 0 (7).

Moreover, ® is Holder continuous in Gt and G~ .
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Lemma 3.2. If ¢ is an m X s complex matriz in C* (T"), then

w@) =P ({60260 -d0RE0F0)  03)

15 a generalized QQ-holomorphic function in each component of C—1" and fulfills

we(r) = w(r) +se(r), w(r) =w(r) — o () (14)

where 7 € T'. The first integral in (13) for 7 € T' has to be understood in the
Cauchy principal-value sense.

Proof. Because of the local behavior of the kernels as [ — z| — 0,

U () =[6(Q) =6 ()" +0(I¢ -7
(2,0 =0 (¢~ 2 77)

and the Plemelj formula for paremeter dependent integrals (see [6, p. 51]), it
follows that

(w—=®), (1) =(w=2)(1) =(w—-)_(r) (rel).
Therefore w — @ is continuous even on I', and (14) follows. O

Theorem 3.3. In order that the Holder continuous function v given on I' rep-
resents the boundary value of wy of a solution of (4) which is Holder continuous
in the closure Gt of Gt and vanishes at infinity, the conditions

Re [ d(0)0(0)7(¢) =0 (15)
/P (4600 (2,07(0) = d6 (0% (.07 (] =0 (:€67)  (16)

are necessary. Here equation (15) holds for every solution v of the associated
equation Dv — Av+ B*v =0 of (4) defined in G*.

Proof. Equation (15) is readily verified in Theorem 2.3. To see the validity
of (16) one has to consider

u(z):{ul(z)—w(z), ze Gt

uy (2), z e G™

w (@) =P [ [0 070 - d@% 070
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which fulfils the boundary condition uy —u_ = (u1), — (u1)_ —wy =7 —wy
of I'and u(z) = O (]z\_l) (z—o00). If on I" wy = =, then u is a continuous
generalized (Q-holomorphic function in C. For u, we have

(55 LR (R -pe i)

m s 7

+ Z Z (aijujl + bijﬂjl) eil =0 s

i=1 I=1 j=1

(18)

where (e”) denotes the m x s matrix in which the entry at the ith row and jth
column is 1 and the other terms are 0. For ¢ = 1, we obtain

% — )\% + apuq; + bouu =0.
Since uq; is bounded and vanishes at infinity, it is equal to zero by the similarity
principle [15]. Similarly we continue successively taking ¢ = 2,...,m in (18),
we obtain u = 0. 0

Theorem 3.4. The condition (16) is sufficient for v to be the boundary value
of a generalized Q-holomorphic function in G™.

Proof. The function uy given in (17) is a generalized )—holomorphic function in

G*and G~ and (uy), —(u1)_ = v onI'. Since (16) holds, u; vanishes identically
in G~ so that (u;)_ =0onTT. O

4. The Hilbert boundary value problem

We consider the problem
Dw+ Aw+ Bw =0, w(o0)=0

—Hw_=h onl', (19)

where @ is commuting with Q, A, B and H are commuting with @ and h
is an m X s complex matrix. We assume that A and B vanish outside of
some bounded domain G* and A, B € LP(G*) for some p > 2. The boundary
matrix H is assumed to be Holder continuous on I' and det H # 0.

If fis commuting with @, then f can be written as f = foI + Ny, where
Ny is nilpotent (see [13, p. 438]). From this fact we may define, for a complex
matrix which is commuting with () as in hyperanalytic case,

exp f = el (Z () )

m— 1 -1 k
log f = (ﬂ) , fo#0. (20)

— Jo
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The functions exp f and log f are also commuting with Q).

Theorem 4.1. Let f and g be complex matrices commuting with Q). Then
1. e/t =ele;
2. loge/ =ce/ = f f, #0.

Proof. The assertions 1. and 2. can be obtained by collecting powers of nilpo-
tent parts. L]

All other elementary properties of exponents and logorithms can be derived
from 1. and 2.

Definition 4.2. The indez of problem (19) is

1 1 -
— A Hy=— [ dlog Hy = A
K o rarg iy 271_2/1_‘ 0g I1g Z ks

k=0
where\, = %Ark arg Hy, k =0,...,r, and I'y is traversed positively.

As in the analytic case (see [6, p. 95]) we seek a canonical factorization of
the matrix H = Hyol + Ny commuting with (), where Ny is the nilpotent part
of H.

Let us start by seeking a ()-holomorphic function commuting with ¢} and
satisfying the jump condition

X+ (1)—H(t)x-(1)=0, 7e€l.

For a matrix commuting with @, it is clear that det H # 0 is equivalent to
Hy (1) # 0. Taking logarithms, we obtain

log x+ (1) —log x— (1) = log H (7). (21)

Observe from (20) that all considerations concerning single valuedness reduce
to those of log Hy. Thus log H is single valued if the change in the argument of
Hy is zero after traversing any of the bounding curves I'y.

Let z;, be a fixed point in the interior of I'y, k =1,...,r. Also let

r

P(z) =16 () - 6 ()™

k=1

The main diagonal term of ¢ (2) " P (2) H (z2) is
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and

r

Ar, arg ¢ (2) " [ [ [é0 (2) — ¢o (2] Ho (2) =0, k=0,....7.
=1

Thus if H = log (¢ (2) " P (2) H ()], then H is single valued and Hélder con-
tinuous on I'. Instead of (21) we write

log [P (1) x+ (7)] = log [¢ ()" x— (7)] = H,

and we have as a consequence of the Plemelj formulas

X (2) = P~ (z) exp P~ [1.d¢ (C) [¢(C)_¢(2)]_1{?> ze Gt
¢(2) "exp P [ do(Q)[0(Q) — ¢ (2)] T H, zeG

Thus H (1) = x+ (1) (x0)- (1) ¢ (7)" for 7 € T', where
o (N7 = ep P [ a0 -0 i s

and since ¢, H are commuting with @, yo is also commuting with @ (see [13,
p. 438]).

Definition 4.3. H (1) = x1 (1) (xo)_ (1) @ (7)", 7 € T, is a canonical factor-
1zation of H if
1. x (z) is a @-holomorphic function, invertible and commuting with @ in G
2. xo0(2) is a @-holomorphic function in G, invertible in G~ U {oo} and
commuting with @);
3. K 1s an integer.

Let us return to the Hilbert problem for solutions to Dw + Aw + Bw = 0.
Define for a given function w

. {X—l(z)w(z), s e Gt
Xo(2)w(z), ze€G.

The problem (19) is clearly equivalent to

D+ AW+ Bw =0, @(c0)=0
@y (r) = ¢(r)"@_(r)=h onT,

where h = x~1h and

5 {X_le, zeGT

xoBX,', z€G™.
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Case 1: k=0. If Qvl and Q; are fundamental kernels for A and E, then

7=p [ [0(08 0RO - BORERQ] @)
r
is the unique solution of (22). Thereby the following theorem is proved.
Theorem 4.4. In case k = 0, the general solution of (22) is given by (23).

Case 2: k > 0. We seek first a special solution having the property that
lim, . ¢ (2)" w (2) = 0. For such a solution w, let

__ {@(z), 2 € G

wy =
P le ) w(z), zeG.
Then w; is a solution to the Hilbert problem

Dw; + Aw; + Biw; =0, @ (00) =0

(w), (1) = (w1)_(r)=h  onT,
where
~ (B c Gt
A S A e LP2(C).
¢(2)"¢(z) B, z€G”
The solution of this problem is uniquely defined by

~ 51 A1) T Ao = OB
= | {d¢<<>91 (. O R (¢) — dB T <,<>h<<>}, (24)

where Q,(Cl) (k =1,2) are fundamental kernels belonging to A, B;. With this
solution we find a special solution to problem (22) which is

o fF e
) éz) " (z), zeG.

To complete the solution to the problem we must characterize all solutions to
the homogeneous problem (h 0). Let (Fk, Gk) be a generatmg palr associated
with A and Blal% ¥ k=0,...,k—1, then (see [14 p. 944)) F}, Gy, are bounded

and continuous solutions of Dw + Aw + Bl¢ ¢ *w = 0 in the entire plane such
that Fk( ) =1, Gk( ) =il. Then for k =0,...,x — 1, the functions

ﬁ;::{qb(z) B, zect

k(2
Fp(z) zeG
(25)

Gk =
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form a set of solutions for problem (22) with & = 0 such that F}, and Gy have
poles of order k — x at infinity.
Let ZZ;& (Fk)\k + Gk,uk) = 0, where \; and p; are m X s real matrices,

then from
r—1

> (QSk_H—Hﬁk)\k + ¢k_ﬁ+1ékﬂk> =0

k=0

it follows by letting z tend to infinity that A\,_; =0, p.—1 = 0 (see [14, p. 945]).
Proceding term by term one obtains Ay =0, pur, =0 (0 < k <k —1). On the
other hand Zk 0 (Fk)\k + Gk,uk) is a solution of (22) for h=0.

Theorem 4.5. Every solution of the homogeneous problem (22) has the form

X
—

0

>
Il

where Fy,, Gy, (k=0,...,k—1) are defined by (25) and Ay and py are real
m X s matrices.

Proof. Let w be arbitary solution of homogeneous problem (22) . As A and
B vanish near infinity, w is Q—holomorphic there and satisfies the asymptotic
condition @ (z) = O( ]z|l_”) for some 0 <1 <k —1. Let

Wo = W — i (Fk)\k + Gkuk)

k=0

where A\, and puy; real matrices are to be determined. If we choose \; + iy =
lim, o0 ¢ (2)" '@ (2), then w, must be O( \z|l_“_1) at infinity. Proceeding in
this manner, we conclude that with the choices

!
Ay +ipy, = lim ¢ (2)"" {@ - (EA’C + év’f“k> }
k=v+1

forv=101-1,...,0, the function wq is O (]z\_”_l). Consequently,

_ wo, ze Gt
Wy = o -
P"wy, z€G

defines a function in C and vanishes at infinity, and consequently wy, = 0
Therefore w = ZLZO (Fk/\k + Gk,uk). O

This proves the following theorem.
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Theorem 4.6. The general solution of (22) with nonnegative index has the
form

k—1

~ -~ 1731(*")7 ZGGJF
(Fde ) + {05(2)”171 (), zeG,

k=0

where A\, [ (0 < k <k —1) are arbitary real mx s matrices. Here w; is defined

by (24), and Fy, and Gy, are special solutions of the homogeneous problem (22)
given by the formula (25)

Case 3: k < 0. In the problem (22) again we let

_ {f&(z), eGH
o()w(z), ze G,

then w; is a solution to

Dl/l\]/l + A’L/l\]/l + Elﬁl = O, {El (OO) =0 (‘Z’Hﬁl)
(@), — (@) =h onT,

where

By (2) = {B(z)ﬁ, o z € GJ:
o(2)"p(z) B(z), z€G .

The solution, if any, is given by

~ 51 o) T Ao = OB
= | {d¢<<>91 (. R (¢) — dB T <,<>h<<>}. (26)

Since w = yw; and y has a pole of order —x at infinity w; vanishes at infinity
and, moreover, has a zero of order greater than or equal to one. So w has a pole
of order not exceeding —x — 1. In view of the assumption that A and B; vanish
in a neigborhood of infinity, w; is @-holomorphic at infinity and therefore it
is expanded in a series of negative powers of ¢, i.e., w1 = Y o, ¢ *¢; for |z
big enough (see [12, p. 116]). Hence the first s coefficients have to vanish,
namely ¢, =0 (0 < k < —x — 1) in order that w be regular at infinity. As the

coefficients A and B; vanish in a neigborhood of infinity, we have

O (2,0) = [6(C) — o (2)] "
05 (2,0) =0
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so that

T =P [0OBO-sEIO (e6).
By this, the coefficients ¢; have the form
=P 4661 QRO (ke
r
and the additional conditions on & are seen to be
/F 46 (Q) 6 OB =0 (1 <h<—k—1). (27)

Theorem 4.7. In the case of negative indez, the nonhomegenous problem (22)
is in_general unsolvable. In order that it be solvable it is necassary and sufficient
that h satisfies —k — 1 condition (27). In this case the unique solution (as well
as in the case k = —1) is given by

_ wy, ze Gt
w = N
¢7ﬁw1, ZEGi,

where wy is defined by (26).
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